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PREFACE 

[TO  THE  FIRST  EDITION] 

THERE  is  a  certain  well-defined  range  in  Electromagnetic  Theory,  which 
every  student  of  physics  may  be  expected  to  have  covered,  with  more 
or  less  of  thoroughness,  before  proceeding  to  the  study  of  special  branches 
of  developments  of  the  subject.  The  present  book  is  intended  to  give  the 
mathematical  theory  of  this  range  of  electromagnetism,  together  with  the 
mathematical  analysis  required  in  its  treatment. 

The  range  is  very  approximately  that  of  Maxwell's  original  Treatise,  but 
the  present  book  is  in  many  respects  more  elementary  than  that  of  Maxwell. 
Maxwell's  Treatise  was  written  for  the  fully-equipped  mathematician:  the 
present  book  is  written  more  especially  for  the  student,  and  for  the  physicist 
of  limited  mathematical  attainments. 

The  questions  of  mathematical  analysis  which  are  treated  in  the  text  have 
been  inserted  in  the  places  where  they  are  first  needed  for  the  development 
of  the  physical  theory,  in  the  belief  that,  in  many  cases,  the  mathematical  and 
physical  theories  illuminate  one  another  by  being  studied  simultaneously. 
For  example,  brief  sketches  of  the  theories  of  spherical,  zonal  and  ellipsoidal 
harmonics  are  given  in  the  chapter  on  Special  Problems  in  Electrostatics, 
interwoven  with  the  study  of  harmonic  potentials  and  electrical  applications: 
Stokes'  Theorem  is  similarly  given  in  connection  with  the  magnetic  vector- 
potential,  and  so  on.  One  result  of  this  arrangement  is  to  destroy,  at  least  in 
appearance,  the  balance  of  the  amounts  of  space  allotted  to  the  different  parts 
of  the  subject.  For  instance,  more  than  half  the  book  appears  to  be  devoted 
to  Electrostatics,  but  this  space  will,  perhaps,  not  seem  excessive  when  it  is 
noticed  how  many  of  the  pages  in  the  Electrostatic  part  of  the  book  are  devoted 
to  non-electrical  subjects  in  applied  mathematics  (potential-theory,  theory  of 
stress,  etc.),  or  in  pure  mathematics  (Green's  Theorem,  harmonic  analysis, 
complex  variable,  Fourier's  series,  conjugate  functions,  curvilinear  coordinates, 
etc.). 

A  number  of  examples,  taken  mainly  from  the  usual  Cambridge  examina- 
tion papers,  are  inserted.  These  may  provide  problems  for  the  mathematical 
student,  but  it  is  hoped  that  they  may  also  form  a  sort  of  compendium  of  results 
for  the  physicist,  shewing  what  types  of  problem  admit  of  exact  mathematical 
solution. 

It  is  again  a  pleasure  to  record  my  thanks  to  the  officials  of  the  University 
Press  for  their  unfailing  vigilance  and  help  during  the  printing  of  the  book. 

J.  H.  JEANS. 

Princeton, 

December,  1907. 


vi  Preface 


[TO  THE  SECOND  EDITION] 

The  second  Edition  will  be  found  to  differ  only  very  slightly  from  the  first 
in  all  e.\cept  the  last  few  chapters.  The  chapter  on  Electromagnetic  Theory 
of  Light  has,  however,  been  largely  rewritten  and  considerably  amplified,  and 
two  new  chapters  appear  in  the  present  edition,  on  the  Motion  of  Electrons 
and  on  the  General  Equations  of  the  Electromagnetic  Field.  These  last  chapters 
attempt  to  give  an  introduction  to  the  more  recent  developments  of  the  subject. 
They  do  not  aim  at  anything  like  completeness  of  treatment,  even  in  the  small 
parts  of  the  subjects  with  which  they  deal,  but  it  is  hoped  they  will  form  a 
useful  introduction  to  more  complete  and  specialised  works  and  monographs. 

J.  H.  JEANS. 

Cambridge, 

August,  1911. 


[TO  THE  THIRD  EDITION] 

In  preparing  a  third  Edition  I  have  made  only  a  few  changes  in  the  latter 
chapters,  which  were  necessary  to  bring  the  book  up  to  date. 

J.  H.  JEANS. 

London, 

November,  1914. 


[TO  THE  FOURTH  EDITION] 

It  will  be  found  that  the  main  changes  in  the  fourth  Edition  consist  in  a 
rearrangement  of  the  later  chapters  and  the  addition  of  a  wholly  new  chapter 
on  the  Theory  of  Relativity.  It  need  hardly  be  said  that  no  attempt  is  made 
to  give  a  full  account  of  the  Theory;  I  have  tried  to  present  its  broad  outlines 
in  the  simplest  possible  way,  and  in  striving  after  simplicity  I  have  intentionally 
omitted  all  elaboration  and  detail.  It  is  hoped  that  the  new  chapter  will  pro- 
vide a  suitable  introduction  to  the  Theory  of  Relativity  for  the  student  who 
approaches  the  subject  for  the  first  time,  equipped  with  such  knowledge  of 
general  electrical  theory  as  can  be  gained  from  the  rest  of  the  book. 

J.  H.  JEANS. 

Dorking, 

December,  1919. 


Preface  vii 

[TO  THE  FIFTH  EDITION] 

In  preparing  a  Fifth  Edition  I  have  introduced  the  changes  that  seemed 
to  be  called  for  by  the  now  established  position  of  the  new  theories  of  relativity 
and  quanta.  I  have  not  attempted  any  detailed  account  of  the  theory  of 
quanta  but  have  added  a  chapter  on  "  The  Electrical  Structure  of  Matter " 
which  will  introduce  the  reader  to  this  theory. 

It  is  a  pleasure  to  record  my  thanks  to  friends  and  correspondents  who 
have  helped  me  by  making  suggestions  and  pointing  out  errors  and  misprints 
in  earlier  editions.  My  thanks  are  especially  due  to  Dr  A.  Russell,  F.R.S., 
Dr  Harold  Jeffreys,  F.R.S.,  Professor  E.  P.  Adams,  Dr  R.  E.  Baynes,  Mr 
L.  A.  Pass  and  Dr  H.  L.  Curtis. 

J.  H.  JEANS. 
Dorking, 

March,  1925. 
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INTRODUCTION 

TEE   THREE   DIVISIONS   OF   ELECTROMAGNETISM 

1.  The  fact  that  a  piece  of  amber,  on  being  rubbed,  attracted  to  itself 
other  small  bodies,  was  known  to  the  Greeks,  the  discovery  of  this  fact  being- 
attributed  to  Thales  of  Miletus  (640-548  B.C.).  A  second  fact,  namely,  that 
a  certain  mineral  ore  (lodestone)  possessed  the  property  of  attracting  iron, 
is  mentioned  by  Lucretius.  These  two  facts  have  formed  the  basis  from 
which  the  modern  science  of  Electromagnetism  has  grown.  It  has  been 
found  that  the  two  phenomena  are  not  isolated,  but  are  insignificant  units  in 
a  vast  and  intricate  series  of  phenomena.  To  study,  and  as  far  as  possible 
interpret,  these  phenomena  is  the  province  of  Electromagnetism.  And  the 
mathematical  development  of  the  subject  must  aim  at  bringing  as  large 
a  number  of  the  phenomena  as  possible  within  the  power  of  exact  mathe- 
matical treatment. 

2.  The  first  great  branch  of  the  science  of  Electromagnetism  is  known 
as  Electrostatics.  The  second  branch  is  commonly  spoken  of  as  Magnetism, 
but  is  more  accurately  described  as  Magnetostatics.  We  may  say  that 
Electrostatics  has  been  developed  from  the  single  property  of  amber  already 
mentioned,  and  that  Magnetostatics  has  been  developed  from  the  single 
property  of  the  lodestone.  These  two  branches  of  Electromagnetism  deal 
solely  with  states  of  rest,  not  with  motion  or  changes  of  state,  and  are 
therefore  concerned  only  with  phenomena  which  can  be  described  as  statical. 
The  developments  of  the  two  statical  branches  of  Electromagnetism,  namely 
Electrostatics  and  Magnetostatics,  are  entirely  independent  of  one  another. 
The  science  of  Electrostatics  could  have  been  developed  if  the  properties  of 
the  lodestone  had  never  been  discovered,  and  similarly  the  science  of 
Magnetostatics  could  have  been  developed  without  any  knowledge  of  the 
properties  of  amber. 

The  third  branch  of  Electromagnetism,  namely,  Electrodynamics,  deals 
with  the  motion  of  electricity  and  magnetism,  and  it  is  in  the  development 
of  this  branch  that  we  first  find  that  the  two  groups  of  phenomena  of 
electricity  and    magnetism   are  related    to   one   another.      The   relation   is 
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a  reciprocal  relation:  it  is  found  that  magnets  in  motion  produce  the  same 
effects  as  electricity  at  rest,  while  electricity  in  motion  produces  the  same 
effects  is  magnets  at  rest.  The  third  division  of  Electromagnetism,  then, 
connects  the  two  former  divisions  of  Electrostatics  and  Magnetostatics,  and 
is  in  a  sense  symmetrically  placed  with  regard  to  them.  Perhaps  we  may 
compare  the  whole  structure  of  Electromagnetism  to  an  arch  made  of  three 
stones.  The  two  side  stones  can  be  placed  in  position  independently,  neither 
in  any  way  resting  on  the  other,  but  the  third  cannot  be  placed  in  position 
until  tie  two  side  stones  are  securely  fixed.  The  third  stone  rests  equally 
on  the  two  other  stones  and  forms  a  connection  between  them. 

3.  In  the  present  book  these  three  divisions  will  be  developed  in  the 
■order  in  which  they  have  been  mentioned,  namely  Electrostatics,  Magneto- 
statics,  Electromagnetism.  The  earlier  chapters  will  give  an  explanation  of 
the  physical  ideas  adopted  by  Maxwell  in  his  Treatise  on  Electricity  and 
Magnetism  side  by  side  with  a  purely  mathematical  theory.  Maxwell's  treat- 
ment of  Electrical  Science  was  differentiated  from  that  of  other  writers  by 
his  insistence  on  Faraday's  conception  of  electric  and  magnetic  energy  as 
residing  in  the  medium.  According  to  this  view,  the  forces  acting  on  electrified 
or  magnetised  bodies  did  not  form  the  whole  system  of  forces  in  action,  but 
served  only  to  reveal  the  presence  of  a  vastly  more  intricate  system  of  forces, 
which  acted  throughout  the  ether  by  which  the  material  bodies  were  supposed 
to  be  surrounded.  It  was  only  through  the  presence  of  matter  that  the  sup- 
posed system  of  forces  became  perceptible  to  human  observation,  so  that  it 
was  necessary  to  try  to  reconstruct  the  whole  system  of  forces  from  no  data 
except  those  given  by  the  resultant  effect  of  the  forces  on  matter,  where 
matter  was  present.  As  might  be  expected,  these  data  proved  insufficient  to 
give  full  and  definite  knowledge  of  the  system  of  ethereal  forces;  it  was  found 
that  a  great  number  of  systems  of  ethereal  forces  could  be  constructed,  each 
of  which  would  produce  the  same  effects  on  matter  as  are  observed.  Of  these 
systems,  however,  a  single  one  seemed  so  very  much  more  probable  than  any 
of  the  others,  that  it  was  unhesitatingly  adopted  both  by  Maxwell  and  by 
Faraday. 

As  soon  as  the  step  had  been  taken  of  attributing  the  mechanical  forces 
acting  on  matter  to  a  system  of  forces  acting  throughout  the  whole  ether, 
a  further  physical  development  was  made  not  only  possible  but  also  necessary. 
A  stress  in  the  ether  might  be  supposed  to  represent  either  an  electric  or  a 
magnetic  force,  but  could  not  be  both.  Faraday  supposed  a  stress  in  the  ether 
to  be  identical  with  electrostatic  force.  There  was  no  longer  any  possibility, 
in  this  scheme  of  the  universe,  of  regarding  magnetostatic  forces  as  evidence 
of  simple  stresses  in  the  ether. 
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It  has,  however,  been  said  that  magnetostatic  forces  are  found  to  be 
produced  by  the  motion  of  electric  charges.  Now  if  electric  charges  at  rest 
produce  simple  stresses  in  the  ether,  the  motion  of  electric  charges  must 
obviously  be  accompanied  by  changes  in  the  stresses  in  the  ether.  It  accord- 
ingly became  possible  to  identify  magnetostatic  force  with  change  in  the 
system  of  stresses  in  the  ether.  This  interpretation  of  magnetic  force  formed 
an  essential  part  of  Maxwell's  theory.  Comparing  the  ether  to  an  elastic 
material  medium,  we  may  say  that  the  electric  forces  were  interpreted  as  the 
statical  pressures  and  strains  which  accompanied  the  compression,  dilatation 
or  displacement  of  the  medium,  while  magnetic  forces  were  interpreted  as  the 
pressures  and  strains  in  the  medium  caused  by  its  motion  and  momentum. 
Thus  electrostatic  energy  was  regarded  as  the  potential  energy  of  the  medium, 
while  magnetic  energy  was  regarded  as  its  kinetic  energy.  Maxwell  shewed 
that  the  whole  series  of  known  electrostatic  and  magnetostatic  phenomena 
might  be  consistently  interpreted  as  phenomena  produced  by  the  stresses 
and  motion  of  a  medium,  this  motion  being  in  conformity  with  the  laws  of 
dynamics.  This  hypothesis  is  examined  in  the  earlier  chapters  of  the  book, 
although,  as  will  be  seen  later,  recent  developments  call  for  at  least  a  drastic 
modification,  and  more  probably  for  the  complete  abandonment  of  the  whole 
hypothesis. 

4.  The  observational  fact  that  magnetostatic  forces  were  produced  by  the 
motion  of  electric  charges  inevitably  raised  the  question  of  the  interpretation 
of  general  magnetic  phenomena  in  electrical  terms.  A  solution  of  the  problem 
suggested  by  Ampere  and  Weber  needs  but  little  modification  to  represent 
the  answer  to  which  modern  investigations  have  led.  Recent  experimental 
researches  shew  that  all  matter  must  be  supposed  to  consist  solely  of  electrically 
charged  particles,  and  it  seems  highly  probable  that  all  magnetic  phenomena 
can  be  explained  by  the  motion  of  these  charges.  If  the  motion  of  the  charges 
is  governed  by  a  regularity  of  a  certain  kind,  the  body  as  a  whole  will  shew 
magnetic  properties.  If  this  regularity  does  not  obtain,  the  magnetic  forces 
produced  by  the  motions  of  the  individual  charges  will  on  the  whole  neutralise 
one  another,  and  the  body  will  appear  to  be  non-magnetic.  On  this  view  the 
electricity  and  magnetism  which  at  first  sight  appeared  to  exist  independently 
in  the  universe,  are  resolved  into  electricity  alone — electricity  and  magnetism 
become  electricity  at  rest  and  electricity  in  motion. 

This  discovery  of  the  ultimate  identity  of  electricity  and  magnetism  is  by 
no  means  the  last  word  of  the  science  of  Electromagnetism.  As  far  back  as 
the  time  of  Maxwell  and  Faraday,  it  was  recognised  that  the  forces  at  work 
in  chemical  phenomena  must  be  regarded  largely,  if  not  entirely,  as  electrical 
forces.  Later,  Maxwell  shewed  light  to  be  an  electromagnetic  phenomenon, 
so  that  the  whole  science  of  Optics  became  a  branch  of  Electromagnetism. 
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Gradually  the  conviction  grew  that  all  physical  forces,  with  the  possible 
exception  of  Gravitation,  would  prove  to  be  ultimately  of  Electromagnetic 
origin,  ;o  that  by  the  end  of  the  nineteenth  century  most  scientists  believed 
that  the  science  of  Electromagnetism  would  advance  along  the  road  opened 
out  by  Maxwell  until  the  whole  physical  universe  had  been  explained  in  the 
terms  of  electromagnetic  theory.  Recently  this  belief  has  experienced  two 
very  severe  checks. 

If,  as  Maxwell  believed,  the  ultimate  seat  of  electromagnetic  and  optical 
phenomena  is  the  ether,  it  ought  to  be  possible  to  find  out  something  about 
the  ether  by  electromagnetic  and  optical  means.  It  ought,  for  instance,  at 
least  to  be  possible  to  determine  the  velocity  with  which  we  move  through  the 
ether.  A  series  of  experiments  devised  to  this  end  have  one  and  all  failed  to 
disclose  this  velocity.  To  every  experimental  enquiry,  Nature  seems  to  give 
the  answer  either  that  there  is  no  ether  or  that  natural  phenomena  go  on 
exactly  as  if  there  were  no  ether.  If  this  view  is  finally  established,  and  at 
present  there  seems  only  a  very  meagre  chance  of  any  alternative,  Maxwell's 
theory  of  the  electromagnetic  ether  must  necessarily  fall  out  of  science;  it  will 
have  served  its  purpose  as  a  scaffolding  which  will  have  enabled  the  structure 
of  electromagnetic  theory  to  have  been  built  in  perfect  form,  but  it  will  not 
be  part  of  that  structure.  Nevertheless  the  time  for  finally  deciding  how 
much  of  Maxwell's  theory  is  scaffolding  and  how  much  is  part  of  the  essential 
structure  has  hardly  yet  come,  so  that  in  the  present  book  we  shall  first 
develop  the  theory  along  the  general  lines  initiated  by  Maxwell,  and  then 
shall  devote  a  chapter  to  the  development  of  a  more  modern  theory  and  to  a 
discussion  of  how  far  the  existence  of  an  ether  is  essential  to  electromagnetic 
theory. 

The  second  check  to  Maxwell's  theory  has  originated  from  the  study  of 
radiation  and  the  ultimate  electrical  structure  of  matter;  phenomena  of 
primary  importance  have  been  found  not  to  be  reconcileable  with  Maxwell's 
original  theory.  In  a  sense  the  new  facts  hardly  cut  at  the  roots  of  the  theory; 
they  must  rather  be  thought  of  as  restricting  the  spread  of  the  branches. 
There  is  no  question  that  the  electrical  phenomena  of  everyday  life,  thunder- 
storms, telephones  and  dynamos,  are  all  governed  by  Maxwell's  laws;  it  is 
only  when  we  pass  to  the  phenomena  arising  from  the  most  intimate  electrical 
structure  of  matter  that  Maxwell's  laws  appear  to  be  inadequate.  Our  final 
chapter  will  contain  an  explanation  of  the  failure  of  Maxwell's  Electrodynamics 
to  deal  with  these  problems,  and  a  very  brief  introduction  to  the  new  theory 
which  has  taken  its  place. 


CHAPTER   I 

PHYSICAL  PRINCIPLES 

The  Fundamental  Conceptions  of  Electrostatics 

I.     State  of  Electrification  of  a  Body. 

5.  We  proceed  to  a  discussion  of  the  fundamental  conceptions  which 
form  the  basis  of  Electrostatics.  The  first  of  these  is  that  of  a  state  of 
electrification  of  a  body.  When  a  piece  of  amber  has  been  rubbed  so  that  it 
attracts  small  bodies  to  itself,  we  say  that  it  is  in  a  state  of  electrification — 
or,  more  shortly,  that  it  is  electrified. 

Other  bodies  besides  amber  possess  the  power  of  attracting  small  bodies 
after  being  rubbed,  and  are  therefore  susceptible  of  electrification.  Indeed 
it  is  found  that  all  bodies  possess  this  property,  although  it  is  less  easily 
recognised  in  the  case  of  most  bodies,  than  in  the  case  of  amber.  For 
instance  a  brass  rod  with  a  glass  handle,  if  rubbed  on  a  piece  of  silk  or  cloth, 
will  shew  the  power  to  a  marked  degree.  The  electrification  here  resides  in 
the  brass ;  as  will  be  explained  immediately,  the  interposition  of  glass  or 
some  similar  substance  between  the  brass  and  the  hand  is  necessary  in  order 
that  the  brass  may  retain  its  power  for  a  sufficient  time  to  enable  us  to 
observe  it.  If  we  hold  the  instrument  by  the  brass  rod  and  rub  the  glass 
handle  we  find  that  the  same  power  is  acquired  by  the  glass. 

II.     Conductors  and  Insulators. 

6.  Let  us  now  suppose  that  we  hold  the  electrified  brass  rod  in  one  hand 
by  its  glass  handle,  and  that  we  touch  it  with  the  other  hand.  We  find  that 
after  touching  it  its  power  of  attracting  small  bodies  will  have  completely 
disappeared.  If  we  immerse  it  in  a  stream  of  water  or  pass  it  through  a 
flame  we  find  the  same  result.  If  on  the  other  hand  we  touch  it  with 
a  piece  of  silk  or  a  rod  of  glass,  or  stand  it  in  a  current  of  air,  we  find 
that  its  power  of  attracting  small  bodies  remains  unimpaired,  at  any  rate 
for  a  time.     It  appears  therefore  that  the  human  body,  a  flame  or  water 
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have  the  power  of  destroying  the  electrification  of  the  brass  rod  when  placed 
in  contact  with  it,  while  silk  and  glass  and  air  do  not  possess  this  property. 
It  is  for  this  reason  that  in  handling  the  electrified  brass  rod,  the  substance 
in  direct  contact  with  the  brass  has  been  supposed  to  be  glass  and  not  the 
hand. 

In  this  way  we  arrive  at  the  idea  of  dividing  all  substances  into  two 
classes  according  as  they  do  or  do  not  remove  the  electrification  when  touch- 
ing the  electrified  body.  The  class  which  remove  the  electrification  are 
called  ( onductors,  for  as  we  shall  see  later,  they  conduct  the  electrification 
away  from  the  electrified  body  rather  than  destroy  it  altogether;  the  class 
which  allow  the  electrified  body  to  retain  its  electrification  are  called  non- 
conductors or  insulators.  The  classification  of  bodies  into  conductors  and 
insulators  appears  to  have  been  first  discovered  by  Stephen  Gray  (1696- 
1736). 

At  the  same  time  it  must  be  explained  that  the  difference  between 
insulators  and  conductors  is  one  of  degree  only.  If  our  electrified  brass  rod 
were  left  standing  for  a  week  in  contact  only  with  the  air  surrounding  it  and 
the  glass  of  its  handle,  we  should  find  it  hard  to  detect  traces  of  electrifica- 
tion after  this  time — the  electrification  would  have  been  conducted  away  by 
the  air  and  the  glass.  So  also  if  we  had  been  able  to  immerse  the  rod  in  a 
flame  for  a  billionth  of  a  second  only,  we  might  have  found  that  it  retained 
considerable  traces  of  electrification.  It  is  therefore  more  logical  to  speak  of 
good  conductors  and  bad  conductors  than  to  speak  of  conductors  and  insula- 
tors. Nevertheless  the  difference  between  a  good  and  a  bad  conductor  is  so 
enormous,  that  for  our  present  purpose  we  need  hardly  take  into  account  the 
feeble  conducting  power  of  a  bad  conductor,  and  may  without  serious  incon- 
sistency, speak  of  a  bad  conductor  as  an  insulator.  There  is,  of  course,  nothing 
to  prevent  us  imagining  an  ideal  substance  which  has  no  conducting  power 
at  all.  It  will  often  simplify  the  argument  to  imagine  such  a  substance, 
although  we  cannot  realise  it  in  nature. 

It  may  be  mentioned  here  that  of  all  substances  the  metals  are  by  very 
much  the  best  conductors.  Next  come  solutions  of  salts  and  acids,  and  lastly 
as  very  bad  conductors  (and  therefore  as  good  insulators)  come  oils,  waxes, 
silk,  glass  and  such  substances  as  sealing  wax,  shellac,  indiarubber.  Gases 
under  ordinary  conditions  are  good  insulators.  Indeed  it  is  worth  noticing 
that  if  this  had  not  been  so,  we  should  probably  never  have  become  acquainted 
with  electric  phenomena  at  all,  for  all  electricity  would  be  carried  away  by 
conduction  through  the  air  as  soon  as  it  was  generated.  Flames,  however, 
conduct  well,  and,  for  reasons  which  will  be  explained  later,  all  gases  become 
good  conductors  when  in  the  presence  of  radium  or  of  so-called  radio-active 
substances.  Distilled  water  is  an  almost  perfect  insulator,  but  any  other 
sample  of  water  will  contain  impurities  which  generally  cause  it  to  conduct 
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tolerably  well,  and  hence  a  wet  body  is  generally  a  bad  insulator.  So  also  an 
electrified  body  suspended  in  air  loses  its  electrification  much  more  rapidly  in 
damp  weather  than  in  dry,  owing  to  conduction  by  water-particles  in  the  air. 

When  the  body  is  in  contact  with  insulators  only,  it  is  said  to  be 
"insulated."  The  insulation  is  said  to  be  good  when  the  electrified  body 
retains  its  electrification  for  a  long  interval  of  time,  and  is  said  to  be  poor 
when  the  electrification  disappears  rapidly.  Good  insulation  will  enable  a 
body  to  retain  most  of  its  electrification  for  some  days,  while  with  poor  insula- 
tion the  electrification  will  last  only  for  a  few  minutes  or  seconds. 


III.     Quantity  of  Electricity. 

7.  We  pass  next  to  the  conception  of  a  definite  quantity  of  electricity, 
this  quantity  measuring  the  degree  of  electrification  of  the  body  with  which 
it  is  associated.  It  is  found  that  the  quantity  of  electricity  associated  with 
any  body  remains  constant  except  in  so  far  as  it  is  conducted  away  by  con- 
ductors. To  illustrate,  and  to  some  extent  to  prove  this  law,  we  may  use 
an  instrument  known  as  the  gold-leaf  electroscope.  This  consists  of  a  glass 
vessel,  through  the  top  of  which  a  metal  rod  is  passed,  supporting  at  its  lower 
end  two  gold-leaves  which  under  normal  conditions  hang  flat  side  by  side, 
touching  one  another  throughout  their  length.  When  an  electrified  body 
touches  or  is  brought  near  to  the  brass  rod,  the  two  gold-leaves  are  seen  to 
separate,  for  reasons  which  will  become  clear  later  (§  21),  so  that  the  instru- 
ment can  be  used  to  examine  whether  or  not  a  body  is  electrified. 

Let  us  fix  a  metal  vessel  on  the  top  of  the  brass  rod,  the  vessel  being 
closed  but  having  a  lid  through  which  bodies  can  be  in- 
serted. The  lid  must  be  supplied  with  an  insulating 
handle  for  its  manipulation.  Suppose  that  we  have 
electrified  some  piece  of  matter — to  make  the  picture 
definite,  suppose  that  we  have  electrified  a  small  brass 
rod  by  rubbing  it  on  silk — and  let  us  suspend  this  body 
inside  the  vessel  by  an  insulating  thread  in  such  a 
manner  that  it  does  not  touch  the  sides  of  the  vessel. 
Let  us  close  the  lid  of  the  vessel,  so  that  the  vessel 
entirely  surrounds  the  electrified  body,  and  note  the 
amount  of  separation  of  the  gold-leaves  of  the  electro- 
scope. Let  us  try  the  experiment  any  number  of  times, 
placing  the  electrified  body  in  different  positions  inside 
the  closed  vessel,  taking  care  only  that  it  does  not  come 
into  contact  with  the  sides  of  the  vessel  or  with  any 
other  conductors.  We  shall  find  that  in  every  case  the  separation  of  the 
gold-leaves  is  exactly  the  same. 


Via.  l. 
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In  this  way  then,  we  get  the  idea  of  a  definite  quantity  of  electrification 
associated  with  the  brass  rod,  this  quantity  being  independent  of  the  position 
of  the  r  >d  inside  the  closed  vessel  of  the  electroscope.  We  find,  further,  that 
the  divergence  of  the  gold-leaves  is  not  only  independent  of  the  position  of 
the  rod  inside  the  vessel,  but  is  independent  of  any  changes  of  state  which 
the  rod  may  have  experienced  between  successive  insertions  in  the  vessel, 
provided  only  that  it  has  not  been  touched  by  conducting  bodies.  We 
might  for  instance  heat  the  rod,  or,  if  it  was  sufficiently  thin,  we  might 
bend  it  into  a  different  shape,  and  on  replacing  it  inside  the  vessel  we 
should  find  that  it  produced  exactly  the  same  deviation  of  the  gold-leaves 
as  befoie.  We  may,  then,  regard  the  electrical  properties  of  the  rod  as  being 
due  to  a  quantity  of  electricity  associated  with  the  rod,  this  quantity  remaining 
permanently  the  same,  except  in  so  far  as  the  original  charge  is  lessened  by 
contact  with  conductors,  or  increased  by  a  fresh  supply. 

8.  We  can  regard  the  electroscope  as  giving  an  indication  of  the  magni- 
tude of  a  quantity  of  electricity,  two  charges  being  equal  when  they  produce 
the  same  divergence  of  the  leaves  of  the  electroscope. 

In  the  same  way  we  can  regard  a  spring-balance  as  giving  an  indication 
of  the  magnitude  of  a  weight,  two  weights  being  equal  when  they  produce 
the  same  extension  of  the  spring. 

The  question  of  the  actual  quantitative  measurement  of  a  quantity  of 
electricity  as  a  multiple  of  a  specified  unit  has  not  yet  been  touched.  We 
can,  however,  easily  devise  means  for  the  exact  quantitative  measurement 
of  electricity  in  terms  of  a  unit.  We  can  charge  a  brass  rod  to  any  degree 
we  please,  and  agree  that  the  charge  on  this  rod  is  to  be  taken  to  be  the 
standard  unit  charge.  By  rubbing  a  number  of  rods  until  each  produces 
exactly  the  same  divergence  of  the  electroscope  as  the  standard  charge,  we 
can  prepare  a  number  of  unit  charges,  and  we  can  now  say  that  a  charge  is 
equal  to  n  units,  if  it  produces  the  same  deviation  of  the  electroscope  as 
would  be  produced  by  n  units  all  inserted  in  the  vessel  of  the  electroscope 
at  once.  This  method  of  measuring  an  electric  charge  is  of  course  not  one 
that  any  rational  being  would  apply  in  practice,  but  the  object  of  the 
present  explanation  is  to  elucidate  the  fundamental  principles,  and  not  to 
give  an  account  of  practical  methods. 

9.  Positive  and  Negative  Electricity.  Let  us  suppose  that  we  insert  in 
the  vessel  of  the  electroscope  the  piece  of  silk  on  which  one  of  the  brass 
rods  has  been  supposed  to  have  been  rubbed  in  order  to  produce  its  unit 
charge.  We  shall  find  that  the  silk  produces  a  divergence  of  the  leaves  of 
the  electroscope,  and  further  that  this  divergence  is  exactly  equal  to  that 
which  is  produced  by  inserting  the  brass  rod  alone  into  the  vessel  of  the 
electroscope.  If,  however,  we  insert  the  brass  rod  and  the  silk  together  into 
the  electroscope,  no  deviation  of  the  leaves  can  be  detected. 
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Again,  let  us  suppose  that  we  charge  a  brass  rod  A  with  a  charge  which 
the  divergence  of  the  leaves  shews  to  be  n  units.  Let  us  rub  a  second  brass 
rod  B  with  a  piece  of  silk  G  until  it  has  a  charge,  as  indicated  by  the  electro- 
scope, of  m  units,  m  being  smaller  than  n.  If  we  insert  the  two  brass  rods 
together,  the  electroscope  will,  as  already  explained,  give  a  divergence  corre- 
sponding to  n  +  m  units.  If,  however,  we  insert  the  rod  A  and  the  silk  G 
together,  the  deviation  will  be  found  to  correspond  to  n  —  m  units. 

In  this  way  it  is  found  that  a  charge  of  electricity  must  be  supposed  to 
have  sign  as  well  as  magnitude.  As  a  matter  of  convention,  we  agree  to 
speak  of  the  m  units  of  charge  on  the  silk  as  m  positive  units,  or  more  briefly 
as  a  charge  +  m,  while  we  speak  of  the  charge  on  the  brass  as  m  negative 
units,  or  a  charge  —  w. 

10.  Generation  of  Electricity.  It  is  found  to  be  a  general  law  that,  on 
rubbing  two  bodies  which  are  initially  uncharged,  equal  quantities  of  positive 
and  negative  electricity  are  produced  on  the  two  bodies,  so  that  the  total 
charge  generated,  measured  algebraically,  is  nil. 

We  have  seen  that  the  electroscope  does  not  determine  the  sign  of  the 
charge  placed  inside  the  closed  vessel,  but  only  its  magnitude.  We  can, 
however,  determine  both  the  sign  and  magnitude  by  two  observations.  Let 
us  first  insert  the  charged  body  alone  into  the  vessel.  Then  if  the  divergence 
of  the  leaves  corresponds  to  m  units,  we  know  that  the. charge  is  either  +  m 
or  —  m,  and  if  we  now  insert  the  body  in  company  with  another  charged  body, 
of  which  the  charge  is  known  to  be  +  n,  then  the  charge  we  are  attempting 
to  measure  will  be  +  m  or  —  m  according  as  the  divergence  of  the  leaves 
indicates  n  +  m  or  n  ~  m  units.  With  more  elaborate  instruments  to  be 
described  later  (electrometers)  it  is  possible  to  determine  both  the  magnitude 
and  sign  of  a  charge  by  one  observation. 

11.  If  we  had  rubbed  a  rod  of  glass,  instead  of  one  of  brass,  on  the  silk, 
we  should  have  found  that  the  silk  had  a  negative  charge,  and  the  glass  of 
course  an  equal  'positive  charge.  It  therefore  appears  that  the  sign  of  the 
charge  produced  on  a  body  by  friction  depends  not  only  on  the  nature  of  the 
body  itself,  but  also  on  the  nature  of  the  body  with  which  it  has  been 
rubbed. 

The  following  is  found  to  be  a  general  law :  If  rubbing  a  substance  A  on 
a  second  substance  B  charges  A  positively  and  B  negatively,  and  if  rubbing 
the  substance  B  on  a  third  substance  G  charges  B  positively  and  G  negatively, 
then  rubbing  the  substance  A  on  the  substance  G  will  charge  A  positively 
and  G  negatively. 

It  is  therefore  possible  to  arrange  any  number  of  substances  in  a  list  such 
that  a  substance  is  charged  with  positive  or  negative  electricity  when  rubbed 
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with  a  second  substance,  according  as  the  first  substance  stands  above  or 
below  the  second  substance  on  the  list.  The  following  is  a  list  of  this  kind, 
which  'ncludes  some  of  the  most  important  substances : 

Cat's  skin,  Glass,  Ivory,  Silk,  Rock  crystal,  The  Hand,  Wood,  Sulphur, 
Flannel,  Cotton,  Shellac,  Caoutchouc,  Resins,  Guttapercha,  Metals,  Guncotton. 

A  substance  is  said  to  be  electropositive  or  electronegative  to  a  second 
substance  according  as  it  stands  above  or  below  it  on  a  list  of  this  kind. 
Thus  of  any  pair  of  substances  one  is  always  electropositive  to  the  other,  the 
other  being  electronegative  to  the  first.  Two  substances,  although  chemically 
the  same,  must  be  regarded  as  distinct  for  the  purposes  of  a  list  such  as  the 
above,  if  their  physical  conditions  are  different ;  for  instance,  it  is  found  that 
a  hot  body  must  be  placed  lower  on  the  list  than  a  cold  body  of  the  same 
chemical  composition. 

IV.     Attraction  and  Repulsion  of  Electric  Charges. 

12.  A  small  ball  of  pith,  or  some  similarly  light  substance,  coated  with 
gold-leaf  and  suspended  by  an  insulating  thread,  forms  a  convenient  instru- 
ment for  investigating  the  forces,  if  any,  which  are  brought  into  play  by  the 
presence  of  electric  charges.  Let  us  electrify  a  pith  ball  of  this  kind  positively 
and  suspend  it  from  a  fixed  point.  We  shall  find  that  when  we  bring  a 
second  small  body  charged  with  positive  electricity  near  to  this  first  body 
the  two  bodies  tend  to  repel  one  another,  whereas  if  we  bring  a  negatively 
charged  body  near  to  it,  the  two  bodies  tend  to  attract  one  another.  From 
this  and  similar  experiments  it  is  found  that  two  small  bodies  charged  with 
electricity  of  the  same  sign  repel  one  another,  and  that  two  small  bodies 
charged  with  electricity  of  different  signs  attract  one  another. 

This  law  can  be  well  illustrated  by  tying  together  a  few  light  silk  threads 
by  their  ends,  so  that  they  form  a  tassel,  and  allowing  the  threads  to  hang 
vertically.  If  we  now  stroke  the  threads  with  the  hand,  or  brush  them  with 
a  brush  of  any  kind,  the  threads  all  become  positively  electrified,  and  there- 
fore repel  one  another.  They  consequently  no  longer  hang  vertically  but 
spread  themselves  out  into  a  cone.  A  similar  phenomenon  can  often  be 
noticed  on  brushing  the  hair  in  dry  weather.  The  hairs  become  positively 
electrified  and  so  tend  to  stand  out  from  the  head. 

13.  On  shaking  up  a  mixture  of  powdered  red  lead  and  yellow  sulphur, 
the  particles  of  red  lead  will  become  positively  electrified,  and  those  of  the 
sulphur  will  become  negatively  electrified,  as  the  result  of  the  friction  which 
has  occurred  between  the  two  sets  of  particles  in  the  shaking.  If  some  of 
this  powder  is  now  dusted  on  to  a  positively  electrified  body,  the  particles  of 
sulphur  will  be  attracted  and  those  of  red  lead  repelled.  The  red  lead  will 
therefore  fall  off,  or  be  easily  removed  by  a  breath  of  air,  while  the  sulphur 
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particles  will  be  retained.  The  positively  electrified  body  will  therefore 
assume  a  yellow  colour  on  being  dusted  with  the  powder,  and  similarly  a 
negatively  electrified  body  would  become  red.  It  may  sometimes  be  con- 
venient to  use  this  method  of  determining  whether  the  electrification  of  a 
body  is  positive  or  negative. 

14.  The  attraction  and  repulsion  of  two  charged  bodies  is  in  many 
respects  different  from  the  force  between  one  charged  and  one  uncharged 
body.  The  latter  force,  as  we  have  explained,  was  known  to  the  Greeks :  it 
must  be  attributed,  as  we  shall  see,  to  what  is  known  as  "electric  induction," 
and  is  invariably  attractive.  The  forces  between  two  bodies  both  of  which 
are  charged,  forces  which  may  be  either  attractive  or  repulsive,  seem  hardly 
to  have  been  noticed  until  the  eighteenth  century. 

The  observations  of  Robert  Symmer  (1759)  on  the  attractions  and 
repulsions  of  charged  bodies  are  at  least  amusing.  He  was  in  the  habit 
of  wearing  two  pairs  of  stockings  simultaneously,  a  worsted  pair  for  comfort 
and  a  silk  pair  for  appearance.  In  pulling  off  his  stockings  he  noticed  that 
they  gave  a  crackling  noise,  and  sometimes  that  they  even  emitted  sparks 
when  taken  off  in  the  dark.  On  taking  the  two  stockings  off  together  from 
the  foot  and  then  drawing  the  one  from  inside  the  other,  he  found  that  both 
became  inflated  so  as  to  reproduce  the  shape  of  the  foot,  and  exhibited 
attractions  and  repulsions  at  a  distance  of  as  much  as  a  foot  and  a  half. 

"  When  this  experiment  is  performed  with  two  black  stockings  in  one 
hand,  and  two  white  in  the  other,  it  exhibits  a  very  curious  spectacle ;  the 
repulsion  of  those  of  the  same  colour,  and  the  attraction  of  those  of  different 
colours,  throws  them  into  an  agitation  that  is  not  unentertaining,  and 
makes  them  catch  each  at  that  of  its  opposite  colour,  and  at  a  greater 
distance  than  one  would  expect.  When  allowed  to  come  together  they  all 
unite  in  one  mass.  When  separated,  they  resume  their  former  appearance, 
and  admit  of  the  repetition  of  the  experiment  as  often  as  you  please,  till 
their  electricity,  gradually  wasting,  stands  in  need  of  being  recruited." 

The  Law  of  Force  between  charged  Particles. 

15.  The  Torsion  Balance.  Coulomb  (1785)  devised  an  instrument  known 
as  the  Torsion  Balance,  which  enabled  him  not  only  to  verify  the  laws  of 
attraction  and  repulsion  qualitatively,  but  also  to  form  an  estimate  of  the 
actual  magnitude  of  these  forces. 

The  apparatus  consists  essentially  of  two  light  balls  A,  C,  fixed  at  the  two 
ends  of  a  rod  which  is  suspended  at  its  middle  point  B  by  a  very  fine  thread 
of  silver,  quartz  or  other  material.  The  upper  end  of  the  thread  is  fastened 
to  a  movable  head  JD,  so  that  the  thread  and  the  rod  can  be  made  to 
rotate  by  screwing  the  head.     If  the  rod  is  acted  on  only  by  its  weight,  the 
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condition  for  equilibrium  is   obviously  that  there   shall   be   no   torsion  in 
the  thread.     If,  however,  we  fix  a  third  small  ball  E  in  the  same  plane  as 

the  other  two,  and  if  the  three  balls  are  elec- 
trified, the  forces  between  the  fixed  ball  and 
the  movable  ones  will  exert  a  couple  on  the 
moving  rod,  and  the  condition  for  equilibrium 
is  that  this  couple  shall  exactly  balance,  that 
due  to  the  torsion.  Coulomb  found  that  the 
couple  exerted  by  the  torsion  of  the  thread 
was  exactly  proportional  to  the  angle  through 
which  one  end  of  the  thread  had  been  turned 
relatively  to  the  other,  and  in  this  way  was 
enabled  to  measure  his  electric  forces.  In 
Coulomb's  experiments  one  only  of  the  two 
movable  balls  was  electrified,  the  second  serv- 
ing merely  as  a  counterpoise,  and  the  fixed 
ball  was  at  the  same  distance  from  the  torsion 

thread  as  the  two  movable  balls. 
Fig.  2. 

Suppose  that  the  head  of  the  thread  is 
turned  to  such  a  position  that  the  balls  when  uncharged  rest  in  equilibrium, 
just  touching  one  another  Avithout  pressure.  Let  the  balls  receive  charges 
e,  e',  and  let  the  repulsion  between  them  result  in  the  bar  turning  through 
an  angle  6.  The  couple  exerted  on  the  bar  by  the  torsion  of  the  thread 
is  proportional  to  0,  and  may  therefore  be  taken  to  be  k6.  If  a  is  the 
radius  of  the  circle  described  by  the  movable  ball,  we  may  regard  the  couple 
acting  on  the  rod  from  the  electric  forces  as  made  up  of  a  force  F,  equal 
to  the  force  of  repulsion  between  the  two  balls,  multiplied  by  a  cos  \Qt 
the  arm  of  the  moment.     The  condition  for  equilibrium  is  accordingly 

aF  cos  \B  =  k9. 

Let  us  now  suppose  that  the  torsion  head  is  turned  through  an  angle  0 
in  such  a  direction  as  to  make  the  two  charged  balls  approach  each  other; 
after  the  turning  has  ceased,  let  us  suppose  that  the  balls  are  allowed  to 
come  to  rest.  In  the  new  position  of  equilibrium,  let  us  suppose  that  the 
two  charged  balls  subtend  an  angle  6'  at  the  centre,  instead  of  the  former 
angle  6.  The  couple  exerted  by  the  toi'sion  thread  is  now  k{9'  +  <f>),  so  that 
if  F'  is  the  new  force  of  repulsion  we  must  have 

aF'  cos  \&  =  k  (6'  +  0). 

By  observing  the  value  of  <f>  required  to  give  definite  values  to  &  we  can 
calculate  values  of  F'  corresponding  to  any  series  of  values  of  6'.  From  a 
series  of  experiments  of  this  kind  it  is  found  that  so  long  as  the  charges  on 
the  two  balls  remain  the  same,  F'  is  proportional  to  cosec2^#',  from  which 
it  is  easily  seen  to  follow  that  the  force  of  repulsion  varies  inversely  as  the 
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square  of  the  distance.  And  when  the  charges  on  the  two  balls  are  varied 
it  is  found  that  the  force  varies  as  the  product  of  the  two  charges,  so  long  as 
their  distance  apart  remains  the  same.  As  the  result  of  a  series  of  experi- 
ments conducted  in  this  way  Coulomb  was  able  to  enunciate  the  law : 

The  force  between  two  small  charged  bodies  is  proportional  to  the  product 
of  their  charges,  and  is  inversely  proportional  to  the  square  of  their  distance 
apart,  the  force  being  one  of  repulsion  or  attraction  according  as  the  two 
charges  are  of  the  same  or  of  opposite  kinds. 

16.  In  mathematical  language  we  may  say  that  there  is  a  force  of  repul- 
sion of  amount 

cee' 


/y*Z 


•(1) 


where  e,  e'  are   the   charges,  r   their  distance  apart,   and    c  is  a  positive 
constant. 

If  e,  e  are  of  opposite  signs  the  product  ee'  is  negative,  and  a  negative 
repulsion  must  be  interpreted  as  an  attraction. 

Although  this  law  was  first  published  by  Coulomb,  it  subsequently 
appeared  that  it  had  been  discovered  at  an  earlier  date  by  Cavendish, 
whose  experiments  were  much  more  refined  than  those  of  Coulomb.  Caven- 
dish was  able  to  satisfy  himself  that  the  law  was  certainly  intermediate 
between  the  inverse  2  +  ^  and  2  —  ^th  power  of  the  distance  (see  below, 
§§  46 — 48).  Unfortunately  his  researches  remained  unknown  until  his 
manuscripts  were  published  in  1879  by  Clerk  Maxwell. 

The  experiments  of  Coulomb  and  Cavendish,  it  need  hardly  be  said, 
were  very  rough  compared  with  those  which  are  rendered  possible  by  modern 
refinements  of  theory  and  practice,  so  that  these  experiments  are  no  longer 
the  justification  for  using  the  law  expressed  by  formula  (1)  as  the  basis  of 
the  Mathematical  Theory  of  Electricity.  More  delicate  experiments  with  the 
apparatus  used  by  Cavendish,  which  will  be  explained  later,  have,  however, 
been  found  to  give  a  complete  confirmation  of  Coulomb's  Law,  so  long  as 
the  charged  bodies  may  both  be  regarded  as  infinitely  small  compared  with 
their  distance  apart.  Any  deviation  from  the  law  of  Coulomb  must  accord- 
ingly be  attributed  to  the  finite  sizes  of  the  bodies  which  carry  the  charges. 
As  it  is  only  in  the  case  of  infinitely  small  bodies  that  the  symbol  r  of 
formula  (1)  has  had  any  meaning  assigned  to  it,  we  may  regard  the  law  (1) 
as  absolutely  true,  at  any  rate  so  long  as  r  is  large  enough  to  be  a  measurable 
quantity. 
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The   Unit  of  Electricity. 

17.  The  law  of  Coulomb  supplies  us  with  a  convenient  unit  in  which 
to  measure  electric  charges. 

The  unit  of  mass,  the  pound  or  gramme,  is  a  purely  arbitrary  unit,  and 
all  quantities  of  mass  are  measured  simply  by  comparison  with  this  unit. 
The  same  is  true  of  the  unit  of  space.  If  it  were  possible  to  keep  a  charge 
of  electricity  unimpaired  through  all  time  we  might  take  an  arbitrary  charge 
of  electricity  as  standard,  and  measure  all  charges  by  comparison  with  this 
one  standard  charge,  in  the  way  suggested  in  §  8.  As  it  is  not  possible  to  do 
this,  we  find  it  convenient  to  measure  electricity  with  reference  to  the  units 
of  mass,  length  and  time  of  which  we  are  already  in  possession,  and  Coulomb's 
Law  enables  us  to  do  this.  We  define  as  the  unit  charge  a  charge  such  that 
when  two  unit  charges  are  placed  one  on  each  of  two  small  particles  at 
a  distance  of  a  centimetre  apart,  the  force  of  repulsion  between  the  particles 
is  one  dyne.  With  this  definition  it  is  clear  that  the  quantity  c  in  the 
formula  (1)  becomes  equal  to  unity,  so  long  as  the  c.G.S.  system  of  units 
is  used. 

In  a  similar  way,  if  the  mass  of  a  body  did  not  remain  constant,  we  might 
have  to  define  the  unit  of  mass  with  reference  to  those  of  time  and  length 
by  saying  that  a  mass  is  a  unit  mass  provided  that  tAvo  such  masses,  placed 
at  a  unit  distance  apart,  produce  in  each  other  by  their  mutual  gravitational 
attraction  an  acceleration  of  a  centimetre  per  second  per  second.  In  this 
case  we  should  have  the  gravitational  acceleration  f  given  by  an  equation 
of  the  form 

/-£ (2). 

and  this  equation  would  determine  the  unit  of  mass. 

18.  Physical  dimensions.  If  the  unit  of  mass  were  determined  by 
equation  (2),  m  would  appear  to  have  the  dimensions  of  an  acceleration 
multiplied  by  the  square  of  a  distance,  and  therefore  dimensions 

DT~\ 

As  a  matter  of  fact,  however,  we  know  that  mass  is  something  entirely  apart 
from  length  and  time,  except  in  so  far  as  it  is  connected  with  them  through 
the  law  of  gravitation.     The  complete  gravitational  acceleration  is  given  by 

where  y  is  the  so-called  "  gravitation  constant." 

By  our  proposed  definition  of  unit  mass  we  should  have  made  the  value 
of  7  numerically  equal  to  unity;  but  its  physical  dimensions  are  not  those  of 
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a  mere  number,  so  that  we  cannot  neglect  the  factor  y  when  equating 
physical  dimensions  on  the  two  sides  of  the  equation. 

So  also  in  the  formula 

F=~ (8) 

we  can  and  do  choose  our  unit  of  charge  in  such  a  way  that  the  numerical 
value  of  c  is  unity,  so  that  the  numerical  equation  becomes 

*=% (4), 

but  we  must  remember  that  the  factor  c  still  retains  its  physical  dimensions. 
Electricity  is  something  entirely  apart  from  mass,  length  and  time,  and  it 
follows  that  we  ought  to  treat  the  dimensions  of  equation  (3),  by  introducing 
a  new  unit  of  electricity  E  and  saying  that  c  is  of  the  dimensions  of  a  force 
divided  by  E2/r*  and  therefore  of  dimensions 

MLsE-2T-\ 

If,  however,  we  compare  dimensions  in  equation  (4),  neglecting  to  take 
account  of  the  physical  dimensions  of  the  suppressed  factor  c,  it  appears  as 
though  a  charge  of  electricity  can  be  expi'essed  in  terms  of  the  units  of 
mass,  length  and  time,  just  as  it  might  appear  from  equation  (2)  as  though 
a  mass  could  be  expressed  in  terms  of  the  units  of  length  and  time.  The 
apparent  dimensions  of  a  charge  of  electricity  are  now 

MWT-1  (5). 

It  will  be  readily  understood  that  these  dimensions  are  merely  apparent 
and  not  in  any  way  real,  when  it  is  stated  that  other  systems  of  units  are 
also  in  use,  and  that  the  apparent  physical  dimensions  of  a  charge  of 
electricity  are  found  to  be  different  in  the  different  systems  of  units.  The 
system  which  we  have  just  described,  in  which  the  unit  is  denned  as 
the  charge  which  makes  c  numerically  equal  to  unity  in  equation  (3),  is 
known  as  the  Electrostatic  system  of  units. 

There  will  be  different  electrostatic  systems  of  units  corresponding  to 
different  units  of  length,  mass  and  time.  In  the  c.G.s.  system  these  units 
are  taken  to  be  the  centimetre,  gramme  and  second.  In  passing  from  one 
system  of  units  to  another  the  unit  of  electricity  will  change  as  if  it  were 
a  physical  quantity  having  dimensions  M^L*T~X,  so  long  as  we  hold  to  the 
agreement  that  equation  (4)  is  to  be  numerically  true,  i.e.  so  long  as  the 
units  remain  electrostatic.  This  gives  a  certain  importance  to  the  apparent 
dimensions  of  the  unit  of  electricity,  as  expressed  in  formula  (5). 
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V.     Electrification  by  Induction. 

19.  Let  us  suspend  a  metal  rod  by  insulating  supports.  Suppose  that 
the  rod  is  originally  uncharged,  and  that  we  bring  a  small  body  charged 
with  electricity  near  to  one  end  of  the  rod,  without  allowing  the  two  bodies 
to  touch  We  shall  find  on  sprinkling  the  rod  with  electrified  powder  of  the 
kind  previously  described  (§  13),  that  the  rod  is  now  electrified,  the  signs  of 
the  charges  at  the  two  ends  being  different.  This  electrification  is  known  as 
electriiication  by  induction.  We  speak  of  the  electricity  on  the  rod  as  an 
induce  I  charge,  and  that  on  the  originally  electrified  body  as  the  inducing  or 
exciting  charge.  We  .find  that  the  induced  charge  at  the  end  of  the  rod 
nearest  to  the  inducing  charge  is  of  sign  opposite  to  that  of  the  inducing 
charge,  that  at  the  further  end  of  the  rod  being  of  the  same  sign  as  the 
inducing  charge.  If  the  inducing  charge  is  removed  to  a  great  distance 
from  the  rod,  we  find  that  the  induced  charges  disappear  completely,  the  rod 
resuming  its  original  unelectrified  state. 

If  the  rod  is  arranged  so  that  it  can  be  divided  into  two  parts,  we  can 
separate  the  two  parts  before  removing  the  inducing  charge,  and  in  this  way 
can  retain  the  two  parts  of  the  induced  charge  for  further  examination. 

If  we  insert  the  two  induced  charges  into  the  vessel  of  the  electroscope, 
we  find  that  the  total  electrification  is  nil:  in  generating  electricity  by 
induction,  as  in  generating  it  by  friction,  we  can  only  generate  equal 
quantities  of  positive  and  negative  electricity;  we  cannot  alter  the  algebraic 
total  charge.  Thus  the  generation  of  electricity  by  induction  is  in  no  way 
a  violation  of  the  law  that  the  total  charge  on  a  body  remains  unaltered 
except  in  so  far  as  it  is  removed  by  conduction. 

20.  If  the  inducing  charge  is  placed  on  a  sufficiently  light  conductor,  we 
notice  a  violent  attraction  between  it  and  the  rod  which  carries  the  induced 
charge.  This,  however,  as  we  shall  now  shew,  is  only  in  accordance  with 
Coulomb's  Law.  Let  us,  for  the  sake  of  argument,  suppose  that  the 
inducing  charge  is  a  positive  charge  e.     Let  us  divide  up  that  part  of  the 


ABC  C  B'A' 

(  ) 

Pig.  3. 

rod  which  is  negatively  charged  into  small  parts  AB,  BG, ... ,  beginning  from 
the  end  A  which  is  nearest  to  the  inducing  charge  I,  in  such  a  way  that  each 
part  contains  the  same  small  charge  —  e,  of  negative  electricity.  Let  us 
similarly  divide  up  the  part  of  the  rod  which  is  positively  charged  into 
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sections  A'B',  B'C, ... ,  beginning  from  the  further  end,  and  such  that  each  of 

these  parts  contains  a  charge  -f  e  of  positive  electricity.      Since  the  total 

induced  charge  is  zero,  the  number  of  positively  charged  sections  A'B', 

B'C,  ...  must  be  exactly  equal  to  the  number  of  negatively  charged  sections 

AB,  BO, The  whole  series  of  sections  can  therefore  be  divided  into  a 

series  of  pairs 

AB  and  A'B' ;     BC  and  B'C ;    etc. 

such  that  the  two  sections  of  any  pair  contain  equal  and  opposite  charges. 
The  charge  on  A'B'  being  of  the  same  sign  as  the  inducing  charge  e,  repels 
the  body  /  which  carries  this  charge,  while  the  charge  on  AB,  being  of  the 
same  sign  as  the  charge  on  i",  attracts  /.  Since  A B  is  nearer  to  I  than  A'B', 
it  follows  from  Coulomb's  Law  that  the  attractive  force  ee/r2  between  AB 
and  /  is  numerically  greater  than  the  repulsive  force  ee/r2  between  A'B'  and 
I,  so  that  the  resultant  action  of  the  pair  of  sections  AB,  A'B'  upon  /  is  an 
attraction.  Obviously  a  similar  result  is  true  for  every  other  pair  of  sections, 
so  that  we  arrive  at  the  result  that  the  whole  force  between  the  two  bodies 
is  attractive. 

This  result  fully  accounts  for  the  fundamental  property  of  a  charged  body 
to  attract  small  bodies  to  which  no  charge  has  been  given.  The  proximity  of 
the  charged  body  induces  charges  of  different  signs  on  those  parts  of  the  body 
which  are  nearer  to,  and  further  away  from,  the  inducing  charge,  and  although 
the  total  induced  charge  is  zero,  yet  the  attractions  will  always  outweigh  the 
repulsions,  so  that  the  resultant  force  is  always  one  of  attraction. 

21.  The  same  conceptions  explain  the  divergence  of  the  gold-leaves  of 
the  electroscope  which  occurs  when  a  charged  body  is  brought  near  to  the 
plate  of  the  electroscope  or  introduced  into  a  closed  vessel  standing  on  this 
plate.  All  the  conducting  parts  of  the  electroscope — gold-leaves,  rod,  plate 
and  vessel  if  any — may  be  regarded  as  a  single  conductor,  and  of  this  the 
gold-leaves  form  the  part  furthest  removed  from  the  charged  body.  The 
leaves  accordingly  become  charged  by  induction  with  electricity  of  the  same 
sign  as  that  of  the  charged  body,  and  as  the  charges  on  the  two  gold-leaves 
are  of  similar  sign,  they  repel  one  another. 

22.  On  separating  the  two  parts  of  a  conductor  while  an  induced  charge 
is  on  it,  and  then  removing  both  from  the  influence  of  the  induced  charge, 
we  gain  two  charges  of  electricity  without  any  diminution  of  the  inducing 
charge.  We  can  store  or  utilise  these  charges  in  any  way  and  on  replacing 
the  two  parts  of  the  conductor  in  position,  we  shall  again  obtain  an  induced 
charge.  This  again  may  be  utilised  or  stored,  and  so  on  indefinitely.  There 
is  therefore  no  limit  to  the  magnitude  of  the  charges  which  can  be  obtained 
from  a  small  initial  charge  by  repeating  the  process  of  induction. 

This  principle  underlies  the  action  of  the  Electrophorus.     A  cake  of  resin 
is  electrified  by  friction,  and  for  convenience  is  placed  with  its  electrified 
j.  2 
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surface  uppermost  on  a  horizontal  table.  A  metal  disc  is  held  by  an  insulating 
handle  parallel  to  the  cake  of  resin  and  at  a  slight  distance  above  it.  The 
operat  >r  then  touches  the  upper  surface  of  the  disc  with  his  finger.  When 
the  process  has  reached  this  stage,  the  metal  disc,  the  body  of  the  operator 
and  the  earth  itself  form  one  conductor.  The  negative  electricity  on  the  resin 
induces  a  positive  charge  on  the  nearer  parts  of  this  conductor — primarily 
on  the  metal  disc — and  a  negative  charge  on  the  more  remote  parts  of  the 
conductor — the  further  region  of  the  earth.  When  the  operator  removes 
his  fi]  ger,  the  disc  is  left  insulated  and  in  possession  of  a  positive  charge. 
As  already  explained,  this  charge  may  be  used  and  the  process  repeated 
indefinitely. 

In  all  its  essentials,  the  principle  utilised  in  the  generation  of  electricity 
by  the  "  influence  machines"  of  Voss,  Holtz,  Wimshurst  and  others  is  identical 
with  that  of  the  electrophorus.  The  machines  are  arranged  so  that  by  the 
turning  of  a  handle,  the  various  stages  of  the  process  are  repeated  cyclically 
time  after  time. 

23.  Electric  Equilibrium.  Returning  to  the  apparatus  illustrated  in 
fig.  3,  p.  16,  it  is  found  that  if  we  remove  the  inducing  charge  without 
allowing  the  conducting  rod  to  come  into  contact  with  other  conductors, 
the  charge  on  the  rod  disappears  gradually  as  the  inducing  charge  recedes, 
positive  and  negative  electricity  combining  in  equal  quantities  and  neutral- 
ising one  another.  This  shews  that  the  inducing  charge  must  be  supposed 
to  act  upon  the  electricity  of  the  induced  charge,  rather  than  upon  the 
matter  of  the  conductor.  Upon  the  same  principle,  the  various  parts  of  the 
induced  charge  must  be  supposed  to  act  directly  upon  one  another.  Moreover, 
in  a  conductor  charged  with  electricity  at  rest,  there  is  no  reaction  between 
matter  aDd  electricity  tending  to  prevent  the  passage  of  electricity  through 
the  conductor.  For  if  there  were,  it  would  be  possible  for  parts  of  the  induced 
charge  to  be  retained,  after  the  inducing  charge  had  been  removed,  the  parts 
of  the  induced  charge  being  retained  in  position  by  their  reaction  with  the 
matter  of  the  conductor.  Nothing  of  this  kind  is  observed  to  occur.  We 
conclude  then  that  the  elements  of  electrical  charge  on  a  conductor  are  each 
in  equilibrium  under  the  influence  solely  of  the  forces  exerted  by  the  remaining 
elements  of  charge. 

24.  An  exception  occurs  when  the  electricity  is  actually  at  the  surface 
of  the  conductor.  Here  there  is  an  obvious  reaction  between  matter  and 
electricity — the  reaction  which  prevents  the  electricity  from  leaving  the 
surface  of  the  conductor.  Clearly  this  reaction  will  be  normal  to  the  surface, 
so  that  the  forces  acting  upon  the  electricity  in  directions  which  lie  in  the 
tangent  plane  to  the  surface  must  be  entirely  forces  from  other  charges  of 
electricity,  and  these  must  be  in  equilibrium.  To  balance  the  action  of  the 
matter  on  the  electricity  there  must  be  an  equal  and  opposite  reaction  of 
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electricity  on  matter.  This,  then,  will  act  normally  outwards  at  the  surface  of 
the  conductor.  Experimentally  it  is  best  put  in  evidence  by  the  electrification 
of  soap-bubbles.  A  soap-bubble  when  electrified  is  observed  to  expand,  the 
normal  reaction  between  electricity  and  matter  at  its  surface  driving  the 
surface  outwards  until  equilibrium  is  reestablished  (see  below,  §  94). 

25.  Also  when  two  conductors  of  different  material  are  placed  in  con- 
tact, electric  phenomena  are  found  to  occur  which  have  been  explained  by 
Helmholtz  as  the  result  of  the  operation  of  reactions  between  electricity  and 
matter  at  the  surfaces  of  the  conductors.  Thus,  although  electricity  can  pass 
quite  freely  over  the  different  parts  of  the  same  conductor,  it  is  not  strictly 
true  to  say  that  electricity  can  pass  freely  from  one  conductor  to  another  of 
different  material  with  which  it  is  in  contact.  Compared,  however,  with  the 
forces  with  which  we  shall  in  general  be  dealing  in  electrostatics,  it  will  be 
legitimate  to  disregard  entirely  any  forces  of  the  kind  just  described.  We 
shall  therefore  neglect  the  difference  between  the  materials  of  different  con- 
ductors, so  that  any  number  of  conductors  placed  in  contact  may  be  regarded 
as  a  single  conductor. 

Theories  to  explain  Electrical  Phenomena. 

26.  One- fluid  Theory.  Franklin,  as  far  back  as  1751,  tried  to  include 
all  the  electrical  phenomena  with  which  he  was  acquainted  in  one  simple 
explanation.  He  suggested  that  all  these  phenomena  could  be  explained  by 
supposing  the  existence  of  an  indestructible  "  electric  fluid,"  which  could  be 
associated  with  matter  in  different  degrees.  Corresponding  to  the  normal 
state  of  matter,  in  which  no  electrical  properties  are  exhibited,  there  is 
a  definite  normal  amount  of  "electric  fluid."  When  a  body  was  charged 
with  positive  electricity,  Franklin  explained  that  there  was  an  excess  of 
"  electric  fluid  "  above  the  normal  amount,  and  similarly  a  charge  of  negative 
electricity  represented  a  deficiency  of  electric  fluid.  The  generation  of  equal 
quantities  of  positive  and  negative  electricity  was  now  explained:  for  instance, 
in  rubbing  two  bodies  together  we  simply  transfer  "  electric  fluid  "  from  one 
to  the  other.  To  explain  the  attractions  and  repulsions  of  electrified  bodies, 
Franklin  supposed  that  the  particles  of  ordinary  matter  repelled  one  another, 
while  attracting  the  "electric  fluid."  In  the  normal  state  of  matter  the 
quantities  of  "electric  fluid  "  and  ordinary  matter  were  just  balanced,  so  that 
there  was  neither  attraction  nor  repulsion  between  bodies  in  the  normal  state. 
According  to  a  later  modification  of  the  theory  the  attractions  just  out-balanced 
the  repulsions  in  the  normal  state,  the  residual  force  accounting  for  gravitation. 

27.  Two-fluid  Theory.  A  further  attempt  to  explain  electric  phenomena 
was  made  by  the  two-fluid  theory.  In  this  there  were  three  things  concerned, 
ordinary  matter  and  two  electric  fluids — positive  and  negative.  The  degree 
of  electrification  was  supposed  to  be  the  measure  of  the  excess  of  positive 
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electricity  over  negative,  or  of  negative  over  positive,  according  to  the  sign 
of  the  electrification.  The  two  kinds  of  electricity  attracted  and  repelled, 
electa  3i ties  of  the  same  kind  repelling,  and  of  opposite  kinds  attracting,  and 
in  this  way  the  observed  attractions  and  repulsions  of  electrified  bodies  were 
explained  without  having  recourse  to  systems  of  forces  between  electricity 
and  ordinary  matter.  It  is,  however,  obvious  that  the  two-fluid  theory  was 
too  elaborate  for  the  facts.  On  this  theory  ordinary  matter  devoid  of  both 
kinds  of  electricity  would  be  physically  different  from  matter  possessing 
equal  quantities  of  the  two  kinds  of  electricity,  although  both  bodies  would 
equally  shew  an  absence  of  electrification.  There  is  no  evidence  that  it  is 
possible  to  establish  any  physical  difference  of  this  kind  between  totally 
unelectrified  bodies,  so  that  the  two-fluid  theory  must  be  dismissed  as 
explaining  more  than  there  is  to  be  explained. 

28.  Modern  view  of  Electricity.  The  two  theories  which  have  just  been 
mentioned  rested  on  no  experimental  evidence  except  such  as  is  required 
to  establish  the  phenomena  with  which  they  are  directly  concerned.  The 
modern  view  of  electricity,  on  the  other  hand,  is  based  on  an  enormous  mass 
of  experimental  evidence,  to  which  contributions  are  made,  not  only  by  the 
phenomena  of  electrostatics,  but  also  by  the  phenomena  of  almost  every 
branch  of  physics  and  chemistry.  The  modern  explanation  of  electricity  is 
found  to  bear  a  very  close  resemblance  to  the  older  explanation  of  the  one- 
fluid  theory — so  much  so  that  it  will  be  convenient  to  explain  the  modern 
view  of  electricity  simply  by  making  the  appropriate  modifications  of  the 
one-fluid  theory. 

We  suppose  the  "electric-fluid"  of  the  one-fluid  theory  replaced  by  a 
crowd  of  small  particles — "  electrons,"  it  will  be  convenient  to  call  them — all 
exactly  similar,  and  each  having  exactly  the  same  charge  of  negative  electricity 
permanently  attached  to  it.    According  to  the  best  recent  determinations,  the 
amount  of  this  charge  is  4,l774  x  10-10  electrostatic  units,  while  the  mass  of 
each  electron  is  9'00  x  10-28  grammes.     These  determinations,  which  are  due 
to  Millikan  and  Bucherer,  are  probably  accurate  to  about  one  part  in  a  thou- 
sand.   To  a  lower  degree  of  accuracy  the  radius  of  the  electron  is  probably 
about  2  x  10-13  cms.    We  can  form  some  conception  of  the  intense  concentra- 
tion of  mass  and  electrification  in  the  electron  by  noticing  that  a  gramme  of 
electrons,  crammed  together  in  cubical  piling,  would  occupy  only  7  x  10-11 
cubic  centimetres,  while  two  grammes  of  electrons  placed  at  a  distance  of  a 
metre  apart  would  repel  one  another  with  a  force  equal  to  the  weight  of 
3  x  1022  tons.    The  electric  force  of  repulsion  outweighs  the  gravitational  force 
of  attraction  in  the  ratio  of  4*2  x  1042  to  one. 

A  piece  of  ordinary  matter  in  its  unelectrified  state  contains  a  certain 
number  of  electrons  of  this  kind,  and  this  number  is  just  such  that  two 
pieces  of  matter  each  in  this  state  exert  no  electrical  forces  on  one  another — 
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this  condition  in  fact  defines  the  unelectrified  state.  A  piece  of  matter  appears 
to  be  charged  with  negative  or  positive  electricity  according  as  the  number  of 
negatively-charged  electrons  it  possesses  is  in  excess  or  defect  of  the  number 
it  would  possess  in  its  unelectrified  state. 

From  this  it  follows  that  we  cannot  go  on  dividing  a  charge  of  electricity 
indefinitely — a  natural  limit  is  imposed  by  the  charge  of  one  electron,  just  as 
in  chemistry  we  suppose  a  natural  limit  to  be  imposed  on  the  divisibility  of 
matter  by  the  mass  of  an  atom.  The  modern  view  of  electricity  may  then  be 
justly  described  as  an  "atomic"  view.  And  of  all  the  experimental  evidence 
which  supports  this  view  none  is  more  striking  than  the  circumstance  that 
these  "atoms"  continually  reappear  in  experiments  of  the  most  varied  kinds,  and 
that  the  atomic  charge  of  electricity  appears  always  to  be  precisely  the  same. 

It  also  follows  that  in  charging  a  body  with  electricity  we  either  add  to 
or  subtract  from  its  mass  according  as  we  charge  it  with  negative  electricity 
(i.e.,  add  to  it  a  number  of  electrons),  or  charge  it  with  positive  electricity 
{i.e.,  remove  from  it  a  number  of  electrons).  Since  the  mass  of  an  electron  is 
so  minute  in  comparison  with  the  charge  it  carries,  it  will  readily  be  seen 
that  the  change  in  its  mass  is  very  much  too  small  to  be  perceptible  by  any 
methods  of  measurement  which  are  at  our  disposal.  Maxwell  mentions,  as 
an  example  of  a  body  possessing  an  electric  charge  large  compared  with  its 
mass,  the  case  of  a  gramme  of  gold,  which  may  be  beaten  into  a  gold-leaf  one 
square  metre  in  area,  and  can,  in  this  state,  hold  a  charge  of  60,000  electro- 
static units  of  negative  electricity.  The  mass  of  the  number  of  negatively 
electrified  electrons  necessary  to  carry  this  charge  will  be  found,  as  the  result 
of  a  brief  calculation  from  the  data  already  given,  to  be  about  10~13  grammes. 
The  change  of  weight  by  electrification  is  therefore  one  which  it  is  far  beyond 
the  power  of  the  most  sensitive  balance  to  detect. 

On  this  view  of  electricity,  the  electrons  must  repel  one  another,  and 
must  be  attracted  by  matter  which  is  devoid  of  electrons,  or  in  which  there  is 
a  deficiency  of  electrons.  The  electrons  move  about  freely  through  conductors, 
but  not  through  insulators.  The  reactions  which,  as  we  have  seen,  must  be 
supposed  to  occur  at  the  surface  of  charged  conductors  between  "matter"  and 
"electricity,"  can  now  be  interpreted  simply  as  systems  of  forces  between  the 
electrons  and  the  remainder  of  the  matter.  Up  to  a  certain  extent  these 
forces  will  restrain  the  electrons  from  leaving  the  conductor,  but  if  the  electric 
forces  acting  on  the  electrons  exceed  a  certain  limit,  they  will  overcome  the 
forces  acting  between  the  electrons  and  the  remainder  of  the  conductor,  and 
an  electric  discharge  takes  place  from  the  surface  of  the  conductor. 

Thus  an  essential  feature  of  the  modern  view  of  electricity  is  that  it 
regards  the  flow  of  electricity  as  a  material  flow  of  charged  electrons.  Good 
conductors  and  good  insulators  are  now  seen  to  mean  simply  substances  in 
which  the  electrons  move  with  extreme  ease  and  extreme  difficulty  respectively. 
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The  law  that  equal  quantities  of  positive  and  negative  electricity  are  generated 
simultaneously  means  that  electrons  may  flow  about,  but  cannot  be  created 
or  annihilated. 

The  modern  view  enables  us  also  to  give  a  simple  physical  interpretation 
to  the  phenomenon  of  induction.  A  positive  charge  placed  near  a  conductor 
will  attract  the  electrons  in  the  conductor,  and  these  will  flow  through  the 
conductor  towards  the  charge  until  electrical  equilibrium  is  established. 
There  will  be  then  an  excess  of  negative  electrons  in  the  regions  near  the 
posit -ve  charge,  and  this  excess  will  appear  as  an  induced  negative  charge. 
The  deficiency  of  electrons  in  the  more  remote  parts  of  the  conductor  will 
appear  as  an  induced  positive  charge.  If  the  inducing  charge  is  negative, 
the  flow  of  electrons  will  be  in  the  opposite  direction,  so  that  the  signs  of  the 
induced  charges  will  be  reversed.  In  an  insulator,  no  flow  of  electrons  can  take 
place,  so  that  the  phenomenon  of  electrification  by  induction  does  not  occur. 

On  this  view  of  electricity,  negative  electricity  is  essentially  different  in 
its  nature  from  positive  electricity:  the  difference  is  something  more  funda- 
mental than  a  mere  difference  of  sign.  Experimental  proof  of  this  difference 
is  not  wanting,  e.g.,  a  sharply  pointed  conductor  can  hold  a  greater  charge  of 
positive  than  of  negative  electricity  before  reaching  the  limit  at  which  a 
discharge  begins  to  take  place  from  its  surface.  But  until  we  come  to  those 
parts  of  electric  theory  in  which  the  flow  of  electricity  has  to  be  definitely 
regarded  as  a  flow  of  electrons,  this  essential  difference  between  positive  and 
negative  electricity  will  not  appear,  and  the  difference  between  the  two  will 
be  adequately  represented  by  a  difference  of  sign. 

In  the  last  chapter  of  the  book,  it  will  be  explained  how  recent  experi- 
mental work  has  traced  this  essential  difference  between  positive  and  negative 
electricity  down  to  its  source.  We  shall  see  that  the  positive  electricity 
occurs  only  in  the  central  cores  or  "  nuclei "  of  the  atom  of  which  matter  is 
constituted,  while  the  outer  regions  of  these  atoms  consist  of  negatively- 
charged  particles,  the  "  electrons "  already  described.  For  this  reason  the 
negative  electricity  can  run  about  from  one  atom  to  another,  and  even  from 
one  conductor  to  another,  but  the  positive  electricity  necessarily  remains  per- 
manently associated  with  the  same  atoms  of  matter. 

Summary. 

29.  It  will  be  useful  to  conclude  the  chapter  by  a  summary  of  the  results 
which  are  arrived  at  by  experiment,  independently  of  all  hypotheses  as  to  the 
nature  of  electricity. 

These  have  been  stated  by  Maxwell  in  the  form  of  laws,  as  follows: 

Law  I.  The  total  electrification  of  a  body,  or  system  of  bodies, 
remains  always  the  same,  except  in  so  far  as  it  receives  electrification 
from  or  gives  electrification  to  other  bodies. 
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Law  II.  When  one  body  electrifies  another  by  conduction,  the 
total  electrification  of  the  two  bodies  remains  the  same  ;  that  is,  the 
one  loses  as  much  positive  or  gains  as  much  negative  electrification  as 
the  other  gains  of  positive  or  loses  of  negative  electrification. 

Law  III.  When  electrification  is  produced  by  friction,  or  by  any 
other  known  method,  equal  quantities  of  positive  and  negative  electrifi- 
cation are  produced. 

Definition.  The  electrostatic  unit  of  electricity  is  that  quantity  of 
positive  electricity  which,  when  placed  at  unit  distance  from  an  equal 
quantity,  repels  it  with  unit  of  force. 

Law  IV.  The  repulsion  between  two  small  bodies  charged  respect- 
ively with  e  and  e'  units  of  electricity  is  numerically  equal  to  the 
product  of  the  charges  divided  by  the  square  of  the  distance. 

These  are  the  forms  in  which  the  laws  are  given  by  Maxwell.  Law  I,  it 
will  be  seen,  includes  II  and  III.  As  regards  the  Definition  and  Law  IV, 
it  is  necessary  to  specify  the  medium  in  which  the  small  bodies  are  placed, 
since,  as  we  shall  see  later,  the  force  is  different  when  the  bodies  are  in  air, 
or  in  a  vacuum,  or  surrounded  by  other  non-conducting  media.  It  is  usual 
to  assume,  for  purposes  of  the  Definition  and  Law  IV,  that  the  bodies  are  in 
air.  For  strict  scientific  exactness,  we  ought  further  to  specify  the  density, 
the  temperature,  and  the  exact  chemical  composition  of  the  air.  Also  we 
have  seen  that  when  the  electricity  is  not  insulated  on  small  bodies,  but  is 
free  to  move  on  conductors,  the  forces  of  Law  IV  must  be  regarded  as  acting 
on  the  charges  of  electricity  themselves.  When  the  electricity  is  not  free  to 
move,  there  is  an  action  and  reaction  between  the  electricity  and  matter,  so 
that  the  forces  which  really  act  on  the  electricity  appear  to  act  on  the  bodies 
themselves  which  carry  the  charges. 


CHAPTER  II 

THE   ELECTROSTATIC  FIELD   OF   FORCE 

Conceptions  used  in  the  Survey  of  a  Field  of  Force 
I.     The  Intensity  at  a  point. 

30.  The  space  in  the  neighbourhood  of  charges  of  electricity,  considered 
with  reference  to  the  electric  phenomena  occurring  in  this  space,  is  spoken  of 
as  the  electric  field. 

A  new  charge  of  electricity,  placed  at  any  point  0  in  an  electric  field, 
will  experience  attractions  or  repulsions  from  all  the  charges  in  the  field. 
The  introduction  of  a  new  charge  will  in  general  disturb  the  arrangement 
of  the  charges  on  all  the  conductors  in  the  field  by  a  process  of  induction. 
If,  however,  the  new  charge  is  supposed  to  be  infinitesimal,  the  effects  of 
induction  will  be  negligible,  so  that  the  forces  acting  on  the  new  charge  may 
be  supposed  to  arise  from  the  charges  of  the  original  field. 

Let  us  suppose  that  we  introduce  an  infinitesimal  charge  e  on  an  infinitely 
small  conductor.  Any  charge  e^  in  the  field  at  a  distance  r,  from  the  point  0 
will  repel  the  charge  with  a  force  ee^r?.  The  charge  e  will  experience  a 
similar  repulsion  from  every  charge  in  the  field,  so  that  each  repulsion  will  be 
proportional  to  e. 

The  resultant  of  these  forces,  obtained  by  the  usual  rules  for  the  com- 
position of  forces,  will  be  a  force  proportional  to  e — say  a  force  Re  in  some 
direction  OP.  We  define  the  electric  intensity  at  0  to  be  a  force  of  which 
the  magnitude  is  R,  and  the  direction  is  OP.     Thus 

The  electric  intensity  at  any  point  is  given,  in  magnitude  and  direction,  by 
the  force  per  unit  charge  which  would  act  on  a  charged  particle  placed  at  this 
point,  the  charge  on  the  particle  being  supposed  so  small  that  the  distribution 
of  electricity  on  the  conductors  in  the  field  is  not  affected  by  its  presence. 

The  electric  intensity  at  0,  defined  in  this  way,  depends  only  on  the 
permanent  field  of  force,  and  has  nothing  to  do  with  the  charge,  or  the  size, 
or  even  the  existence  of  the  small  conductor  which  has  been  used  to  explain 


30,  31]  Lines  of  Force  25 

the  meaning  of  the  electric  intensity.  There  will  be  a  definite  intensity  at 
every  point  of  the  electric  field,  quite  independently  of  the  presence  of  small 
charged  bodies. 

A  small  charged  body  might,  however,  conveniently  be  used  for  exploring 
the  electric  field  and  determining  experimentally  the  direction  of  the  electric 
intensity  at  any  point  in  the  field.  For  if  we  suppose  the  body  carrying  a 
charge  e  to  be  held  by  an  insulating  thread,  both  the  body  and  thread  being 
so  light  that  their  weights  may  be  neglected,  then  clearly  all  the  forces 
acting  on  the  charged  body  may  be  reduced  to  two: — 

(i)      A  force  Re  in  the  direction  of  the  electric  intensity  at  the  point 
occupied  by  e, 

(ii)     the  tension  of  the  thread  acting  along  the  thread. 

For  equilibrium  these  two  forces  must  be  equal  and  opposite.  Hence  the 
direction  of  the  intensity  at  the  point  occupied  by  the  small  charged  body  is 
obtained  at  once  by  producing  the  direction  of  the  thread  through  the  charged 
body.  And  if  we  tie  the  other  end  of  the  thread  to  a  delicate  spring  balance, 
we  can  measure  the  tension  of  the  spring,  and  since  this  is  numerically  equal 
to  Re,  we  should  be  able  to  determine  R  if  e  were  known.  We  might  in 
this  way  determine  the  magnitude  and  direction  of  the  electric  intensity  at 
any  point  in  the  field. 

In  a  similar  way,  a  float  at  the  end  of  a  fishing-line  might  be  used  to  determine  the 
strength  and  direction  of  the  current  at  any  point  on  a  small  lake.  And,  just  as  with  the 
electric  intensity,  we  should  only  get  the  true  direction  of  the  current  by  supposing  the 
float  to  be  of  infinitesimal  size.  We  could  not  imagine  the  direction  of  the  current 
obtained  by  anchoring  a  battleship  in  the  lake,  because  the  presence  of  the  ship  would 
disturb  the  whole  system  of  currents. 

II.     Lines  of  Force. 

31.  Let  us  start  at  any  point  0  in  the  electric  field,  and  move  a  short 
distance  OP  in  the  direction  of  the  electric  intensity  at  0.  Starting  from  P 
let  us  move  a  short  distance  PQ  in  the  direction  of  the  intensity  at  P, 


Q 


Fio.  4. 


and  so  on.  In  this  way  we  obtain  a  broken  path  OPQR...,  formed  of 
a  number  of  small  rectilinear  elements.  Let  us  now  pass  to  the  limiting 
case  in  which  each  of  the  elements  OP,  PQ,  QR,  ...  is  infinitely  small. 
The  broken  path  becomes  a  continuous  curve,  and  it  has  the  property  that 
at  every  point  on  it  the  electric  intensity  is  in  the  direction  of  the  tangent 
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to  the  curve  at  that  point.     Such  a  curve  is  called  a  Line  of  Force.     We 
may  therefore  define  a  line  of  force  as  follows : — 

A  Ane  of  force  is  a  curve  in  the  electric  field,  such  that  the  tangent  at  every 
point  i  ?  in  the  direction  of  the  electric  intensity  at  that  point. 

If  we  suppose  the  motion  of  a  charged  particle  to  be  so  much  retarded  by  frictional 
resistance  that  it  cannot  acquire  any  appreciable  momentum,  then  a  charged  particle  set 
free  in  the  electric  field  would  trace  out  a  line  of  force.  In  the  same  way,  we  should  have 
lines  of  current  on  the  surface  of  a  lake,  such  that  the  tangent  to  a  line  of  current  at  any 
point  i  oincided  with  the  direction  of  the  current,  and  a  small  float  set  free  on  the  lake 
would  describe  a  current-line. 

32.  The  resultant  of  a  number  of  known  forces  has  a  definite  direction, 
so  that  there  is  a  single  direction  for  the  electric  intensity  at  every  point  of 
the  field.  It  follows  that  two  lines  of  force  can  never  intersect ;  for  if  they 
did  there  would  be  two  directions  for  the  electric  intensity  at  the  point  of 
intersection  (namely,  the  two  tangents  to  the  lines  of  force  at  this  point)  so 
that  the  resultant  of  a  number  of  known  forces  would  be  acting  in  two 
directions  at  once.  An  exception  occurs,  as  we  shall  see,  when  the  resultant 
intensity  vanishes  at  any  point. 

The  intensity  R  may  be  regarded  as  compounded  of  three  components 
X,  Y,  Z,  parallel  to  three  rectangular  axes  Ox,  Oy,  Oz. 

The  magnitude  of  the  electric  intensity  is  then  given  by 

R*  =  X2  +  F2  +  Z\ 

and  the  direction  cosines  of  its  direction  are 

X      Y      £ 
R'    R'     R' 

These,  therefore,  are  also  the  direction  cosines  of  the  tangent  at  x,  y,  z 
to  the  line  of  force  through  the  point.  The  differential  equation  of  the 
system  of  lines  of  force  is  accordingly 

dx  _dy  _dz 
X~T~~Z' 

III.     The  Potential 

33.  In  moving  the  small  test-charge  e  about  in  the  field,  we  may  either 
have  to  do  work  against  electric  forces,  or  we  may  find  that  these  forces 
will  do  work  for  us.  A  small  charged  particle  which  has  been  placed  at  a 
point  0  in  the  electric  field  may  be  regarded  as  a  store  of  energy,  this 
energy  being  equal  to  the  work  (positive  or  negative)  which  has  been  done 
in  taking  the  charge  to  0  in  opposition  to  the  repulsions  and  attractions  of 
the  field.  The  energy  can  be  reclaimed  by  allowing  the  particle  to  retrace 
its  path.     Assume  the  charge  on  the  moving  particle  to  be  so  small  that 


31-33]  The  Potential  27 

the  distribution  of  electricity  on  the  conductors  in  the  field  is  not  affected 
by  it.  Then  the  work  done  in  bringing  the  charge  e  to  a  point  0  is  pro- 
portional to  e,  and  may  be  taken  to  be  Ve.  The  amount  of  work  done  will 
of  course  depend  on  the  position  from  which  the  charged  particle  started. 
It  is  convenient,  in  measuring  Ve,  to  suppose  that  the  particle  started  at  a 
point  outside  the  field  altogether,  i.e.  from  a  point  so  far  removed  from  all 
the  charges  of  the  field  that  their  effect  at  this  point  is  inappreciable — for 
brevity,  we  may  say  the  point  at  infinity.  We  now  define  V  to  be  the 
potential  at  the  point  0.     Thus 

The  potential  at  any  point  in  the  field  is  the  work  per  unit  charge  which 
has  to  be  done  on  a  charged  particle  to  bring  it  to  that  point,  the  charge  on  the 
particle  being  supposed  so  small  that  the  distribution  of  electricity  on  the 
conductors  in  the  field  is  not  affected  by  its  presence. 

In  moving  the  small  charge  e  from  x,  y,  z  to  x  +  dx,  y  +  dy,  z  +  dz,  we 
shall  have  to  perform  an  amount  of  work 

-  (Xdx  +  Ydy  +  Zdz)  e, 

so  that  in  bringing  the  charge  e  into  position  at  x,  y,  z  from  outside  the  field 
altogether,  we  do  an  amount  of  work 


-ej(Xdt 


Ix  +  Ydy  +  Zdz), 

where  the  integral  is  taken  along  the  path  followed  by  e. 

Denoting  the  work  done  on  the  charge  e  in  bringing  it  to  any  point 
x,  y,  z  in  the  electric  field  by  Ve,  we  clearly  have 

y=-fX     S (Xdx  +  Ydy  +  Zdz)  (6), 

"    00 

giving  a  mathematical  expression  for  the  potential  at  the  point  x,  y,  z. 

The  same  result  can  be  put  in  a  different  form.  If  ds  is  any  element  of 
the  path,  and  if  the  intensity  R  at  the  extremity  of  this  element  makes  an 
angle  6  with  ds,  then  the  component  of  the  force  acting  on  e  when  moving 
along  ds,  resolved  in  the  direction  of  motion  of  e,  is  Re  cos  6.  The  work 
done  in  moving  e  along  the  element  ds  is  accordingly 

—  Re  cos  dds, 

so  that  the  whole  work  in  bringing  e  from  infinity  to  x,  y,  z  is 

[x,  y,  z 

—  el  Rcos  dds, 

J  oo 

and  since  this  is  equal,  by  definition,  to  Ve,  we  must  have 

V=-  fX'y'ZR  cos  6ds  (7). 
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We  see  at  once  that  the  two  expressions  (6)  and  (7)  just  obtained  for  V 
are  identical,  on  noticing  that  0  is  the  angle  between  two  lines  of  which  the 
directioi .  cosines  are  respectively 

X       Y       Z        ,    dx      dy      dz 

R'     R'     R  ds'     ds'     ds' 

a     Xdx     Ydy      Zdz 
We  thereiore  have  ™*6  =  rTs+ Rds+Rds> 

so  that  R  cos  0ds  =  Xdx  +  Ydy  +  Zdz, 

and  the  identity  of  the  two  expressions  becomes  obvious. 

If  the  Theorem  of  the  Conservation  of  Energy  is  true  in  the  Electro- 
static Field,  the  work  done  in  bringing  a  small  charge  e  from  infinity  to  any 
point  P  must  be  the  same  whatever  path  to  P  we  choose.  For  if  the 
amounts  of  work  were  different  on  two  different  paths,  let  these  amounts 
be  VP  e  and  VP'e,  and  let  the  former  be  the  greater.  Then  by  taking  the 
charge  from  P  to  infinity  by  the  former  path  and  bringing  it  back  by  the 
latter,  we  should  gain  an  amount  of  work  {VP  —  VP')  e,  which  would  be 
contrary  to  the  Conservation  of  Energy.  Thus  VP  and  VP  must  be  equal, 
and  the  potential  at  P  is  the  same,  no  matter  by  what  path  we  reach  P. 
The  potential  at  P  will  accordingly  depend  only  on  the  coordinates  x,  y,  z 
of  P. 

As  soon  as  we  introduce  the  special  law  of  the  inverse  square,  we  shall 
find  that  the  potential  must  be  a  single-valued  function  of  x,  y,  z,  as  a 
consequence  of  this  law  (§  39),  and  hence  shall  be  able  to  prove  that  the 
Theorem  of  Conservation  of  Energy  is  true  in  an  Electrostatic  field.  For 
the  moment,  however,  we  assume  this. 

34.  Let  us  denote  by  W  the  work  done  in  moving  a  charge  e  from  P 
to  Q.     In  bringing  the  charge  from  infinity  to  P,  we  do  an  amount  of  work 


Fio.  5. 

which  by  definition  is  equal  to  VP  e  where  VP  denotes  the  value  of  V  at  the 

point  P.     Hence  in  taking  it  from  infinity  to  Q,  we  do  a  total  amount  of 

work  VP  e  +  W.    This,  however,  is  also  equal  by  definition  to  Vq  e.     Hence 

we  have 

Vpe+  W  =VQe, 

or  W  =  (VQ-VJ>)e (8). 
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35.  Definition.  A  surface  in  the  electric  field  such  that  at  every  point 
on  it  the  potential  has  the  same  value,  is  called  an  Equipotential  Surface. 

In  discussing  the  phenomena  of  the  electrostatic  field,  it  is  convenient  to  think  of  the 
whole  field  as  mapped  out  by  systems  of  equipotential  surfaces  and  lines  of  force,  just  as 
in  geography  we  think  of  the  earth's  surface  as  divided  up  by  parallels  of  latitude  and  of 
longitude.  A  more  exact  parallel  is  obtained  if  we  think  of  the  earth's  surface  as  mapped 
out  by  "contour-lines"  of  equal  height  above  sea-level,  and  by  lines  of  greatest  slope. 
These  reproduce  all  the  properties  of  equipotentials  and  lines  of  force,  for  in  point  of  fact 
they  are  actual  equipotentials  and  lines  of  force  for  the  gravitational  field  of  force. 

Theorem.     Equipotential  surfaces  cut  lines  of  force  at  right  angles. 

Let  P  be  any  point  in  the  electric  field,  and  let  Q  be  an  adjacent  point 
on  the  same  equipotential  as  P.  Then,  by  definition,  Vp  =  Vq,  so  that  by 
equation  (8)  W  =  0,  W  being  the  amount  of  work  done  in  moving  a  charge  e 
from  P  to  Q.  If  R  is  the  intensity  at  Q,  and  6  the  angle  which  its  direction 
makes  with  QP,  the  amount  of  this  work  must  be  —  Re  cos  0  x  PQ,  so  that 

Re  cos  0  =  0. 

Hence  cos  0=0,  so  that  the  line  of  force  cuts  the  equipotential  at  right 
angles.  As  in  a  former  theorem,  an  exception  has  to  be  made  in  favour  of 
the  case  in  which  P  =  0. 

36.  Instead  of  P,  Q  being  on  the  same  equipotential,  let  them  now  be 
on  a  line  parallel  to  the  axis  of  x,  their  coordinates  being  x,  y,  z  and  x  +  dx, 
y,  z  respectively.  In  moving  the  charge  e  from  P  to  Q  the  work  done  is 
—  Xedx,  and  by  equation  (8)  it  is  also  (Vq  —  Vp)  e.     Hence 

-Xdx=VQ-VP. 

Since  Q  and  P  are  adjacent,  we  have,  from  the  definition  of  a  differential 
coefficient, 


dV_VQ-VP 


dx  dx 

hence  we  have  the  relations 

*--&  --?■  --f o* 

results  which  are   of  course    obvious  on  differentiating   equation  (6)  with 
respect  to  x,  y  and  z  respectively. 

Similarly,  if  we  imagine  P,  Q  to  be  two  points  on  the  same  line  of  force 
we  obtain 

BV 
R==-~ds-' 

where  ^-  denotes  differentiation  along  a  line  of  force.     Since  R  is  necessarily 

...  gp- , 

positive,  it  follows  that  -j-~  is  negative,  i.e.  V  decreases  as  s  increases,  or  the 

OS 
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intensity  is  in  the  direction  of  V  decreasing.  Thus  the  lines  of  force  run 
from  higher  to  lower  values  of  V,  and,  as  we  have  already  seen,  cut  all 
equipot  •ntials  at  right  angles. 

37.  At  a  point  which  is  occupied  by  conducting  material,  the  electric 
charges,  as  has  already  been  said,  must  be  in  equilibrium  under  the  action  of 
the  forces  from  all  the  other  charges  in  the  field.  The  resultant  force  from 
all  these  charges  on  any  element  of  charge  e  is  however  Re,  so  that  we  must 
have  B  =  0.     Hence  X  =  Y  =  Z  =  0,  so  that 

dec      dy       dz 

In  other  words,  V  must  be  constant  throughout  a  conductor  for  electro- 
static equilibrium  to  be  possible.  And  in  particular  the  surface  of  a 
conductor  must  be  an  equipotential  surface,  or  part  of  one.  The  equi- 
potential  of  which  the  surface  of  a  conductor  is  part  has  the  peculiarity 
of  being  three-dimensional  instead  of  two-dimensional,  for  it  occupies  the 
whole  interior  as  well  as  the  surface  of  the  conductor. 

In  the  same  way,  in  considering  the  analogous  arrangement  of  contour-lines  and  lines 
of  greatest  slope  on  a  map  of  the  earth's  surface,  we  find  that  the  edge  of  a  lake  or  sea 
must  be  a  contour-line,  but  that  in  strictness  this  particular  contour  must  be  regarded  as 
two-dimensional  rather  than  one-dimensional,  since  it  coincides  with  the  whole  surface  of 
the  lake  or  sea. 

If  V  is  not  constant  in  any  conductor,  the  intensity  is  in  the  direction  of 
V  decreasing.  Hence  positive  electricity  tends  to  flow  in  the  direction  of  V 
decreasing,  and  negative  electricity  in  the  direction  of  V  increasing.  If  two 
conductors  in  which  the  potential  has  different  values  are  joined  by  a  third 
conductor,  the  intensity  in  the  third  conductor  will  be  in  direction  from 
the  conductor  at  higher  potential  to  that  at  lower  potential.  Electricity  will 
flow  through  this  conductor,  and  will  continue  to  flow  until  the  redistribution 
of  potential  caused  by  the  transfer  of  this  electricity  is  such  that  the  potential 
is  the  same  at  all  points  of  the  conductors,  which  may  now  be  regarded  as 
forming  one  single  conductor. 

Thus  although  the  potential  has  been  defined  only  with  reference  to 
single  points,  it  is  possible  to  speak  of  the  potential  of  a  whole  conductor. 
In  fact,  the  mathematical  expression  of  the  condition  that  equilibrium  shall 
be  possible  for  a  given  system  of  charges  is  simply  that  the  potential  shall 
be  constant  throughout  each  conductor.  And  when  electric  contact  is 
established  between  two  conductors,  either  by  joining  them  by  a  wire  or  by 
other  means,  the  new  condition  for  equilibrium  which  is  made  necessary  by 
the  new  physical  condition  introduced,  is  simply  that  the  potentials  of  the 
two  conductors  shall  be  equal. 
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The  earth  is  a  conductor,  and  is  therefore  at  the  same  potential  through- 
out. In  all  practical  applications  of  electrostatics,  it  will  be  legitimate  to 
regard  the  potential  of  the  earth  as  zero,  a  distant  point  on  the  earth's 
surface  replacing  the  imaginary  point  at  infinity,  with  reference  to  which 
potentials  have  so  far  been  measured.  Thus  any  conductor  can  be  reduced 
to  potential  zero  by  joining  it  by  a  metallic  wire  to  the  earth. 


Mathematical  expressions  of  the  Law  of  the  Inverse  Square. 
I.     Values  of  Potential  and  Intensity. 

38.  We  now  discuss  the  values  of  the  potential  and  components  of 
electric  intensity  when  the  space  between  the  conductors  is  air,  so  that 
the  electric  forces  are  determined  by  Coulomb's  Law. 

If  we  have  a  single  point  charge  ex  at  a  point  P,  the  value  of  R,  the 
resultant  intensity  at  any  point  0,  is 


PO*' 
and  its  direction  is  that  of  PO.     Hence  if  6  is  the  angle  between  OP  and 


Fig.  6. 

00',  the  line  joining  0  to  an  adjacent  point  0',  the  work  done  in  moving  a 
charge  e  from  0  to  0' 

=  eR  cos  0  .  00' 

=  eR(OP-0'P) 

=  —  eRdr, 

where  OP  =  r,  O'P  =  r  +  dr.     Hence  the  work  done  against  the  repulsion 
of  the  charge  ex  in  bringing  e  from  infinity  to  0'  by  any  path  is 

-e  Rdr    =-e  \dr     =  — \ 

where  rx  =  O'P. 

If  there  are  other  charges  e2>  ^s>  •••  the  work  done  against  all  the 
repulsions  in  bringing  a  charge  e  to  0'  will  be  the  sum  of  terms  such  as  the 
above,  say 

\ri      r2     rs  J 
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where  r2,  r3,  ...  are  the  distances  from  0'  to  e2,  e3,  ...,  so  that  by  definition 

F  =  -x+^+-3  + (10). 

n     r2     r3 

39.  It  is  now  clear  that  the  potential  at  any  point  depends  only  on  the 
coordinates  of  the  point,  so  that  the  work  done  in  bringing  a  small  charge 
from  infinity  to  a  point  P  is  always  the  same,  no  matter  what  path  we 
choose,  the  result  assumed  in  §  33. 

It  follows  that  we  cannot  alter  the  amount  of  energy  in  the  field  by 
moving  charges  about  in  such  a  way  that  the  final  state  of  the  field  is  the 
same  as  the  original  state.  In  other  words,  the  Conservation  of  Energy  is 
true  of  the  Electrostatic  Field. 

40.  Analytically,  let  us  suppose  that  the  charge  e1  is  at  x[,  y1}  zx\  e2  at 
x2,  y2,  z2 ;  and  so  on.  The  repulsion  on  a  small  charge  e  at  x,  y,  z  resulting 
from  the  presence  of  ex  at  xlt  yXi  zx  is 

exe 
(x-x.y+iy-y.y  +  iz-z.r 
and  the  direction-cosines  of  the  direction  in  which  this  force  acts  on  the 
charge  e,  are 

^Ifl VjlVl etc 

[(x  -  x,f  +  (y-  2/x)2  +  (z  -  zrf]  i '    [O  -  xxf  +  (y  -  yxy  +  (z  -  ttf$ ' 

Hence  the  component  parallel  to  the  axis  of  x  is 

e^e  (x  —  Xi) 
[(x-xy  +  iy-yrf  +  iz-zj-f 

By  adding  all  such  components,  we  obtain  as  the  component  of  the 
electric  intensity  at  x,  y,  z, 

Z  =  2 6l  (x  ~  Xl) l (11), 

[(x-xj  +  iy-yj  +  iz-zj]? 
and  there  are  similar  equations  for  Y  and  Z. 

We  have  as  the  value  of  V  at  x,  y,  z,  by  equation  (6), 
V  =  -  \*  (Xdx  +  Ydy  +  Zdz) 

J  CO 

_  ^  r.r,  y,  z  vgi  {(x  -  Xl)  dx  +  (y  —  yr)  dy  +  (z  —  zz)  dz] 

J    00 


=  2 


[(x  -  x,y  +  (y  -  y,f  +  (z-  gffl 


[{x-x.f  +  iy-y^+^-z^ 
giving  the  same  result  as  equation  (10). 
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41.  If  the  electric  distribution  is  not  confined  to  points,  we  can  imagine 
it  divided  into  small  elements  which  may  be  treated  as  point  charges.  For 
instance  if  the  electricity  is  spread  throughout  a  volume,  let  the  charge  on 
any  element  of  volume  dx'dy'dz  be  pdx'dy'dz  so  that  p  may  be  spoken  of  as 
the  "  density  "  of  electricity  at  x,  y ,  z .  Then  in  formula  (11)  we  can  replace 
#i  by  pdx'dy'dz',  and  xlt  ylt  zx,  by  x ,  y',  z'.  Instead  of  summing  the  charges 
6j,  ...  we  of  course  integrate  pdx'dy'dz'  through  all  those  parts  of  the  space 
which  contain  electrical  charges.     In  this  way  we  obtain 


p  (x  —  x')  dx'dy'dz 

[(«  -  O'  +  (y-2/')=  +  (*-0sI 


-III — f- 


3 ,  etc., 


and  V  =  ((f pdx'dy'dz' 

JJJ[(x -  x'f  +(y-  y'f  +  (z-  zjf 

These  equations  are  one  form  of  mathematical  expression  of  the  law  of 
the  inverse  square  of  the  distance.  An  attempt  to  perform  the  integration, 
in  even  a  few  simple  cases,  will  speedily  convince  the  student  that  the  form 
is  not  one  which  lends  itself  to  rapid  progress.  A  second  form  of  mathe- 
matical expression  of  the  law  of  the  inverse  square  is  supplied  by  a  Theorem 
of  Gauss  which  we  shall  now  prove,  and  it  is  this  expression  of  the  law  which 
will  form  the  basis  of  our  development  of  electrostatical  theory. 

II.     Gauss'  Theorem. 

42.  Theorem.  If  any  closed  surface  is  taken  in  the  electric  field,  and 
if  N  denotes  the  component  of  the  electric  intensity  at  any  point  of  this  surface 
in  the  direction  of  the  outward  normal,  then 


SI 


NdS  =  4>ttE, 

where  the  integration  extends  over  the  whole  of  the  surface,  and  E  is  the  total 
charge  enclosed  by  the  surface. 

Let  us  suppose  the  charges  in  the  field,  both  inside  and  outside  the  closed 
surface,  to  be  e1  at  %,  e2  at  li,  and  so  on.  The  intensity  at  any  point  is 
the  resultant  of  the  intensities  due  to  the  charges  separately,  so  that  at  any 
point  of  the  surface,  we  may  write 

N  =  N,  +  N2+ (12), 

where  Nlf  i\T2,  ...  are  the  normal  components  of  intensity  due  to  e1}  e2,  ... 
separately. 

Instead  of  attempting  to   calculate    1 1  NdS  directly,  we  shall  calculate 

separately  the  values  of   llNidS,   jJN'2dS,  ....     The  value  of  JJNdS  will, 

by  equation  (12),  be  the  sum  of  these  integrals. 

j.  3 
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Let  us  take  any  small  element  dS  of  the  closed  surface  in  the  neighbour- 
hood of  a  point  Q  on  the  surface  and  join  each  point  of  its  boundary  to  the 
point  &,     Let  the  small  cone  so  formed  cut  off  an  element  of  area  da  from 


Fig.  7. 

a  sphere  drawn  through  Q  with  i?  as  centre,  and  an  element  of  area  dco  from 
a  sphere  of  unit  radius  drawn  about  Px  as  centre.  Let  the  normal  to  the 
closed  surface  at  Q  in  the  direction  away  from  7^  make  an  angle  6  with  PXQ. 

The  intensity  at  Q  due  to  the  charge  ex  at  Px  is  eJRQ2  in  the  direction 
P}Q,  so  that  the  component  of  the  intensity  along  the  normal  to  the  surface 
in  the  direction  away  from  i?  is 

cos  6 


nor 

The  contribution  to  I  jJSfjdS  from  the  element  of  surface  is  accordingly 

±  nk»  cos  6  dS, 

the  +  or  —  sign  being  taken  according  as  the  normal  at  Q  in  the  direction 
away  from  Pt  is  the  outward  or  inward  normal  to  the  surface. 

Now  cos  6  dS  is  equal  to  da;  the  projection  of  dS  on  the  sphere  through  Q 
having  /?  as  centre,  for  the  two  normals  to  dS  and  d<r  are  inclined  at  an 
angle  6.  Also  da  =  P1Q2doy.  For  do;  do  are  the  areas  cut  off  by  the  same 
cone  on  spheres  of  radii  PXQ  and  unity  respectively.     Hence 

P%™a6d8=e-p§-=e>dl°' 

If  Px  is  inside  the  closed  surface,  a  line  from  P{  to  any  point  on  the  unit 
sphere  surrounding  i?  may  either  cut  the  closed  surface  only  once  as  at 
Q  (fig.  8) — in  which  case  the  normal  to  the  surface  at  Q  in  the  direction 
away  from  i?  is  the  outward  normal  to  the  surface — or  it  may  cut  three 
times,  as  at  Q',  Q",  Q'" — in  which  case  two  of  the  normals  away  from  i?  (those 
at  Q',  Q'"  in  fig.  8)  are  outward  normals  to  the  surface,  while  the  third  normal 
away  from  Pt  (that  at  Q"  in  the  figure)  is  an  inward  normal — or  it  may 
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cut  five,  seven,  or  any  odd  number  of  times.  Thus  a  cone  through  a  small 
element  of  area  dw  on  a  unit  sphere  about  Px  may  cut  the  closed  surface  any 
odd  number  of  times.     However  many  times  it  cuts,  the  first  small  area  cut 

off  will  contribute  exd(o  to  \\NxdS,  the  second  and  third  small  areas  if  they 


Fig.  8. 


occur  will  contribute  —  exdco  and  +  exdco  respectively,  the  fourth  and  fifth  if 
they  occur  will  contribute  —  exdaj  and  +  exdw  respectively,  and  so  on.  The 
total  contribution  from  the  cone  surrounding  dco  is,  in  every  case,  +  exdu>. 


Fio.  9. 


•Summing  over  all  cones  which  can  be  drawn  in  this  way  through  Tx  we  obtain 

the  whole  value  of  I  JNxdS,  which  is  thus  seen  to  be  simply  ex  multiplied  by 

•the  total  surface  area  of  the  unit  sphere  round  i?,  and  therefore  4nrex. 

3—2 
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On  the  other  hand  if  7?  is  outside  the  closed  surface,  as  in  fig.  9,  the 
cone  through  any  element  of  area  dco  on  the  unit  sphere  may  either  not  cut 
the  clc  jed  surface  at  all,  or  may  cut  twice,  or  four,  six  or  any  even  number 
of  times.  If  the  cone  through  dco  intersects  the  surface  at  all,  the  first  pair 
of  elements  of  surface  which  are  cut  off  by  the  cone  contribute  —  e^dco  and 

■\-exdco  respectively  to  I  \NydS.    The  second  pair,  if  they  occur,  make  a  similar 

contribution  and  so  on.  In  every  case  the  total  contribution  from  any  small 
cone  through  i?  is  nil.  By  summing  over  all  such  cones  we  shall  include 
the  contributions  from  all  parts  of  the  closed  surface,  so  that  if  Px  is  outside 

the  surface  I  \NxdS  is  equal  to  zero. 

We  have  now  seen  that   llN-^dS  is  equal  to  krrex  when  the  charge  ex  is 

inside  the  closed  surface,  and  is  equal  to  zero  when  the  charge  ex  is  outside 
the  closed  surface.     Hence 

(JxfdS  =  (JN,  dS  +  (JN2dS  +  ... 

=  4tt  x  (the  sum  of  all  the  charges  inside  the  surface) 

which  proves  the  theorem. 

Obviouslv  the  theorem  is  true  also  when  there  is  a  continuous  distribution 
of  electricity  in  addition  to  a  number  of  point  charges.  For  clearly  we  can 
divide  up  the  continuous  distribution  into  a  number  of  small  elements  and 
treat  each  as  a  point  charge. 

dV 

Since  N,  the  normal  component  of  intensity,  is  equal  by  §  36  to  —  -~— , 

where  =-   denotes  differentiation  along  the  outward  normal,  it  appears  that 

we  can  also  express  Gauss'  Theorem  in  the  form 

"dV 


SI 


dS=-  4>ttE. 
on 


Gauss'  theorem  forms  the  most  convenient  method  at  our  disposal,  of 
expressing  the  law  of  the  inverse  square. 

We  can  obtain  a  preliminary  conception  of  the  physical  meaning  under- 
lying the  theorem  by  noticing  that  if  the  surface  contains  no  charge  at  all, 
the  theorem  expresses  that  the  average  normal  intensity  is  nil.  If  there  is 
a  negative  charge  inside  the  surface,  the  theorem  shews  that  the  average 
normal  intensity  is  negative,  so  that  a  positively  charged  particle  placed  at 
a  point  on  the  imaginary  surface  will  be  likely  to  experience  an  attraction  to 
the  interior  of  the  surface  rather  than  a  repulsion  away  from  it,  and  vice 
versa  if  the  surface  contains  a  positive  charge. 
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Corollaries  to  Gauss'  Theorem. 

43.  Theorem.  If  a  closed  surface  he  drawn,  such  that  every  point  on  it 
is  occupied  by  conducting  material,  the  total  charge  inside  it  is  nil. 

We  have  seen  that  at  any  point  occupied  by  conducting  material,  the 
electric  intensity  must  vanish.     Hence  at  every  point  of  the  closed  surface, 

N  =  0,  so  that  1 1  NdS  =  0,  and  therefore,  by  Gauss'  Theorem,  the  total  charge 

inside  the  closed  surface  must  vanish. 

The  two  following  special  cases  of  this  theorem  are  of  the  greatest 
importance. 

44.  Theorem.  There  is  no  charge  at  any  point  which  is  occupied  by  con- 
ducting material,  unless  this  point  is  on  the  surface  of  a  conductor. 

For  if  the  point  is  not  on  the  surface,  it  will  be  possible  to  surround  the 
point  by  a  small  sphere,  such  that  every  point  of  this  sphere  is  inside  the 
conductor.  By  the  preceding  theorem  the  charge  inside  this  sphere  is  nil, 
hence  there  is  no  charge  at  the  point  in  question. 

This  theorem  is  often  stated  by  saying : — 
The  charge  of  a  conductor  resides  on  its  surface. 

45.  Theorem.  If  we  have  a  hollow  closed  conductor,  and  place  any 
number  of  charged  bodies  inside  it,  the  charge  on  its  inner  surface  luill  be  equal 
in  magnitude  but  opposite  in  sign,  to  the  total  charge  on  the  bodies  inside. 

For  we  can  draw  a  closed  surface  entirely  inside  the  material  of  the 
conductor,  and  by  the  theorem  of  §  43,  the  whole  charge  inside  this  surface 
must  be  nil.  This  whole  charge  is,  however,  the  sum  of  (i)  the  charge  on  the 
inner  surface  of  the  conductor,  and  (ii)  the  charges  on  the  bodies  inside  the 
conductor.     Hence  these  two  must  be  equal  and  opposite. 

This  result  explains  the  property  of  the  electroscope  which  led  us  to  the 
conception  of  a  definite  quantity  of  electricity.  The  vessel  placed  on  the 
plate  of  the  electroscope  formed  a  hollow  closed  conductor.  The  charge  on 
the  inner  surface  of  this  conductor,  we  now  see,  must  be  equal  and  opposite 
to  the  total  charge  inside,  and  since  the  total  charge  on  this  conductor  is  nil, 
the  charge  on  its  outer  surface  must  be  equal  and  opposite  to  that  on  the 
inner  surface,  and  therefore  exactly  equal  to  the  sum  of  the  charges  placed 
inside,  independently  of  the  position  of  these  charges. 

The  Cavendish  Proof  of  the  Law  of  the  Inverse  Square. 

46.  We  have  deduced  from  the  law  of  the  inverse  square,  that  the 
charge  inside  a  closed  conductor  is  zero.  We  shall  now  shew  that  the 
converse  theorem  is  also  true.     Hence,  in  the  known  fact,  revealed  by  the 
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observations  of  Cavendish  and  Maxwell,  that  the  charge  inside  a  closed 
conductor  is  zero,  we  have  experimental  proof  of  the  law  of  the  inverse 
square  -  /hich  admits  of  much  greater  accuracy  than  the  experimental  proof 
of  Coulomb. 

The  theorem  that  if  there  is  no  charge  inside  a  spherical  conductor  the 
law  of  force  must  be  that  of  the  inverse  square  is  due  to  Laplace.  We  need 
consider  this  converse  theorem  only  in  its  application  to  a  spherical  conductor, 
this  be  ng  the  actual  form  of  conductor  used  by  Cavendish.  The  apparatus 
illustrated  in  fig.  10  is  not  that  used  by  Cavendish,  but  is  an  improved 
form  designed  by  Maxwell,  who  repeated  Cavendish's  experiment  in  a  more 
delicate  form. 

Two  spherical  shells  are  fixed  by  a  ring  of  ebonite  so  as  to  be  concentric 
with  one  another,  and  insulated  from  one  another. 
Electrical  contact  can  be  established  between  the  two 
by  letting  down  the  small  trap-door  B  through  which 
a  wire  passes,  the  wire  being  of  such  a  length  as  just 
to  establish  contact  when  the  trap-door  is  closed.  The 
experiment  is  conducted  by  electrifying  the  outer 
shell,  opening  the  trap-door  by  an  insulating  thread 
without  discharging  the  conductor,  afterwards  dis- 
charging the  outer  conductor  and  testing  whether  any 
charge  is  to  be  found  on  the  inner  shell  by  placing  it 
in  electrical  contact  with  a  delicate  electroscope  by 
means  of  a  conducting  wire  inserted  through  the  trap- 
door. It  is  found  that  there  are  no  traces  of  a  charge 
on  the  inner  sphere. 

FlG- 10-  47.     Suppose  we  start  to  find  the  law  of  electric 

force  such  that  there  shall  be  no  charge  on  the  inner 

sphere.     Let  us  assume  a  law  of  force  such  that  the  repulsion  between  two 

charges  e,  e    at  distance  r  apart  is  ee'<j>(r).     The  potential,  calculated  as 

explained  in  §  33,  is 

Ze  f  (f>(r)dr  (13), 

J  r 

where  the  summation  extends  over  all  the  charges  in  the  field. 

Let  us  calculate  the  potential  at  a  point  inside  the  sphere  due  to  a  charge 
E  spread  entirely  over  the  surface  of  the  sphere.  If  the  sphere  is  of  radius  a, 
the  area  of  its  surface  is  47ra2,  so  that  the  amount  of  charge  per  unit  area  is 
EJ^na2,  and  the  expression  for  the  potential  becomes 

V '  =  ll^{\~Mr)dr}a*smed0d4> (14), 

the  summation  of  expression  (13)  being  now  replaced  by  an  integration  which 
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extends  over  the  whole  sphere.  In  this  expression  r  is  the  distance  from  the 
point  at  which  the  potential  is  evaluated,  to  the  element  a2  sin  0ddd<j>  of 
spherical  surface. 

If  we  agree  to  evaluate  the  potential  at  a  point  situated  on  the  axis  0=0 
at  a  distance  c  from  the  centre,  we  may  write 

r2  =  a2  +  c2-  2ac  cos  9. 

Since  c  is  a  constant,  we  obtain  as  the  relation  between  dr  and  dO,  by 
differentiation  of  this  last  equation, 

rdr  =  ac  sin  ddd (15). 

If  we  integrate  expression  (14)  with  respect  to  <£,  the  limits  being  of 
course  <f)  =  0  and  <f>  =  2tt,  we  obtain 


F=  \E  J 6  "  (  f    <f>(r)  dr}  sin  Odd, 


or,  on  changing  the  variable  from  6  to  r,  by  the  help  of  relation  (15) 

~r=a+c  /   f«  \  rdr 


rr=a+c  /   /"=  \ 

V=%E  <j>(r)dr) 

J  r=a-c  \J  r  ' 


ao 
If  we  introduce  a  new  function  f(r),  defined  by 

/(r)=[y    4>{r)dr}rdr, 

we  obtain  as  the  value  of  V, 

V  =  ^c[f{a  +  c)-f{a-G)]' 

■ 

If  the  inner  and  outer  spheres  are  in  electrical  contact,  their  potentials 
are  the  same ;  and  if,  as  experiment  shews  to  be  the  case,  there  is  no  charge 
on  the  inner  sphere,  then  the  whole  potential  must  be  that  just  found.  This 
expression  must,  accordingly,  have  the  same  value  whether  c  represents  the 
radius  of  the  outer  sphere  or  that  of  the  inner.  Since  this  is  true  whatever 
the  radius  of  the  inner  sphere  may  be,  the  expression  must  be  the  same  for 
all  values  of  c.     We  must  accordingly  have 

2acV      .,         v      /./         v 
— =r-  =7  («  +  c)  -J  (a  -  c), 

where  V  is  the  same  for  all  values  of  c.     Differentiating  this  equation  twice 
with  respect  to  c,  we  obtain 

0=/"(a  +  c)-/"(a-c). 

Since  by  definition, /(r)  depends  only  on  the  law  of  force,  and  not  on  a  or  c 
it  follows  from  the  relation 

/"  (a  +  c)  =/"  (a  -  o), 
that  f"  (r)  must  be  a  constant,  say  G. 
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Hence  f(r)  =  A  +  Br  +  \  Gr\ 

and  b\  definition  f(r)  =1(1    <f>(r)dr)  rdr, 

so  tha ■•,  on  equating  the  two  values  of/"  (r), 

B  +  Cr  =  r  I    <f>  (r)  dr. 

r°°  B 

There fore  (f>(r)dr=C  +  -  , 

J  r  r 

so  that  the  law  of  force  is  that  of  the  inverse  square. 

48.  Maxwell  has  examined  what  charge  would  be  produced  on  the  inner 
sphere  if,  instead  of  the  law  of  force  being  accurately  B/?°2,  it  were  of  the 
form  B/r2+v,  where  q  is  some  small  quantity.  In  this  way  he  found  that  if  q 
were  even  so  great  as  Yi6M>  ^ne  cnarge  on  the  inner  sphere  would  have  been 
too  great  to  escape  observation.  As  we  have  seen,  the  limit  which  Cavendish 
was  able  to  assign  to  q  was  ■£$. 

It  may  be  urged  that  the  form  Bjr2+<*  is  not  a  sufficiently  general 
law  of  force  to  assume.  To  this  Maxwell  has  replied  that  it  is  the  most 
general  law  under  which  conductors  which  are  of  different  sizes  but  geometri- 
cally similar  can  be  electrified  similarly,  while  experiment  shews  that  in  point 
of  fact  geometrically  similar  conductors  are  electrified  similarly.  We  may 
say  then  with  confidence  that  the  error  in  the  law  of  the  inverse  square,  if 
any,  is  extremely  small.  It  should,  however,  be  clearly  understood  that 
experiment  has  only  proved  the  law  B/r2  for  values  of  r  which  are  great 
enough  to  admit  of  observation.  The  law  of  force  between  two  electric 
charges  which  are  at  very  small  distances  from  one  another  still  remains 
entirely  unknown  to  us.  ^— __^ 

III.     The  Equations  of  Poisson  and  Laplace. 

49.  There  is  still  a  third  way  of  expressing  the  law  of  the  inverse 

square,  and  this  can  be  deduced  most  readily  from 
Gauss'  Theorem. 

Let  us  examine  the  small  rectangular  parallel- 
epiped, of  volume  dxdydz,  which  is  bounded  by 
the  six  plane  faces 

x  =  £  ±  \dx,         y  =  v±  \dy,         z=K±  \&z- 
We  shall  suppose  that  this  element  does  not  con- 
tain any  point  charges  of  electricity,  or  part  of 
Fig.  11.  any  charged  surface,  but  for  the  sake  of  generality 

we  shall  suppose  that  the  whole  space  is  charged 


A 

/ 
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with  a  continuous  distribution  of  electricity,  the  volume-density  of  electrifi- 
cation in  the  neighbourhood  of  the  small  element  under  consideration  being 
p.  The  whole  charge  contained  by  the  element  of  volume  is  accordingly 
pdxdydz,  so  that  Gauss'  Theorem  assumes  the  form 

NdS  =  ^irpdxdydz     (16). 

The  surface  integral  is  the  sum  of  six  contributions,  one  from  each  face  of 
the  parallelepiped.  The  contribution  from  that  face  which  lies  in  the  plane 
x  =  i~  —  \dx  is  equal  to  dydz,  the  area  of  the  face,  multiplied  by  the  mean 
value  of  N  over  this  face.  To  a  sufficient  approximation,  this  may  be 
supposed  to  be  the  value  of  JV"  at  the  centre  of  the  face,  i.e.  at  the  point 
£  —  \dx,  7),  £,  and  this  again  may  be  written 

ftl) 

\dx  J '      ,,         ' 

so  that  the  contribution  to  I  INdS  from  this  face  is 

<dV\ 


dydz\dx) 

Similarly  the  contribution  from  the  opposite  face  is 

"  dydz  (a?) 

the  sign  being  different  because  the  outward  normal  is  now  the  positive  axis 
of  x,  whereas  formerly  it  was  the  negative  axis.  The  sum  of  the  contributions 
from  the  two  faces  perpendicular  to  the  axis  of  x  is  therefore 

-*M«U„, -£),.„„„! <■'► 

dV 
The  expression  inside  curled  brackets  is  the  increment  in  the  function  — 

when  x  undergoes  a  small  increment  dx.  This  we  know  is  dx  ^-  ( -^—  J ,  so 
that  expression  (17)  can  be  put  in  the  form 

-  fa?  dxdydz. 


The  whole  value  of  j  JNdS  is  accordingly 


/d'V   d*v   d2V\  .  ,  , 

U? + w + 1*) dxdydz' 


dy 
and  equation  (16)  now  assumes  the  form 


d*V     d*V     d*V         .  ,1QN 

^+w+^=~^p (  }' 


42  Electrostatics — Field  of  Force  [ch.  n 

This  is  known  as  Poisson's  Equation;  clearly  if  we  know  the  value  of  the 
potential  at  every  point,  it  enables  us  to  find  the  charges  by  which  this 
potenti  il  is  produced. 

50.     In   free  space,  where  there  are  no  electric  charges,  the  equation 

assumes  the  form 

927     opy     &y 

and  ths  is  known  as  Laplace's  Equation.     We  shall  denote  the  operator 

d*_      &_      d*_ 
da?     By2     dz1 

by  V2,  m  that  Laplace's  equation  may  be  written  in  the  abbreviated  form 

V2F=0 (20). 

Equations  (18)  and  (20)  express  the  same  fact  as  Gauss'  Theorem,  but 
express  it  in  the  form  of  a  differential  equation.  Equation  (20)  shews  that 
in  a  region  in  which  no  charges  exist,  the  potential  satisfies  a  differential 
equation  which  is  independent  of  the  charges  outside  this  region  by  which 
the  potential  is  produced.  It  will  easily  be  verified  by  direct  differentiation 
that  the  value  of  V  given  in  equation  (10)  is  a  solution  of  equation  (20). 

We  can  obtain  an  idea  of  the  physical  meaning  of  this  differential 
equation  as  follows. 

Let  us  take  any  point  O  and  construct  a  sphere  of  radius  r  about  this 
point.     The  mean  value  of  V  averaged  over  the  surface  of  the  sphere  is 

^       1 


4>7T) 


VdS 


=  -^  ffv  sin  0ddd<f>, 


where  r,  0,  (f>  are  polar  coordinates,  having  O  as  origin.     If  we  change  the 
radius  of  this  sphere  from  r  to  r  +  dr,  the  rate  of  change  of  V  is 


BV      1    ffdV  . 


dVdS 


4nrr2  JJdr 

=  0,  by  Gauss'  Theorem, 

shewing  that  V  is  independent  of  the  radius  r  of  the  sphere.     Taking  r  =  0, 
the  value  of  V  is  seen  to  be  equal  to  the  potential  at  the  origin  0. 

This  gives  the  following  interpretation  of  the  differential  equation : 

V  varies  from  point  to  point  in  such  a  way  that  the  average  value  of  V 
taken  over  any  sphere  surrounding  any  point  0  is  equal  to  the  value  of  V  at  0. 
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Deductions  from  Law  of  Inverse  Square. 

51.  Theorem.  The  potential  cannot  have  a  maximum  or  a  minimum 
value  at  any  point  in  space  xuhich  is  not  occupied  by  an  electric  charge. 

For  if  the  potential  is  to  be  a  maximum  at  any  point  0,  the  potential  at 
every  point  on  a  sphere  of  small  radius  r  surrounding  0  must  be  less  than 
that  at  0.  Hence  the  average  value  of  the  potential  on  a  small  sphere 
surrounding  0  must  be  less  than  the  value  at  0,  a  result  in  opposition  to 
that  of  the  last  section. 

A  similar  proof  shews  that  the  value  of  V  cannot  be  a  minimum. 

52.  A  second  proof  of  this  theorem  is  obtained  at  once  from  Laplace's 

equation.     Regarding  V  simply  as  a  function  of  x,  y,  z,  a  necessary  condition 

.      .  d-V   d2V         d2V 

for  V  to  have  a  maximum  value  at  any  point  is  that  -~-j ,  -^-j  and  -=-y  shall 

each  be  negative  at  the  point  in  question,  a  condition  which  is  inconsistent 
with  Laplace's  equation 

dx*      ay2       dz2 
So  also  for   V  to  be  a  minimum,  the  three  differential  coefficients  would 
have  to  be  all  positive,  and  this  again  would  be  inconsistent  with  Laplace's 
equation. 

53.  If  V  is  a  maximum  at  any  point  0,  which  as  we  have  just  seen 

dV 
must   be  occupied  by  an  electric  charge,  then  the  value  of  -^-  must  be 

negative  as  we  cross  a  sphere  of  small  radius  r.     Thus  1 1  -~-dS  is  negative 

where  the  integration  is  taken  over  a  small  sphere  surrounding  0,  and  by 
Gauss'  Theorem  the  value  of  the  surface  integral  is  —  kire,  where  e  is  the 
total  charge  inside  the  sphere.  Thus  e  must  be  positive,  and  similarly  if  V 
is  a  minimum,  e  must  be  negative.     Thus : 

If  V  is  a  maximum  at  any  point,  the  point  must  be  occupied  by  a  positive 
charge,  and  if  V  is  a  minimum  at  any  point,  the  point  must  be  occupied  by  a 
negative  charge. 

54.  We  have  seen  (§  36)  that  in  moving  along  a  line  of  force  we  are 
moving,  at  every  point,  from  higher  to  lower  potential,  so  that  the  potential 
continually  decreases  as  we  move  along  a  line  of  force.  Hence  a  line  of 
force  can  end  only  at  a  point  at  which  the  potential  is  a  minimum,  and 
similarly  by  tracing  a  line  of  force  backwards,  we  see  that  it  can  begin  only 
at  a  point  of  which  the  potential  is  a  maximum.  Combining  this  result 
with  that  of  the  previous  theorem,  it  follows  that : 

Lines  of  force  can  begin  only  on  -positive  charges,  and  can  end  only  on 
negative  charges. 
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It  is  of  course  possible  for  a  line  of  force  to  begin  on  a  positive  charge, 
and  go  to  infinity,  the  potential  decreasing  all  the  way,  in  which  case  the 
line  of  force  has,  strictly  speaking,  no  end  at  all.  So  also,  a  line  of  force  may 
come  from  infinity,  and  end  on  a  negative  charge. 

Obviously  a  line  of  force  cannot  begin  and  end  on  the  same  conductor, 
for  if  it  did  so,  the  potential  at  its  two  ends  would  be  the  same.  Hence  there 
can  be  no  lines  of  force  in  the  interior  of  a  hollow  conductor  which  contains 
no  charges ;  consequently  there  can  be  no  charges  on  its  inner  surface. 

Tubes  of  Force. 

55,  Let  us  select  any  small  area  dS  in  the  field,  and  let  us  draw  the 
lines  of  force  through  every  point  of  the  boundary  of  this  small  area.  If 
dS  is  taken  sufficiently  small,  we  can  suppose  the  electric  intensity  to  be  the 
same  in  magnitude  and  direction  at  every  point  of  dS,  so  that  the  directions 
of  the  lines  of  force  at  all  the  points  on  the  boundary  will  be  approximately 
all  parallel.  By  drawing  the  lines  of  force,  then,  we  shall  obtain  a  "  tubular  " 
surface — i.e.,  a  surface  such  that  in  the  neighbourhood  of  any  point  the 
surface  may  be  regarded  as  cylindrical.  The  surface  obtained  in  this  way 
is  called  a  "  tube  of  force."  A  normal  cross-section  of  a  "  tube  of  force  "  is  a 
section  which  cuts  all  the  lines  of  force  through  its  boundary  at  right  angles. 
It  therefore  forms  part  of  an  equipotential  surface. 

56.  Theorem.  If  talt  w2  be  the  areas  of  two  normal  cross-sections  of  the 
same  tube  of  force,  and  Rlt  R2  the  intensities  at  these  sections,  then 

R1(01  =  R2(02. 

Consider  the  closed  surface  formed  by  the  two  cross-sections  of  areas 

o)1,  w2,  and  of  the  part  of  the  tube  of  force 
joining  them.     There  is  no  charge  inside  this 

surface,  so  that  by  Gauss'  theorem,  ljNdS  =  0. 

If  the  direction  of  the  lines  of  force  is  from 
«!  to  o)2,  then  the  outward  normal  intensity 
Fig.  12.  over  &>2  is  Rit  so  that  the  contribution  from  this 

area  to  the  surface  integral  is  R2(o2.  So  also 
over  Wj  the  outward  normal  intensity  is  —Ru  so  that  a^  gives  a  contribution 
—  RiCO!.  Over  the  rest  of  the  surface,  the  outward  normal  is  perpendicular  to 
the  electric  intensity,  so  that  JVr  =  0,  and  this  part  of  the  surface  contributes 

nothing  to  IjNdS.     The  whole  value  of  this  integral,  then,  is 

R2(i)i  —  RiCOx, 
and  since  this,  as  we  have  seen,  must  vanish,  the  theorem  is  proved. 
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57.  Coulomb's  Law.  If  R  is  the  outward  intensity  at  a  point  just 
outside  a  conductor,  then  R  =  4>7ra,  where  a  is  the  surface  density  of  electri- 
fication on  the  conductor. 

We  have  already  seen  that  the  whole  electrification  of  a  conductor  must 
reside  on  the  surface.  Therefore  we  no  longer  deal  with  a  volume  density 
of  electrification  p,  such  that  the  charge  in  the  element  of  volume  dxdydz  is 
p  dxdydz,  but  with  a  surface-density  of  electrification  a  such  that  the  charge 
on  an  element  dS  of  the  surface  of  the  conductor  is  adS. 

The  surface  of  the  conductor,  as  we  have  seen,  is  an  equipotential,  so  that 
by  the   theorem   of  p.   29,  the  intensity  is  in  a  direction   normal  to  the 
surface.     Let  us  draw  perpendiculars  to  the  surface  at  every 
point  on  the  boundary  of  a  small  element  of  area  dS,  these  per- 
pendiculars each  extending  a  small  distance  into  the  conductor 
in  one  direction  and  a  small  distance  away  from  the  conductor 
in  the  other  direction.     We  can  close  the  cylindrical  surface  so 
formed,  by  two  small  plane  areas,  each  equal  and  parallel  to  the 
original  element  of  area  dS.    Let  us  now  apply  Gauss'  Theorem 
to  this  closed  surface.     The  normal  intensity  is  zero  over  every 
part  of  this  surface  except  over  the  cap  of  area  dS  which  is 
outside  the  conductor.     Over  this  cap  the  outward  normal  in- 
tensity is  R,  so  that  the  value  of  the  surface  integral  of  normal 
intensity  taken  over  the  closed  surface,  consists  of  the  single  term  RdS. 
The  total  charge  inside  the  surface  is  adS,  so  that  by  Gauss'  Theorem, 

RdS=4,7r*dS  (21), 

and  Coulomb's  Law  follows  on  dividing  by  dS. 

58.  Let  us  draw  the  complete  tube  of  force  which  is  formed  by  the 
lines  of  force  starting  from  points  on  the  boundary  of  the  element  dS  of  the 
surface  of  the  conductor.  Let  us  suppose  that  the  surface  density  on  this 
element  is  positive,  so  that  the  area  dS  forms  the  normal  cross-section  at 


Fig.  13. 


Fig.  14. 


the  positive  end,  or  beginning,  of  the  tube  of  force.     Let  us  suppose  that  at 
the  negative  end  of  the  tube  of  force,  the  normal  cross-section  is  dS',  that 
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the  surface  density  of  electrification  is  a-',  a'  being  of  course  negative,  and 
that  the  intensity  in  the  direction  of  the  lines  of  force  is  R'.  ■  Then,  as  in 

equati  )n  (21), 

R'dS'  =  -  4>ir*'dS', 

since  \,he  outward  intensity  is  now  -  R'. 

Since  R,  R'  are  the  intensities  at  two  points  in  the  same  tube  of  force 
at  which  the  normal  cross-sections  are  dS,  dS',  it  follows  from  the  theorem 

of  5  53,  chat 

RdS  =  R'dS' 

and  hence,  on  comparing  the  values  just  found  for  RdS  and  R'dS',  that 

crdS  =  —  cr'dS'. 

Since  crdS  and  a-'dS'  are  respectively  the  charges  of  electricity  from  which 
the  tube  begins  and  on  which  it  terminates,  we  see  that : 

The  negative  charge  of  electricity  on  which  a  tube  of  force  terminates  is 
numerically  equal  to  the  positive  charge  from  which  it  starts. 

If  we  close  the  ends  of  the  tube  of  force  by  two  small  caps  inside  the 
conductors,  as  in  fig.  14,  we  have  a  closed  surface  such  that  the  normal 
intensity  vanishes  at  every  point.  Thus,  by  Gauss'  Theorem,  the  total 
charge  inside  must  vanish,  giving  the  result  at  once. 

59.  The  numerical  value  of  either  of  the  charges  at  the  ends  of  a 
tube  of  force  may  conveniently  be  spoken  of  as  the  strength  of  the  tube.  A 
tube  of  unit  strength  is  spoken  of  by  many  writers  as  a  unit  tube  of  force. 

The  strength  of  a  tube  of  force  is  <rdS  in  the  notation  already  used,  and 
this,  by  Coulomb's  Law,  is  equal  to  -j—  RdS  where  R  is  the  intensity  at  the 
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end  dS  of  the  tube.  By  the  theorem  of  §  56,  RdS  is  equal  to  Rlw1  where 
_Rj,  «!  are  the  intensity  and  cross-section  at  any  point  of  the  tube.  Hence 
jRjO)!  =  47T  times  the  strength  of  the  tube.     It  follows  that : 

The  intensity  at  any  point  is  equal  to  4>tt  times  the  aggregate  strength  per 
unit  area  of  the  tubes  which  cross  a  plane  drawn  at  right  angles  to  the 
direction  of  the  intensity. 

In  terms  of  unit  tubes  of  force,  we  may  say  that  the  intensity  is  4nr 
times  the  number  of  unit  tubes  per  unit  area  which  cross  a  plane  drawn  at 
right  angles  to  the  intensity. 

The  conception  of  tubes  of  force  is  due  to  Faraday:  indeed  it  formed 
almost  his  only  instrument  for  picturing  to  himself  the  phenomena  of  the 
Electric  Field.  It  will  be  found  that  a  number  of  theorems  connected  with 
the  electric  field  become  almost  obvious  when  interpreted  with  the  help  of 
the  conception  of  tubes  of  force.     For  instance  we  proved  on  p.  37  that 


..(22), 


58-62]  Tubes  of  Force  47 

when  a  number  of  charged  bodies  are  placed  inside  a  hollow  conductor,  they 
induce  on  its  inner  surface  a  charge  equal  and  opposite  to  the  sum  of  all 
their  charges.  This  may  now  be  regarded  as  a  special  case  of  the  obvious 
theorem  that  the  total  charge  associated  with  the  beginnings  and  termi- 
nations of  any  number  of  tubes  of  force,  none  of  which  pass  to  infinity,  must 
be  nil. 

Examples  of  Fields  of  Force.  * 

60.  It  will  be  of  advantage  to  study  a  few  particular  fields  of  electric 
force  by  means  of  drawing  their  lines  of  force  and  equipotential  surfaces. 

I.     Two  Equal  Point  Charges. 

61.  Let  A,  B  be  two  equal  point  charges,  say  at  the  points  x  =  —  a,  +  a. 
The  equations  of  the  lines  of  force  which  are  in  the  plane  of  x,  y  are 
easily  found  to  be 

a#=F  = y 

dx  ~  X  ~  (PB3  -  PA* 

x  +  a{TWTPA3 

where  P  is  the  point  x,  y. 

This  equation  admits  of  integration  in  the  form 

x  +  a     x  —  a  /nn. 

-pj-  +  -p]f  =  cons (23). 

From  this  equation  the  lines  of  force  can  be  drawn,  and  will  be  found  to  lie 
as  in  fig.  15. 

62.  There  are,  however,  only  a  few  cases  in  which  the  differential 
equations  of  the  lines  of  force  can  be  integrated,  and  it  is  frequently  simplest 
to  obtain  the  properties  of  the  lines  of  force  directly  from  the  differential 
equation.  The  following  treatment  illustrates  the  method  of  treating  lines 
of  force  without  integrating  the  differential  equation. 

From  equation  (22)  we  see  that  obvious  lines  of  force  are 

dy 
(i)     y  =  0,  ^-  =  0,  giving  the  axis  AB; 

(ii)     x  =  0,  PA=PB,  ^  =  oo,  giving  the  line  which  bisects  AB  at 

right  angles. 
These  lines  intersect  at  G,  the  middle  point  of  AB.     At  this  point,  then, 

^-  has  two  values,  and  since  Jf-  =  ^  >  it  follows  that  we  must  have  X  =  0, 
dx  ox     A 

F=0.     In  other  words,  the  point  C  is  a  point  of  equilibrium,  as  is  otherwise 

obvious. 
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The  same  result  can  be  seen  in  another  way.  If  we  start  from  A  and 
draw  a  small  tube  surrounding  the  line  AB,  it  is  clear  that  the  cross-section 
of  the  tube,  no  matter  how  small  it  was  initially,  will  have  become  infinite 
by  the  time  it  reaches  the  plane  which  bisects  AB  at  right  angles — in  fact 
the  cress-section  is  identical  with  the  infinite  plane.  Since  the  product  of 
the  cross-section  and  the  normal  intensity  is  constant  throughout  a  tube,  it 
follows  that  at  the  point  G,  the  intensity  must  vanish. 


Fig.  15. 


At  a  great  distance  R  from  the  points  A  and  B,  the  fraction 

PB*  -  PA* 
TB*  +  PA* 

vanishes  to  the  order  of  1/R,  so  that 

dx     x ' 

except  for  terms  of  the  order  of  1/ifr     Thus  at  infinity  the  lines  of  force 
become  asymptotic  to  straight  lines  passing  through  the  origin. 

Let  us  suppose  that  a  line  of  force  starts  from  A  making  an  angle  6  with 
BA  produced,  and  is  asymptotic  at  infinity  to  a  line  through  C  which  makes 
an  angle  <f>  with  BA  produced.  By  rotating  this  line  of  force  about  the 
axis  AB  we  obtain  a  surface  which  may  be  regarded  as  the  boundary  of 
a  bundle  of  tubes  of  force.     This  surface  cuts  off  an  area 

2tt  (1  -  cos  6)  r* 
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from  a  small   sphere   of  radius  r  drawn  about   A,  and  at  every  point  of 

this  sphere  the  intensity  is  e/r2  normal  to  the  sphere.     The  surface  again 

cuts  off  an  area 

2tt  (1  -  cos  <f>)  R2 

from  a  sphere  of  very  great  radius  R  drawn  about  G,  and  at  every  point 
of  this  sphere  the  intensity  is  2e/R2.  Hence,  applying  Gauss'  Theorem 
to  the  part  of  the  field  enclosed  by  the  two  spheres  of  radii  r  and  R, 
and  the  surface  formed  by  the  revolution  of  the  line  of  force  about  AB, 
we  obtain 

2tt  (1  -  cos  6)  r2  x  -2-  2?r  (1  -  cos  <j>)  R*  x  j|  =  0, 

from  which  follows  the  relation 

sin  \Q  =  \/2  sin  \  </>. 

In  particular,  the  line  of  force  which  leaves  J.  in  a  direction  perpendicular 
to  AB  is  bent  through  an  angle  of  30°  before  it  reaches  its  asymptote  at 
infinity. 

The  sections  of  the  equipotentials  made  by  the  plane  of  xy  for  this  case 
are  shewn  in  fig.  16  which  is  drawn  on  the  same  scale  as  fig.  15.  The  equa- 
tions of  these  curves  are  of  course 


+ 


=  cons., 


PA  '  PB 

curves  of  the  sixth  degree.     The  equipotential  which  passes  through  G  is 
of  interest,  as  it  intersects  itself  at  the  point  G.     This  is  a  necessary  conse- 


Fig.  16. 


Indeed  the  conditions 


quence  of  the  fact  that  G  is  a  point  of  equilibrium, 
for  a  point  of  equilibrium,  namely 

dZ=o     ?I=o,     8-?=o, 

dx  dy  dz 

may  be  interpreted  as  the  condition  that  the  equipotential  (V=  constant) 
through  the  point  should  have  a  double  tangent  plane  or  a  tangent  eone  at 
the  point. 

j.  4 
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II.     Point  charges  +  e,  —  e. 

6 J.     Let  charges  ±  e  be  at  the  points  x  =  ±  a  (A,  B)  respectively.     The 
diffeiential  equations  of  the  lines  of  force  are  found  to  be 

dy  _  Y  _  y 

cte  ~  X  ==  /PB3  +  PA3\  ' 


and  i  he  integral  of  this  is 


x  +  a     x  —  a 


PA        PB 
The  lines  of  force  are  shewn  in  fig.  17 


=  cons. 


Fig.  17. 


III.     Electric  Douhlet. 

64.  An  important  case  occurs  when  we  have  two  large  charges  -f  e,  —  e, 
equal  and  opposite  in  sign,  at  a  small  distance  apart.  Takiag  Cartesian 
coordinates,  let  us  suppose  we  have  the  charge  +  e  at  a,  0,  0  and  the  charge 
—  e  at  —  a,  0,  0,  so  that  the  distance  of  the  charges  is  2a. 

The  potential  is 

e  e 

V(a;  -  ay  +  y2  +  z2     V(#  +  a)2  +  y%  +  z% ' 

and  when  a  is  very  small,  so  that  squares  and  higher  powers  of  a  may  be 
neglected,  this  becomes 

2eax 

(x2  +  y2  +  z2)* 

If  a  is  made  to  vanish,  while  e  becomes  infinite,  in  such  a  way  that 
2ea    retains   the   finite    value   /x,    the   system    is   described    as   an   electric 


i 
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doublet  of  strength  //,  having  for  its  direction  the  positive  axis  of  x.     Its 
potential  is 

fix 

(a?  +  y-  +  z2)$' 


Fig.  18. 


or,  if  we  turn  to  polar  coordinates  and  write  x  —  r  cos  9,  ig 

fi  cos  9 


.(24). 


The  lines  of  force  are  shewn  in  fig.  18.  Obviously  the  lines  at  the 
centre  of  this  figure  become  identical  with  those  shewn  in  fig.  17,  if  the 
latter  are  shrunk  indefinitely  in  size. 


4-2 
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IV.     Point  charges  +  4e,  —  e. 
Fig.  19  represents  the  distribution  of  the  lines  of  force  when  the 


electric  field  is  produced  by  two  point  charges,  +  4e  at  A  and  —  e  at  B. 

At  infinity  the  resultant  force  will  be  3e/r2,  where  r  is  the  distance  from 
a  point  near  to  A  and  B.  The  direction  of  this  force  is  outwards.  Thus  no 
lines  of  force  can  arrive  at  B  from  infinity,  so  that  all  the  lines  of  force 
which  enter  B  must  come  from  A.  The  remaining  lines  of  force  from  A  go 
to  infinity.     The  tubes  of  force  from  A  to  B  form  a  bundle  of  aggregate 


Fig.  19. 


strength  e,  while  those  from  A  to  infinity  have  aggregate  strength  Se.  The 
two  bundles  of  tubes  of  force  are  separated  by  the  lines  of  force  through  G. 
At  G  the  direction  of  the  resultant  force  is  clearly  indeterminate,  so  that  G 
is  a  point  of  equilibrium.  As  the  condition  that  G  is  a  point  of  equilibrium 
we  have 

AC     BG* 

So  that  AB  =  BG.  At  G  the  two.  lines  of  force  from  A  coalesce  and  then 
separate  out  into  two  distinct  lines  of  force,  one  from  G  to  B,  and  the  other 
from  C  to  infinity  in  the  direction  opposite  to  GB. 

The  equipotentials  in  this  field,  the  system  of  curves 

4       J_ 
PA     PB  "  cons-' 

are  represented  in  fig.  20,  which  is  drawn  on  the  same  scale  as  fig.  19. 
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Since  G  is  a  point  of  equilibrium  the  equipotential  through  the  point  G 
must  of  course  cut  itself  at  G.     At  G  the  potential 


4e 
GA 


e 
GB 


AB' 


since  GA=2GB.  From  the  loop  of  this  equipotential  which  surrounds  B, 
the  potential  must  fall  continuously  to  —  oo  as  we  approach  B,  since,  by  the 
theorem  of  §  51,  there  can  be  no  maxima  or  minima  of  potential  between 
this  loop  and  the  point  B.  Also  no  equipotential  can  intersect  itself  since 
there  are  obviously  no  points  of  equilibrium  except  G.     One  of  the  inter- 


Fm.  20. 


mediate  equipotentials  is  of  special  interest,  namely  that  over  which  the 
potential  is  zero.     This  is  the  locus  of  the  point  P  given  by 

A  1 

=  0, 


PA     PB 

and  is  therefore  a  sphere.     This  is  represented  by  the  outer  of  the  two 
closed  curves  which  surround  B  in  the  figure. 

In  the  same  way  we  see  that  the  other  loop  of  the  equipotential  through 
G  must  be  occupied  by  equipotentials  for  which  the  potential  rises  steadily 
to  the  value  +  oo  at  A.  So  also  outside  the  equipotential  through  G,  the 
potential  falls  steadily  to  the  value  zero  at  infinity.  Thus  the  zero  equi- 
potential consists  of  two  spheres — the  sphere  at  infinity  and  the  sphere 
surrounding  B  which  has  already  been  mentioned. 
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V.     Three  equal  charges  at  the  corners  of  an  equilateral  triangle. 

66.  As  a  further  example  we  may  examine  the  disposition  of  equi- 
pote  ibials  when  the  field  is  produced  by  three  point  charges  at  the  corners 
of  an  equilateral  triangle.  The  intersection  of  these  by  the  plane  in  which 
the  charges  lie  is  represented  in  fig.  21,  in  which  A,  B,  G  are  the  points  at 
which  the  charges  are  placed,  and  I)  is  the  centre  of  the  triangle  ABG. 

]  t  will  be  found  that  there  are  three  points  of  equilibrium,  one  on  each 
of  the  lines  AD,  BD,  CD.  Taking  AD  =  a,  the  distance  of  each  point  of 
equilibrium  from  D  is  just  less  than  £  a.  The  same  equipotential  passes 
through  all  three  points  of  equilibrium.     If  the  charge  at  each  of  the  points 


Fig.  21. 


A,  B,  G  is  taken  to  be  unity,  this  equipotential  has  a  potential 


304 
a 


The 


equipotential  has  three  loops  surrounding  the  points  A,  B,  G.     In  each  of 

these  loops  the  equipotentials  are  closed  curves,  which  finally  reduce  to 

small  circles  surrounding  the  points  A,  B,  G.     Those  drawn  correspond  to 

325     35     375         ,  4 

,    —  ,    ,  and  -  . 

a         a         a  a 


the  potentials 
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Outside   the   equipotential   ,  the   equipotentials   are  closed  curves 


a 
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surrounding  the  former  equipotential,  and  finally  reducing  to  circles  at  in- 

2     2*25     2*5  ^"75 

finity.     The  curves  drawn  correspond  to  potentials  - ,  ,  —  ,  and  - — . 

r  r  a      a        a  a 

There  remains  the  region  between  the  point  B  and  the  equipotential  l 
At  B  the  potential  is ,  so  that  the  potential  falls  as  we  recede  from  the 


a 


a 
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equipotential  and  reaches  its  minimum  value  at  B.     The  potential  at 


a 


B  is  of  course  not  a  minimum  for  all  directions  in  space :  for  the  potential 
increases  as  we  move  away  from  B  in  directions  which  are  in  the  plane 
ABG,  but  obviously  decreases  as  we  move  away  from  B  in  a  direction  per- 


Fm.  22. 


pendicular  to  this  plane.     Taking  B  as  origin,  and  the  plane  ABG  as  plane 
of  xy,  it  will  be  found  that  near  D  the  potential  is 


a     4a3  ° 


Thus  the  equipotential  through  D  is  shaped  like  a  right  circular  cone  in 
the  immediate  neighbourhood  of  the  point  B.  From  the  equation  just 
found,  it  is  obvious  that  near  B  the  sections  of  the  equipotentials  by  the 
plane  ABG  will  be  circles  surrounding  B. 
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From  a  study  of  the  section  of  the  equipotentials  as  shewn  in  fig.  21,  it  is 
easy  to  construct  the  complete  surfaces.  We  see  that  each  equipotential  for 
which  V  has  a  very  high  value  consists  of  three  small  spheres  surrounding  the 
point.0,  A,  B,  0.     For  smaller  values  of  V,  which  must,  however,  be  greater 

than ,  each  equipotential  still  consists  of  three  closed  surfaces  surround- 
ing A,  B,  C,  but  these  surfaces  are  no  longer  spherical,  each  one  bulging  out 
towards  the  point  D.     As  V  decreases,  the  surfaces  continue  to  swell  out, 

304 
until,  when  V  = ,  the  surfaces  touch  one  another  simultaneously,  in  a 

(Ju 

way  which  will  readily  be  understood  on  examining  the  section  of  this  equi- 
potential as  shewn  in  fig.  21.      It  will  be  seen  that  this  equipotential  is 

shaped  like  a  flower  of  three  petals  from  which  the  centre  has  been  cut  away. 

3 

As  V  decreases  further  the  surfaces  continue  to  swell,  and  when  V  =  -,  the 

a 

space  at  the  centre  becomes  filled  up.     For  still  smaller  values  of  V  the 

equipotentials  are  closed   singly-connected   surfaces,  which   finally  become 

spheres  at  infinity  corresponding  to  the  potential   V  =  0. 

The  sections  of  the  equipotentials  by  a  plane  through  DA  perpendicular 
to  the  plane  ABO  are  shewn  in  fig.  22. 


Special  Properties  of  Equipotentials  and  Lines  of  Force. 

The  Equipotentials  and  Lines  of  Force  at  infinity. 
67.     In  §  40,  we  obtained  the  general  equation 

7=2 e_l 

[(a?  -  ^)a  +  (y  -  yiT + (z  -  z*yf ' 

If  r  denotes  the  distance  of  x,  y,  z  from  the  origin,  and  rx  the  distance  of 
#i>  2/i>  2i>  fr°m  tne  origin,  we  may  write  this  in  the  form 


[r2  -  2  {ccx1  +  yVl  +  zzx)  +  rfft ' 

At  a  great  distance  from  the  origin  this  may  be  expanded  in  descending 
powers  of  the  distance,  in  the  form 

t^_^Mi    ,  xasi  +  yyi  +  zzi  ,  3(^1  +  y<y1  +  -g-g1)2      In3         ) 
y--r\1+  J3  +2 r< 2>+"7" 

The  term  of  order  -  is  — - . 
r        r 

The  term  of  order  -  is  -  %ex  {xxl  +  yyx  +  zzx). 


Thus  by  taking  the  origin  at  this  centroid,  the  term  of  order  -  will 

r2 
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If  the  origin  is  taken  at  the  centroid  of  ex  at  <&,,  ylt  zu  e2  at  xit  y%>  z2,  etc., 
we  have 

Xex  xx  =  0,      tex  yx  =  0,      Xe1z1  =  0. 

by  taking 
disappear. 

The  term  of  order  —  is 
r3 

3  1 

^3  2ex  (xxx  +  yyx  +  zzx)*  -  ~  texrx\ 

Let  A,  B,  G,  be  the  moments  of  inertia  about  the  axes,  of  ex  at  x1,  yx,  zx, 
etc.,  and  let  I  be  the  moment  of  inertia  about  the  line  joining  the  origin  to 
x,  y,  z\  then 

2W  =  ^(A+B+C), 

2ex  (xxx  +  yyx  +  tutf  =  r2  (Xe^  - 1), 
and  the  terms  of  order  -  become 

A+B+C-3I 

2r3 

Thus  taking  the  centroid  of  the  charges  as  origin,  the  potential  at  a  great 
distance  from  the  origin  can  be  expanded  in  the  form 

F_Se     A+B  +  G-SI 

Thus  except  when  the  total  charge  2e  vanishes,  the  field  at  infinity  is 
the  same  as  if  the  total  charge  %e  were  collected  at  the  centroid  of  the 
charges.  Thus  the  equipotentials  approximate  to  spheres  having  this  point 
as  centre,  and  the  asymptotes  to  the  lines  of  force  are  radii  drawn  through 
the  centroid.  These  results  are  illustrated  in  the  special  fields  of  force 
considered  in  §§  61 — 66. 

The  Lines  of  Force  from  collinear  charges. 

68.  When  the  field  is  produced  solely  by  charges  all  in  the  same  straight 
line,  the  equipotentials  are  obviously  surfaces  of  revolution  about  this  line, 
while  the  lines  of  force  lie  entirely  in  planes  through  this  line.  In  this 
important  case,  the  equation  of  the  lines  of  force  admits  of  direct  integration. 

Let  %,  1%,  B, ...  be  the  positions  of  the  charges  ex,  e2,  e3,  —  Let  Q,  Q' 
be  any  two  adjacent  points  on  a  line  of  force.  Let  iV^  be  the  foot  of  the 
perpendicular  from  Q  to  the  axis  i?^,  . . . ,  and  let  a  circle  be  drawn  perpen- 
dicular to  this  axis  with  centre  N  and  radius  QN.  This  circle  subtends 
at  i?  a  solid  angle 

2tt  (1  -  cos  ex), 
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where  ^  is  the  angle  Qi?iV.     Thus  the  surface  integral  of  normal  force 
arising  from  e,,  taken  over  the  circle  QN,  is 

273-0!  (1  —  cos  #j) 

and  the  total  surface  integral  of  normal  force  taken  over  this  surface  is 

2-77-26!  (1  —  cos  #i). 

If  we  draw  the  similar  circle  through  Q',  we  obtain  a  closed  surface 
bounded  by  these  two  circles  and  by  the  surface  formed  by  the  revolution 


Fig.  23. 


of  QQ\  This  contains  no  electric  charge,  so  that  the  surface  integral  of 
normal  force  taken  over  it  must  be  nil.  Hence  the  integral  of  force  over 
the  circle  QN  must  be  the  same  as  that  over  the  similar  circle  drawn 
through  Q'.     This  gives  the  equations  of  the  lines  of  force  in  the  form 

(integral  of  normal  force  through  circle  such  as  QN)  =  constant, 

which  as  we  have  seen,  becomes 

2ex  cos  #,  =  constant. 

Analytically,  let   the   point   i?  have   coordinates   a^,  0,  0,  let  ^  have 
coordinates  a2,  0,  0,  etc.  and  let  Q  be  the  point  x,  y,  z.     Then 


cos  6X  = 


ijj  Wl 


V(#  -  arf  +  y2  +  z*' 

and  the  equation  of  the  surfaces  formed  by  the  revolution  of  the  lines  of 
force  is 

2  x^  -  =  constant. 

V(#  -  tfj)2  +  y2  +  z* 

It  will  easily  be  verified  by  differentiation  that  this  is  an  integral  of  the 
differential  equation 

dx      X ' 
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Equipotentials  which  intersect  themselves. 

69.  We  have  seen  that,  in  general,  the  equipotential  through  any  point 
of  equilibrium  must  intersect  itself  at  the  point  of  equilibrium. 

Let  x,  y,  z  be  a  point  of  equilibrium,  and  let  the  potential  at  this  point  be 
denoted  by  V0.  Let  the  potential  at  an  adjacent  point  x  +  f,  y  -f  77,  z  +  £,  be 
denoted  by  Vtjr,,(.  By  Taylor's  Theorem,  if/(#,  y,  z)  is  any  function  of 
x,  y,  z,  we  have 

where  the  differential  coefficients  of  /  are  evaluated  at  x,  y,  z.  Taking 
f(x,  y,  z)  to  be  the  potential  at  x,  y,  z,  this  of  course  being  a  function  of  the 
variables  x,  y,  z,  the  foregoing  equation  becomes 

ay  +  *&+H*  d^  +  ^vdxTy 

If  x,  y,  z  is  a  point  of  equilibrium, 


Tr     ydV       dV     „dV  ,  .  (y?rV     _„     32F  \      /orx 


aF=ar=8F=0 

3#      3^/      3.z 


/     wy  &y         \ 


/      3217-  32  y  % 


Referred  to  a;,  7/,  z  as  origin,  the  coordinates  of  the  point  x+%,  y+  77, 
0  +  £  become  £,  77,  £,  and  the  equation  of  the  equipotential  V=G  becomes 

d2V  .  «fc     32F 

In  the  neighbourhood  of  the  point  of  equilibrium,  the  values  of  £,  77,  £  are 
small,  so  that  in  general  the  terms  containing  powers  of  £,  77,  £  higher  than 
squares   may  be   neglected,  and   the   equation  of  the  equipotential   V=  C 

becomes 

fry  gay 

In  particular  the  equipotential  V=V0  becomes  identical,  in  the  neighbourhood 
of  the  point  of  equilibrium,  with  the  cone 

3a;2        ^    3#3?/ 
Let  this  cone,  referred  to  its  principal  axes,  become 

a¥*  +  b7)'*  +  c?a=*0 (26), 

then,  since  the  sum  of  the  coefficients  of  the  squares  of  the  variables  is  an 

invariant, 

32F     327     d2V     A 
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Now  a  +  b  +  c  =  0  is  the  condition  that  the  cone  shall  have  three  per- 
pendicular generators.  Hence  we  see  that  at  the  point  at  which  an 
equipo  ential  cuts  itself,  we  can  always  find  three  perpendicular  tangents  to 
the  equipotential.  Moreover  we  can  find  these  perpendicular  tangents  in  an 
infinite  number  of  ways. 

In  the  particular  case  in  which  the  cone  is  one  of  revolution  (e.g.,  if  the 
whole  field  is  symmetrical  about  an  axis,  as  in  figures  16  and  20),  the 
equation  of  the  cone  must  become 

p  +  v'2  _  2£'»  =  0, 

where  the  axis  of  £'  is  the  axis  of  symmetry.  The  section  of  the  equipotential 
made  by  any  plane  through  the  axis,  say  that  of  £'§",  must  now  become 

£/s_2£'2  =  o 

in  the  neighbourhood  of  the  point  of  equilibrium,  and  this  shews  that  the 
tangents  to  the  equipotentials  each  make  a  constant  angle  tan-1  \/2  (=  54°  44') 
with  the  axis  of  symmetry. 

In  the  more  general  cases  in  which  there  is  not  symmetry  about  an  axis, 
the  two  branches  of  the  surface  will  in  general  intersect  in  a  line,  and  the 
cone  reduces  to  two  planes,  the  equation  being 

dp  +  br}'2  =  0, 

where  the  axis  of  £'  is  the  line  of  intersection.  We  now  have  a  +  b  =  0,  so 
that  the  tangent  planes  to  the  equipotential  intersect  at  right  angles. 

An  analogous  theorem  can  be  proved  when  n  sheets  of  an  equipotential 
intersect  at  a  point.  The  theorem  states  that  the  n  sheets  make  equal 
angles  7r/n  with  one  another.  (Rankin's  Theorem,  see  Maxwell's  Electricity 
and  Magnetism,  §  115,  or  Thomson  and  Tait's  Natural  Philosophy,  §  780.) 

70.  A  conductor  is  always  an  equipotential,  and  can  be  constructed  so  as 
to  cut  itself  at  any  angle  we  please.  It  will  be  seen  that  the  foregoing 
theorems  can  fail  either  through  the  a,  b  and  c  of  equation  (24)  all  vanishing, 
or  through  their  all  becoming  infinite.  In  the  former  case  the  potential  near 
a  point  at  which  the  conductor  cuts  itself,  is  of  the  form  (cf.  equation  (25)), 

/      d3V  cPV  \ 

**<-K+t(pg+«P,&5+...). 

so  that  the  components  of  intensity  are  of  the  forms 

-*»(*■  aF  +  2&5S*  +  " 

The  intensity  near  the  point  of  equilibrium  is  therefore  a  small  quantity  of 
the  second  order,  and  since  by  Coulomb's  Law  R  =  4nrcr,  it  follows  that  the 
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surface  density  is  zero  along  the  line  of  intersection,  and  is  proportional  to 
the  square  of  the  distance  from  the  line  of  intersection  at  adjacent  points. 

If,  however,  a,  b  and  c  are  all  infinite,  we  have  the  electric  intensity  also 
infinite,  and  therefore  the  surface  density  is  infinite  along  the  line  of  inter- 
section. 

It  is  clear  that  the  surface  density  will  vanish  when  the  conducting 
surface  cuts  itself  in  such  a  way  that  the  angle  less  than  two  right  angles 
is  external  to  the  conductor;  and  that  the  surface  density  will  become 
infinite  when  the  angle  greater  than  two  right  angles  is  external  to  the 
conductor.  This  becomes  obvious  on  examining  the  arrangement  of  the 
lines  of  force  in  the  neighbourhood  of  the  angle. 


Fio.  24.     Angle  greater  than  two  right  angles  external  to  conductor. 


Fig.  25.     Angle  less  than  two  right  angles  external  to  conductor. 

71.  The  arrangement  shewn  in  fig.  25  is  such  as  will  be  found  at  the 
point  of  a  lightning  conductor.  The  object  of  the  lightning  conductor  is 
to  ensure  that  the  intensity  shall  be  greater  at  its  point  than  on  any  part 
of  the  buildings  it  is  designed  to  protect.     The  discharge  will  therefore  take 
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place  from  the  point  of  the  lightning  conductor  sooner  than  from  any  part  of 
the  building,  and  by  putting  the  conductor  in  good  electrical  communication 
with  tie  earth,  it  is  possible  to  ensure  that  no  harm  shall  be  done  to  the 
main  braidings  by  the  electrical  discharge. 

An  application  of  the  same  principle  will  explain  the  danger  to  a  human 
being  or  animal  of  standing  in  the  open  air  in  the  presence  of  a  thunder  cloud, 
or  of  standing  under  an  isolated  tree.  The  upward  point,  whether  the  head 
of  mar  or  animal,  or  the  summit  of  the  tree,  tends  to  collect  the  lines  of  force 
which  pass  from  the  cloud  to  the  ground,  so  that  a  discharge  of  electricity 
will  take  place  from  the  head  or  tree  rather  than  from  the  ground. 


72.     The  property  of  lines  of  force  of  clustering  together  in  this  way  is 
utilised  also  in  the  manufacture  of  electrical  instruments.     A  cage  of  wire  is 


Fio.  27. 

placed  round  the  instrument  and  almost  all  the  lines  of  force  from  any 
charges  which  there  may  be  outside  the  instrument  will  cluster  together  on 
the  convex  surfaces  of  the  wire.  Very  few  lines  of  force  escape  through  this 
cage,  so  that  the  instrument  inside  the  cage  is  hardly  affected  at  all  by  any 
electric  phenomena  which  may  take  place  outside  it.  Fig.  27  shews  the 
way  in  which  lines  of  force  are  absorbed  by  a  wire  grating.  It  is  drawn  to 
represent  the  lines  of  force  of  a  uniform  field  meeting  a  plane  grating  placed 
at  right  angles  to  the  field  of  force. 


71,  72]  Examples  63 

The  protection  of  a  wire  cage  is  not  adequate  for  the  most  sensitive  in- 
struments, and  it  is  usual  to  enclose  them  entirely  in  a  metal  case,  except 
only  for  one  small  window  through  which  readings  can  be  taken.  When  this 
arrangement  is  adopted,  no  lines  of  force  at  all  can  pass  from  external  charges 
to  the  instrument  inside  the  metal  case  except  for  an  infinitesimal  number 
passing  through  the  window.  Lines  of  force  which  encounter  the  case  termi- 
nate on  it  without  in  any  way  affecting  the  electric  field  inside,  and  the  in- 
strument is  almost  perfectly  screened  from  any  external  electric  field.  (Cf.  §  114 
below.) 


EXAMPLES. 

1.  Two  particles  each  of  mass  m  and  charged  with  e  units  of  electricity  of  the  same 
sign  are  suspended  by  strings  each  of  length  a  from  the  same  point;  prove  that  the 
inclination  6  of  each  string  to  the  vertical  is  given  by  the  equation 

imga?  sin3  6  =  e2  cos  6. 

2.  Charges  +4e,  —  e  are  placed  at  the  points  A,  B,  and  Cis  the  point  of  equilibrium. 
Prove  that  the  line  of  force  which  passes  through  C  meets  AB  at  an  angle  of  60°  at  A  and 
at  right  angles  at  C. 

3.  Find  the  angle  at  A  (question  2)  between  AB  and  the  line  of  force  which  leaves  B 
at  right  angles  to  AB. 

4.  Two  positive  charges  ex  and  e2  are  placed  at  the  points  A  and  B  respectively. 
Shew  that  the  tangent  at  infinity  to  the  line  of  force  which  starts  from  ex  making  an  angle 
a  with  BA  produced,  makes  an  angle 


2«n-i(\/-S-«ii^ 

\\   e!  +  e2        2J 


with  BA,  and  passes  through  the  point  G  in  AB  such  that 

AC  :  CB=e2  :  ev 

5.  Point  charges  +e,  —  e  are  placed  at  the  points  A,  B.  The  line  of  force  which  leaves 
A  making  an  angle  a  with  AB  meets  the  plane  which  bisects  A B  at  right  angles,  in  P. 
Shew  that 

.a        /5    .     PAB 
sin-  =  N/2sin^— . 

6.  If  any  closed  surface  be  drawn  not  enclosing  a  charged  body  or  any  part  of  one, 
shew  that  at  every  point  of  a  certain  closed  line  on  the  surface  it  intersects  the  equi- 
potential  surface  through  the  point  at  right  angles. 

7.  The  potential  is  given  at  four  points  near  each  other  and  not  all  in  one  plane. 
Obtain  an  approximate  construction  for  the  direction  of  the  field  in  their  neighbourhood. 
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8.  The  potentials  at  the  four  corners  of  a  small  tetrahedron  A,  B,  C,  D  are  Vly  F2, 
V3,  Vi  respectively.  G  is  the  centre  of  gravity  of  masses  Mx  at  A,  i/2  at  B,  M3  at  C, 
J/4  at  0.     Shew  that  the  potential  at  O  is 

MlV1  +  M2V%  +  M3V3  +  MiVtl 
Mt  +  Ms  +  Mi+Mi 

9.  Charges  Ze,  —e,  —e  are  placed  at  A,  B,  C  respectively,  where  B  is  the  middle 
point  of  AC.  Draw  a  rough  diagram  of  the  Hues  of  force;  shew  that  a  line  of  force  which 
starts  from  A  making  an  angle  a  with  AB>cos~1(  —  £)  will  not  reach  B  or  0,  and  shew 
that  the  asymptote  of  the  line  of  force  for  which  a=cos-1  (  —  §)  is  at  right  angles  to  AC. 

10.  If  there  are  three  electrified  points  A,  B,  C  in  a  straight  line,  such  that  AC=f, 

f  —  6CL 

BC  —  -7,  and  the  charges  are  e,  — ^—  and  Va  respectively,  shew  that  there  is  always  a 
spherical  equipotential  surface,  and  discuss  the  position  of  the  points  of  equilibrium  on 
the  line  ABC  when  V=e  — r<.  and  when  V=e  - 


11.  A  and  Care  spherical  conductors  with  charges  e+e'  and  —  e  respectively.  Shew 
that  there  is  either  a  point  or  a  line  of  equilibrium,  depending  on  the  relative  size  and 
positions  of  the  spheres,  and  on  e'/e.  Draw  a  diagram  for  each  case  giving  the  lines  of 
force  and  the  sections  of  the  equipotentials  by  a  plane  through  the  centres. 

12.  An  electrified  body  is  placed  in  the  vicinity  of  a  conductor  in  the  form  of  a 
surface  of  anticlastic  curvature.  Shew  that  at  that  point  of  any  line  of  force  passing  from 
the  body  to  the  conductor,  at  which  the  force  is  a  minimum,  the  principal  curvatures  of 
the  equipotential  surface  are  equal  and  opposite. 

13.  Shew  that  it  is  not  possible  for  every  family  of  non-intersecting  surfaces  in  free 
space  to  be  a  family  of  equipotentials,  and  that  the  condition  that  the  family  of  surfaces 

/(X,  x,  y,  z)=0 
shall  be  capable  of  being  equipotentials  is  that 

a^x    a^x    a^x 

dx2      dy2      dz2 


\ox/       \pyj       \czj 
shall  be  a  function  of  X  only. 

14.  In  the  last  question,  if  the  condition  is  satisfied  find  the  potential. 

15.  Shew  that  the  confocal  ellipsoids 


*2     +J^+*=1 


aHA^  +  A     c2  +  A' 
can  form  a  system  of  equipotentials,  and  express  the  potential  as  a  function  of  A. 

16.     If  two  charged  concentric  shells  be  connected  by  a  wire,  the  inner  one  is  wholly 

discharged.     If  the  law  of  force  were  -3^,  prove  that  there  would  be  a  charge  B  on  the 

inner  shell  such  that  if  A  were  the  charge  on  the  outer  shell,  and  /,  g  the  sum  and  differ- 
ence of  the  radii, 

2gB=  -  Ap  {{f-g)  log  (f+g)  -flogf+glogg} 
approximately. 


Examples 


65 


17.  Three  infinite  parallel  wires  cut  a  plane  perpendicular  to  them  in  the  angular 
points  A,  B,  C  of  an  equilateral  triangle,  and  have  charges  e,  e,  —e'  per  unit  length 
respectively.     Prove  that  the  extreme  lines  of  force  which  pass  from  A  to  C  make  at 

2g 5g'  2e  +  a' 

starting  angles  — ^— -  ir  and   — — — n  with  AC,  provided  that  e'^>2e. 


6e 


6e 


18.  A  negative  point  charge  —  e2  lies  between  two  positive  point  charges  ex  and  e3  on 
the  line  joining  them  and  at  distances  a,  /3  from  them  respectively.  Shew  that,  if  the 
magnitudes  of  the  charges  are  given  by 

«i  _  «3_  e2\3 


a 


a  +  /3 


,  and  if  1<  X2< 


m> 


there  is  a  circle  at  every  point  of  which  the  force  vanishes.     Determine  the  general  form 
of  the  equipotential  surface  on  which  this  circle  lies. 

19.     Charges  of  electricity  elt   —  e2,  e3,   (e3>ei)  are  placed   in   a  straight  line,  the 
negative  charge  being  midway  between  the  other  two.     Shew  that,  if  4e2  He  between 

(e33  -  e^)3  and  (e33  +  e^)3,  the  number  of  unit  tubes  of  force  that  pass  from  ex  to  e2  is 

*  («i  +  e2 -  e3)  +  -^=  (e3i  -  ef)  («j*  -  2**,*  +  e£fi. 

4V  2 


CHAPTER  III 

CONDUCTORS  AND  CONDENSERS 

73.  By  a  conductor,  as  previously  explained,  is  meant  any  body  or 
system  of  bodies,  such  that  electricity  can  flow  freely  over  the  whole.  When 
electricity  is  at  rest  on  such  a  conductor,  we  have  seen  (§  44)  that  the  charge 
will  reside  entirely  on  the  outer  surface,  and  (§  37)  that  the  potential  will 
be  constant  over  this  surface. 

A  conductor  may  be  used  for  the  storage  of  electricity,  but  it  is  found 
that  a  much  more  efficient  arrangement  is  obtained  by  taking  two  or  more 
conductors — generally  thin  plates  of  metal — and  arranging  them  in  a  certain 
way.  This  arrangement  for  storing  electricity  is  spoken  of  as  a  "  con- 
denser." In  the  present  Chapter  we  shall  discuss  the  theory  of  single 
conductors  and  of  condensers,  working  out  in  full  the  theory  of  some  of  the 
simpler  cases. 

Conductors. 

A  Spherical  Conductor. 

74.  The  simplest  example  of  a  conductor  is  supplied  by  a  sphere,  it 
being  supposed  that  the  sphere  is  so  far  removed  from  all  other  bodies  that 
their  influence  may  be  neglected.  In  this  case  it  is  obvious  from  symmetry 
that  the  charge  will  spread  itself  uniformly  over  the  surface.  Thus  if  e  is 
the  charge,  and  a  the  radius,  the  surface  density  <r  is  given  by 

total  charge  e 

total  area  of  surface      4ura2  * 

The  electric  intensity  at  the  surface  being,  as  we  have  seen,  equal  to 
47ro-,  is  e/a\ 

From  symmetry  the  direction  of  the  intensity  at  any  point  outside  the 
sphere  must  be  in  a  direction  passing  through  the  centre.  To  find  the 
amount  of  this  intensity  at  a  distance  r  from  the  centre,  let  us  draw  a  sphere 
of  radius  r,  concentric  with  the  conductor.  At  every  point  of  this  sphere 
the  amount  of  the  outward  electric  intensity  is  by  symmetry  the  same,  say  R, 
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and  its  direction  as  we  have  seen  is  normal  to  the  surface.     Applying  Gauss' 
Theorem  to  this  sphere,  we  find  that  the  surface  integral  of  normal  intensity 

\\NdS  becomes  simply  R  multiplied  by  the  area  of  the  surface  47rra,  so  that 

4sirr-R  =  4<7re, 

or  R  — 


~.2 


This  becomes  e/a2  at  the  surface,  agreeing  with  the  value  previously 
obtained. 

Thus  the  electric  force  at  any  point  is  the  same  as  if  the  charged  sphere 
were  replaced  by  a  point  charge  e,  at  the  centre  of  the  sphere.  And,  just 
as  in  the  case  of  a  single  point  charge  e,  the  potential  at  a  point  outside  the 
sphere,  distant  r  from  its  centre,  is 

J*r2  r 

a 

so  that  at  the  surface  of  the  sphere  the  potential  is  - 

Inside  the  sphere,  as  has  been  proved  in  §  37,  the  potential  is  constant, 
and  therefore  equal  to  e/a,  its  value  at  the  surface,  while  the  electric  intensity 
vanishes. 

As  we  gradually  charge  up  the  conductor,  it  appears  that  the  potential 
at  the  surface  is  always  proportional  to  the  charge  of  the  conductor. 

It  is  customary  to  speak  of  the  potential  at  the  surface  of  a  conductor  as 

"  the  potential  of  the  conductor,"  and  the  ratio  of  the  charge  to  this  potential 

is  defined  to  be  the  "  capacity  "  of  the  conductor.     From  a  general  theorem, 

which  we  shall  soon  arrive  at,  it  will  be  seen  that  the  ratio  of  charge  to 

potential  remains  the  same  throughout  the  process  of  charging  any  conductor 

or  condenser,  so  that  in  every  case  the  capacity  depends  only  on  the  shape 

and  size  of  the  conductor  or  condenser  in  question.     For  a  sphere,  as  we 

have  seen, 

charge        e 
capacity  =  — - — ^— r  =  -  =  a, 
1        J       potential      e 

a 
so  that  the  capacity  of  a  sphere  is  equal  to  its  radius. 

A  Cylindrical  Conductor, 

75.  Let  us  next  consider  the  distribution  of  electricity  on  a  circular 
cylinder,  the  cylinder  either  extending  to  infinity,  or  else  having  its  ends  so 
far  away  from  the  parts  under  consideration  that  their  influence  may  be 
neglected. 

As  in  the  case  of  the  sphere,  the  charge  distributes  itself  symmetrically, 

5—2 
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so  that  if  a  is  the  radius  of  the  cylinder,  and  if  it  has  a  charge  e  per  unit 
length,  we  have 


Vrra 


To  find  the  intensity  at  any  point  outside  the  conductor,  construct  a  Gauss' 
surface   by  first  drawing  a  cylinder  of  radius  r,  coaxal  with  the  original 
cylinder,  and   then   cutting   off  a    unit    length   by  two  parallel  planes  at 
unit  distance  apart,  perpendicular  to  the  axis.     From  sym- 
metry the  force  at  every  point  is  perpendicular  to  the  axis 
of  the  cylinder,  so  that  the   normal  intensity  vanishes  at 
every  point  of  the  plane  ends  of  this  Gauss'  surface.     The 
surface  integral  of  normal  intensity  will  therefore  consist 
entirely  of  the  contributions  from  the  curved  part  of  the 
surface,  and  this  curved  part  consists  of  a  circular  band,  of 
unit  width  and  radius  r — hence  of  area  2irr.     If  R  is  the 
outward   intensity  at    every  point  of  this   curved  surface, 
Gauss'  Theorem  supplies  the  relation 

2irrR  =  4nre, 


so  that 


r 


Fig.  28. 


This,  we  notice,  is  independent  of  a,  so  that  the  intensity  is  the  same  as 
it  would  be  if  a  were  very  small,  i.e.,  as  if  we  had  a  fine  wire  electrified  with 
a  charge  e  per  unit  length. 

In  the  foregoing,  we  must  suppose  r  to  be  so  small,  that  at  a  distance  r 
from  the  cylinder  the  influence  of  the  ends  is  still  negligible  in  comparison 
with  that  of  the  nearer  parts  of  the  cylinder,  so  that  the  investigation  does 
not  hold  for  large  values  of  r.  It  follows  that  we  cannot  find  the  potential 
by  integrating  the  intensity  from  infinity,  as  has  been  done  in  the  cases  of 
the  point  charge  and  of  the  sphere.  We  have,  however,  the  general 
differential  equation 

dV 


dr 


=  -R, 


so  that  in  the  present  case,  so  long  as  r  remains  sufficiently  small 

dV        2e 


or  r 

giving  upon  integration 

V=C-2e\ogr. 

The  constant  of  integration  C  cannot  be  determined  without  a  knowledge 
of  the  conditions  at  the  ends  of  the  cylinder.  Thus  for  a  long  cylinder,  the 
intensity  at  points  near  the  cylinder  is  independent  of  the  conditions  at  the 
ends,  but  the  potential  and  capacity  depend  on  these  conditions,  and  are 
therefore  not  investigated  here. 
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An  Infinite  Plane. 

76.  Suppose  we  have  a  plane  extending  to  infinity  in  all  directions,  and 
electrified  with  a  charge  a  per  unit  area.  From  symmetry  it  is  obvious  that 
the  lines  of  force  will  be  perpendicular  to  the  plane  at  every  point,  so  that 
the  tubes  of  force  will  be  of  uniform  cross-section.  Let  us  take  as  Gauss' 
surface  the  tube  of  force  which  has  as  cross-section  any  element  w  of  area 
of  the  charged  plane,  this  tube  being  closed  by  two  cross-sections  each  of 
area  <u  at  distance  r  from  the  plane.  If  R  is  the  intensity  over  either  of 
these  cross-sections  the  contribution  of  each  cross-section  to  Gauss'  integral 
is  Rco,  so  that  Gauss'  Theorem  gives  at  once 

2Ro>  =  4sTT<JGi, 

whence  R  =  2tto-. 

The  intensity  is  therefore  the  same  at  all  distances  from  the  plane. 

The  result  that  at  the  surface  of  the  plane  the  intensity  is  lira-,  may  at 
first  seem  to  be  in  opposition  to  Coulomb's  Theorem  (§  57)  which  states  that 
the  intensity  at  the  surface  of  a  conductor  is  47r<x.  It  will,  however,  be  seen 
from  the  proof  of  this  theorem,  that  it  deals  only  with  conductors  in 
which  the  conducting  matter  is  of  finite  thickness;  if  we  wish  to  regard 
the  electrified  plane  as  a  conductor  of  this  kind  we  must  regard  the 
total  electrification  as  being  divided  between  the  two  faces,  the  surface 
density  being  \a  on  each,  and  Coulomb's  Theorem  then  gives  the  correct 
result. 

If  the  plane  is  not  actually  infinite,  the  result  obtained  for  an  infinite 
plane  will  hold  within  a  region  which  is  sufficiently  near  to  the  plane  for  the 
edges  to  have  no  influence.  As  in  the  former  case  of  the  cylinder,  we  can 
obtain  the  potential  within  this  region  by  integration.  If  r  measures  the 
perpendicular  distance  from  the  plane 

-!^  =  i2  =  27nr, 
or 

so  that  V=  G  —  27rcrr, 

and,  as  before,  the  constant  of  integration  cannot  be  determined  without 
a  knowledge  of  the  conditions  at  the  edges. 

77.  It  is  instructive  to  compare  the  thr^ee  expressions  which  have  been 
obtained  for  the  electric  intensity  at  points  outside  a  charged  sphere,  cylinder 
and  plane  respectively.     Taking  r  to  be  the  distance  from  the  centre  of  the 
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sphere,  from  the  axis  of  the  cylinder,  and  from  the  plane,  respectively,  we 
have  found  that 

outside  the  sphere,     R  is  proportional  to  — , 


outside  the  cylinder,  R  is  proportional  to  - , 

outside  the  plane,       R  is  constant. 

From  the  point  of  view  of  tubes  of  force,  these  results  are  obvious  enough 
deductions  from  the  theorem  that  the  intensity  varies  inversely  as  the  cross- 
section  of  a  tube  of  force.  The  lines  of  force  from  a  sphere  meet  in  a  point, 
the  centre  of  the  sphere,  so  that  the  tubes  of  force  are  cones,  with  cross- 
section  proportional  to  the  square  of  the  distance  from  the  vertex.  The 
lines  of  force  from  a  cylinder  all  meet  a  line,  the  axis  of  the  cylinder,  at  right 
angles,  so  that  the  tubes  of  force  are  wedges,  with  cross-section  proportional 
to  the  distance  from  the  edge.  And  the  lines  of  force  from  a  plane  all  meet 
the  plane  at  right  angles,  so  that  the  tubes  of  force  are  prisms,  of  which  the 
cross-section  is  constant. 

78.  We  may  also  examine  the  results  from  the  point  of  view  which 
regards  the  electric  intensity  as  the  resultant  of  the  attractions  or  repulsions 
from  different  elements  of  the  charged  surface. 

Let  us  first  consider  the  charged  plane.  Let  P,  P'  be  two  points  at 
distances  r,  r  from  the  plane,  and  let  Q  be  the 
foot  of  the  perpendicular  from  either  on  to  the 
plane.  If  P  is  near  to  Q,  it  will  be  seen  that 
almost  the  whole  of  the  intensity  at  P  is  due 
to  the  charges  in  the  immediate  neighbourhood 
of  Q.  The  more  distant  parts  contribute  forces 
which  make  angles  with  QP  nearly  equal  to  a 
right  angle,  and  after  being  resolved  along  QP 
these  forces  hardly  contribute  anything  to  the 
resultant  intensity  at  P. 


Owing  to  the  greater  distance  of  the  point  P', 
the  forces  from  given  elements  of  the  plane  are 
smaller  at  P'  than  at  P,  but  have  to  be  resolved 
through  a  smaller  angle.  The  forces  from  the 
regions  near  Q  are  greatly  diminished  from  the 
former  cause  and  are  hardly  affected  by  the  latter. 
The  forces  from  remote  regions  are  hardly  affected 
by  the  former  circumstance,  bufc  their  effect  is 
greatly  increased  by  the  latter.     Thus  on  moving 


Fig.   29. 
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from  P  to  P'  the  forces  exerted  by  regions  near  Q  decrease  in  efficiency, 
while  those  exerted  by  more  remote  regions  gain.  The  result  that  the 
total  resultant  intensity  is  the  same  at  P'  as  at  P,  shews  that  the 
decrease  of  the  one  just  balances  the  gain  of  the  other. 

If  we  replace  the  infinite  plane  by  a  sphere,  we  find  that  the  force  at 
a  near  point  P  is  as  before  contributed 
almost  entirely  by  the  charges  in  the 
neighbourhood  of  Q.  On  moving  from  P 
to  P',  these  forces  are  diminished  just  as 
before,  but  the  number  of  distant  elements       [  Qj: 

of  area  which  now  add  contributions  to 
the  intensity  at  P'  is  much  less  than 
before.    Thus  the  gain  in  the  contributions  Fig.  30. 

from   these   elements  does  not  suffice  to 

balance  the  diminution  in  the  contributions  from  the  regions  near  Q,  so  that 
the  resultant  intensity  falls  off  on  withdrawing  from  P  to  P' 

The  case  of  a  cylinder  is  of  course  intermediate  between  that  of  a  plane 
and  that  of  a  sphere. 

Condensers. 

Spherical  Condenser. 

79.  Suppose  that  we  enclose  the  spherical  conductor  of  radius  a  dis- 
cussed in  §  74,  inside  a  second  spherical  conductor  of  internal  radius  b,  the 
two  conductors  being  placed  so  as  to  be  concentric  and  insulated  from  one 
another. 

It  again  appears  from  symmetry  that  the  intensity  at  every  point  must 
be  in  a  direction  passing  through  the  common  centre  of  the  two  spheres,  and 
must  be  the  same  in  amount  at  every  point  of  any  sphere  concentric  with 
the  two  conducting  spheres.  Let  us  imagine  a  concentric  sphere  of  radius  r 
drawn  between  the  two  conductors,  and  when  the  charge  on  the  inner  sphere 
is  e,  let  the  intensity  at  every  point  of  the  imaginary  sphere  of  radius  r  be 
R.  Then,  as  before,  Gauss'  Theorem,  applied  to  the  sphere  of  radius  r,  gives 
the  relation 

4nrr2R  =  4nre, 

Q 

so  that  R  —  -  , 

r2 

This  only  holds  for  values  of  r  intermediate  between  a  and  b,  so  that  to 
obtain  the  potential  we  cannot  integrate  from  infinity,  but  must  use  the 
differential  equation.     This  is 

or  r- 


.« » 
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which  upon  integration  gives 

V=C  +  - (27). 

r 

We  can  determine  the  constant  of  integration  as  soon  as  we  know  the 
potential  of  either  of  the  spheres.  Suppose  for  instance  that  the  outer 
sphere  is  put  to  earth  so  that  V=0  over  the  sphere  r  =  b,  then  we  obtain  at 
once  from  equation  (27) 

so  that  G  =  —  e/b,  and  equation  (27)  becomes 

r     b 

On  taking  r  =  a,  we  find  that  the  potential  of  the  inner  sphere  is  e( —  rj , 

and  its  charge  is  e,  so  that  the  capacity  of  the  condenser  is 

1  ah 


or 


11  b-a' 

a     b 

80.  In  the  more  general  case  in  which  the  outer  sphere  is  not  put  to 
earth,  let  us  suppose  that  Va,  Vb  are  the  potentials  of  the  two  spheres  of 
radii  a  and  b,  so  that,  from  equation  (27) 

a 


F6  =  C  +  |. 


Then  we  have  on  subtraction 


«-*>-(H)' 


so  that  the  capacity  is  ~ — y. . 

The  lines  of  force  which  start  from  the  inner  sphere  must  all  end  on  the 
inner  surface  of  the  outer  sphere,  and  each  line  of  force  has  equal  and 
opposite  charges  at  its  two  ends.  Thus  if  the  charge  on  the  inner  sphere  is 
e,  that  on  the  inner  surface  of  the  outer  sphere  must  be  —  e.  We  can  there- 
fore regard  the  capacity  of  the  condenser  as  being  the  charge  on  either  of 
the  two  spheres  divided  by  the  difference  of  potential,  the  fraction  being 
taken  always  positive.  On  this  view,  however,  we  leave  out  of  account  any 
charge  which  there  may  be  on  the  outer  surface  of  the  outer  sphere :  this 
is  not  regarded  as  part  of  the  charge  of  the  condenser. 
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An  examination  of  the  expression  for  the  capacity, 

ab 

will  shew  that  it  can  be  made  as  large  as  we  please  by  making  b  —  a 
sufficiently  small.  This  explains  why  a  condenser  is  so  much  more 
efficient  for  the  storage  of  electricity  than  a  single  conductor. 

81.  By  taking  more  than  two  spheres  we  can  form  more  complicated 
condensers.  Suppose,  for  instance,  we  take  concentric  spheres  of  radii 
a,  b,  c  in  ascending  order  of  magnitude,  and  connect  both  the  spheres  of 
radii  a  and  c  to  earth,  that  of  radius  b  remaining  insulated.  Let  V  be  the 
potential  of  the  middle  sphere,  and  let  ex  and  e2  be  the  total  charges  on  its 
inner  and  outer  surfaces.  Regarding  the  inner  surface  of  the  middle  sphere 
and  the  surface  of  the  innermost  sphere  as  forming  a  single  spherical 
condenser,  we  have 

Vab 
6l~b-a' 

and  again  regarding  the  outer  surface  of  the  middle  sphere  and  the  outermost 
sphere  as  forming  a  second  spherical  condenser,  we  have 

Vbc 
c  —  b 

Hence  the  total  charge  E  of  the  middle  sheet  is  given  by 

E  =  ex  +  e2 

ab  be 

=  V   -7 + 


b  —  a      c  —  b 

so  that  regarded  as  a  single  condenser,  the  system  of  three  spheres  has  a 
capacity 

ab  be 

+ 


b  —  a     c  —  b' 

which  is  equal  to  the  sum  of  the  capacities  of  the  two  constituent  condensers 
into  which  we  have  resolved  the  system.  This  is  a  special  case  of  a  general 
theorem  to  be  given  later  (§  85). 

Coaxal  Cylinders. 

82.  A  conducting  circular  cylinder  of  radius  a  surrounded  by  a  second 
coaxal  cylinder  of  internal  radius  b  will  form  a  condenser.  If  e  is  the  charge 
on  the  inner  cylinder  per  unit  length,  and  if  V  is  the  potential  at  any  point 
between  the  two  cylinders  at  a  distance  r  from  their  common  axis,  we  have, 
as  in  §  75, 

V=C-2e\ogr, 
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and  it  is  now  possible  to  determine  the  constant  C  as  soon  as  the  potential  of 
either  cylinder  is  known. 

Let  Va,  Vt,  be  the  potentials  of  the  inner  and  outer  cylinders,  so  that 

Va  =  C  -  2e  log  a, 

Vb=C-2e\ogb. 

By  subtraction  Va  -  Vb  =  2e  log  f  -  J , 

so  that  the  capacity  is  .  ■ , 

per  unit  length. 

Parallel  Plate  Condenser. 

83.  This  condenser  consists  of  two  parallel  plates  facing  one  another, 

say  at  distance  d  apart.     Lines  of  force  will  pass  from  the  inner  face  of  one 

to  the  inner  face  of  the  other,  and  in  regions  sufficiently  far  removed  from 

the  edges  of  the  plate  these  lines  of  force  will  be  perpendicular  to  the  plate 

throughout  their  length.     If  cr  is  the  surface  density  of  electrification  of  one 

plate,  that   of  the   other  will  be  —  a.      Since  the  cross-section  of  a  tube 

remains  the  same  throughout  its  length,  and  since  the   electric   intensity 

varies  as  the  cross-section,  it  follows  that  the  intensity  must  be  the  same 

throughout  the  whole  length  of  a  tube,  and  this,  by  Coulomb's  Theorem, 

will  be  47ro-,  its  value  at  the  surface  of  either  plate.     Hence  the  difference  of 

potential  between  the  two  plates,  obtained  by  integrating  the  intensity  4tto- 

along  a  line  of  force,  will  be 

Arrrcrd. 

The  capacity  per  unit  area  is  equal  to  the  charge  per  unit  area  a 
divided  by  this  difference  of  potential,  and  is  therefore 

1 

4>nd' 

The  capacity  of  a  condenser  formed  of  two  parallel  plates,  each  of  area  A, 

is  therefore 

A 

4>ird' 

except  for  a  correction  required  by  the  irregularities  in  the  lines  of  force 
near  the  edges  of  the  plates. 

Inductive  Capacity. 

84.  It  was  found  by  Cavendish,  and  afterwards  independently  by 
Faraday,  that  the  capacity  of  a  condenser  depends  not  only  on  the  shape 
and  size  of  the  conducting  plates  but  also  on  the  nature  of  the  insulating 
material,  or  dielectric  to  use  Faraday's  word,  by  which  they  are  separated. 
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It  is  further  found  that  on  replacing  air  by  some  other  dielectric,  the 
capacity  of  a  condenser  is  altered  in  a  ratio  which  is  independent  of  the 
shape  and  size  of  the  condenser,  and  which  depends  only  on  the  dielectric 
itself.  This  constant  ratio  is  called  the  specific  inductive  capacity  of  the 
dielectric,  the  inductive  capacity  of  air  being  taken  to  be  unity. 

We  shall  discuss  the  theory  of  dielectrics  in  a  later  Chapter.  At  present 
it  will  be  enough  to  know  that  if  C  is  the  capacity  of  a  condenser  when  its 
plates  are  separated  by  air,  then  its  capacity,  when  the  plates  are  separated 
by  any  dielectric,  will  be  KG,  where  K  is  the  inductive  capacity  of  the 
particular  dielectric  used.  The  capacities  calculated  in  this  Chapter  have  all 
been  calculated  on  the  supposition  that  there  is  air  between  the  plates,  so 
that  when  the  dielectric  is  different  from  air  each  capacity  must  be  multi- 
plied by  K. 

The  following  table  will  give  some  idea  of  the  values  of  E  actually  observed  for 
different  dielectrics.  For  a  great  many  substances  the  value  of  K  is  found  to  vary  widely 
for  different  specimens  of  the  material  and  for  different  physical  conditions. 


Sulphur 

2-8  to  4-0. 

Ethyl  Alcohol 

26-5 

Mica 

6-0  to  8-0. 

Water  at  17°  C. 

80-0 

Glass 

6  6  to  9-9. 

Ice  at  -7-5°  C. 

70-8 

Paraffin 

2-0  to  2-3. 

Ice  at- 200°  C. 

2-43 

The  values  of  K  for  some  gases  are  given 

on  p.  132. 

Compound  Condensers. 

Condensers  in  Parallel. 

85.     Let  us  suppose  that  we  take  any  number  of  condensers  of  capacities 
d,C2, ...  and  connect  all  their  high  potential  plates  together  by  a  conducting 


s 


Fig.  31. 

wire,  and  all  their  low  potential  plates  together  in  the  same  way.     This  is 
known  as  connecting  the  condensers  in  'parallel. 

The  high  potential  plates  have  now  all  the  same  potential,  say  Vlt  while 
the  low  potential  plates  have  all  the  same  potential,  say  V0.     If  elt  e2, 
the  charges  on  the  separate  high  potential  plates,  we  have 

el  =  C1(V1-V0), 

e2  =  C2(V1-  F0),  etc., 


are 
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and  the  total  charge  E  is  given  by 

E  =  e1  +  e2  +  ... 

=  (C1  +  C2+...)(F1-F0). 

Thus  the  system  of  condensers  behaves  like  a  single  condenser  of  capacity 

Cx  +  C7a  +  C3  +  . . . . 

It  will  be  noticed  that  the  compound  condenser  discussed  in  §  81  con- 
sisted virtually  of  two  simple  spherical  condensers  connected  in  parallel. 

Condensers  in  Cascade. 

86.  We  might,  however,  connect  the  low  potential  plate  of  the  first  to 
the  high  potential  plate  of  the  second,  the  low  potential  plate  of  the  second 
to  the  high  potential  plate  of  the  third,  and  so  on.  This  is  known  as 
arranging  the  condensers  in  cascade. 


Fig.  32. 

Suppose  that  the  high  potential  plate  of  the  first  has  a  charge  e.  This 
induces  a  charge  —  e  on  the  low  potential  plate,  and  since  this  plate  together 
with  the  high  potential  plate  of  the  second  condenser  now  form  a  single 
insulated  conductor,  there  must  be  a  charge  +  e  on  the  high  potential  plate 
of  the  second  condenser.  This  induces  a  charge  -  e  on  the  low  potential 
plate  of  this  condenser,  and  so  on  indefinitely ;  each  high  potential  plate  will 
have  a  charge  +  e,  each  low  potential  plate  a  charge  —  e. 

Thus  the  difference  of  potential  of  the  two  plates  of  the  first  condenser 
will  be  e/Cly  that  of  the  second  condenser  will  be  e/C2,  and  so  on,  so  that  the 
total  fall  of  potential  from  the  high  potential  plate  of  the  first  to  the  low 
potential  plate  of  the  last  will  be 


1       1 


...). 


We  see  that  the  arrangement  acts  like  a  single  condenser  of  capacity 

1 
JL_      _1 
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Pkactical  Condensers. 
Practical   Units. 

87.  As  will  be  explained  more  fully  later,  the  practical  units  of 
electricians  are  entirely  different  from  the  theoretical  units  in  which  we 
have  so  far  supposed  measurements  to  be  made.  The  practical  unit  of 
capacity  is  called  the  farad,  and  is  equal,  very  approximately,  to  9  x  10"  times 
the  theoretical  C.G.S.  electrostatic  unit,  i.e.,  is  equal  to  the  actual  capacity 
of  a  sphere  of  radius  9  x  10u  cms.  This  unit  is  too  large  for  most  purposes, 
so  that  it  is  convenient  to  introduce  a  subsidiary  unit — the  microfarad — 
equal  to  a  millionth  of  the  farad,  and  therefore  to  9  x  105  C.G.S.  electrostatic 
units.  Standard  condensers  can  be  obtained  of  which  the  capacity  is  equal 
to  a  given  fraction,  frequently  one-third  or  one-fifth,  of  the  microfarad. 


The  Leyden  Jar. 

88.  For  experimental  purposes  the  commonest  form  of  condenser  is  the 
Leyden  Jar.  This  consists  essentially  of  a  glass  vessel,  bottle-shaped,  of 
which  the  greater  part  of  the  surface  is  coated 
inside  and  outside  with  tinfoil.  The  two  coatings 
form  the  two  plates  of  the  condenser,  contact  with 
the  inner  coating  being  established  by  a  brass 
rod  which  comes  through  the  neck  of  the  bottle, 
the  lower  end  having  attached  to  it  a  chain 
which  rests  on  the  inner  coating  of  tinfoil. 


O 


csssai^p 


Fig.  33. 


To  form  a  rough  numerical  estimate  of  the 
capacity  of  a  Leyden  Jar,  let  us  suppose  that  the 
thickness  of  the  glass  is  \  cm.,  that  its  specific 
inductive  capacity  is  7,  and  that  the  area  covered 

with  tinfoil  is  400  sq.  cms.  Neglecting  corrections  required  by  the  irregu- 
larities in  the  lines  of  force  at  the  edges  and  at  the  sharp  angles  at  the 
bottom  of  the  jar,  and  regarding  the  whole  system  as  a  single  parallel  plate 
condenser,  we  obtain  as  an  approximate  value  for  the  capacity 

KA 


4nrd 


electrostatic  units, 


in  which  we  must  put  K  =  7,  A  =  400  and  d  =  |.    On  substituting  these 
values  the  capacity  is  found  to  be  approximately  450   electrostatic  units, 


or  about  ^q$  microfarad. 


89. 


Parallel  Plates. 
A  more  convenient  condenser  for  some  purposes  is  a  modification  of 


the  parallel  plate  condenser.     Let  us  suppose  that  we  arrange  n  plates,  each 
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of  area  A,  parallel  to  one  another,  the  distance  between  any  two  adjacent 
plates  being  d.  If  alternate  plates  are  joined  together  so  as  to  be  in  electrical 
contact  the  space  between  each  adjacent  pair  of  plates  may  be  regarded  as 


Fig.  34. 


KA 


forming  a  single  parallel  plate  condenser  of  capacity  j— -% ,  so  that  the  capacity 

of  the  compound  condenser  is  (n  —  1)  KA/4nrd.  By  making  n  large  and  d 
small,  we  can  make  this  capacity  large  without  causing  the  apparatus  to 
occupy  an  unduly  large  amount  of  space.  For  this  reason  standard  con- 
densers are  usually  made  of  this  pattern. 

90.  Guard  Ring.  In  both  the  condensers  described  the  capacity  can 
only  be  calculated  approximately.  Lord  Kelvin  has  devised  a  modification 
of  the  parallel  plate  condenser  in  which  the  error  caused  by  the  irregularities 
of  the  lines  of  force  near  the  edges  is  dispensed  with,  so  that  it  is  possible 
accurately  to  calculate  the  capacity  from  measurements  of  the  plates. 


The  principle  consists  in  making  one  plate  B  of  the  condenser  larger  than 
the  second  plate  A,  the  remainder  of  the  space  opposite  B  being  occupied  by 
a  "  guard  ring  "  G  which  fits  A  so  closely  as  almost  to  touch,  and  is  in  the 
same  plane  with  it.  The  guard  ring  G  and  the  plate  A,  if  at  the  same 
potential,  may  without  serious  error  be  regarded  as  forming  a  single  plate  of 
a  parallel  plate  condenser  of  which  the  other  plate  is  B.  The  irregularities 
in  the  tubes  of  force  now  occur  at  the  outer  edge  of  the  guard  ring  G,  while 
the  lines  of  force  from  A  to  B  are  perfectly  straight  and  uniform.  Thus  if  A 
is  the  area  of  the  plate  A  its  capacity  may  be  supposed,  with  great  accuracy, 
to  be 


4ivd' 

where  d  is  the  distance  between  the  plates  A  and  B. 
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Submarine  Gables. 

91.  Unfortunately  for  practical  electricians,  a  submarine  cable  forms 
a  condenser,  of  which  the  capacity  is  frequently  very  considerable.  The 
effect  of  this  upon  the  transmission  of  signals  will  be  discussed  later.  A  cable 
consists  generally  of  a  core  of  strands  of  copper  wire  surrounded  by  a  layer  of 
insulating  material,  the  whole  being  enclosed  in  a  sheathing  of  iron  wire. 
This  arrangement  acts  as  a  condenser  of  the  type  of  the  coaxal  cylinders 
investigated  in  §  82,  the  core  forming  the  inner  cylinder  whilst  the  iron 
sheathing  and  the  sea  outside  form  the  outer  cylinder. 

In  the  capacity  formula  obtained  in  §  82,  namely 

K 


»•©■ 


let  us  suppose  that  b  =  2a,  and  that  K  =  3'2,  this  being  about  the  value  for 
the  insulating  material  generally  used.  Using  the  value  loge  2  =  "69315,  we 
find  a  capacity  of  231  electrostatic  units  per  unit  length.  Thus  a  cable 
2000  miles  in  length  has  a  capacity  equal  to  that  of  a  sphere  of  radius 
2000  x  231  miles,  i.e.,  of  a  sphere  greater  than  the  earth.  In  practical  units, 
the  capacity  of  such  a  cable  would  be  about  827  microfarads. 

Mechanical  Force  on  a  Conducting  Surface. 

92.     Let  Q  be  any  point  on  the  surface  of  a  conductor,  and  let  the 
surface-density  at   the   point   Q   be   <x.     Let   us   draw  any  small  area   dS 


Fig.  36. 

enclosing  Q.  By  taking  dS  sufficiently  small,  we  may  regard  the  area  as 
perfectly  plane,  and  the  charge  on  the  area  will  be  adS.  The  electricity  on 
the  remainder  of  the  conductor  will  exert  forces  of  attraction  or  repulsion  on 
the  charge  <rdS,  and  these  forces  will  shew  themselves  as  a  mechanical  force 
acting  on  the  element  of  area  dS  of  the  conductor.  We  require  to  find  the 
amount  of  this  mechanical  force. 
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The  electric  intensity  at  a  point  near  Q  and  just  outside  the  conductor  is 
4-7TO-,  by  Coulomb's  Law,  and  its  direction  is  normally  away  from  the  surface. 
Of  this  intensity,  part  arises  from  the  charge  on  dS  itself,  and  part  from  the 
charges  on  the  remainder  of  the  conductor.  As  regards  the  first  part,  which 
arises  from  the  charge  on  dS  itself,  we  may  notice  that  when  we  are  con- 
sidering a  point  sufficiently  close  to  the  surface,  the  element  dS  may  be 
treated  as  an  infinite  electrified  plane,  the  electrification  being  of  uniform 
density  <r.  The  intensity  arising  from  the  electrification  of  dS  at  such  a 
point  is  accordingly  an  intensity  2ircr  normally  away  from  the  surface.  Since 
the  total  intensity  is  4>tt<t  normally  away  from  the  surface,  it  follows  that  the 
intensity  arising  from  the  electrification  of  the  parts  of  the  conductor  other 
than  dS  must  also  be  2ira  normally  away  from  the  surface.  It  is  the  forces 
composing  this  intensity  which  produce  the  mechanical  action  on  dS. 
The  charge  on  dS  being  adS,  the  total  force  will  be  2ira-dS  normally  away 
from  the  surface.  Thus  per  unit  area  there  is  a  force  2tto-2  tending  to  repel 
the  charge  normally  away  from  the  surface.  The  charge  is  prevented  from 
leaving  the  surface  of  the  conductor  by  the  action  between  electricity  and 
matter  which  has  already  been  explained.  Action  and  reaction  being  equal 
and  opposite,  it  follows  that  there  is  a  mechanical  force  27rcr2  per  unit  area 
acting  normally  outwards  on  the  material  surface  of  the  conductor. 

Remembering  that  R  =  4"7rcr,  we  find  that  the  mechanical  force  can  also 

R2 

be  expressed  as  ^—  per  unit  area. 

07T 

93.  Let  us  try  to  form  some  estimate  of  the  magnitude  of  this  mechanical 
force  as  compared  with  other  mechanical  forces  with  which  we  are  more 
familiar.  We  have  already  mentioned  Maxwell's  estimate  that  a  gramme  of 
gold,  beaten  into  a  gold-leaf  one  square  metre  in  area,  can  hold  a  charge  of 
60,000  electrostatic  units.  This  gives  3  units  per  square  centimetre  as  the 
charge  on  each  face,  giving  for  the  intensity  at  the  surface, 

R  =  4nra  =  38  C.G.S.  units, 

and  for  the  mechanical  force 

i?2 

2-77- cr2  =  ^—  =  56  dynes  per  sq.  cm. 

Lord  Kelvin,  however,  found  that  air  was  capable  of  sustaining  a 
tension  of  9600  grains  wt.  per  sq.  foot,  or  about  700  dynes  per  sq.  cm. 
This  gives  R  =  130,  a  =  10. 

7?3 
Taking  R  =  100  as  a  large  value  of  R,  we  find  ^—  =  400  dynes  per 

sq.  cm.     The  pressure  of  a  normal  atmosphere  is 

1,013,570  dynes  per  sq.  cm., 
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so  that  the  force  on  the  conducting  surface  would  be  only  about  ^^  of  an 
atmosphere :  say  *3  mm.  of  mercury. 

If  a  gold-leaf  is  beaten  so  thin  that  1  gm.  occupies  1  sq.  metre  of  area, 
the  weight  of  this  is  '0981  dyne  per  sq.  cm.  In  order  that  2-rra2  may  be 
equal  to  '0981,  we  must  have  <r  =  -1249.  Thus  a  small  piece  of  gold-leaf 
would  be  lifted  up  from  a  charged  surface  on  which  it  rested  as  soon  as  the 
surface  acquired  a  charge  of  about  |  of  a  unit  per  sq.  cm. 


Electrified  Soap-Bubble. 

94.  As  has  already  been  said,  this  mechanical  force  shews  itself  well  on 
electrifying  a  soap-bubble. 

Let  us  first  suppose  a  closed  soap-bubble  blown,  of  radius  a.  If  the 
atmospheric  pressure  is  IT,  the  pressure  inside  will  be  somewhat  greater  than 
II,  the  resulting  outward  force  being  just  balanced  by  the  tension  of  the 
surface  of  the  bubble.  If,  however,  the  bubble  is  electrified  there  will  be  an 
additional  force  acting  normally  outwards  on  the  surface  of  the  bubble,  namely 
the  force  of  amount  lira3,  per  unit  area  just  investigated,  and  the  bubble  will 
expand  until  equilibrium  is  reached  between  this  and  the  other  forces  acting 
on  the  surface. 

As  the  electrification  and  consequently  the  radius  change,  the  pressure 
inside  will  vary  inversely  as  the  volume,  and  therefore  inversely  as  a3.     Let 


Fig.  37. 


us,  then,  suppose  the  pressure  to  be  «/a3.  Consider  the  equilibrium  of  the 
small  element  of  surface  cut  off  by  a  circular  cone  through  the  centre,  of  small 
semi-vertical  angle  6.  This  element  is  a  circle  of  radius  a6,  and  therefore 
of  area  ira}Q%.     The  forces  acting  are : 

(i)     The  atmospheric  pressure  IT7ra2#2  normally  inwards. 

(ii)     The  internal  pressure  —  ird262  normally  outwards. 
j.  6 
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(iii)     The  mechanical  force  due  to  electrification,  2ira2  x  7ra202  normally 
outwards. 

(iv)     The  system  of  tensions  acting  in  the  surface  of  the  bubble  across 
the  boundary  of  the  element. 

If  T  is  the  tension  per  unit  length,  the  tension  across  any  element  of 
length  ds  of  the  small  circle  will  be  Tds  acting  at  an  angle  6  with  the  tangent 
plane  at  P,  the  centre  of  the  circle.  This  may  be  resolved  into  Tds  cos  6  in 
the  tangent  plane,  and  Tds  sin  6  along  PO.  Combining  the  forces  all  round 
the  small  circle  of  circumference  2ira6,  we  find  that  the  components  in  the 
tangent  plane  destroy  one  another,  while  those  along  PO  combine  into  a 
resultant  2irad  x  Tsin  6.  To  a  sufficient  approximation  this  may  be  written 
as  2ira6*T. 

The  equation  of  equilibrium  of  the  element  of  area  is  accordingly 

n-Tra2^2  -  -,  Tra2^  -  27r<727ra202  +  2-rradiT  =  0, 
a3 

k                 2T 
or,  simplifying,  II  -  -  -2ira2  +  —  -0  (28). 

Let  a0  be  the  radius  when  the  bubble  is  uncharged,  and  let  the  radius  be 
a,  when  the  bubble  has  a  charge  e,  so  that 


Then  n-— ,+  —  =  0, 


a03 


tt       *  e2         2T     . 

n  -  —  -  g — t  +  —  =  o. 

We  can  without  serious  error  assume  T  to  be  the  same  in  the  two  cases. 
If  we  eliminate  T  from  these  two  equations,  we  obtain 

II  (ax  -  a0)  -  k  ( —. :  -  — 2 }  =  ■ 


^Ox2     a02/      87TO!3 ' 
giving  the  charge  in  terms  of  the  radii  in  the  charged  and  uncharged  states. 

95.  We  have  seen  (§  93)  that  the  maximum  pressure  on  the  surface 
which  electrification  can  produce  is  only  about  ^^  atmosphere :  thus  it  is 
not  possible  for  electrification  to  change  the  pressure  inside  by  more  than 
about  ^^y  atmosphere,  so  that  the  increase  in  the  size  of  the  bubble  is 
necessarily  very  slight. 

If,  however,  the  bubble  is  blown  on  a  tube  which  is  open  to  the  air, 
equation  (28)  becomes 


7TCT2  = 


T 

a  ' 
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As  a  rough  approximation,  we  may  still  regard  the  bubble  as  a  uniformly 
charged  sphere,  so  that  if  V  is  its  potential, 

o-  =  V/4nra, 
and  the  relation  is  V2  =  1§ttcl  T, 

giving  V  in  terms  of  the  radius  of  the  bubble,  if  the  tension  T  is  known.  In 
this  case  the  electrification  can  be  made  to  produce  a  large  change  in  the 
radius,  by  using  films  for  which  T  is  very  small. 

Energy  of  Discharge. 

96.  On  discharging  a  conductor  or  condenser,  a  certain  amount  of 
energy  is  set  free.  This  may  shew  itself  in  various  ways,  e.g.  as  a  spark  or 
sound  (as  in  lightning  and  thunder),  the  heating  of  a  wire,  or  the  piercing 
of  a  hole  through  a  solid  dielectric.  The  energy  thus  liberated  has  been 
previously  stored  up  in  charging  the  conductor  or  condenser. 

To  calculate  the  amount  of  this  energy,  let  us  suppose  that  one  plate  of 
a  condenser  is  to  earth,  and  that  the  other  plate  has  a  charge  e  and  is  at 
potential   V,  so  that  if  C  is  the  capacity  of  the  condenser, 

e  =  CV    (29). 

If  we  bring  up  an  additional  charge  de  from  infinity,  the  work  to  be 
done  is,  in  accordance  with  the  definition  of  potential,  Vde.  This  is  equal 
to  dW,  where  W  denotes  the  total  work  done  in  charging  the  condenser  up 
to  this  stage,  so  that 

dW=  Vde 

=  -jr  by  equation  (29). 
On  integration  we  obtain 

W=k%     (30), 


no  constant  of  integration  being  added  since  W  must  vanish  when  e  =  0. 
This  expression  gives  the  work  done  in  charging  a  condenser,  and  therefore 
gives  also  the  energy  of  discharge,  which  may  be  used  in  creating  a  spark, 
in  heating  a  wire,  etc. 

Clearly  an  exactly  similar  investigation  will  apply  to  a  single  conductor, 
so  that  expression  (30)  gives  the  energy  either  of  a  condenser  or  of  a  single 
conductor.  Using  the  relation  e  =  CV,  the  energy  may  be  expressed  in  any 
one  of  the  forms 


e- 


W=\^=\eV=\GV*    (31). 

97.     As  an  example  of  the  use  of  this  formula,  let  us  suppose  that  we 
have   a  parallel  plate  condenser,  the  area  of  each  plate  being  A,  and  the 

6—2 
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distance  of  the  plates  being  d,  so  that  G  =  A/4nrd,  by  §  83.  Let  a  be  the 
surface  density  of  the  high  potential  plate,  so  that  e  =  a  A.  Let  the  low 
potential  plate  be  at  zero  potential,  then  the  potential  of  the  high  potential 
plate  is 

V  =  ^  =  4nrda, 
\j 

and  the  electrical  energy  is 

W=±eV=27rda2A. 

Now  let  us  pull  the  plates  apart,  so  that  d  is  increased  to  d'.  The 
electrical  energy  is  now  2ird'a2A,  so  that  there  has  been  an  increase  of 
electrical  energy  of  amount 

2tt<t*A  (d'  -  d). 

It  is  easy  to  see  that  this  exactly  represents  the  work  done  in  separating 
the  two  plates.  The  mechanical  force  on  either  plate  is  2ira2  per  unit  area, 
so  that  the  total  mechanical  force  on  a  plate  is  2tt<t-A.  Obviously,  then, 
the  above  is  the  work  done  in  separating  the  plates  through  a  distance 
d'-d. 

It  appears  from  this  that  a  parallel  plate  condenser  affords  a  ready  means 
of  obtaining  electrical  energy  at  the  expense  of  mechanical.  A  more  valuable 
property  of  such  a  condenser  is  that  it  enables  us  to  increase  an  initial 
difference  of  potential.     The  initial  difference  of  potential 

Girder 

is  increased,  by  the  separation,  to 

4f7rd'cr. 

By  taking  d  small  and  d'  large,  an  initial  small  difference  of  potential 
may  be  multiplied  almost  indefinitely,  and  a  potential  difference  which  is 
too  small  to  observe  may  be  increased  until  it  is  sufficiently  great  to  affect 
an  instrument.  By  making  use  of  this  principle,  Volta  first  succeeded  in 
detecting  the  difference  of  electrostatic  potential  between  the  two  terminals 
of  an  electric  battery. 

There  are  practical  difficulties  which  restrict  the  application  of  the  principle. 
For  if  the  initial  distance  d  is  made  too  small  the  condenser  may  discharge  itself 
by  a  spark  passing  directly  between  the  plates,  while  if  d!  is  made  large  com- 
pared with  the  size  of  the  plates  the  formulae  we  have  used  are  no  longer  true. 

EXAMPLES. 

1.  The  two  plates  of  a  parallel  plate  condenser  are  each  of  area  A,  and  the  distance 
between  them  is  d,  this  distance  being  small  compared  with  the  size  of  the  plates.  Find 
the  attraction  between  them  when  charged  to  potential  difference  V,  neglecting  the 
irregularities  caused  by  the  edges  of  the  plates.  Find  also  the  energy  set  free  when  the 
plates  are  connected  by  a  wire. 
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2.  A  sheet  of  metal  of  thickness  t  is  introduced  between  the  two  plates  of  a  parallel 
plate  condenser  which  are  at  a  distance  d  apart,  and  is  placed  so  as  to  be  parallel  to  the 
plates.     Shew  that  the  capacity  of  the  condenser  is  increased  by  an  amount 

t 
4nd(d-t) 

per  unit  area.     Examine  the  case  in  which  t  is  very  nearly  equal  to  d. 

3.  A  high-pressure  main  consists  first  of  a  central  conductor,  which  is  a  copper  tube 
of  inner  and  outer  diameters  of  ^  and  \%  inches.  The  outer  conductor  is  a  second  copper 
tube  coaxal  with  the  first,  from  which  it  is  separated  by  insulating  material,  and  of 
diameters  1§£  and  \\%  inches.  Outside  this  is  more  insulating  material,  and  enclosing 
the  whole  is  an  iron  tube  of  internal  diameter  2^  inches.  The  capacity  of  the  conductor 
is  found  to  be  "367  microfarad  per  mile  :  calculate  the  inductive  capacity  of  the  insulating 
material. 

4.  An  infinite  plane  is  charged  to  surface  density  o-,  and  P  is  a  point  distant  half  an 
inch  from  the  plane.  Shew  that  of  the  total  intensity  271-0-  at  P,  half  is  due  to  the  charges 
at  points  which  are  within  one  inch  of  P,  and  half  to  the  charges  beyond. 

5.  A  disc  of  vulcanite  (non-conducting)  of  radius  5  inches,  is  charged  to  a  uniform 
surface  density  <r  by  friction.  Find  the  electric  intensities  at  points  on  the  axis  of  the 
disc  distant  respectively  1,  3,  5,  7  inches  from  the  surface. 

6.  A  condenser  consists  of  a  sphere  of  radius  a  surrounded  by  a  concentric  spherical 

shell  of  radius  b.     The  inner  sphere  is  put  to  earth,  and  the  outer  shell  is  insulated. 

b2 
Shew  that  the  capacity  of  the  condenser  so  formed  is  y — -. 

7.  Four  equal  large  conducting  plates  A,  B,  C,  D  are  fixed  parallel  to  one  another. 
A  and  D  are  connected  to  earth,  B  has  a  charge  E  per  unit  area,  and  C  a  charge  E'  per 
unit  area.  The  distance  between  A  and  B  is  a,  between  B  and  C  is  b,  and  between  C  and 
D  is  c.     Find  the  potentials  of  B  and  C. 

8.  A  circular  gold-leaf  of  radius  b  is  laid  on  the  surface  of  a  charged  conducting 
sphere  of  radius  a,  a  being  large  compared  to  b.  Prove  that  the  loss  of  electrical  energy 
in  removing  the  leaf  from  the  conductor — assuming  that  it  carries  away  its  whole  charge — 
is  approximately  \b2E2\o?,  where  E  is  the  charge  of  the  conductor,  and  the  capacity  of  the 
leaf  is  comparable  to  b. 

9.  Two  condensers  of  capacities  Cl  and  C2,  and  possessing  initially  charges  #1  and  Qit 
are  connected  in  parallel.     Shew  that  there  is  a  loss  of  energy  of  amount 

2C1Ca(C1  +  C2)' 

10.  Two  Leyden  Jars  A,  B  have  capacities  Clf  C-2  respectively.  A  is  charged  and  a 
spark  taken  :  it  is  then  charged  as  before  and  a  spark  passed  between  the  knobs  of 
A  and  B.  A  and  B  are  then  separated  and  are  each  discharged  by  a  spark.  Shew  that 
the  energies  of  the  four  sparks  are  in  the  ratio 

(C1  +  C2)2  :  (Ci  +  C2)tf2  =  Ci~  ■  Wi- 

11.  Assuming  an  adequate  number  of  condensers  of  equal  capacity  C,  shew  how  a 
compound  condenser  can  be  formed  of  equivalent  capacity  8C,  where  6  is  any  rational 
number. 
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12.  Three  insulated  concentric  spherical  conductors,  whose  radii  in  ascending  order 
of  magnitude  are  a,  b,  c,  have  charges  et,  e2,  e3  respectively,  find  their  potentials  and  shew 
that  if  the  innermost  sphere  be  connected  to  earth  the  potential  of  the  outermost  is 
diminished  by 

«  /fi  +  £2  +  £3 

13.  A  conducting  sphere  of  radius  a  is  surrounded  by  two  thin  concentric  spherical 
conducting  shells  of  radii  b  and  c,  the  intervening  spaces  being  filled  with  dielectrics  of 
inductive  capacities  E  and  L  respectively.  If  the  shell  b  receives  a  charge  E,  the  other 
two  being  uncharged,  determine  the  loss  of  energy  and  the  potential  at  any  point  when 
the  spheres  A  and  C  are  connected  by  a  wire. 

34.  Three  thin  conducting  sheets  are  in  the  form  of  concentric  spheres  of  radii 
a  +  d,  a,  a  —  c  respectively.  The  dielectric  between  the  outer  and  middle  sheet  is  of 
inductive  capacity  E,  that  between  the  middle  and  inner  sheet  is  air.  At  first  the  outer 
sheet  is  uninsulated,  the  inner  sheet  is  uncharged  and  insulated,  the  middle  sheet  is 
charged  to  potential  V  and  insulated.  The  inner  sheet  is  now  uninsulated  without 
connection  with  the  middle  sheet.     Prove  that  the  potential  of  the  middle  sheet  falls  to 

E  Vc  (a  +  d) 
Ec(a  +  d)  +  d(a-c)' 

15.  Two  insulated  conductors  A  and  B  are  geometrically  similar,  the  ratio  of  their 
linear  dimensions  being  as  L  to  L'.  The  conductors  are  placed  so  as  to  be  out  of  each 
other's  field  of  induction.  The  potential  of  A  is  V  and  its  charge  is  E,  the  potential 
of  B  is  V  and  its  charge  is  E'.  The  conductors  are  then  connected  by  a  thin  wire. 
Prove  that,  after  electrostatic  equilibrium  has  been  restored,  the  loss  of  electrostatic 

energy  is 

,  (EL'-E'L)(Y-  V) 
*  Z  +  L' 

16.  If  two  surfaces  be  taken  in  any  family  of  equipotentials  in  free  space,  and  two 

metal  conductors  formed   so  as   to   occupy  their  positions,  then  the  capacity   of  the 

C  C- 
condenser  thus  formed  is  n  1  ^-,  where  d,  C2  are  the  capacities  of  the  external  and 

internal  conductors  when  existing  alone  in  an  infinite  field. 

17.  A  conductor  (B)  with  one  internal  cavity  of  radius  b  is  kept  at  potential  U.  A 
conducting  sphere  (A),  of  radius  a,  at  great  height  above  B  contains  in  a  cavity  water 
which  leaks  down  a  very  thin  wire  passing  without  contact  into  the  cavity  of  B  through 
a  hole  in  the  top  of  B.  At  the  end  of  the  wire  spherical  drops  are  formed,  concentric 
with  the  cavity  ;  and,  when  of  radius  d,  they  fall  passing  without  contact  through  a  small 
hole  in  the  bottom  of  B,  and  are  received  in  a  cavity  of  a  third  conductor  (C)  of  capacity  c 
at  a  great  distance  below  B.  Initially,  before  leaking  commences,  the  conductors  A  and  C 
are  uncharged.     Prove  that  after  the  rth  drop  has  fallen  the  potential  of  C  is 

f   ar(b-dy      ,\an. 

\(ab  +  bd-ad)r       \c      ' 
where  the  disturbing  effect  of  the  wire  and  hole  on  the  capacities  is  neglected. 

18.  An  insulated  spherical  conductor,  formed  of  two  hemispherical  shells  in  contact, 
whose  inner  and  outer  radii  are  b  and  b',  has  within  it  a  concentric  spherical  conductor  of 
radius  a,  and  without  it  another  spherical  conductor  of  which  the  internal  radius  is  c. 
These  two  conductors  are  earth-connected  and  the  middle  one  receives  a  charge.  Shew 
that  the  two  shells  will  not  separate  if 

2ac>bc  +  b'a. 


Examples  8*7 


19.  Outside  a  spherical  charged  conductor  there  is  a  concentric  insulated  but  un- 
charged conducting  spherical  shell,  which  consists  of  two  segments.  Prove  that  the  two 
segments  will  not  separate  if  the  distance  of  the  separating  plane  from  the  centre  is  less 
than 

ab 

(a2+J2)J' 

where  a,  b  are  the  internal  and  external  radii  of  the  shell. 

20.  A  soap-bubble  of  radius  a  is  formed  by  a  film  of  tension  T,  the  external 
atmospheric  pressure  being  II.  The  bubble  is  touched  by  a  wire  from  a  large  conductor 
at  potential  V,  and  the  film  is  an  electrical  conductor.  Prove  that  its  radius  increases  to 
r,  given  by 

n  (r»  -  a")  +  2  T  (r2  -  a2)  =  -^ . 

21.  If  the  radius  and  tension  of  a  spherical  soap-bubble  be  a  and  T  respectively, 
shew  that  the  charge  of  electricity  required  to  expand  the  bubble  to  twice  its  linear 
dimensions  would  be 


n  being  the  atmospheric  pressure. 

22.  A  thin  spherical  conducting  envelope,  of  tension  T  for  all  magnitudes  of  its 
radius,  and  with  no  air  inside  or  outside,  is  insulated  and  charged  with  a  quantity  Q  of 
electricity.  Prove  that  the  total  gain  in  mechanical  energy  involved  in  bringing  a  charge 
q  from  an  infinite  distance  and  placing  it  on  the  envelope,  which  both  initially  and  finally 
is  in  mechanical  equilibrium,  is 

23.  A  spherical  soap-bubble  is  blown  inside  another  concentric  with  it,  and  the 
former  has  a  charge  E  of  electricity,  the  latter  being  originally  uncharged.  The  latter 
now  has  a  small  charge  given  to  it.  Shew  that  if  a  and  2a  were  the  original  radii,  the 
new  radii  will  be  approximately  a +x,  2a +y,  where 

/  101         7E2\ 

\2y{Ua+T)=x{2AUa  +  ^r  T+±—^% 

where  n  is  the  atmospheric  pressure,  and  T  is  the  surface-tension  of  each  bubble. 

24.  Shew  that  the  electric  capacity  of  a  conductor  is  less  than  that  of  any  other 
conductor  which  can  completely  surround  it. 

25.  If  the  inner  sphere  of  a  concentric  spherical  condenser  is  moved  slightly  out  of 
position,  so  that  the  two  spheres  are  no  longer  concentric,  shew  that  the  capacity  is 
increased. 


CHAPTEE   IV 

SYSTEMS   OF   CONDUCTORS 

98.  In  the  present  Chapter  we  discuss  the  general  theory  of  an  electro- 
static field  in  which  there  are  any  number  of  conductors.  The  charge  on 
each  conductor  will  of  course  influence  the  distribution  of  charges  on  the  other 
conductors  by  induction,  and  the  problem  is  to  investigate  the  distributions 
of  electricity  which  are  to  be  expected  after  allowing  for  this  mutual 
induction. 

We  have  seen  that  in  an  electrostatic  field  the  potential  cannot  be  a 
maximum  or  a  minimum  except  at  points  where  electric  charges  occur.  It 
follows  that  the  highest  potential  in  the  field  must  occur  on  a  conductor,  or 
else  at  infinity,  the  latter  case  occurring  only  when  the  potential  of  every 
conductor  is  negative.  Excluding  this  case  for  the  moment,  there  must  be 
one  conductor  of  which  the  potential  is  higher  than  that  anywhere  else  in 
the  field.  Since  lines  of  force  run  only  from  higher  to  lower  potential  (§  36), 
it  follows  that  no  lines  of  force  can  enter  this  conductor,  there  being  no 
higher  potential  from  which  they  can  come,  so  that  lines  of  force  must  leave 
it  at  every  point  of  its  surface.  In  other  words,  its  electrification  must  be 
positive  at  every  point. 

So  also,  except  when  the  potential  of  every  conductor  is  positive,  there 
must  be  one  conductor  of  which  the  potential  is  lower  than  that  anywhere 
else  in  the  field,  and  the  electrification  at  every  point  of  this  conductor  must 
be  negative. 

If  the  total  charge  on  a  conductor  is  nil,  the  total  strength  of  the  tubes 
of  force  which  enter  it  must  be  exactly  equal  to  the  total  strength  of  the 
tubes  which  leave  it.  There  must  therefore  be  both  tubes  which  enter  and 
tubes  which  leave  its  surface,  so  that  its  potential  must  be  intermediate 
between  the  highest  and  lowest  potentials  in  the  field.  For  if  its  potential 
were  the  highest  in  the  field,  no  tubes  could  enter  it,  and  vice  versa.  On 
any  such  conductor  the  regions  of  positive  electrification  are  separated  from 
regions  of  negative  electrification  by  "  lines  of  no  electrification,"  these  lines 
being  loci  along  which  a  =  0.      In   general  the  resultant  intensity  at  any 
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point  of  a  conductor  is  4nrcr.  At  any  point  of  a  line  of  no  electrification, 
this  intensity  vanishes,  so  that  every  point  of  a  "  line  of  no  electrification " 
is  also  a  point  of  equilibrium. 

At  a  point  of  equilibrium  we  have  already  seen  that  the  equipotential 
through  the  point  cuts  itself.  A  line  of  no  electrification,  however,  lies 
entirely  on  a  single  equipotential,  so  that  this  equipotential  must  cut  itself 
along  the  line  of  no  electrification.  Moreover,  by  §  69,  it  must  cut  itself  at 
right  angles,  except  when  it  consists  of  more  than  two  sheets. 

99.     We  can  prove  the  two  following  propositions : 

I.  If  the  potential  of  every  conductor  in  the  field  is  given,  there  is  only 
one  distribution  of  electric  charges  which  will  produce  this  distribution  of 
potential. 

II.  If  the  total  charge  of  every  conductor  in  the  field  is  given,  there  is 
only  one  way  in  which  these  charges  can  distribute  themselves  so  as  to  be  in 
equilibrium. 

If  proposition  I.  is  not  true,  let  us  suppose  that  there  are  two  different 
distributions  of  electricity  which  will  produce  the  required  potentials.  Let 
<r  denote  the  surface  density  at  any  point  in  the  first  distribution,  and  a  in 
the  second.  Consider  an  imaginary  distribution  of  electricity  such  that  the 
surface  density  at  any  point  is  <r  —  a.  The  potential  of  this  distribution 
at  any  point  P  is 


where  the  integration  extends  over  the  surfaces  of  all  the  conductors,  and 
r  is  the  distance  from  P  to  the  element  dS.  If  P  is  a  point  on  the  surface 
of  any  conductor, 

ff°dS    and    \\~dS 

are  by  hypothesis  equal,  each  being  equal  to  the  given  potential  of  the 
conductor  on  which  P  lies.     Thus 


v-lfe** -!!'*>-*. 


so  that  the  supposed  distribution  of  density  a  —  a'  is  such  that  the  potential 
vanishes  over  all  the  surfaces  of  the  conductors.  There  can  therefore  be  no 
lines  of  force,  so  that  there  can  be  no  charges,  i.e.,  cr  —  a'  =  0  everywhere,  so 
that  the  two  distributions  are  the  same. 

And  again,  if  proposition  II.  is  not  true,  let  us  suppose  that  there  are 
two  different  distributions  a-  and  a  such  that  the  total  charge  on  each 
conductor  has  the  assigned  value.  A  distribution  cr  — cr'  now  gives  zero 
as  the  total  charge  on  each  conductor.     It  follows,  as  in  §  98,  that  the 
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potential  of  every  conductor  must  be  intermediate  between  the  highest  and 
lowest  potentials  in  the  field,  a  conclusion  which  is  obviously  absurd,  as 
it  prevents  every  conductor  from  having  either  the  highest  or  the  lowest 
potential.  It  follows  that  the  potentials  of  all  the  conductors  must  be  equal, 
so  that  again  there  can  be  no  lines  of  force  and  no  charges  at  any  point, 
i.e.,  g  =  cr'  everywhere. 

It  is  clear  from  this  that  the  distribution  of  electricity  in  the  field  is  fully 
specified  when  we  know  either 

(i)     the  total  charge  on  each  conductor, 

or  (ii)     the  potential  of  each  conductor. 

SUPEEPOSITION   OF   EFFECTS. 

100.     Suppose  we  have  two  equilibrium  distributions: 
(i)     A   distribution   of  which   the   surface   density  is   o-   at  any  point, 
giving  total  charges  Elf  E2,  ...  on  the  different  conductors,  and  potentials 

'1 >     '2 >   •  • • • 

(ii)  A  distribution  of  surface  density  a,  giving  total  charges  Ex',  E2, ... 
and  potentials  V/,  V2,  .... 

Consider  a  distribution  of  surface  density  a  +  <r'.  Clearly  the  total 
charges  on  the  conductors  will  be  Ej  +  E^,  E2  +  E2,  ...,  and  if  VP  is  the 
potential  at  any  point  P, 


W/'-T^ 


where  the  notation  is  the  same  as  before.     If  P  is  on  the  first  conductor, 
however,  we  know  that 


// 
// 


-dS  =  Vlt 
r 

-dS^V/, 
r 


so  that  Vp  =  Tf  +  VI' ;  and  similarly  when  P  is  on  any  other  conductor.  Thus 
the  imaginary  distribution  of  surface  density  is  an  equilibrium  distribution, 
since  it  makes  the  surface  of  each  conductor  an  equipotential,  and  the 
potentials  are 

K+K,   v+v/,  .... 

The  total  charges,  as  we  have  seen,  are  Ex  +  E/,  E2  +  E2,  ...,  and  from 
the  proposition  previously  proved,  it  follows  that  the  distribution  of  surface- 
density  <r  +  a'  is  the  only  distribution  corresponding  to  these  charges. 

We  have  accordingly  arrived  at  the  following  proposition : 

If  charges  Elt  E2>  ...  give  rise  to  potentials  K>  V2>  ...,  and  if  charges 
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Ex,  E2,  . . .  give  rise  to  potentials  Vx,  V2',  ...,  then  charges  Ex  +  Ex,  E2  +  E2,  . . . 
will  give  rise  to  potentials  VX  +  Vx,  V2  +  V2,  .... 

In  words:  if  we  superpose  two  systems  of  charges,  the  potentials  produced 
can  be  obtained  by  adding  together  the  potentials  corresponding  to  the  two 
component  systems. 

Clearly  the  proposition  can  be  extended  so  as  to  apply  to  the  superposition 
of  any  number  of  systems. 

We  can  obviously  deduce  the  following : 

If  charges  Ex,  E2,  ...  give  rise  to  potentials  Vx,  V,  ...,  then  charges 
KEX,  KE2,  ...  give  rise  to  potentials  KVX,  KV2,  . ... 

101.  Suppose  now  that  we  have  n  conductors  fixed  in  position  and 
uncharged.  Let  us  refer  to  these  conductors  as  conductor  (1),  conductor  (2), 
etc.  Suppose  that  the  result  of  placing  unit  charge  on  conductor  (1)  and 
leaving  the  others  uncharged  is  to  produce  potentials 

^11  j      Pm  •  •-  Pin, 

on  the  n  conductors  respectively,  then  the  result  of  placing  EX  on  (1)  and 
having  the  others  uncharged  is  to  produce  potentials 

P\\EX,    p12E1}  ...pmEx. 

Similarly,  if  placing  unit  charge  on  (2)  and  leaving  the  others  uncharged 
gives  potentials 

P2U      P?2>  •'•  Pint 

then  placing  E2  on  (2)  and  leaving  the  others  uncharged  gives  potentials 

p2XE2,    p2iE2,  ...pmE2. 

In  the  same  way  we  can  calculate  the  result  of  placing  E3  on  (3),  Et  on 
(4),  and  so  on. 

If  we  now  superpose  the  solutions  we  have  obtained,  we  find  that  the 
effect  of  simultaneous  charges  Ex,  E2,  ...  En  is  to  give  potentials  VX,V2,  ...  Vn, 
where 

Vx  =pnEx  +p2XE2  +p31E3  +  ... ' 

V2  =  px2Ex  +p22E2+p3i E3  +  ...  I    (32). 

etc. 

These  equations  give  the  potentials  in  terms  of  the  charges.  The 
coefficients  pxx,  p2X,  ...  do  not  depend  on  either  the  potentials  or  charges, 
being  purely  geometrical  quantities,  which  depend  on  the  size,  shape  and 
position  of  the  different  conductors. 
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Green's  Reciprocation  Theorem. 

102.  Let  us  suppose  that  charges  eP,  eQ,  ...  on  elements  of  conducting 
surfaces  at  P,  Q,  ...  produce  potentials  VP,  VQ,  ...  at  P,  Q,  ...,  and  that 
similarly  charges  eP',  eQ',  ...  produce  potentials  VP,  VQ',  ....  Then  Green's 
Theorem  states  that 

Jll&pVp     ~—    ^*&p     Vpy 

the  summation  extending  in  each  case  over  all  the  charges  in  the  field. 
To  prove  the  theorem,  we  need  only  notice  that 

Vp~ZPQ' 
the  summation  extending  over  all  charges  except  eP,  so  that  in  ^ePVP  the 

coefficient   of  -p-^   is   eP'eQ  from   the   term  ePVP,  and  ePe<i'  from  the  term 
eQ'VQ.     Thus 


ePeQ'  +  eQeP 
PQ 


^e  'V  -  S2    F  q 


=  2ePTp',  from  symmetry. 

103.  The  following  theorem  follows  at  once : 

If  total  charges  Elt  E2  on  the  separate  conductors  of  a  system  produce 
potentials  Tf,  V2>  ...,  and  if  charges  E-[,  E2',  ...  produce  potentials  Vx ', 
V/,  ...,  then 

2EV'  =  ZE'V (33), 

the  summation  extending  in  each  case  over  all  the  conductors. 

To  see  the  truth  of  this,  we  need  only  divide  up  the  charges  Ely  E2,  ... 
into  small  charges  eP,  eQ,  ...  on  the  different  small  elements  of  the  surfaces 
of  the  conductors,  and  the  proposition  becomes  identical  with  that  just 
proved. 

104.  Let  us  now  consider  the  special  case  in  which 

E,  =  l,    Ea  =  Es  =  E4  =  ...  =  Q, 

so  that  ^  =  Pn,     K=Pvn     etc-5 

and  #/  =  0,     Et'  =  l,     E3'  =  EJ=  ...  =0. 

so  that  K'  =Pn,     V/=P-22>     etc. 

Then  'SEV  =p21  and  HE'V=p12,  so  that  the  theorem  just  proved  becomes 

Pi2=  Pa- 
in words:  the  potential  to  which  (1)  is  raised  by  putting  unit  charge  on 
(2),  all  the  other  conductors  being  uncharged,  is  equal  to  the  potential  to 
which  (2)  is  raised  by  putting  unit  charge  on  (1),  all  the  other  conductors 
being  uncharged. 
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As  a  special  case,  let  us  reduce  conductor  (2)  to  a  point  P,  and  suppose 
that  the  system  contains  in  addition  only  one  other  conductor  (1).     Then 

The  potential  to  which  the  conductor  is  raised  by  placing  a  unit  charge 
at  P,  the  conductor  itself  being  uncharged,  is  equal  to  the  potential  at  P  when 
unit  charge  is  placed  on  the  conductor. 

For  instance,  let  the  conductor  be  a  sphere,  and  let  the  point  P  be  at  a 
distance  r  from  its  centre.     Unit  charge  on  the  sphere  produces  potential 

-  at  P,  so  that  unit  charge  at  P  raises  the  sphere  to  potential  -. 


Coefficients  of  Potential,  Capacity  and  Induction. 

105.  The  relations  p12  =  p2l ,  etc.  reduce  the  number  of  the  coefficients 
Pn,  Pn>  •••  Pnn>  which  occur  in  equations  (32),  to  %n(n  +  l).  These  coeffi- 
cients are  called  the  coefficients  of  potential  of  the  n  conductors.  Knowing 
the  values  of  these  coefficients,  equations  (31)  give  the  potentials  in  terms 
of  the  charges. 

If  we  know  the  potentials  V1}  V2,  ...,  we  can  obtain  the  values  of  the 
charges  by  solving  equations  (32).  We  obtain  a  system  of  equations  of 
the  form 

^  =  guK+gnK+  —  1 


E*  =  quK  +  q22V2  + 
etc. 


.(34). 


The  values  of  the  q's  obtained  by  actual  solution  of  the  equations  (32),  are 

"  A 


7^22  7-'32 
P'23  P-33 


Pm 

Pn3 


where 


Pin  Pzn  •  ■  •  Pnn 


#21  Pzi 

P-2Z  P33 


Pm 

Pn3 


pin  Pan  •  •  •  Pnn 
Pn  P21  •  •  •  Pni 
P12  P-22  •  •  •  Pni 


•(35), 


Pin  Pin  •  • '  Pnn 

Thus  qrs  is  the  co-factor  of  prs  in  A,  divided  by  A. 

The  relation  qrs  =  q^ 

follows  as  an  algebraical  consequence  of  the  relation  prs  =  psr,  or  is  at  once 
obvious  from  the  relation 

2EV'  =  2E'V, 

and  equations  (34),  on  taking  the  same  sets  of  values  as  in  §  104. 
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There  are  n  coefficients  of  the  type  qn,  q22)  ...  qnn-  These  are  known  as 
coefficients  of  capacity.  There  are  ^n(n  —  1)  coefficients  of  the  type  qrs,  and 
these  are  known  as  coefficients  of  induction. 

From  equations  (34),  it  is  clear  that  qu  is  the  value  of  Ex  when 
Tf=l,  Vi  =  Vi  = ...  =  0.  This  leads  to  an  extended  definition  of  the 
capacity  of  a  conductor,  in  which  account  is  taken  of  the  influence  of  the 
other  conductors  in  the  field.  We  define  the  capacity  of  the  conductor  1, 
when  in  the  presence  of  conductors  2,  3,  4,  ...,  to  be  qn,  namely,  the  charge 
required  to  raise  conductor  1  to  unit  potential,  all  the  other  conductors  being 
put  to  earth. 


Energy  of  a  System  of  charged  Conductors. 

106.  Suppose  we  require  to  find  the  energy  of  a  system  of  conductors, 
their  charges  being  Eu  E2)  •••  En,  so  that  their  potentials  are  Vlf  %,  ...  Vn 
given  by  equations  (32). 

Let  W  denote  the  energy  when  the  charges  are  kElt  kE2,  ...  JcEn. 
Corresponding  to  these  charges,  the  potentials  will  be  kV1}  kV2, ...  kVn.  It 
we  bring  up  an  additional  small  charge  dk .  Ex  from  infinity  to  conductor  1, 
the  work  to  be  done  will  be  dkEx .  kV[;  if  we  bring  up  dkE2  to  conductor  2 
the  work  will  be  dkE2kV2  and  so  on.  Let  us  now  bring  charges  dkEx  to  1, 
dkE2  to  2,  dkE3  to  3,  ...  dkEn  to  n.     The  total  work  done  is 

kdk(E1Vl  +  E.zV2+...+EnVn)  (36), 

and  the  final  charges  are 

(k  +  dk)  Ely  (k  +  dk)  E2,...(k  +  dk)  En. 

The  energy  in  this  state  is  the  same  function  of  k  +  dk  as  W  is  of  k,  and  may 
therefore  be  expressed  as 

W+d-J^dk. 

dW 
Expression  (36),  the  increase  in  energy,  is  therefore  equal  to  -^-r  dk,  whence 

d^  =  k(ElVl  +  E2V2  +  ...  +  EnVu), 

so  that  on  integration 

W  =  W  (E&  +  E.2V2+...  +  EnVn). 

No  constant  of  integration  is  added,  since  W  must  vanish  when  k  =  0. 
Taking  k  =  1,  we  obtain  the  energy  corresponding  to  the  final  charges 
Ei,  Ei}  ...  En,  in  the  form 

W=&EV   , (37). 
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If  we  substitute  for  the  V's  their  values  in  terms  of  the  charges  as  given  by 
equations  (31),  we  obtain 

W  =  $(puEii  +  2puE1E2  +  p22E2*  +  ...) (38), 

and  similarly  from  equations  (34), 

W  =  $(qnV?+2q12VX+q*J?+...) ....(39). 

107.  If  W  is  expressed  as  a  function  of  the  E's,  we  obtain  by  differ- 
entiation of  (38), 

^r  =  pnE1  +  p12E2  +  ...+  pmEn 

=  Vi,  by  equation  (32). 

This  result  is  clear  from  other  considerations.     If  we  increase  the  charge 

dW 
on  conductor  1  by  dE1}  the  increase  of  energy  is  ^rr  dElt  and  is  also  V^dEx 

since  this  is  the  work  done  on  bringing  up  a  new  charge  dEx  to  potential  ~VX. 
Thus  on  dividing  by  dEx,  we  get 

wrv~ (40)- 

Soalso  W=El (41) 

as  is  at  once  obvious  on  differentiation  of  (39). 

108.  In  changing  the  charges  from  EX,E2,  ...  to  E-f,  E2',  ...  let  us  suppose 
that  the  potentials  change  from  Vlt  V2,  ...  to  Vi,V2,....  The  work  done, 
W  —  W,  is  given  by 

W-  W=\%(E'Y'-EV). 

Since,  however,  by  §  103, 1EV  =  HE'V,  this  expression  for  the  work  done 
can  either  be  written  in  the  form 

\  2  [E'V  -  EV-(EV  -  E'V)}, 
which  leads  at  once  to 

W  -W  =  ^(E'-E)(V'+  V) (42); 

or  in  the  form  |2  {E'V  -  EV+(EV  -  E'V)}, 

which  leads  to  W  -  W  =  %%(V-  V)(E'  +  E) (43). 

109.  If  the  changes  in  the  charges  are  only  small,  we  may  replace  E'  by 
E  +  dE,  and  find  that  equation  (42)  reduces  to 

dW=ZVdE, 

from  which  equation  (40)  is  obvious,  while  equation  (43)  reduces  to 

dW  =  $EdV, 

leading  at  once  to  (41). 
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110.    It  is  worth  noticing  that  the  coefficients  of  potential,  capacity  and 
induction  can  be  expressed  as  differential  coefficients  of  the  energy ;  thus 

_32TT 


Pr*~dErdEa> 

and  so  on. 

The  last  two  equations  give  independent  proofs  of  the  relations 

Prs  ==  Psr>       Qrs  ~  Qsr* 

Properties  of  the  Coefficients. 

111.  A  certain  number  of  properties  can  be  deduced  at  once  from  the 
fact  that  the  energy  must  always  be  positive.  For  instance  since  the  value 
of  W  given  by  equation  (38)  is  positive  for  all  values  of  Eu  E2,  ...  En,  it 
follows  at  once  that 

Pn,  P-2-2,  p33,  •••  are  positive, 

that  pnp^  -  Pu  is  positive,  that 

PuPkPiz 

PviP^p-a     is  positive 

.P13.P23.P33 
and  so  on.     Similarly  from  equation  (39),  it  follows  that 

tfn.  #22,  £33,  •••  are  positive, 
and  there  are  other  relations  similar  to  those  above. 

112.  More  valuable  properties  can,  however,  be  obtained  from  a  con- 
sideration of  the  distribution  of  the  lines  of  force  in  the  field. 

Let  us  first  consider  the  field  when 

E1  =  l,     E2  =  Ez  =  . . .  =  0. 

The  potentials  are  V1=p11,     V2  =  pn,  etc. 

Since  conductors  2,  3,  ...  are  uncharged,  their  potentials  must  be  inter- 
mediate between  the  highest  and  lowest  potentials  in  the  field.  Thus  the 
potential  of  1  must  be  either  the  highest  or  the  lowest  in  the  field,  the  other 
extreme  potential  being  at  infinity.  It  is  impossible  for  the  potential  of  1 
to  be  the  lowest  in  the  field ;  for  if  it  were,  lines  of  force  would  enter  in  at 
every  point,  and  its  charge  would  be  negative.  Thus  the  highest  potential 
in  the  field  must  be  that  of  conductor  1,  and  the  other  potentials  must  all 
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be  intermediate  between  this  potential  and  the  potential  at  infinity,  and 
must  therefore  all  be  positive.  Thus  pn>  p12,  pa,  ...  pm  are  all  positive  and 
the  first  is  the  greatest. 

Next  let  us  put  Vx  =  l,     V2=V,=  ...=0, 

so  that  the  charges  are     ■       qu,  ql2,  q^,  •••  <?m- 

The  highest  potential  in  the  field  is  that  of  conductor  1.  Thus  lines  of 
force  leave  but  do  not  enter  conductor  1.  The  lines  may  either  go  to  the 
other  conductors  or  to  infinity.  No  lines  can  leave  the  other  conductors. 
Thus  the  charge  on  1  must  be  positive,  and  the  charges  on  2,  3,  . ..  all  negative, 
i.e.,  qn  is  positive  and  ql2,  q13,  ...  are  all  negative.  Moreover  the  total  strength 
of  the  tubes  arriving  at  infinity  is  qn  +  qu  +  qi3+  •••  +  5i»i  so  that  this  must 
be  positive. 

113.  To  sum  up,  we  have  seen  that 

(i)      All  the  coefficients  of  potential  (pn,pi2,  •••)  are  positive, 
(ii)      All  the  coefficients  of  capacity  (qn,  q^,  ...)  are  positive, 

(iii)     All  the  coefficients  of  induction  (q12,  q13,  ...)  are  negative, 
and  we  have  obtained  the  relations 

(pu  —  p12)  is  positive, 
(qn  +  <?i2  +  •  ■  •  +,  qm)  is  positive. 

In  limiting  cases  it  is  of  course  possible  for  any  of  the  quantities  which 
have  been  described  as  always  positive  or  always  negative,  to  vanish. 

Values  of  the  Coefficients  in  Special  Cases. 

Electric  Screening. 

114.  The  first  case  in  which  we  shall  consider  the  values  of  the 
coefficients  is  that  in  which  one  conductor,  say  1,  is  completely  surrounded 
by  a  second  conductor  2. 


0 

Fig.  38. 

If  Ez  =  0,  the  conductor  2  becomes  a  closed  conductor  with  no  charge 
inside,  so  that  the  potential  in  its  interior  is  constant,  and  therefore  K—K- 
Putting  E1  =  0>  the  relation  ~%=  V2  gives  the  equation 

(P12  -P22)  E2  +  (p13  -p,3)  Es  +  . . .  =  0. 
J.  7 
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This  being  true  for  all  values  of  E2,  E3,  ...  we  must  have 

Pm  =  P22,     ?Jis=J02s>  etc. 

Next  let  us  put  unit  charge  on  1,  leaving  the  other  conductors  uncharged. 
The  energy  is  %pn.  If  we  join  1  and  2  by  a  wire,  the  conductors  1  and  2 
form  a  single  conductor,  so  that  the  electricity  will  all  flow  to  the  outer 
surface.  This  wire  may  now  be  removed,  and  the  energy  in  the  system  is  \p^. 
Energy  must,  however,  have  been  lost  in  the  flow  of  electricity,  so  that  p22 
must  be  less  than  pn. 

Since  we  have  already  seen  that  pVi=p22  and  pn—  p12  cannot  be  negative, 
it  is  clear  that  pw  cannot  be  greater  than  pn  The  foregoing  argument, 
however,  goes  further  and  enables  us  to  prove  that  pn  —  p.^  is  actually 
positive. 

Let  us  next  suppose  that  conductor  2  is  put  to  earth,  so  that  V2  =  0. 
Then  if  E1  =  0,  it  follows  that  T[=0.     Hence  from  the  equations 

E1  =  q11V1  +  qliV%+...  +  qmVn    (44) 

we  obtain  in  this  special  case  that 

qi3Vi  +  quV±+  •••  +  qmVa  =  o. 

This  is  true,  whatever  the  values  of  Vs,  Vi}  ....  so  that 

Suppose  that  conductor  1  is  raised  to  unit  potential  while  all  the  other 
conductors  are  put  to  earth.  The  aggregate  strength  of  the  tubes  of  force 
which  go  to  infinity,  namely  qn  +  q12  +  ...  +  qm  (§  112),  is  in  this  case  zero,  so 
that  ql2  =  -qn- 

The  system  of  equations  (44)  now  reduces,  when  V2  =  0,  to 

E1  =  qllV1  (45), 

E2  =  ql2Vi  +  q^Vi  +  q.2iVi+ (46), 

Es  =  qS3Vi  +  q~iVi+... 
Ei  =  qZiVi  +  qiiVi+  .. 


.(47) 


Equations  (47)  shew  that  the  relations  between  charges  and  potential 
outside  2  are  quite  independent  of  the  electrical  conditions  which  obtain 
inside  2.  So  also  the  conditions  inside  2  are  not  affected  by  those  outside  2, 
as  is  obvious  from  equation  (45).  These  results  become  obvious  when  we 
consider  that  no  lines  of  force  can  cross  conductor  2,  and  that  there  is  no  way 
except  by  crossing  conductor  2  for  a  line  of  force  to  pass  from  the  conductors 
outside  2  to  those  inside  2. 

An  electric  system  which  is  completely  surrounded  by  a  conductor  at 
potential  zero  is  said  to  be  "  electrically  screened  "  from  all  electric  systems 
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outside  this  conductor ;  for  charges  outside  this  "  screen  "  cannot  affect  the 
screened  system.  The  principle  of  electric  screening  is  utilised  in  electro- 
static instruments,  in  order  that  the  instrument  may  not  be  affected  by 
external  electric  actions  other  than  those  which  it  is  required  to  observe.  As 
a  complete  conductor  would  prevent  observation  of  the  working  of  the 
instrument,  a  cage  of  wire  is  frequently  used  as  a  screen,  this  being  very 
nearly  as  efficient  as  a  completely  closed  conductor  (see  §  72).  In  more 
delicate  instruments  the  screening  may  be  complete  except  for  a  small 
window  to  admit  of  observation  of  the  interior. 

Spherical  Condenser. 

115.  Let  us  apply  the  methods  of  this  Chapter  to  the  spherical  con- 
denser described  in  §  79.  Let  the  inner  sphere  of  radius  a  be  taken  to  be 
conductor  1,  and  the  outer  sphere  of  radius  b  be  taken  to  be  conductor  2. 

The  equations  connecting  potentials  and  charges  are 

V1=pllE1+p21E2, 
V,=p12E1+p22E2. 

A  unit  charge  placed  on  2  raises  both  1  and  2  to  potential  1/6,  so  that  on 
putting  E1  =  0,  E2  =  1,  we  must  have  V1  =  V2  =  1/6.     Hence  it  follows  that 

1 

Pi\    P&   7      • 

If  we  leave  2  uncharged  and  place  unit  charge  on  1,  the  field  of  force  is  that 
investigated  in  §  79,  so  that  V[  =  1/a,  V2  =  l/b.     Hence 

1  1 

Pn  =  af        Pl*=b' 

These  results  exemplify 

(i)      the  general  relation  p12  =  p.21, 

(ii)     the  relation  peculiar  to  electric  screening,  pi2=p,2. 

The  equations  now  become 

Vl~  a       b  ' 

v*    b  +  b  ■ 

Solving  for  Ex  and  E2  in  terms  of  Vx  and  V2,  we  obtain 

a6_  ab_ 

b  —  a         b  —  a 

b  —  a         b  —  a 


L.  ab  ab  h- 

sothat         ?ii  =  ^.       <Z"=^  =  -F3-a>       *-TrS' 


7—2 
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We  notice  that  q12  =  q21 ,  that  the  value  of  each  is  negative,  and  that 

qu  =  —  qn,  in  accordance  with  §113.     The  value  of  qn  is   the  capacity  of 

sphere  1  when  2  is  to  earth,  and  is  in  agreement  with  the  result  of  §  79. 

b2 
The  capacity  of  2  when  1  is  to  earth,  q22,  is  seen  to  be  ^ .     This  can 

also  be  seen  by  regarding  the  system  as  composed  of  two  condensers,  the 
inner  sphere  and  the  inner  surface  of  the  outer  sphere  form  a  single  spherical 

condenser  of  capacity  j ,  while  the  outer  surface  of  the  outer  sphere  has 

capacity  b.     The  total  capacity  accordingly 

ab        .         b2 
+  b 


b  —  a  b  —  a' 

Two  spheres  at  a  great  distance  apart. 

116.     Suppose  we  have  two  spheres,  radii  a,  b,  placed  with  their  centres 
at  a  great  distance  c  apart.     Let  us  first  place  unit  charge  on  the  former,  the 


Fig.  39. 

charge  being  placed  so  that  the  surface  density  is  constant.  This  will  not 
produce  uniform  potential  over  2 ;  at  a  point  distant  r  from  the  centre  of  1 
it  will  produce  potential  1/r.  We  can,  however,  adjust  this  potential  to  the 
uniform  value  1/c  by  placing  on  the  surface  of  2  a  distribution  of  electricity 

such  that  it  produces  a  potential over  this  surface. 

Take  B,  the  centre  of  the  second  sphere,  as  origin,  and  AB  as  axis  of  x. 

Then  we  may  write 

1      1      r  —  ex  c  1 

= =  — .  as  iar  as  — . 

c      r        cr        c2  c2 

Let  cr  be  the  surface  density  required  to  produce  this  potential,  then 
clearly  a  is  an  odd  function  of  x,  and  therefore  the  total  charge,  the  value  of 
a  integrated  over  the  sphere,  vanishes.  Thus  the  potential  of  2  can  be 
adjusted  to  the  uniform  value  1/c  without  altering  the  total  charge  on  2 
from  zero,  neglecting  1/c3.  The  new  surface  density  being  of  the  order  of 
1/c2,  the  additional  potential  produced  on  1  by  it  will  be  at  most  of  order  1/c3, 
so  that  if  we  neglect  1/c3  we  have  found  an  equilibrium  arrangement  which 
makes 

^  =  1,    L\  =  0,     V^1-,     K  =  l. 

&  c 
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Substituting  these  values  in  the  equations 

V2=p12E1+p22E2, 


we  find  at  once 

that 

Pn 

1 

a 

neglecting 

1 

c3' 

and  similarly  we  can  see 

Pa 

that 

1 
r 

i 

1 
c3' 

P-n 

1 

~b 

neglecting 

1 

c3' 

Solving  the 

equations 

vx  = 

Ex     E% 

■■  —  +  —  , 

a        r 

v2  = 

'  r  +  6  ' 

we  find  that,  neglecting  - , 

c 


a 


ab> 


ab  ab       „  1 

fr"g«—     /        a6\='7asfaraSc" 

b 

We  notice  that  the  capacity  of  either  sphere  is  greater  than  it  would  be  if 
the  other  were  removed.  This,  as  we  shall  see  later,  is  a  particular  case  of  a 
general  theorem. 

Two  conductors  in  contact. 

117.  If  two  conductors  are  placed  in  contact,  their  potentials  must  be 
equal.  Let  the  two  conductors  be  conductors  1  and  2,  then  the  equation 
Vi  =  V2  becomes 

(Pn  -  Pn)  #i  +  (Pu  ~  Pn)  E2+  ...=0, 

or,  say,  *EX  +  $E2  +  yE3  +  . . .  =  0. 

If  we  know  the  total  charge  E  on  1  and  2,  we  have 

Ey  +  E2  =  E, 

and  on  solving  these  two  equations  we  can  obtain  Ex  and  E„.     We  find  that 

E,_  jSE  +  yE3  +  SEi+  ... 
En_  aE  +  yEs  +  hEA  +  ...' 
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giving  the  ratio  in  which  the  charge  E  will  distribute  itself  between  the 
two  conductors  1  and  2.  If  the  conductors  3,  4,  ...  are  either  absent  or 
uncharged, 

E2         a     pu  -  pn ' 
which  is  independent  of  E  and  always  positive.     It  is  to  be  noticed  that  El 
vanishes  only  if  p&^piz,  i.e.,  if  2  entirely  surrounds  1. 

Mechanical  Forces  on  Conductors. 

118.  We  have  already  seen  that  the  mechanical  force  on  a  conductor  is 
the  resultant  of  a  system  of  tensions  over  its  surface  of  amount  27rcr2  per  unit 
area.  The  results  of  the  present  Chapter  enable  us  to  find  the  resultant 
force  on  any  conductor  in  terms  of  the  electrical  coefficients  of  the  system. 

Suppose  that  the  positions  of  the  conductors  are  specified  by  any  co- 
ordinates £i,  f2>  •••>  so  that  pn,pw,  •  ••■,  <7u>  qvt,  •••>  and  consequently  also  W, 
are  functions  of  the  f's.    If  ^  is  increased  to  £x  +  d%u  without  the  charges  on 

dW 
the  conductors  being  altered,  the  increase  in  electrical  energy  is  -^r  d%x,  and 

this  increase  must  represent  mechanical  work  done  in  moving  the  conductors. 
The  force  tending  to  increase  £  is  accordingly 

%' 

Since  the  charges  on  the  conductors  are  to  be  kept  constant,  it  will  of 
course  be  most  convenient  to  use  the  form  of  W  given  by  equation  (38),  and 
the  force  is  obtained  in  the  form 

-t(^Ef  +  2&*BlE,+  ...)  (48). 

It  is  however  possible,  by  joining  the  conductors  to  the  terminals  of 
electric  batteries,  to  keep  their  potentials  constant.  In  this  case,  however, 
we  must  not  use  the  expression  (39)  for  W,  and  so  obtain  for  the  force 

-i{w/'  +  *WJ>V'+~) (49)' 

for  the  batteries  are  now  capable  of  supplying  energy,  and  an  increase  of 
electrical  energy  does  not  necessarily  mean  an  equal  expenditure  of  mechanical 
energy,  for  we  must  not  neglect  the  work  done  by  the  batteries.  Since  the 
resultant  mechanical  force  on  any  conductor  may  be  regarded  as  the  resultant 
of  tensions  27ro-2  per  unit  area  acting  over  its  surface,  it  is  clear  that  this 
resultant  force  in  any  position  depends  solely  on  the  charges  in  this  position. 
It  is  therefore  the  same  whether  the  charges  or  potentials  are  kept  constant, 
and  expression  (48)  will  give  this  force  whether  the  conductors  are  connected 
to  batteries  or  not. 
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119.     As  an  illustration,  we   may  consider   the  force  between  the  two 
charged  spheres  discussed  in  §  116. 

dW 
The  force  tending  to  increase  c,  namely  — =—  ,  is 

_  i  (dpn  F2,93P™FP    ,    dpa  ™  A 

2l~e7Al  +  2~a7^2  +  *^2J' 

and  substituting  the  values 

1  .     1 

pn=~  +  terms  in  -  , 
a  c3 


1 

Pl2  =  -  + 

c 

»         •} 

1 

p^=l  + 

»                  >J 

it  is  found  that  this  force  is 

E.E..           .     1 
— - — h  terms  in  -*- 
c2                          c* 

Thus,  except  for  terms  in  c~4,  the  force  is  the  same  as  though  the  charges 
were  collected  at  the  centres  of  the  spheres.  Indeed,  it  is  easy  to  go  a  stage 
further  and  prove  that  the  result  is  true  as  far  as  c~*.  We  shall,  however, 
reserve  a  full  discussion  of  the  question  for  a  later  Chapter. 

120.     Let  us  write 

i(p11E1*  +  2p12E1Es  +  ...)=We, 

h(qnW  +2g12KK   +...)  =  Wy. 
Then  We  and  Wr  are  each  equal  to  the  electrical  energy  ^EV,  so  that 

We  +  Wv-XEV  =  0  (50). 

In  whatever  way  we  change  the  values  of 

-"1>      -"2)    •••>       '1>       Ki>    •••»      SI'      £2>   *••> 

equation  (50)  remains  true.  We  may  accordingly  differentiate  it,  treating  the 
expression  on  the  left  as  a  function  of  all  the  .£"s,  V's  and  |'s.  Denoting  the 
function  on  the  left-hand  of  equation  (50)  by  (p,  the  result  of  differentiation 
will  be 

Now  ~^-  =  ^  -  V,  =  0,  by  equation  (40), 

wrwr Ei 0>  -    "    (41)» 

so  that  we  are  left  with  X  ^  §£  =  0, 
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and  since  this  equation  is  true  for  all  displacements  and  therefore  for  all 
values  of  §£,  Sf2>  ...»  it  follows  that  each  coefficient  must  vanish  separately. 

Thus  ||=0,  or 

dWe     dWr_  ( 

dW 
As  we  have  seen,  —  ^  is  the  mechanical  force  tending  to  increase  f1( 

dW 
and  this  has  now  been  shewn  to  be  equal  to  -^ ,  which  is  expression  (49) 

with  the  sign  reversed.     Thus  the  mechanical  force,  whether  the  charges  or 
the  potentials  are  kept  constant,  is 


»(§g*  +  »f|MSK  +  ...)  (52), 


a  form  which  is  convenient  when  we  know  the  potentials,  but  not  the 
charges,  of  the  system. 

In  making  a  small  displacement  of  the  system  such  that  fx  is  changed 

dW 
into  f j  +  d^i,  the  mechanical  work  done  is  -^  d%x.     If  the  potentials  are 

kept  constant  the  increase  in  electrical  energy  is  -~  d%x.  The  difference  of 
these  expressions,  namely 

fiWy    d_K\ 

represents  energy  supplied  by  the  batteries.     From  equation  (51),  it  appears 

dWr 
that  this  expression  is  equal  to  2  -^if  d%n  so  that  the  batteries  supply  energy 

equal  to  twice  the  increase  in  the  electrical  energy  of  the  system,  and  of  this 
energy  half  goes  to  an  increase  of  the  final  electrical  energy,  while  half  is 
expended  as  mechanical  work  in  the  motion  of  the  conductors. 

Introduction  of  a  new  conductor  into  the  field. 

121.  When  a  new  conductor  is  introduced  into  the  field,  the  coefficients 
Pn>Pn>  •••»  tfn,  <?i2>  •••  are  naturally  altered. 

Let  us  suppose  the  new  conductor  introduced  in  infinitesimal  pieces, 
which  are  brought  into  the  field  uncharged  and  placed  in  position  so  that 
they  are  in  every  way  in  their  final  places  except  that  electric  communication 
is  not  established  between  the  different  pieces.  So  far  no  work  has  been 
done  and  the  electrical  energy  of  the  field  remains  unaltered. 

Now  let  electric  communication  be  established  between  the  different 
pieces,  so  that  the  whole  structure  becomes  a  single  conductor.    The  separate 
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pieces,  originally  at  different  potentials,  are  now  brought  to  the  same 
potential  by  the  flow  of  electricity  over  the  surface  of  the  conductor. 
Electricity  can  only  flow  from  places  of  higher  to  places  of  lower  potential, 
so  that  electrical  energy  is  lost  in  this  flow.  Thus  the  introduction  of  the 
new  conductor  has  diminished  the  electric  energy  of  the  field. 

If  we  now  put  the  new  conductor  to  earth  there  is  in  general  a  further 
flow  of  electricity,  so  that  the  energy  is  still  further  diminished. 

Thus  the  electric  energy  of  any  field  is  diminished  by  the  introduction  of 
a  new  conductor,  whether  insulated  or  not. 

Consider  the  case  in  which  the  new  conductor  remains  insulated.     Let 
the  energy  of  the  field  before  the  introduction  of  the  new  conductor  be 

$(pnE1i+2p12E1E2+...+pnnEn>).... (53). 

After  introduction,  the  energy  may  be  taken  to  be 

h  (PiiW  +  2pi*EiE3  +...+  Pnn'Er?)      (54), 

where  pn',  etc.,  are  the  new  coefficients  of  potential.  Further  coefficients  of 
the  type  Pi,n+i,  p-2,n+i>  "->Pn+i,n+i  are  of  course  brought  into  existence,  but  do 
not  enter  into  the  expression  for  the  energy,  since  by  hypothesis  En+1  =  0. 

Since  expression  (54)  is  less  than  expression  (53),  it  follows  that 

(Pn  -  Pn)  Ef  +  2  (p12  -  pa')  E1E2  +  ... 

is  positive  for  all  values  of  Elt  E2, Hence  pa  —  pn  is  positive,  and  other 

relations  may  be  obtained,  as  in  §  111. 

Electrometers. 
I.     The  Attracted  Disc  Electrometer. 


Fig.  40. 


122.  This  instrument  is,  as  regards  its  essential  principle,  a  balance  in 
which  the  beam  has  a  weight  fixed  at  one  end  and  a  disc  suspended  from 
the  other.     Under  normal  conditions  the  fixed  weight  is  sufficiently  heavy 
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to  outweigh  the  disc.  In  using  the  instrument  the  disc  is  made  to  become 
one  plate  of  a  parallel  plate  condenser,  of  which  the  second  plate  is  adjusted 
until  the  electric  attraction  between  the  two  plates  of  the  condenser  is  just 
sufficient  to  restore  the  balance. 

The  inequalities  in  the  distribution  of  the  lines  of  force  which  would 
otherwise  occur  at  the  edges  of  the  disc  are  avoided  by  the  use  of  a  guard- 
ring  (§  90),  so  arranged  that  when  the  beam  of  the  balance  is  horizontal 
the  guard-ring  and  disc  are  exactly  in  one  plane,  and  fit  as  closely  as  is 
practicable. 

Let  us  suppose  that  the  disc  is  of  area  A  and  that  the  disc  and  guard- 
ring  are  raised  to  potential  V.  Let  the  second  plate  of  the  condenser  be 
placed  parallel  to  the  disc  at  a  distance  h  from  it,  and  put  to  earth.  Then 
the  intensity  between  the  disc  and  lower  plate  is  uniform  and  equal  to  Vfk, 
so  that  the  surface  density  on  the  lower  face  of  the  disc  is  a  =  Vj^irh.  The 
mechanical  force  acting  on  the  disc  is  therefore  a  force  lira^A  or  V2A/87rh* 
acting  vertically  downwards  through  the  centre  of  the  disc.  If  this  just 
suffices  to  keep  the  beam  horizontal,  it  must  be  exactly  equal  to  the  weight, 
say  W,  which  would  have  to  be  placed  on  this  disc  to  maintain  equilibrium 
if  it  were  uncharged.     This  weight  is  a  constant  of  the  instrument,  so  that 

the  equation 

V-A 

8tt/i2 

enables  us  to  determine   V  in  terms  of  known  quantities  by  observing  h. 

The  instrument  is  arranged  so  that  the  lower  plate  can  be  moved  parallel 

to  itself  by  a  micrometer  screw,  the  reading  of  which  gives  h  with  great 

accuracy.     We    can   accordingly  determine   V  in   absolute  units,  from  the 

equation 


A    ' 

If  we  wish  to  determine  a  difference  of  potential  we  can  raise  the  upper 
plate  to  one  potential  Vl;  and  the  lower  plate  to  the  second  potential  V2, 
and  we  then  have 

f8TrW 
A 

A  more  accurate  method  of  determining  a  difference  of  potential  is  to  keep 
the  disc  at  a  constant  potential  v,  and  raise  the  lower  plate  successively  to 
potentials  Vx  and  V2.  If  h^  and  h2  are  the  values  of  h  which  bring  the  disc  to 
its  standard  position  when  the  potentials  of  the  lower  plate  are  Vx  and  J£,  we 
have 


V1-Vi  =  hJi 


v-Vx  =  hlsJ 


8ttW 
A    ' 


/Hit  W 
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so  that 


V^V-<Jh-K*J 


8ttW 


It  is  now  only  necessary  to  measure  h^  —  h2,  the  distance  through  which 
the  lower  plate  is  moved  forward,  and  this  can  be  determined  with  great 
accuracy,  as  it  depends  solely  on  the  motion  of  the  micrometer  screw. 


II.     The  Quadrant  Electrometer. 

123.     Measurement  of  Potential  Difference.     This   instrument   is   more 
delicate  than  the  disc  electrometer  just  described,  but  enables  us  only  to 
compare  two  potentials,  or  potential  differ- 
ences; we  cannot  measure  a  single  potential 
in  terms  of  known  units. 

The  principal  part  of  the  instrument 
consists  of  a  metal  cylinder  of  height  small 
compared  with  its  radius,  divided  into  four 
quadrants  A,  B,  C,  D  by  two  diameters  at 
right  angles.  These  quadrants  are  insulated 
separately,  and  then  opposite  quadrants 
are  connected  in  pairs,  two  by  wires  joined 
to  a  point  E  and  two  by  wires  joined  to 
some  other  point  F. 

The  inside  of  the  cylinder  is  hollow  and 
inside  this  a  metal  disc  or  "  needle  "  is  free 
to  move,  being  suspended  by  a  delicate 
fibre,  so  that  it  can  rotate  without  touching 
the  quadrants.  Before  using  the  instrument 
the  needle  is  charged  to  a  high  potential, 
say  v,  either  by  means  of  the  fibre,  if  this 
is  a  conductor,  or  by  a  small  conducting 

wire  hanging  from  the  needle  which  passes  through  the  bottom  of  the 
cylinder.  The  fibre  is  adjusted  so  that  when  the  quadrants  are  at  the  same 
potential  the  needle  rests,  as  shewn  in  the  figure,  in  a  symmetrical  position 
with  respect  to  the  quadrants.  In  this  state  either  surface  of  the  needle 
and  the  opposite  faces  of  the  quadrants  may  be  regarded  as  forming  a  parallel 
plate  condenser. 

If,  however,  the  potential  of  the  two  quadrants  joined  to  E  is  different 
from  that  of  the  two  quadrants  joined  to  F,  there  is  an  electrical  force 
tending  to  drag  the  needle  under  that  pair  of  quadrants  of  which  the  potential 
is  more  nearly  equal  to  v.  The  needle  accordingly  moves  in  this  direction 
until  the  electric  forces  are  in  equilibrium  with  the  torsion  of  the  fibre,  and 
an  observation  of  the  angle  through  which  the  needle  turns  will  give  an 


Fig.  41. 
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indication  of  the  difference  of  potential  between  the  two  pairs  of  quadrants. 
This  angle  is  most  easily  observed  by  attaching  a  small  mirror  to  the  fibre 
just  above  the  point  at  which  it  emerges  from  the  quadrants. 

Let  us  suppose  that  when  the  needle  has  turned  through  an  angle  6, 
the  total  area  A  of  the  needle  is  placed  so  that  an  area  S  is  inside  the  pair 
of  quadrants  at  potential  K,  and  an  area  A  —  S  inside  the  pair  at  potential 
V>.  Let  h  be  the  perpendicular  distance  from  either  face  of  the  needle  to 
the  faces  of  the  quadrants.  Then  the  system  may  be  regarded  as  two 
parallel  plate  condensers  of  area  S,  distance  h,  and  difference  of  potential 
v  —  V[,  and  two  parallel  plate  condensers  for  which  these  quantities  have  the 
values  A  —  S,  h,  v  —  Vz.  There  are  two  condensers  of  each  kind  because 
there  are  two  faces,  upper  and  lower,  to  the  needle.  The  electrical  energy 
of  this  system  is  accordingly 

(v-vys    (v  -  vy  (A  -  S) 

4>Trh  4nrh 

The  energy  here  appears  as  a  quadratic  function  of  the  three  potentials 
concerned:  it  is  expressed  in  the  same  form  as  the  Wr  of  §  120.  The 
mechanical  force  tending  to  increase  6,  i.e.,  the  moment  of  the  couple  tending 

to  turn  the  needle  in  the  direction  of  6  increasing,  is  therefore  -^- .     Now 

in  Wv  the  only  term  in  the  coefficients  of  the  potentials  which  varies  with  6 
is  S,  so  that  on  differentiation  we  obtain 

Wy  _  (v  -  V,f  -  (v  -  TQ2  d_S 
dd  ~  4ttA  d0° 

If  r  is  the  radius  of  the  needle — measured  from  its  centre,  which  is  under 
the  line  of  division  of  the  quadrants — we  clearly  have  r^  =  r2,  so  that  we  can 
write  the  equation  just  obtained  in  the  form 


9TTr     (2t>-K-K)G?-K) 

d9  "  4ttA 


r\ 


In  equilibrium  this  couple  is  balanced  by  the  torsion  couple  of  the  fibre, 
which  tends  to  decrease  6.  This  couple  may  be  taken  to  be  k6,  where  k  is  a 
constant,  so  that  the  equation  of  equilibrium  is 

W 4^h  {°b)- 

For  small  displacements  of  the  needle,  r2  may  be  replaced  by  a2,  the 
radius  of  the  needle  at  its  centre  line.  Also  v  is  generally  large  compared 
with  K  and  V2.     The  last  equation  accordingly  assumes  the  simpler  form 
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shewing  that  6  is,  for  small  displacements  of  the  needle,  approximately 
proportional  to  the  difference  of  potential  of  the  two  pairs  of  quadrants. 
The  instrument  can  be  made  extraordinarily  sensitive  owing  to  the  possibility 
of  obtaining  quartz-fibres  for  which  the  value  of  k  is  very  small. 

If  the  difference  of  potential  to  be  measured  is  large,  we  may  charge  the 
needle  simply  by  joining  it  to  one  of  the  pairs  of  quadrants,  say  the  pair  at 
potential  J£.     We  then  have  v=  V,,  and  equation  (55)  becomes 

kff  ~       4tt/*        ' 

so  that  0  is  now  proportional  to  the  square  of  the  potential  difference  to  be 
measured. 


a2 


Writing  „ — j-%  =  C,  so  that  G  is  a  constant  of  the  instrument,  we  have, 

when  v  is  large 

e  =  Cv{Vl-Vi) (56), 

when  v  =  V2, 

e^iciv.-vy  (57). 

124.  Measurement  of  charge.  Let  us  speak  of  the  pairs  of  quadrants 
at  potentials  Yx,  V2  as  conductors  1,  2  respectively,  and  let  the  needle  be 
conductor  3.  When  the  quadrants  are  to  earth  and  the  needle  is  at 
potential  T^,  the  charge  E  induced  on  the  first  pair  of  quadrants  by  the 
charge  on  the  needle  will  be  given  by 

where  q13  is  the  coefficient  of  induction.  This  coefficient  is  a  function  of  the 
angle  6  which  defined  the  position  of  the  needle.  If  the  instrument  is 
adjusted  so  that  0  =  0  when  both  pairs  of  quadrants  are  to  earth,  we  must 
use  the  value  of  q13  corresponding  to  6  =  0,  say  {ql3\,  so  that 

E  =  (qiz\V3     (58). 

Now  suppose  that  the  first  pair  of  quadrants  is  insulated  and  receives 
an  additional  charge  Q,  the  second  pair  being  still  to  earth.  Let  the  needle 
be  deflected  through  an  angle  6  in  consequence.  Since  the  charge  on  the 
first  pair  of  quadrants  is  now  E +  Q,  we  have 

E  +  Q  =  (qn)eV1  +  (q13)eV3. 
On  subtracting  equation  (58)  from  this  we  obtain 

If  6  is  small  this  may  be  written 
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where  qn ,  -^  are  supposed  calculated  for  6  =  0.     Since  V2  =  0,  we  have  from 

equation  (56), 

0  =  OV%Ylt 

so  that  <3  =  (^+^3^)^' 

shewing  that  for  small  values  of  0,  Q  is  directly  proportional  to  0. 

Let  us  suppose  that  we  join  the  first  pair  of  quadrants  (conductor  1) 
to  a  condenser  of  known  capacity  T  which  is  entirely  outside  the  electro- 
meter. Since  the  needle  (3)  is  entirely  screened  by  the  quadrants  the  value 
of  q13  remains  unaltered,  while  qn  will  become  qu  +  V.  If  0'  is  now  the 
deflection  of  the  needle,  we  have 

'qn  +  T     dqv 


*-{*&+%*)'■ 


so  that,  by  combination  with  the  last  equation,  we  have 

If  0"  is  the  deflection  obtained  by  joining  the  pairs  of  quadrants  to  the 
terminals  of  a  battery  of  known  potential  difference  D,  we  have  from 
equation  (56), 


CVy. 


D' 


and  on  substituting  this  value  for  GV3,  our  equation  becomes 


Q  = 


0"    0" ' 
l'~~0 


giving  Q  in  terms  of  the  known  quantities  V,  D  and  the  three  readings 
0,  0'  and  0". 

An  ordinary  quadrant  electrometer  will  measure  differences  of  potential 
down  to  about  j^W  electrostatic  units.  Thus  in  spite  of  its  somewhat  high 
capacity  of  about  50  electrostatic  units,  it  forms  an  extremely  efficient  instru- 
ment for  the  measurement  or  detection  of  small  electric  charges. 

An  improved  form  of  the  instrument  has  recently  been  introduced  by 
Dolazalek,  in  which  the  electrostatic  capacity  is  very  small.  This  is  capable 
of  measuring  potential  differences  down  to  too'ooo  electrostatic  units,  and  is 
correspondingly  more  sensitive  for  the  measurement  of  charges. 
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EXAMPLES. 

1.  If  the  algebraic  sum  of  the  charges  on  a  system  of  conductors  be  positive,  then  on 
one  at  least  the  surface  density  is  everywhere  positive. 

2.  There  are  a  number  of  insulated  conductors  in  given  fixed  positions.  The 
capacities  of  any  two  of  them  in  their  given  positions  are  C\  and  C2,  and  their  mutual 
coefficient  of  induction  is  B.  Prove  that  if  these  conductors  be  joined  by  a  thin  wire,  the 
capacity  of  the  combined  conductor  is 

Ci+Ca+25. 

3.  A  system  of  insulated  conductors  having  been  charged  in  any  manner,  charges  are 

transferred  from  one  conductor  to  another  till  they  are  all  brought  to  the  same  potential  V. 

Shew  that 

V=  Eft* +2s2), 

where  «i ,  s2  are  the  algebraic  sums  of  the  coefficients  of  capacity  and  induction  respectively, 
and  E  is  the  sum  of  the  charges. 

4.  Prove  that  the  effect  of  the  operation  described  in  the  last  question  is  a  decrease 
of  the  electrostatic  energy  equal  to  what  would  be  the  energy  of  the  system  if  each  of  the 
original  potentials  were  diminished  by  V. 

5.  Two  equal  similar  condensers,  each  consisting  of  two  spherical  shells,  radii  a,  b, 
are  insulated  and  placed  at  a  great  distance  r  apart.  Charges  e,  e'  are  given  to  the  inner 
shells.  If  the  outer  surfaces  are  now  joined  by  a  wire,  shew  that  the  loss  of  energy  is 
approximately 

6.  A  condenser  is  formed  of  two  thin  concentric  spherical  shells,  radii  a,  b.  A  small 
hole  exists  in  the  outer  sheet  through  which  an  insulated  wire  passes  connecting  the 
inner  sheet  with  a  third  conductor  of  capacity  c,  at  a  great  distance  r  from  the  condenser. 
The  outer  sheet  of  the  condenser  is  put  to  earth,  and  the  charge  on  the  two  connected 
conductors  is  E.     Prove  that  approximately  the  force  on  the  third  conductor  is 


"Ai-" 


Yr». 


7.  Two  closed  equipotentials  Vlf  VQ  are  such  that  Vi  contains  V0,  and  VP  is  the 
potential  at  any  point  P  between  them.  If  now  a  charge  E  be  put  at  P,  and  both 
equipotentials  be  replaced  by  conducting  shells  and  earth-connected,  then  the  charges 
Ei,  E0  induced  on  the  two  surfaces  are  given  by 

Ey  Eq  E 

8.  A  conductor  is  charged  from  an  electrophorus  by  repeated  contacts  with  a  plate, 
which  after  each  contact  is  recharged  with  a  quantity  E  of  electricity  from  the  electro- 
phorus.    Prove  that  if  e  is  the  charge  of  the  conductor  after  the  first  operation,  the 

ultimate  charge  is 

Ee 
E-e 
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9.  Four  equal  uncharged  insulated  conductors  are  placed  symmetrically  at  the  corners 
of  a  regular  tetrahedron,  and  are  touched  in  turn  by  a  moving  spherical  conductor  at  the 
points  nearest  to  the  centre  of  the  tetrahedron,  receiving  charges  eu  e2,  e3,  et.  Shew  that 
the  charges  are  in  geometrical  progression. 

10.  In  question  9  replace  " tetrahedron "  by  "square,"  and  prove  that 

Oi  -  *>)  (e^3  -  e22)  =  ex  (e2e3  -  e^). 

11.  Shew  that  if  the  distance  x  between  two  conductors  is  so  great  as  compared  with 
the  linear  dimensions  of  either,  that  the  square  of  the  ratio  of  these  linear  dimensions  to 
x  may  be  neglected,  then  the  coefficient  of  induction  between  them  is  -  CO'lx,  where  C,  C 
are  the  capacities  of  the  conductors  when  isolated. 

12.  Two  insulated  fixed  condensers  are  at  given  potentials  when  alone  in  the  electric 
field  and  charged  with  quantities  Elt  E2  of  electricity.  Their  coefficients  of  potential  are 
pn,  pn,  P22-  But  if  they  are  surrounded  by  a  spherical  conductor  of  very  large  radius  R 
at  potential  zero  with  its  centre  near  them,  the  two  conductors  require  charges  E{,  EJ  to 

produce  the  given  potentials.     Prove,  neglecting  -^ ,  that 

E2'-E2     Pn-pu' 

13.  Shew  that  the  locus  of  the  positions,  in  which  a  unit  charge  will  induce  a  given 
charge  on  a  given  uninsulated  conductor,  is  an  equipotential  surface  of  that  conductor 
supposed  freely  electrified. 

14.  Prove  (i)  that  if  a  conductor,  insulated  in  free  space  and  raised  to  unit  potential, 
produce  at  any  external  point  P  a  potential  denoted  by  (P),  then  a  unit  charge  placed  at 
P  in  the  presence  of  this  conductor  uninsulated  will  induce  on  it  a  charge  —  (P) ; 

(ii)  that  if  the  potential  at  a  point  Q  due  to  the  induced  charge  be  denoted  by  (PQ), 
then  (PQ)  is  a  symmetrical  function  of  the  positions  of  P  and  Q. 

15.  Two  small  uninsulated  spheres  are  placed  near  together  between  two  large 
parallel  planes,  one  of  which  is  charged,  and  the  other  connected  to  earth.  Shew  by 
figures  the  nature  of  the  disturbance  so  produced  in  the  uniform  field,  when  the  line  of 
centres  is  (i)  perpendicular,  (ii)  parallel  to  the  planes. 

16.  A  hollow  conductor  A  is  at  zero  potential,  and  contains  in  its  cavity  two  other 
insulated  conductors,  B  and  C,  which  are  mutually  external  :  B  has  a  positive  charge,  and 
C  is  uncharged.  Analyse  the  different  types  of  lines  of  force  within  the  cavity  which  are 
possible,  classifying  with  respect  to  the  conductor  from  which  the  line  starts,  and  the 
conductor  at  which  it  ends,  and  proving  the  impossibility  of  the  geometrically  possible 
types  which  are  rejected. 

Hence  prove  that  B  and  C  are  at  positive  potentials,  the  potential  of  G  being  less  than 
that  of  B. 

17.  A  portion  P  of  a  conductor,  the  capacity  of  which  is  C,  can  be  separated  from  the 
conductor.  The  capacity  of  this  portion,  when  at  a  long  distance  from  other  bodies,  is  c. 
The  conductor  is  insulated,  and  the  part  P  when  at  a  considerable  distance  from  the 
remainder  is  charged  with  a  quantity  e  and  allowed  to  move  under  the  mutual  attraction 
up  to  it ;  describe  and  explain  the  changes  which  take  place  in  the  electrical  energy  of  the 
system. 
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18.  A  conductor  having  a  charge  $1  is  surrounded  by  a  second  conductor  with  charge 
Q2.  The  inner  is  connected  by  a  wire  to  a  very  distant  uncharged  conductor.  It  is  then 
disconnected,  and  the  outer  conductor  connected.    Shew  that  the  charges  Qi,  Q2,  are  now 

m+n  +  mn''  m  +  n  ' 

where  G,  C(l+m)  are  the  coefficients  of  capacity  of  the  near  conductors,  and  Cn  is  the 
capacity  of  the  distant  one. 

19.  If  one  conductor  contains  all  the  others,  and  there  are  n+l  in  all,  shew  that 
there  are  n  +  1  relations  between  either  the  coefficients  of  potential  or  the  coefficients  of 
induction,  and  if  the  potential  of  the  largest  be  V0,  and  that  of  the  others  Vu  V2,  ...  V„, 
then  the  most  general  expression  for  the  energy  is  ^GV02  increased  by  a  quadratic  function 
of  Vt-  V0,  V2—  V0,  ...  Vn—  V0 ;  where  C  is  a  definite  constant  for  all  positions  of  the 
inner  conductors. 

20.  The  inner  sphere  of  a  spherical  condenser  (radii  a,  b)  has  a  constant  charge  E, 
and  the  outer  conductor  is  at  potential  zero.  Under  the  internal  forces  the  outer 
conductor  contracts  from  radius  b  to  radius  by.  Prove  that  the  work  done  by  the 
electric  forces  is 

21.  If,  in  the  last  question,  the  inner  conductor  has  a  constant  potential  V,  its  charge 
being  variable,  shew  that  the  work  done  is 

*(bi-a)(b-a)' 

and  investigate  the  quantity  of  energy  supplied  by  the  battery. 

22.  With  the  usual  notation,  prove  that 

Pn+P23>Pl2+Pl3 
PllP23>Pl2Pl3- 

23.  Shew  that  if  p„.,  pr3,  pss  be  three  coefficients  before  the  introduction  of  a  new 
conductor,  and  p„\  pra',  pa8'  the  same  coefficients  afterwards,  then 

(PrrPsa-Prr'pss)  <t  (Pn~Pn?- 

24.  A  system  consists  of  p  +  q + 2  conductors,  Alt  A2, ...  Ap,  Bu  B2, ...  Bq,  C,  D.  Prove 
that  when  the  charges  on  the  A's  and  on  C,  and  the  potentials  of  the  B's  and  of  C  are 
known,  there  cannot  be  more  than  one  possible  distribution  in  equilibrium,  unless  C  is 
electrically  screened  from  D. 

25.  A,  B,  C,  D  are  four  conductors,  of  which  B  surrounds  A  and  D  surrounds  C. 
Given  the  coefficients  of  capacity  and  induction 

(i)     of  A  and  B  when  C  and  D  are  removed, 
(ii)     of  C  and  D  when  A  and  B  are  removed, 
(iii)    of  B  and  D  when  A  and  G  are  removed, 
determine  those  for  the  complete  system  of  four  conductors. 

26.  Two  equal  and  similar  conductors  A  and  B  are  charged  and  placed  symmetrically 
with  regard  to  each  other  ;   a  third  moveable  conductor  C  is  earned  so  as  to  occupy 

j.  •  8 
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successively  two  positions,  one  practically  wholly  within  A,  the  other  within  B,  the 
positions  being  similar  and  such  that  the  coefficients  of  potential  of  C  in  either  position 
are  p,  q,  r  in  ascending  order  of  magnitude.  In  each  position  C  is  in  turn  connected  with 
the  conductor  surrounding  it,  put  to  earth,  and  then  insulated.  Determine  the  charges 
on  the  conductors  after  any  number  of  cycles  of  such  operations,  and  shew  that  they 
ultimately  lead  to  the  ratios 

l:-0:/9»-l, 
where  /3  is  the  positive  root  of 

rx2  —  qx  +  p  -  r = 0. 

27.  Two  conductors  are  of  capacities  Gx  and  C2,  when  each  is  alone  in  the  field. 
They  are  both  in  the  field  at  potentials  Vx  and  F2  respectively,  at  a  great  distance  r 
apart.     Prove  that  the  repulsion  between  the  conductors  is 

Ci^(rr1-c2r2)(rr2-c1r1) 

As  far  as  what  power  of  -  is  this  result  accurate  ? 

28.  Two  equal  and  similar  insulated  conductors  are  placed  symmetrically  with  regard 
to  each  other,  one  of  them  being  uncharged.  Another  insulated  conductor  is  made  to 
touch  them  alternately  in  a  symmetrical  manner,  beginning  with  the  one  which  has  a 
charge.  If  elt  e2  be  their  charges  when  it  has  touched  each  once,  shew  that  their  charges, 
when  it  has  touched  each  r  times,  are  respectively 

ex2        r         to  _«.\2r-l-J  0.2 


2ej  -  e2 


m^tt- «&{'-<?■?;}■ 


29.  Three  conductors  Ai}  A2  and  As  are  such  that  A3  is  practically  inside  A%.  Ax  is 
alternately  connected  with  A2  and  A3  by  means  of  a  fine  wire,  the  first  contact  being  with 
A3.  Ai  has  a  charge  E  initially,  A2  and  A3  being  uncharged.  Prove  that  the  charge  on 
Ax  after  it  has  been  connected  n  times  with  A2  is 

M.  fi  ,  °(y-/3)/"-H3Yt-1) 

a+/S\    ^I3(a  +  y)\a  +  yj       J » 
where  a,  ft  y  stand  for  pn -pi2,  P22—P12  and  JO33 -p\2  respectively. 

30.  Two  spheres,  radii  a,  b,  have  their  centres  at  a  distance  c  apart.  Shew  that 
neglecting  (a/c)6  and  (6/c)6, 

lb3  1  la3 


*u=£~?;   fn=V   P22=b~ 
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CHAPTER  Y 

DIELECTRICS  AND  INDUCTIVE   CAPACITY 

125.  Mention  has  already  been  made  (§  84)  of  the  fact,  discovered 
originally  by  Cavendish,  and  afterwards  rediscovered  by  Faraday,  that  the 
capacity  of  a  conductor  depends  on  the  nature  of  the  dielectric  substance 
between  its  plates. 

Let  us  imagine  that  we  have  two  parallel  plate  condensers,  similar  in  all 
respects  except  that  one  has  nothing  but  air  between  its  plates  while  in  the 
other  this  space  is  filled  with  a  dielectric  of  inductive  capacity  K.  Let  us 
suppose  that  the  two  high-potential  plates  are  connected  by  a  wire,  and  also 
the  two  low-potential  plates.  Let  the  condensers  be  charged,  the  potential 
of  the  high-potential  plates  being  Tf,  and  that  of  the  low-potential  plates 
being  V0. 

Then  it  is  found  that  the  charges  possessed  by  the  two  condensers  are  not 
equal.     The  capacity  per  unit  area  of  the  air-condenser  is  lj&ird ;  that  of  the 
other  condenser  is  found  to  be  Kj^ird.     Hence 
the  charges  per  unit  area  of  the  two  condensers 
are  respectively 


^and  KVl~ 


4nrd 


4,-rrd 


The  work  done  in  taking  unit  charge  from  the 
low-potential  plate  to  the  high-potential  plate  is 
the  same  in  either  condenser,  namely  T^— To,  so 
that  the  intensity  between  the  plates  in  either 
condenser  is  the  same,  namely 

d     ' 

In  the  air-condenser  this  intensity  may  be  regarded  as  the  resultant  of  the 
attraction  of  the  negatively  charged  plate  and  the  repulsion  of  the  positively 

charged  plate,  the  law  of  attraction  or  repulsion  being  Coulomb's  law  — . 


Fig.  42. 


8—2 
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It  is,  however,  obvious  that  if  we  were  to   calculate   the  intensity  in  the 
second  condenser  from  this  law,  then  the  value  obtained  would  be  K  times 

V  -V 

that  in  the  first  condenser,  and  would  therefore  be  K   1  ,    °.     In  point  of 

V—V 

fact,  the  actual  value  of  the  intensity  is  known  to  be    *  ,    ° . 

Thus  Faraday's  discovery  shews  that  Coulomb's  law  of  force  is  not  of 
universal  validity :  the  law  has  only  been  proved  experimentally  for  air,  and 
it  is  now  found  not  to  be  true  for  dielectrics  of  which  the  inductive  capacity 
is  different  from  unity. 

This  discovery  has  far-reaching  effects  on  the  development  of  the  mathe- 
matical theory  of  electricity.  In  the  present  book,  Coulomb's  law  was 
introduced  in  §  88,  and  formed  the  basis  of  all  subsequent  investigations. 
Thus  every  theorem  which  has  been  proved  in  the  present  book  from  §  38 
onwards  requires  reconsideration. 

126.  We  shall  follow  Faraday  in  treating  the  whole  subject  from  the 
point  of  view  of  lines  of  force.  The  conceptions  of  potential,  of  intensity,  and 
of  lines  of  force  are  entirely  independent  of  Coulomb's  law,  and  in  the  present 
book  have  been  discussed  (§§  30 — 37)  before  the  law  was  introduced.  The 
conception  of  a  tube  of  force  follows  at  once  from  that  of  a  line  of  force, 
on  imagining  lines  of  force  drawn  through  the  different  points  on  a  small 
closed  curve.  Let  us  extend  to  dielectrics  one  form  of  the  definition  of  the 
strength  of  a  tube  of  force  which  has  already  been  used  for  a  tube  in  air,  and 
agree  that  the  strength  of  a  tube  is  to  be  measured  by  the  charge  enclosed 
by  its  positive  end,  whether  in  air  or  dielectric. 

In  the  dielectric  condenser,  the  surface  density  on  the  positive  plate  is 

V-  V 

K  ■— — -^ ,  and   this,  by  definition,  is   also    the    aggregate   strength  of  the 

tubes   per   unit    area  of  cross-section.     The  intensity  in  the  dielectric  is 

V—V0 

— j — - ,  so  that  in  the  dielectric  the  intensity  is  no  longer,  as  in  air,  equal 

to  4-7T  times  the  aggregate  strength  of  tubes  per  unit  area,  but  is  equal  to 
4nrJK  times  this  amount. 

Thus  if  P  is  the  aggregate  strength  of  the  tubes  per  unit  area  of  cross- 
section,  the  intensity  R  is  related  to  P  by  the  equation 

£=XP    (59) 

in  the  dielectric,  instead  of  by  the  equation 

P  =  4ttP    (60) 

which  was  found  to  hold  in  air. 
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127.  Equation  (59)  has  been  proved  to  be  the  appropriate  generalisation 
of  equation  (60)  only  in  a  very  special  case.  Faraday,  however,  believed  the 
relation  expressed  by  equation  (59)  to  be  universally  true,  and  the  results 
obtained  on  this  supposition  are  found  to  be  in  complete  agreement  with 
experiment.  Hence  equation  (59),  or  some  equation  of  the  same  significance, 
is  universally  taken  as  the  basis  of  the  mathematical  theory  of  dielectrics. 
We  accordingly  proceed  by  assuming  the  universal  truth  of  equation  (59), 
an  assumption  for  which  a  justification  will  be  found  when  we  come  to  study 
the  molecular  constitution  of  dielectrics. 

It  is  convenient  to  have  a  single  word  to  express  the  aggregate  strength 
of  tubes  per  unit  area  of  cross-section,  the  quantity  which  has  been  denoted 
by  P.  We  shall  speak  of  this  quantity  as  the  "  polarisation,"  a  term  due  to  ; 
Faraday.  Maxwell's  explanation  of  the  meaning  of  the  term  "  polarisation  " 
is  that  "  an  elementary  portion  of  a  body  may  be  said  to  be  polarised  when 
it  acquires  equal  and  opposite  properties  on  two  opposite  sides."  Faraday 
explained  the  properties  of  dielectrics  by  means  of  his  conception  that  the 
molecules  of  the  dielectric  were  in  a  polarised  state,  and  the  quantity  P 
is  found  to  measure  the  amount  of  the  polarisation  at  any  point  in  the 
dielectric.  We  shall  come  to  this  physical  interpretation  of  the  quantity  P 
at  a  later  stage :  for  the  present  we  simply  use  the  term  "  polarisation "  as 
a  name  for  the  mathematical  quantity  P. 

This  same  quantity  is  called  the  "  displacement "  by  Maxwell,  and  under- 
lying the  use  of  this  term  also,  there  is  a  physical  interpretation  which  we 
shall  come  upon  later. 

128.  We  now  have  as  the  basis  of  our  mathematical  theory  the 
following : 

Definition.  The  strength  of  a  tube  of  force  is  defined  to  be  the  charge 
enclosed  by  the  positive  end  of  the  tube. 

Definition.  The  polarisation  at  any  point  is  defined  to  be  the  aggregate 
strength  of  tubes  of  force  per  unit  area  of  cross- section. 

Experimental  Law.  The  intensity  at  any  point  is  4nr/K  times  the 
polarisation,  where  K  is  the  inductive  capacity  of  the  dielectric  at  the  point. 

In  this  last  relation,  we  measure  the  intensity  along  a  line  of  force,  while 
the  polarisation  is  measured  by  considering  the  flux  of  tubes  of  force  across 
a  small  area  perpendicular  to  the  lines  of  force.  Suppose,  however,  that  we 
take  some  direction  00'  making  an  angle  0  with  that  of  the  lines  of  force. 
The  aggregate  strength  of  the  tubes  of  force  which  cross  an  area  dS 
perpendicular  to  00'  will  be  P  cos  OdS,  for  these  tubes  are  exactly  those 
which  cross  an  area  dS  cos  6  perpendicular  to  the  lines  of  force.  Thus, 
consistently  with  the  definition  of  polarisation,  we  may  say  that  the  polari- 
sation in  the  direction  00'  is  equal  to  Pcosd.     Since  the  polarisation  in 
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any  direction  is  equal  to  P  multiplied  by  the  cosine  of  the  angle  between 
this  direction  and  that  of  the  lines  of  force,  it  is  clear  that  the  polarisation 
may  be  regarded  as  a  vector,  of  which  the  direction  is  that  of  the  lines  of 
force,  and  of  which  the  magnitude  is  P. 

The  polarisation  having  been  seen  to  be  a  vector,  we  may  speak  of  its 
components  /,  g,  h.  Clearly  /  is  the  number  of  tubes  per  unit  area  which 
cross  a  plane  perpendicular  to  the  axis  of  x,  and  so  on. 

The  result  just  obtained  may  be  expressed  analytically  by  the  equations 

J      4nr  *      4?r  4tt 

129.  The  polarisation  P  being  measured  by  the  aggregate  strength  of 
tubes  per  unit  area  of  cross-section,  it  follows  that  if  a>  is  the  cross-section 
at  any  point  of  a  tube  of  strength  e,  we  have  e  =  &>P.  Now  we  have  defined 
the  strength  of  a  tube  of  force  as  being  equal  to  the  charge  at  its  positive 
end,  so  that  by  definition  the  strength  e  of  a  tube  does  not  vary  from  point 
to  point  of  the  tube.  Thus  the  product  &>P  is  constant  along  a  tube,  or 
<oKR  is  constant  along  a  tube,  replacing  the  result  that  coR  is  constant 
in  air  (§  56). 

The  value  of  the  product  coP  at  any  point  0  of  a  tube,  being  equal  to 

— — ,  depends  only  on  the  physical  conditions  prevailing  at  the  point  0. 

It  is,  however,  known  to  be  equal  to  the  charge  at  the  positive  end  of  the 
tube.  Hence  it  must  also,  from  symmetry,  be  equal  to  minus  the  charge  at 
the  negative  end  of  the  tube.  Thus  the  charges  at  the  two  ends  of  a  tube, 
whether  in  the  same  or  in  different  dielectrics,  will  be  equal  and  opposite, 
and  the  numerical  value  of  either  is  the  strength  of  the  tube. 


Gauss'  Theorem. 

130.  Let  S  be  any  closed  surface,  and  let  e  be  the  angle  between  the 
direction  of  the  outward  normal  to  any  element  of  surface  dS  and  the  direction 
of  the  lines  of  force  at  the  element.  The  aggregate  strength  of  the  tubes  of 
force  which  cross  the  element  of  area  dS  is  P  cos  e  dS,  and  the  integral 


fjPcosedS, 


which  may  be  called  the  surface  integral  of  normal  polarisation,  will  measure 
the  aggregate  strength  of  all  the  tubes  which  cross  the  surface  S,  the  strength 
of  a  tube  being  estimated  as  positive  when  it  crosses  the  surface  from  inside 
to  outside,  and  as  negative  when  it  crosses  in  the  reverse  direction. 

A  tube  which  enters  the  surface  from  outside,  and  which,  after  crossing 
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the  space  enclosed  by  the  surface,  leaves  it  again,  will  add  no  contribution  to 

1 1  P  cos  edS,  its    strength    being   counted   negatively  where    it  enters  the 

surface,  and  positively  where  it  emerges.  A  tube  which  starts  from  or  ends 
on  a  charge  e  inside  the  surface  S  will,  however,  supply  a  contribution  to 

II  P  cos  edS  on  crossing  the  surface.     If  e  is  positive,  the  strength  of  the 

tube  is  e ;  and,  as  it  crosses  from  inside  to  outside,  it  is  counted  positively, 
and  the  contribution  to  the  integral  is  e.  Again,  if  e  is  negative,  the  strength 
of  the  tube  is  —  e,  and  this  is  counted  negatively,  so  that  the  contribution  is 
again  e. 

Thus  on  summing  for  all  tubes, 

P  cos  €dS  =  E, 


//■ 


where  E  is  the  total  charge  inside  the  surface.  The  left-hand  member  is 
simply  the  algebraical  sum  of  the  strengths  of  the  tubes  which  begin  or  end 
inside  the  surface ;  the  right-hand  member  is  the  algebraical  sum  of  the 
charges  on  which  these  tubes  begin  or  end.     Putting 

the  equation  becomes  1 1  KB,  cos  edS=  4nrE. 

The  quantity  R  cos  e  is,  however,  the  component  of  intensity  along  the 
outward  normal,  the  quantity  which  has  been  previously  denoted  by  N,  so 
that  we  arrive  at  the  equation 

f(KNdS  =  4>7rE   (61). 

When  the  dielectric  was  air,  Gauss'  theorem  was  obtained  in  the  form 


// 


NdS  =  4tt#. 


Equation  (61)  is  therefore  the  generalised  form  of  Gauss'  Theorem  which 

must  be  used  when  the  inductive  capacity  is  different  from  unity.     Since 

dV 
N=  —  -x— ,  the  equation  may  be  written  in  the  form 

dV 
K^dS  =  -4>7rE. 

on 

131.  The  form  of  this  equation  shews  at  once  that  a  great  many  results 
which  have  been  shewn  to  be  true  for  air  are  true  also  for  dielectrics  other 
than  air. 

It  is  obvious,  for  instance,  that  V  cannot  be  a  maximum  or  a  minimum 
at  a  point  in  a  dielectric  which  is  not  occupied  by  an  electric  charge :  as 
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a  consequence  all  lines  of  force  must  begin  and  end  on  charged  bodies, 
a  result  which  was  tacitly  assumed  in  defining  the  strength  of  a  tube  of 
force. 

A  number  of  theorems  were  obtained  in  the  discussion  of  the  electrostatic 
field  in  air,  by  taking  a  Gauss'  Surface,  partly  in  air  and  partly  in  a  con- 
ductor.    Gauss'  Theorem  was  used  in  the  form 


ffNdS  =  4*7rE, 


but  we  now  see  that  if  the  inductive  capacity  of  the  conductor  were  not 
equal  to  unity,  this  equation  ought  to  be  replaced  by  equation  (61).  It  is, 
however,  clear  that  the  difference  cannot  affect  the  final  result ;  N  is  zero 
inside  a  conductor,  so  that  it  does  not  matter  whether  N  is  multiplied  by  K 
or  not. 

Thus  results  obtained  for  systems  of  conductors  in  air  upon  the  assumption 
that  Coulomb's  law  of  force  holds  throughout  the  field  are  seen  to  be  true 
whether  the  inductive  capacity  inside  the  conductors  is  equal  to  unity  or  not. 

The  Equations  of  Poisson  and  Laplace. 

132.  In  §  49,  we  applied  Gauss'  theorem  to  a  surface  which  was  formed 
by  a  small  rectangular  parallelepiped,  of  edges  dx,  dy,  dz,  parallel  to  the 
axes  of  coordinates.  If  we  apply  the  theorem  expressed  by  equation  (61)  to 
the  same  element  of  volume,  we  obtain 

dy  \      dy 

where  p  is  the  volume  density  of  electrification.  This,  then,  is  the  generalised 
form  of  Poisson's  equation:  the  generalised  form  of  Laplace's  equation  is 
obtained  at  once  on  putting  p  =  0. 

In  terms  of  the  components  of  polarisation,  equation  (62)  may  be  written 

df      dg     dh_ 

dx+dy  +  dz~p    Cbd)' 

while  if  the  dielectric  is  uncharged, 


4(*£K(*8*K(*£)--*-> m. 


1+1+1=° <«*)■ 


Electric  Charges  in  an  infinite  homogeneous  Dielectric. 

133.  Consider  a  charge  e  placed  by  itself  in  an  infinite  dielectric.  If 
the  dielectric  is  homogeneous,  it  follows  from  considerations  of  symmetry 
that  the  lines  of  force  must  be  radial,  as  they  would  be  in  air.    By  application 
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of  equation  (61)  to  a  sphere  of  radius  r,  having  the  point  charge  as  centre,  it 
is  found  that  the  intensity  at  a  distance  r  from  the  charge  is 


Kr*' 

The  force  between  two  point  charges  e,  e,  at  distance  r  apart  in  a  homo- 
geneous unbounded  dielectric  is  therefore 

ee' 


■•(65), 


Kr*  

and  the  potential  of  any  number  of  charges,  obtained  by  integration  of  this 
expression,  is 

v=T^l  (66)' 

Coulomb's  Equation. 

134.  The  strength  of  a  tube  being  measured  by  the  charge  at  its  end,  it 
follows  that  at  a  point  just  outside  a  conductor,  P,  the  aggregate  strength 
of  the  tubes  per  unit  of  cross-section,  becomes  numerically  equal  to  cr,  the 
surface  density.     We  have  also  the  general  relation 

R-  —  P 

and  on  replacing  P  by  a,  we  arrive  at  the  generalised  form  of  Coulomb's 
equation, 

R  =  ~ (67), 

in  which  K  is  the  inductive  capacity  at  the  point  under  consideration. 

Conditions  to  be  satisfied  at  the  Boundary  of  a  Dielectric. 

135.  Let  us  examine  the  conditions  which  will  obtain  at  a  boundary  at 
which  the  inductive  capacity  changes  abruptly  from  K1  to  K2. 

The  potential  must  be  continuous  in  crossing  the  boundary,  for  if  P,  Q, 
are  two  infinitely  near  points  on  opposite  sides  of  the  boundary,  the  Avork  done 
in  bringing  a  small  charge  to  P  must  be  the  same  as  that  done  in  bringing 
it  to  Q.  As  a  consequence  of  the  potential  being  continuous,  it  follows  that 
the  tangential  components  of  the  intensity  must  also  be  continuous.  For  if 
P,  Q  are  two  very  near  points  on  different  sides  of  the  boundary,  and  P',  Q' 
a  similar  pair  of  points  at  a  small  distance  away,  we  have  Ve=VQ,  and 
VP'  =  Vq,  so  that 

PP'  QQ'      ' 

The  expressions  on  the  two  sides  of  this  equation  are,  however,  the  two 
intensities  in  the  direction  PP',  on  the  two  sides  of  the  boundary,  which 
establishes  the  result. 
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Also,  if  there  is  no  charge  on  the  boundary,  the  aggregate  strength  of 
the  tubes  which  meet  the  boundary  in  any  small  area  on  this  boundary  is 
the  same  whether  estimated  in  the  one  dielectric  or  the  other,  for  the  tubes 
do  not  alter  their  strength  in  crossing  the  boundary,  and  none  can  begin  or 
end  in  the  boundary.  Thus  the  normal  component  of  the  polarisation  is 
continuous. 

136.  If  Ri  is  the  intensity  in  the  first  medium  of  inductive  capacity  Kx  t 
measured  at  a  point  close  to  the  boundary,  and  if  ex  is  the  angle  which  the 
lines  of  force  make  with  the  normal  to  the  boundary  at  this  point,  then  the 
normal  polarisation  in  the  first  medium  is 

-j—  Kx  COS  6X. 
47T 

Similarly,  that  in  the  second  medium  is 

-7-  Mo  cos  e2, 

so  that  KiRx  cos  €i  =  KoR2  cos  e2  (G8). 

Since,  in  the  notation  already  used, 

is^cos  e1  =  N1=—-^, 

on 

the  equation  just  obtained  may  be  put  in  either  of  the  forms 

K&^KJST,  (69), 

*s-*s <70>- 

In  these  equations,  it  is  a  matter  of  indifference  whether  the  normal  is 
drawn  from  the  first  medium  to  the  second  or  in  the  reverse  direction ;  it  is 
only  necessary  that  the  same  normal  should  be  taken  on  both  sides  of  the 
equation.  Relation  (70)  is  obtained  at  once  on  applying  the  generalised 
form  of  Gauss'  theorem  to  a  small  cylinder  having  parallel  ends  at  infinitesimal 
distance  apart,  one  in  each  medium. 

137.  To  sum  up,  we  have  found  that  in  passing  from  one  dielectric  to 
another,  the  surface  of  separation  being  uncharged : 

(i)     the  tangential  components  of  intensity  have  the  same  values  on  the 
two  sides  of  the  boundary, 

(ii)     the  normal  components  of  polarisation  have  the  same  values. 

Or,  in  terms  of  the  potential, 
(i)      V  is  continuous, 

(ii)     Kd-I is  continuou, 
dn 
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Boundary  Conditions 
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Refraction  of  the  lines  of  force. 

133.     From  the  continuity  of  the  tangential  components  of  intensity,  it 
follows : 

(i)      that  the  directions  of  R^  and  R2,  the  intensities  on  the  two  sides  of 
the  boundary,  must  lie  in  a  plane  containing  the  normal,  and 

(ii)     that  Rx  sin  ex  =  R2  sin  e2 . 

Combining  the  last  relation  with  equation  (68),  we  obtain 

Kx  cot  ex  =  K2  cot  e2  (71). 

From  this  relation,  it  appears  that  if  Kx  is  greater  than  K2,  then  €j  is  greater 
than  e2,  and  vice  versa.  Thus  in  passing  from  a  smaller  value  of  K  to  a 
greater  value  of  K,  the  lines  are  bent  away  from  the  normal.  In  illustration 
of  this,  fig.  43  shews  the  arrangement  of  lines  of  force  when  a  point  charge 
is  placed  in  front  of  an  infinite  slab  of  dielectric  (K  =  7). 


Fig.  43. 
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A  small  charged  particle  placed  at  any  point  of  this  field  will  experience 
a  force  of  which  the  direction  is  along  the  tangent  to  the  line  of  force  through 
the  point.  The  force  is  produced  by  the  point  charge,  but  its  direction  will 
not  in  general  pass  through  the  point  charge.  Thus  we  conclude  that  in 
a  field  in  which  the  inductive  capacity  is  not  uniform  the  force  between  two 
point  charges  does  not  in  general  act  along  the  line  joining  them. 


139.    As  an  example  of  the  action  of  a  dielectric  let  us  imagine  a  parallel 
plate  condenser  in  which  a  slab  of  dielectric  of  thickness  t  is  placed  between 
the  plates,  its  two  faces  being  parallel  to  the  plates  and 
at  distances  a,  b  from  them,  so  that  a  +  b  + 1  =  d,  where 
d  is  the  distance  between  the  plates. 

It  is  obvious  from  symmetry  that  the  lines  of  force 
are  straight  throughout  their  path,  equation  (71)  being 
satisfied  by  e1  =  e2  =  0. 

Let  <t  be  the  charge  per  unit  area,  so  that  the  polari- 
sation is  equal  to  a  everywhere.  The  intensity,  by 
equation  (67),  is 

R  =  47rcr  in  air, 


and 


4>7T 

R  =  -~  a  in  dielectric. 


Fig.  44. 


Hence  the  difference  of  potential  between  the  plates,  or  the  work  done  in 
taking  unit  charge  from  one  plate  to  the  other  in  opposition  to  the  electric 
intensity, 

4"7r 

=  47TO-  .  a  +  -j=  a  .  t  +  47TCT  .  6 

=  47ro-je*-(l-i)*j, 
and  the  capacity  per  unit  area  is 


Thus  the  introduction  of  the  slab  of  dielectric  has  the  same  effect  as 
moving  the  plates  a  distance  ( 1  —  -^ )  t  nearer  together. 

Suppose  now  that  the  slab  is  partly  outside  the  condenser  and  partly 
between  the  plates.  Of  the  total  area  A  of  the  condenser,  let  an  area  B  be 
occupied  by  the  slab  of  dielectric,  an  area  A  —  B  having  only  air  between 
the  plates. 
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The  lines  of  force  will  be  straight,  except  for  those  which  pass  near  to  the 
edge  of  the  dielectric  slab.  Neglecting  a  small  correction  required  by  the 
curvature  of  these  lines,  the  capacity  G  of  the  condenser  is  given  by 

c  = B  A-B 


M     4rf{d-(l-£)« 

a  quantity  which  increases  as  B  increases.     If  V  is  the  potential  difference 
and  E  the  charge,  the  electrical  energy 

E2 

=  401/2  =  1  — 

If  we  keep  the  charge  constant,  the  electrical  energy  increases  as  the 
slab  is  withdrawn.  There  must  therefore  be  a  mechanical  force  tending  to 
resist  withdrawal :  the  slab  of  dielectric  will  be  sucked  in  between  the  plates 
of  the  condenser.  This,  as  will  be  seen  later,  is  a  particular  case  of  a  general 
theorem  that  any  piece  of  dielectric  is  acted  on  by  forces  which  tend  to 
drag  it  from  the  weaker  to  the  stronger  parts  of  an  electric  field  of  force. 

Charge  on  the  Surface  of  a  Dielectric. 

140.  Let  dS  be  any  small  area  of  a  surface  which  separates  two  media 
of  inductive  capacities  K1}  K2,  and  let  this  bounding  surface  have  a  charge  of 
electricity,  the  surface  density  over  dS  being  o\     If  we  apply 

Gauss'  Theorem  to  a  small  cylinder  circumscribing  dS  we  obtain 

*£+*£—*** <72>- 

where  —  in  either  medium  denotes  differentiation  with  respect 
to  the  normal  drawn  away  from  dS  into  the  dielectric. 

141.  As  we  have  seen,  the  surface  of  a  dielectric  may  be 
charged  by  friction.  A  more  interesting  way  is  by  utilising 
the  conducting  powers  of  a  flame.  PlQ'  45- 

Let  us  place  a  charge  e  in  front  of  a  slab  of  dielectric  as  in  fig.  43. 
A  flame  issuing  from  a  metal  lamp  held  in  the  hand  may  be  regarded  as 
a  conductor  at  potential  zero.  On  allowing  the  flame  to  play  over  the 
surface  of  the  dielectric,  this  surface  is  reduced  to  potential  zero,  and  the 
distribution  of  the  lines  of  force  is  now  exactly  the  same  as  if  the  face  of 
the  dielectric  were  replaced  by  a  conducting  plane  at  potential  zero.     The 
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lines  of  force  from  the  point  charge  terminate  on  this  plane,  so  that  there 
must  be  a  total  charge  —  e  spread  over  it.  If  the  plane  were  actually  a 
conductor  this  would  be  simply  an  induced  charge.  If,  however,  the  plane 
is  the  boundary  of  a  dielectric,  the  charge  differs  from  an  induced  charge  on 
a  conductor  in  that  it  cannot  disappear  if  the  original  charge  e  is  removed. 
For  this  reason,  Faraday  described  it  as  a  "  bound  "  charge.  The  charge  has 
of  course  come  to  the  dielectric  through  the  conducting  flame. 


Molecular  Action  in  a  Dielectric. 

142.  From  the  observed  influence  of  the  structure  of  a  dielectric  upon 
the  electric  phenomena  occurring  in  a  field  in  which  it  was  J3laced,  Faraday 
was  led  to  suppose  that  the  particles  of  the  dielectric  themselves  took  part 
in  this  electric  action.  After  describing  his  researches  on  the  electric 
action — "  induction  "  to  use  his  own  term — in  a  space  occupied  by  dielectric 
he  says*: 

"  Thus  induction  appears  to  be  essentially  an  action  of  contiguous  parti- 
cles, through  the  intermediation  of  which  the  electric  force,  originating  or 
appearing  at  a  certain  place,  is  propagated  to  or  sustained  at  a  distance...." 

"  Induction  appears  to  consist  in  a  certain  polarised  state  of  the  particles, 
into  which  they  are  thrown  by  the  electrified  body  sustaining  the  action,  the 
particles  assuming  positive  and  negative  points  or  parts...." 

"With  respect  to  the  term  polarity...,  I  mean  at  present... a  disposition 
of  force  by  which  the  same  molecule  acquires  opposite  powers  on  different 
parts." 

And  again,  later  f, 

"I  do  not  consider  the  powers  when  developed  by  the  polarisation  as 
limited  to  two  distinct  points  or  spots  on  the  surface  of  each  particle  to  be 
considered  as  the  poles  of  an  axis,  but  as  resident  on  large  portions  of  that 
surface,  as  they  are  upon  the  surface  of  a  conductor  of  sensible  size  when  it 
is  thrown  into  a  polar  state." 

"  In  such  solid  bodies  as  glass,  lac,  sulphur,  etc.,  the  particles  appear  to 
be  able  to  become  polarised  in  all  directions,  for  a  mass  when  experimented 
upon  so  as  to  ascertain  its  inductive  capacity  in  three  or  more  directions, 
gives  no  indication  of  a  difference.  Now,  as  the  particles  are  fixed  in  the 
mass,  and  as  the  direction  of  the  induction  through  them  must  change  with 
its  charge  relative  to  the  mass,  the  constant  effect  indicates  that  they  can 
be  polarised  electrically  in  any  direction." 

*  Experimental  Researches,  1295,  1298,  1304.     (Nov.  1837.) 
t  Experimental  Researches,  1686,  1688,  1679.     (June,  1838.) 
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"  The  particles  of  an  insulating  dielectric  whilst  under  induction  may  be 
compared... to  a  series  of  small  insulated  conductors.  If  the  space  round 
a  charged  globe  were  filled  with  a  mixture  of  an  insulating  dielectric  and 
small  globular  conductors,  the  latter  being  at  a  little  distance  from  each 
other,  so  as  to  be  insulated,  then  these  would  in  their  condition  and  action 
exactly  resemble  what  I  consider  to  be  the  condition  and  action  of  the 
particles  of  the  insulating  dielectric  itself.  If  the  globe  were  charged,  these 
little  conductors  would  all  be  polar ;  if  the  globe  were  discharged,  they  would 
all  return  to  their  normal  state,  to  be  polarised  again  upon  the  recharging 
of  the  globe...." 

As  regards  the  question  of  what  actually  the  particles  are  which  undergo 
this  polarisation,  Faraday  says*  : 

"  An  important  inquiry  regarding  the  electric  polarity  of  the  particles  of 
an  insulating  dielectric,  is,  whether  it  be  the  molecules  of  the  particular 
substance  acted  on,  or  the  component  or  ultimate  particles,  which  thus  act 
the  part  of  insulated  conducting  polarising  portions." 

"The  conclusion  I  have  arrived  at  is,  that  it  is  the  molecules  of  the 
substance  which  polarise  as  wholes;  and  that  however  complicated  the 
composition  of  a  body  may  be,  all  those  particles  or  atoms  which  are  held 
together  by  chemical  affinity  to  form  one  molecule  of  the  resulting  body 
act  as  one  conducting  mass  or  particle  when  inductive  phenomena  and 
polarisation  are  produced  in  the  substance  of  which  it  is  a  part." 

143.  A  mathematical  discussion  of  the  action  of  a  dielectric  constructed 
as  imagined  by  Faraday,  has  been  given  by  Mossotti,  who  utilised  a  mathe- 
matical method  which  had  been  developed  by  Poisson  for  the  examination  of 
a  similar  question  in  magnetism.  For  this  discussion  the  molecules  are 
represented  provisionally  as  conductors  of  electricity. 

To  obtain  a  first  idea  of  the  effect  of  an  electric  field  on  a  dielectric  of 
the  kind  pictured  by  Faraday,  let  us  consider  a  parallel   plate  condenser, 


+ 


+ 


+ 


+ 


-     + 


Fig.  46. 
*  Experimental  Researches,  1699,  1700. 
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having  a  number  of  insulated  uncharged  conducting  molecules  in  the  space 
between  the  plates.  Imagine  a  tube  of  strength  e  meeting  a  molecule.  At 
the  point  where  this  occurs,  the  tube  terminates  by  meeting  a  conductor,  so 
that  there  must  be  a  charge  —  e  on  the  surface  of  the  molecule.  Since  the 
total  charge  on  the  molecule  is  nil  there  must  be  a  corresponding  charge  on 
the  opposite  surface,  and  this  charge  may  be  regarded  as  a  point  of  restarting 
of  the  tube.  The  tube  then  may  be  supposed  to  be  continually  stopped  and 
restarted  by  molecules  as  it  crosses  from  one  plate  of  the  condenser  to  the 
other.  At  each  encounter  with  a  molecule  there  are  induced  charges  —  e,  +  e 
on  the  surface  of  the  molecule.  Any  such  pair  of  charges,  being  at  only  a 
small  distance  apart,  may  be  regarded  as  forming  a  small  doublet,  of  the  kind 
of  which  the  field  of  force  was  investigated  in  §  64. 

144.  We  have  now  replaced  the  dielectric  by  a  series  of  conductors,  the 
medium  between  which  may  be  supposed  to  be  air  or  ether.  In  the  space 
between  these  conductors  the  law  of  force  will  be  that  of  the  inverse  square. 
In  calculating  the  intensity  at  any  point  from  this  law  we  have  to  reckon 
the  forces  from  the  doublets  as  well  as  the  forces  from  the  original  charges 
on  the  condenser-plates.  A  glance  at  fig.  46  will  shew  that  the  forces  from 
the  doublets  act  in  opposition  to  the  original  forces.  Thus  for  given  charges 
on  the  condenser-plates  the  intensity  at  any  point  between  the  plates  is 
lessened  by  the  presence  of  conducting  molecules. 

This  general  result  can  be  seen  at  once  from  the  theorem  of  §  121.  The 
introduction  of  new  conductors  (the  molecules)  lessens  the  energy  cor- 
responding to  given  charges  on  the  plates,  i.e.  increases  the  capacity  of  the 
condenser,  and  so  lessens  the  intensity  between  the  plates. 

145.  In  calculating  that  part  of  the  intensity  which  arises  from  the 
doublets,  it  will  be  convenient  to  divide  the  dielectric  into  concentric  spherical 
shells  having  as  centre  the  point  at  which  the  intensity  is  required.  The 
volume  of  the  shell  of  radii  r  and  r  +  dr  is  47rr2  dr,  so  that  the  number  of 
doublets  included  in  it  will  contain  r2dr  as  a  factor.     The  potential  produced 

Hi  COS  0 

by  any  doublet  at  a  point  distant  r  from  it  is  - — - — ,  so  that  the  intensity 
will  contain  a  factor  — .     Thus  the  intensity  arising  from  all  the  doublets  in 

the   shell    of  radii   r,  r  +  dr  will  depend  on  r  through  the  factor  -.r-dr 

dr 
or  — 
r 

The  importance  of  the  different  shells  is  accordingly  the  same,  as  regards 

comparative  orders  of  magnitude,  as  that  of  the  corresponding  contributions 

fdv 
to  the  integral  /  — .     The  value  of  this  integral  is  log  r  +  a  constant,  and  this 
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is  infinite  when  r  =  0  and  when  r  =  oo .  Thus  the  important  contributions 
come  from  very  small  and  very  large  values  of  r.  It  can  however  be  seen 
that  the  contributions  from  large  values  of  r  neutralise  one  another,  for  the 
term  cos  6  in  the  potentials  of  the  different  doublets  will  be  just  as  often 
positive  as  negative. 

Hence  it  is  necessary  only  to  consider  the  contributions  from  shells  for 
which  r  is  very  small,  so  that  the  whole  field  at  any  point  may  be  regarded 
as  arising  entirely  from  the  doublets  in  the  immediate  neighbourhood  of  the 
point.  The  force  will  obviously  vary  as  we  move  in  and  out  amongst  the 
molecules,  depending  largely  on  the  nearness  and  position  of  the  nearest 
molecules.  If,  however,  we  average  this  force  throughout  a  small  volume,  we 
shall  obtain  an  average  intensity  of  the  field  produced  by  the  doublets,  and 
this  will  depend  only  on  the  strength  and  number  of  the  doublets  in  and 
near  to  this  element  of  volume.  Obviously  this  average  intensity  near  any 
point  will  be  exactly  proportional  to  the  average  strength  of  the  doublets 
near  the  point,  and  this  again  will  be  exactly  proportional  to  the  strength  of 
the  inducing  field  by  which  the  doublets  are  produced,  so  that  at  any  point 
we  may  say  that  the  average  field  of  the  doublets  stands  to  the  total  field  in 
a  ratio  which  depends  only  on  the  structure  of  the  medium  at  the  point. 

146.  Now  suppose  that  our  measurements  are  not  sufficiently  refined  to 
enable  us  to  take  account  of  the  rapid  changes  of  intensity  of  the  electric 
field  which  must  occur  within  small  distances  of  molecular  order  of  magnitude. 
Let  us  suppose,  as  we  legitimately  may,  that  the  forces  which  we  measure 
are  forces  averaged  through  a  distance  which  contains  a  great  number  of 
molecules.  Then  the  force  which  we  measure  will  consist  of  the  sum  of  the 
average  force  produced  by  the  doublets,  and  of  the  force  produced  by  the 
external  field.  The  field  which  we  observe  may  accordingly  be  regarded  as 
the  superposition  of  two  fields,  or  what  amounts  to  the  same  thing,  the 
observed  intensity  R  may  be  regarded  as  the  resultant  of  two  intensities 
Rlt  M2,  where 

JR.!  is  the  average  intensity  arising  from  the  neighbouring  doublets, 

R2  is  the  intensity  due  to  the  charges  outside  the  dielectric,  and  to 
the  distant  doublets  in  the  dielectric. 

These  forces,  as  we  have  seen,  must  be  proportional  to  one  another,  so 
that  each  must  be  proportional  to  the  polarisation  P.  It  follows  that  P  is 
proportional  to  R,  the  ratio  depending  only  on  the  structure  of  the  medium 
at  the  point.     If  we  take  the  relation  to  be 

R  =  ^P • (73), 

then  K  is  the  inductive  capacity  at  the  point,  and  the  relation  between  R 
and  P  is  exactly  the  relation  upon  which  our  whole  theory  has  been  based, 
j.  9 
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147.  The  theory  could  accordingly  be  based  on  Mossotti's  theory,  instead 
of  on  Faraday's  assumption,  and  from  the  hypothesis  of  molecular  polarisa- 
tion we  should  be  able  to  deduce  all  the  results  of  the  theory,  by  first 
deducing  equation  (73)  from  Mossotti's  hypothesis,  and  then  the  required 
results  from  equation  (73)  in  the  way  in  which  they  have  been  deduced  in 
the  present  chapter. 

Thus  the  influence  of  the  conducting  molecules  produces  physically  the 
same  result  as  if  the  properties  of  the  medium  were  altered  in  the  way 
suggested  by  Faraday,  and  mathematically  the  properties  of  the  medium  are 
in  either  case  represented  by  the  presence  of  the  factor  K  in  equation  (73). 

Relation  between  Inductive  Capacity  and  Structure  of  Medium. 

148.  The  electrostatic  unit  of  force  was  defined  in  such  a  way  that  the 
inductive  capacity  of  air  was  taken  as  unity.  It  is  now  obvious  that  it  would 
have  been  more  scientific  to  have  taken  ether  as  standard  medium,  so  that 
the  inductive  capacity  of  every  medium  would  have  been  greater  than  unity. 
Unfortunately,  the  practice  of  referring  all  inductive  capacities  to  air  as 
standard  has  become  too  firmly  established  for  this  to  be  possible.  The 
difference  between  the  two  standards  is  very  slight,  the  inductive  capacity 
of  normal  air  in  terms  of  ether  being  1*000590.  Thus  the  inductive  capacity 
of  a  vacuum  may  be  taken  to  be  "99941  referred  to  air. 

So  long  as  the  molecules  are  at  distances  apart  which  are  great  compared 
with  their  linear  dimensions,  we  may  neglect  the  interaction  of  the  charges 
induced  on  the  different  molecules,  and  treat  their  effects  as  additive.  It 
follows  that  in  a  gas  K  —  K0,  where  K0  is  the  inductive  capacity  of  free  ether, 
ought  to  be  proportional  to  the  density  of  the  gas.  This  law  is  found  to  be 
in  exact  agreement  with  experiment*. 

149.  It  is,  however,  possible  to  go  further  and  calculate  the  actual  value 
of  the  ratio  of  K  —  K0  to  the  density.  We  have  seen  that  this  will  be 
a  constant  for  a  given  substance,  so  that  we  shall  determine  its  value  in  the 
simplest  case :  we  shall  consider  a  thin  slab  of  the  dielectric  placed  in  a 
parallel  plate  condenser,  as  described  in  §  139.  Let  this  slab  be  of  thickness  e, 
and  let  it  coincide  with  the  plane  of  yz.  Let  the  dielectric  contain  n  mole- 
cules per  unit  volume. 

The  element  dydz  will  contain  nedydz  molecules.  If  each  of  these  is 
a  doublet  of  strength  fju,  the  element  dydz  will  have  a  field  which  will  be 
equivalent  at  all  distant  points  to  that  of  a  single  doublet  of  strength 
nyuedydz.  This  is  exactly  the  field  which  would  be  produced  if  the  two 
faces  of  the  slab  were  charged  with  electricity  of  surface  density  ±  ?i/t. 

*  Boltzmann,  Wiener  Sitzungsber.  69,  p.  812. 
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We  can  accordingly  at  once  find  the  field  produced  by  these  doublets — it 
is  the  same  as  that  of  a  parallel  plate  condenser,  in  which  the  plates  are  at 
distance  e  apart  and  are  charged  to  surface  density  +  n/t.  There  is  no 
intensity  except  between  the  plates,  and  here  the  intensity  of  the  field  is 

Thus  if  R  is  the  total  intensity  outside  the  slab,  that  inside  will  be 
R  —  4<7rn/jb.  If  K  is  the  inductive  capacity  of  the  material  of  the  slab,  and 
K0  that  of  the  free  ether  outside  the  slab,  we  have 

K0R  =  K(R-4i7rnfi), 

so  that  — T^  =  ~R     ^     )" 

It  remains  to  determine  the  ratio  /j,/R.  The  potential  of  a  doublet  is 
—  while  that  of  the  field  R  may  be  tak,en  to  be  —  Rx  +  G.     Thus  the  total 

potential  of  a  single  doublet  and  the  external  field  is 

f^-Rx  +  C, 

and    this    makes  the  surface  r  =  a  an   equipotential    if  —3  =  R.     Thus   the 

surfaces  of  the  molecules  will  be  equipotentials  if  we  imagine  the  molecules 
to  be  spheres  of  radius  a,  and  the  centres  of  the  doublets  to  coincide  with 
the  centres  of  the  spheres,  the  strength  of  each  doublet  being  Ra?. 

Putting  (j,  =  Ra3,  equation  (74)  becomes* 

K-K0 


K 


=  47rna8. 


Now  in  unit  volume  of  dielectric,  the  space  occupied  by  the  n  molecules 

4-7T  .  K  —  K 

is  -5-  na?.     Calling  this  quantity  6,  we  have  — ^r- -  =  SO,  or,  since  our  calcu- 

lations  only  hold  on  the  hypothesis  that  6  is  small, 

§r  =  1  +  30 (75). 

If  the  lines  of  force  went  straight  across  from  one  plate  of  the  condenser 

*  Clausius  (Mech.  Wdrmetheorie,  2,  p.  94)  has  obtained  the  relation 

K-Kp  _4w  3 
K+2KQ~  3  Ua' 
by  considering  the  field  inside  a  sphere  of  dielectric.  The  value  of  K  must  of  course  be  inde- 
pendent of  the  shape  of  the  piece  of  the  dielectric  considered.  The  apparent  discrepancy  in  the 
two  values  of  K  obtained,  is  removed  as  soon  as  we  reflect  that  both  proceed  on  the  assumption 
that  K-  K0  is  small,  for  the  results  agree  as  far  as  first  powers  of  K- Kq.  Pagliani  (Accad.  dei 
Lined,  2,  p.  48)  finds  that  in  point  of  fact  the  equation 

— 7r-^  =  47rna3 
A 

agrees  better  with  experiment  than  the  formula  of  Clausius. 

9—2 
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to  the  other,  the  proportion  of  the  length  of  each  which  would  be  inside  a 
conductor  would,  on  the  average,  be  6.  Since  there  is  no  fall  of  a  potential 
inside  a  conductor,  the  total  fall  of  potential  from  one  plate  to  the  other 
would  be  only  1  —  6  times  what  it  would  be  if  the  molecules  were  absent, 
and  the  ratio  K/K0  would  be  1/(1  —  0)  or,  if  0  is  small,  1  +  6.  Since, 
however,  the  lines  of  force  tend  to  run  through  conductors  wherever  possible, 
there  is  more  shortening  of  lines  of  force  than  is  shewn  by  this  simple 
calculation.  Equation  (75)  shews  that  when  the  molecules  are  spherical  the 
effect  is  three  times  that  given  by  this  simple  calculation.  For  other  shapes 
of  molecules  the  multiplying  factor  might  of  course  be  different. 

Equation  (75)  gives  at  once  a  method  of  determining  0  for  substances 
for  which  6  is  small,  namely  gases,  but,  owing  to  the  unwarranted  assumption 
that  the  molecules  are  spherical,  the  results  will  be  true  as  regards  order  of 
magnitude  only.  If  the  dielectric  is  a  gas  at  atmospheric  pressure,  the 
value  of  n  is  known,  being  about  2-705  x  1019,  and  this  enables  us  to  calculate 
the  value  of  a. 

150.     The  following  table  gives  series  of  values  of  -~  for  gases  at  atmo- 

-fio 
spheric  pressure: 


Gas 

=7-  observed 

Autho- 
rity* 

Mean  — 

■&0 

a  calculated 

(Mossotti's 

Theory) 

a  calculated 

(Theory  of 

Gases)  f 

Helium 

He 

1  -0000724 

3 

1-0000724 

•596xl0-8 

1-10  x  lO-8 

Hydrogen 

H2 

1  -000264 
1  -000264 

1 
2 

1-000264 

•916xl0-3 

1-36x10-8 

Oxygen  ... 

02 

1-000543 

3 

1  -000543 

MTxlO"8 

1-81  xl0-8 

Argon     

Ar 

1-000566 

3 

1*000566 

1-18X10-8 

1-82x10-8 

Air           ...          ... 

— 

1  -000590 
1  -000586 

1 

2 

1-000588 

1*19x10-8 

l-87xlO-3 

Nitrogen 

N2 

1-000594 

3 

1-000594 

1-20x10-8 

1-90x10-8 

Carbon  Monoxide 

CO 

1-000690 
1  -000694 

1 

2 

1  -000692 

1-26x10-8 

1-89x10-8 

Carbon  Dioxide 

co2 

1  -000946 
1  -000984 

1 
2 

1-000965 

1-40X10-8 

2-31xl0-8 

Nitrous  Oxide  ... 

N20 

1  -000994 
1-001158 

1 

2 

1-001082 

1-46x10-8 

2-32X10-8 

Ethylene             ... 

C2H4 

1-001312 
1-001458 

1 

2 

1-001385 

1-60x10-8 

2-77x10-8 

*  Authorities :— 1.     Boltzmann,  Wiener  Sitzungsber.  09,  p.  795. 

2.  J.  Klemencic,  Wiener  Sitzungsber.  91,  p.  712. 

3.  These  values  are  calculated  from  the  refractive  indices  for  Sodium  Light. 
|  Jeans,  Dynamical  Theory  of  Gases,  4th  Edition,  p.  327. 
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The  last  two  columns  give  respectively  the  values  of  a  calculated  from 
equation  (75),  and  the  value  of  a  given  by  the  Theory  of  Gases.  The  two 
sets  of  values  do  not  agree  exactly — this  could  not  be  expected  when  we 
remember  the  magnitude  of  the  errors  introduced  in  treating  the  molecules 
as  spherical.  But  what  agreement  there  is  supplies  very  significant  evidence 
as  to  the  truth  of  the  theory  of  molecular  polarisation. 

151.  It  still  remains  to  explain  what  physical  property  of  the  molecule 
justifies  us  in  treating  its  surface  as  a  perfect  conductor.  It  has  already 
been  explained  that  all  matter  contains  a  number  of  negatively  charged  par- 
ticles or  electrons.  These  form  the  outer  layers  of  the  atoms  and  molecules  and 
it  is  by  their  motion  that  the  conduction  of  electricity  is  effected.  In  a  dielectric 
there  is  no  conduction,  so  that  each  electron  must  remain  permanently 
associated  with  the  same  molecule.  There  is,  however,  plenty  of  evidence 
that  the  electrons  are  not  rigidly  fixed  to  the  molecules  but  are  free  to  move 
within  certain  limits.  The  molecule  may  be  regarded  as  consisting  partially 
or  wholly  of  a  cluster  of  electrons,  normally  at  rest  in  positions  of  equilibrium 
under  the  various  attractions  and  repulsions  present,  but  capable  of  vibrating 
about  these  positions.  Under  the  influence  of  an  external  field  of  force, 
the  electrons  will  move  slightly  from  their  equilibrium  positions — we  may 
imagine  that  a  kind  of  tidal  motion  of  electrons  takes  place  in  the  molecule. 
Obviously,  by  the  time  that  equilibrium  is  attained,  the  outer  surface  of  the 
molecule  must  be  an  equipotential.  This,  however,  is  exactly  what  is  required 
for  Mossotti's  hypothesis.  We  may  accordingly  abandon  the  conception  of 
conducting  spheres,  which  was  only  required  to  make  the  surface  of  the 
molecule  an  equipotential,  and  may,  without  impairing  the  power  of  Mossotti's 
explanation,  replace  these  conducting  spheres  by  shells  of  electrons.  If  in 
some  way  we  can  further  replace  these  shells  by  rings  of  electrons  in  rapid 
orbital  motion,  the  modified  hypothesis  will  be  in  very  close  agreement  with 
modern  beliefs  as  to  the  structure  of  matter. 

On  this  view,  the  quantity  a  tabulated  in  the  sixth  column  of  the  table 
on  p.  132,  will  measure  the  radius  of  the  outermost  shell  of  electrons.  Even 
outside  this  outermost  shell,  however,  there  will  be  an  appreciable  field  of 
force,  so  that  when  two  molecules  of  a  gas  collide  there  will  in  general  be  a 
considerable  distance  between  their  outermost  layers  of  electrons.  Thus  if 
the  collisions  of  molecules  in  a  gas  are  to  be  regarded  as  the  collisions  of 
elastic  spheres,  the  radius  of  these  spheres  must  be  supposed  to  be  con- 
siderably greater  than  a.  Now  it  is  the  radius  of  these  imaginary  elastic 
spheres  which  we  calculate  in  the  Kinetic  Theory  of  Gases :  there  is  therefore 
no  difficulty  in  understanding  the  differences  between  the  two  sets  of  values 
for  a  given  in  the  table  of  p.  132. 

It  is  known  that  molecules  are  not  in  general  spherical  in  shape,  but,  as 
we  shall  see  below,  there  is  no  difficulty  in  extending  Mossotti's  theory  to 
cover  the  case  of  non-spherical  molecules. 
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Anisotropic  Media. 

152.  There  are  some  dielectrics,  generally  of  crystalline  structure,  in 
which  Faraday's  relation  between  polarisation  and  intensity  is  found  not 
to  be  true.  The  polarisation  in  such  dielectrics  is  not,  in  general,  in  the 
same  direction  as  the  intensity,  and  the  angle  between  the  polarisation  and 
intensity  and  also  the  ratio  of  these  quantities  are  found  to  depend  on  the 
direction  of  the  field  relatively  to  the  axes  of  the  crystal.  We  shall  find  that 
the  conception  of  molecular  action  accounts  for  these  peculiarities  of  crystalline 
dielectrics. 

Let  us  consider  an  extreme  case  in  which  the  spherical  molecules  of 
fig.  46  are  replaced  by  a  number  of  very  elongated  or  needle-shaped  bodies. 
The  lines  of  force  will  have  their  effective  lengths  shortened  by  an  amount 
which  depends  on  whether  much  or  little  of  them  falls  within  the  material  of 
the  needle-shaped  molecules,  and,  as  in  §  149,  there  will  be  an  equation  of 
the  form 

where  6  is  the  aggregate  volume  of  the  number  of  molecules  which  occur  in 
a  unit  volume  of  the  gas,  and  s  is  a  numerical  multiplier.  But  it  is  at  once 
clear  that  the  value  of  s  will  depend  not  only  on  the  shape  but  also  on  the 
orientation  of  the  molecules.  Clearly  the  value  of  s  will  be  greatest  when 
the  needles  are  placed  so  that  their  greatest  length  lies  in  the  direction  of 
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the  lines  of  force,  as  in  fig.  46  a,  and  will  be  least  when  the  needles  lie  at 
right  angles  to  this  position,  as  in  fig.  46  b.  Or  to  put  the  matter  in  another 
way,  a  piece  of  dielectric  in  which  the  molecules  are  needle-shaped  and 
parallel  will  exhibit  different  values  of  K  according  as  the  field  of  force  is 
parallel  or  at  right  angles  to  the  lengths  of  the  needles. 
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This  extreme  case  illustrates  the  fundamental  property  of  crystalline 
dielectrics,  but  it  ought  to  be  understood  that  in  actual  substances  the  values 
of  K  do  not  differ  so  much  for  different  directions  as  this  extreme  case  might 
be  supposed  to  suggest.  For  instance  for  quartz,  one  of  the  substances  in 
which  the  difference  is  most  marked,  Curie  finds  the  extreme  values  of  K  to 
be  4-55  and  4 -49. 

Before  attempting  to  construct  a  mathematical  theory  of  the  behaviour 
of  a  crystalline  dielectric  we  may  examine  the  case  of  a  dielectric  having 
needle-shaped  molecules  placed  parallel  to  one  another,  but  so  as  to  make 
any  angle  0  with  the  direction  of  the  lines  of  force,  as  in  fig.  46  c. 

It  is  at  once  clear  that  not  only  are  the  effective  lengths  of  the  lines  of 
force  shortened  by  the  presence  of  the  molecules,  but  also  the  directions  of 
the  lines  of  force  are  twisted.  It  follows  that  the  polarisation,  regarded  as  a 
vector  as  in  §  128,  must  in  general  have  a  direction  different  from  that  of  the 
average  intensity  R  of  the  field. 

To  analyse  such  a  case  we  shall,  as  in  §  146,  regard  the  field  near  any 
point  as  the  superposition  of  two  fields : 

(i)  the  field  which  arises  from  the  doublets  on  the  neighbouring 
molecules,  say  a  field  of  components  of  intensity  X1}  Yly  Z1; 

(ii)  the  field  caused  by  the  doublets  arising  from  the  distant  molecules 
and  from  the  charges  outside  the  dielectric,  say  a  field  of  components  of 
intensity  Xit  Y2,  Z2. 

Clearly  in  the  case  we  are  now  considering,  the  intensities  R1}  R2  of 
these  fields  will  not  be  in  the  same  direction. 

The  components  of  intensity  of  the  whole  field  are  given  by 

X  =  Xa  +  X2,  etc. 

To  discuss  the  first  part  of  the  field,  let  us  regard  the  whole  field  as 
the  superposition  of  three  fields,  having  respectively  components  (X,  0,  0), 
(0,  Y,  0)  and  (0,  0,  Z).  If  the  molecules  are  spherical,  or  if,  not  being 
spherical,  their  orientations  in  space  are  distributed  at  random,  then  clearly 
the  field  of  components  (X,  0,  0)  will  induce  doublets  which  will  produce 
simply  a  field  of  components  (K'X,  0,  0)  where  K'  is  a  constant.  But  if  the 
molecules  are  neither  spherical  in  shape  nor  arranged  at  random  as  regards 
•their  orientations  in  space,  it  will  be  necessary  to  assume  that  the  induced 
doublets  give  rise  to  a  field  of  components 

K'nX,        K\,X,        K\3X. 
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On    superposing   the   doublets    induced   by  the   three  fields  (X,   0,   0), 
(0,  Y,  0)  and  (0,  0,  Z),  we  obtain 

X,  =  K'nX  +  K'a  Y+  K'S1Z  \ 

Yl  =  K'uX  +  K'mY+K'nZ  - (76). 

Zx  =  K'13X  +  K'w  Y  +  K'33Z  J 

Thus  we  have  relations  of  the  form 

4,Trf=KuX  +  K21Y+KslZ\ 

I 

expressing  the  relations  between  polarisation  and  intensity. 


4tt#  =  Kl2X  +  KUY +  K32Z  |     (77) 

4?r/i  =  Kl3X  +  Kw  Y  +  K33Z 


These  are  the  general  equations  for  crystalline  media.  "We  shall  shortly 
prove  (§  176)  that 

K12  =  K21,  K23  =  K32,   KS1  =  K13    (78), 

so  that  there  are  not  nine,  but  only  six,  independent  constants. 

Non-spherical  Molecules. 

152  a.  A  medium  in  which  the  molecules  are  not  spherical  but  are  oriented 
at  random  can  be  discussed  in  a  similar  way.  The  whole  field  (X,  Y,  Z)  may 
be  regarded  as  the  superposition  of  three  fields  (X,  0,  0),  (0,  Y,  0)  and  (0,  0,  Z). 
The  induced  doublets  produced  by  the  first  field  will  produce  a  field  of  com- 
ponents 

(K'X,  0,  0), 

the  components  along  Oy  and  Oz  necessarily  vanishing  on  account  of  the 

random  orientation  of  the   molecules.      The   other  fields  similarly   produce 

induced  fields 

(0,  K'Y,  0)   and   (0,  0,  K'Z), 

whence  we  readily  obtain  equations  of  the  form 

4>Trf=KX>   4>7ig  =  KY,   ^h  =  KZ. 

Thus  Mossotti's  theory  can  readily  be  extended  to  non-spherical  molecules, 
but  the  difficulty  remains  that  according  to  modern  views,  a  molecule  does 
not  consist  of  layers  of  electrons  at  rest,  but  of  systems  of  electrons  in  orbital 
motion.  It  will  not  be  possible  to  make  the  appropriate  modification  in  the 
theory  until  the  exact  nature  of  this  orbital  motion  is  known. 
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EXAMPLES. 

1.  A  spherical  condenser,  radii  a,  b,  has  air  in  the  space  between  the  spheres.  The 
inner  sphere  receives  a  coat  of  paint  of  uniform  thickness  t  and  of  a  material  of  which 
the  inductive  capacity  is  K.     Find  the  change  produced  in  the  capacity  of  the  condenser. 

2.  A  conductor  has  a  charge  e,  and  V1}  V2  are  the  potentials  of  two  equipotential 
surfaces  completely  surrounding  it  ( Vx  >  V2).  The  space  between  these  two  surfaces  is 
now  filled  with  a  dielectric  of  inductive  capacity  K.  Shew  that  the  change  in  the 
energy  of  the  system  is 

\e{Jx-n){K-\)lK. 

3.  The  surfaces  of  an  air-condenser  are  concentric  spheres.  If  half  the  space  between 
the  spheres  be  filled  with  solid  dielectric  of  specific  inductive  capacity  K,  the  dividing 
surface  between  the  solid  and  the  air  being  a  plane  through  the  centre  of  the  spheres, 
shew  that  the  capacity  will  be  the  same  as  though  the  whole  dielectric  were  of  uniform 
specific  inductive  capacity  £  (1 +K). 

4.  The  radii  of  the  inner  and  outer  shells  of  two  equal  spherical  condensers,  remote 
from  each  other  and  immersed  in  an  infinite  dielectric  of  inductive  capacity  K,  are 
respectively  a  and  b,  and  the  inductive  capacities  of  the  dielectric  inside  the  condensers 
are  Kit  K2.  Both  surfaces  of  the  first  condenser  are  insulated  and  charged,  the  second 
being  uncharged.  The  inner  surface  of  the  second  condenser  is  now  connected  to  earth, 
and  the  outer  surface  is  connected  to  the  outer  surface  of  the  first  condenser  by  a  wire 
of  negligible  capacity.     Shew  that  the  loss  of  energy  is 

Q*{2(b-a)K+aK2} 
2Kb{{b-a)K+aK2y 

where  Q  is  the  quantity  of  electricity  which  flows  along  the  wire. 

5.  The  outer  coating  of  a  long  cylindrical  condenser  is  a  thin  shell  of  radius  a,  and 
the  dielectric  between  the  cylinders  has  inductive  capacity  K  on  one  side  of  a  plane 
through  the  axis,  and  K'  on  the  other  side.  Shew  that  when  the  inner  cylinder  is 
connected  to  earth,  and  the  outer  has  a  charge  q  per  unit  length,  the  resultant  force  on 
the  outer  cylinder  is 

4f(K-K') 
7ra(A'+A") 
per  unit  length. 

6.  A  heterogeneous  dielectric  is  formed  of  n  concentric  spherical  layers  of  specific 
inductive  capacities  A'j,  A"2,  ...  A'n,  starting  from  the  innermost  dielectric,  which  forms  a 
solid  sphere  ;  also  the  outermost  dielectric  extends  to  infinity.  The  radii  of  the  spherical 
boundary  surfaces  are  au  a2,  ...  a„_!  respectively.  Prove  that  the  potential  clue  to  a 
quantity  Q  of  electricity  at  the  centre  of  the  spheres  at  a  point  distant  r  from  the  centre 
in  the  dielectric  K,  is 

A,\r      aj      A8  +  1\a,      atJrJ  Ana 


h 
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7.  A  condenser  is  formed  by  two  rectangular  parallel  conducting  plates  of  breadth 
b  and  area  A  at  distance  d  from  each  other.  Also  a  parallel  slab  of  a  dielectric  of  thickness 
t  and  of  the  same  area  is  between  the  plates.  This  slab  is  pulled  along  its  length  from 
between  the  plates,  so  that  only  a  length  x  is  between  the  plates.  Prove  that  the  electric 
force  sucking  the  slab  back  to  its  original  position  is 

27r£2dbt'(d-t') 
{A{d-t')+xbt'}*' 

where  t'  =  t(K-  1)1  K,  K  is  the  specific  inductive  capacity  of  the  slab,  E  is  the  charge,  and 
the  disturbances  produced  by  the  edges  are  neglected. 

8.  Three  closed  surfaces  1,  2,  3  are  equipotentials  in  an  electric  field.  If  the  space 
between  1  and  2  is  filled  with  a  dielectric  K,  and  that  between  2  and  3  is  filled  with  a 
dielectric  K\  shew  that  the  capacity  of  a  condenser  having  1  and  3  for  faces  is  C,  given  by 

C~AK+ BE" 

where  A,  B  are  the  capacities  of  air-condensers  having  as  faces  the  surfaces  1,  2  and  2,  3 
respectively. 

9.  The  surface  separating  two  dielectrics  (Ki,  E2)  has  an  actual  charge  <r  per  unit 
area.  The  electric  forces  on  the  two  sides  of  the  boundary  are  F1}  F2  at  angles  c^,  c2  with 
the  common  normal.     Shew  how  to  determine  F2,  and  prove  that 

E2  cot  c2  =  E1  cot  Ci  ( 1 


FiFi  cos  CiJ ' 


10.  The  space  between  two  concentric  spheres  radii  a,  b  which  are  kept  at  potentials 
A,  B,  is  filled  with  a  heterogeneous  dielectric  of  which  the  inductive  capacity  varies  as 
the  ?ith  power  of  the  distance  from  their  common  centre.  Shew  that  the  potential  at  any 
point  between  the  surfaces  is 

Aan  +  1-Bbn  +  1     an  +  1bn  +  1        A-B 


an  +  1  _  ftn  +  1  rn  +  1  an  + 1  _  £n  + 1 ' 

11.  A  condenser  is  formed  of  two  parallel  plates,  distant  h  apart,  one  of  which  is 
at  zero  potential.  The  space  between  the  plates  is  filled  with  a  dielectric  whose  inductive 
capacity  increases  uniformly  from  one  plate  to  the  other.  Shew  that  the  capacity  per  unit 
area  is 

K2  —  K1 
Airh  log  Z2/Z1' 

where  Kx  and  E2  are  the  values  of  the  inductive  capacity  at  the  surfaces  of  the  plate.    The 
inequalities  of  distribution  at  the  edges  of  the  plates  are  neglected. 

12.  A  spherical  conductor  of  radius  a  is  surrounded  by  a  concentric  spherical 
conducting  shell  whose  internal  radius  is  b,  and  the  intervening  space  is  occupied  by  a 

dielectric  whose  specific  inductive  capacity  at  a  distance  r  from  the  centre  is .     If  the 

inner  sphere  is  insulated  and  has  a  charge  E,  the  shell  being  connected  with  the  earth, 

E        b(c+r) 
prove  that  the  potential  in  the  dielectric  at  a  distance  r  from  the  centre  is  —  log  —} ^ . 
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13.  A  spherical  conductor  of  radius  a  is  surrounded  by  a  concentric  spherical  shell  of 

radius  b,  and  the  space  between  them  is  filled  with  a  dielectric  of  which  the  inductive 

capacity  at  distance  r  from  the  centre  is  fie~p2  p~3  where  p  =  rja.     Prove  that  the  capacity 

of  the  condenser  so  formed  is 

hl 
2/^a(ea2-e)_1. 

_r 

14.  If  the  specific  inductive  capacity  varies  as  e  <*,  where  r  is  the  distance  from  a 
fixed  point  in  the  medium,  verify  that  a  solution  of  the  differential  equation  satisfied  by 
the  potential  is 


/a\2r  l  r       ri  -] 


and  hence  determine  the  potential  at  any  point  of  a  sphere,  whose  inductive  capacity  is 
the  above  function  of  the  distance  from  the  centre,  when  placed  in  a  uniform  field  of 
force. 

15.     Shew  that  the  capacity  of  a  condenser  consisting  of  the  conducting  spheres  r=a, 
r=6,  and  a  heterogeneous  dielectric  of  inductive  capacity  K=f(d,  (p),  is 


i^^  f  f  f(&,  &  sin  0d8  dtp. 


16.  In  an  imaginary  crystalline  medium  the  molecules  are  discs  placed  so  as  to  be 
all  parallel  to  the  plane  of  ocy.  Shew  that  the  components  of  intensity  and  polarisation 
are  connected  by  equations  of  the  form 

AttJ  =  KnX  +  K2iY ;        4ng  =  KnX+K22'ir)        4rrh  =  K33Z. 


CHAPTER  VI 

THE   STATE   OF   THE   MEDIUM   IN   THE   ELECTROSTATIC   FIELD 

153.  The  whole  electrostatic  theory  has  so  far  been  based  simply  upon 
Coulomb's  Law  of  the  inverse  square  of  the  distance.  We  have  supposed 
that  one  charge  of  electricity  exerts  certain  forces  upon  a  second  distant 
charge,  but  nothing  has  been  said  as  to  the  mechanism  by  which  this  action 
takes  place.  In  handling  this  question  there  are  two  possibilities  open.  We 
may  either  assume  "  action  at  a  distance  "  as  an  ultimate  explanation — i.e. 
simply  assert  that  two  bodies  act  on  one  another  across  the  intervening 
space,  without  attempting  to  go  any  further  towards  an  explanation  of  how 
such  action  is  brought  about — or  we  may  tentatively  assume  that  some 
medium  connects  the  one  body  with  the  other,  and  examine  whether  it  is 
possible  to  ascribe  properties  to  this  medium,  such  that  the  observed  action 
will  be  transmitted  by  the  medium.  Faraday  and  Maxwell  followed  the  latter 
course.  They  refused  to  admit  "  action  at  a  distance  "  as  an  ultimate  explana- 
tion of  electric  phenomena,  finding  such  action  unthinkable  unless  transmitted 
by  an  intervening  medium. 

154.  It  is  worth  enquiring  whether  there  is  any  valid  a  priori  argument  which 
compels  us  to  resort  to  action  through  a  medium.  Some  writers  have  attempted  to  use 
the  phenomenon  of  Inductive  Capacity  to  prove  that  the  energy  of  a  condenser  must 
reside  in  the  space  between  the  charged  plates,  rather  than  on  the  plates  themselves — for, 
they  say,  change  the  medium  between  the  plates,  keeping  the  plates  in  the  same  condition, 
and  the  energy  is  changed.  A  study  of  Faraday's  molecular  explanation  of  the  action  in 
a  dielectric  will  shew  that  this  argument  proves  nothing  as  to  the  real  question  at  issue. 
It  goes  so  far  as  to  prove  that  when  there  are  molecules  placed  between  electric  charges, 
these  molecules  themselves  acquire  charges,  and  so  may  be  said  to  be  new  stores  of  energy, 
but  it  leaves  untouched  the  question  of  whether  the  energy  resides  in  the  charges  on  the 
molecules  or  in  the  ether  between  them. 

Again,  the  phenomenon  of  induction  is  sometimes  quoted  against  action  at  a  distance — 
a  small  conductor  placed  at  a  point  P  in  an  electrostatic  field  shews  phenomena  which 
depend  on  the  electric  intensity  at  P.  This  is  taken  to  shew  that  the  state  of  the  ether 
at  the  point  P  before  the  introduction  of  the  conductor  was  in  some  way  different  from 
what  it  would  have  been  if  there  had  not  been  electric  charges  in  the  neighbourhood.  But 
all  that  is  proved  is  that  the  state  of  the  point  P  after  the  introduction  of  the  conductor 
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will  be  different  from  what  it  would  have  been  if  there  had  not  been  electric  charges  in 
the  neighbourhood,  and  this  can  be  explained  equally  well  either  by  action  at  a  distance  or 
action  through  a  medium.  The  new  conductor  is  a  collection  of  positive  and  negative 
charges  :  the  phenomena  under  question  are  produced  by  these  charges  being  acted  upon 
by  the  other  charges  in  the  field,  but  whether  this  action  is  action  at  a  distance  or  action 
through  a  medium  cannot  be  told. 

Indeed,  it  will  be  seen  that,  viewed  in  the  light  of  the  electron-theory  and  of  Faraday's 
theory  of  dielectric  polarisation,  electrical  action  stands  on  just  the  same  level  as 
gravitational  action.  In  each  case  the  system  of  forces  to  be  explained  may  be  regarded 
as  a  system  of  forces  between  indestructible  centres,  whether  of  electricity  or  of  matter, 
and  the  law  of  force  is  the  law  of  the  inverse  square,  independently  of  the  state  of  the 
space  between  the  centres.  Now  no  scientist  would  claim  that  there  is  any  A  priori  proof 
that  gravitation  is  transmitted  through  a  medium — indeed  the  trend  of  opinion  at  present 
is  quite  in  the  opposite  direction — and  this  fact  in  itself  suffices  to  shew  that  there  is  no 
a  priori  means  of  establishing  that  electrical  action  is  transmitted  through  a  medium. 

Failing  an  a  priori  argument,  an  attempt  may  be  made  to  disprove  action  at  a  distance, 
or  rather  to  make  it  improbable,  by  an  appeal  to  experience.  It  may  be  argued  that  as 
all  the  forces  of  which  we  have  experience  in  every-day  life  are  forces  between  substances 
in  contact,  therefore  it  follows  by  analogy  that  forces  of  gravitation,  electricity  and 
magnetism,  must  ultimately  reduce  to  forces  between  substances  in  contact — i.e.  must  be 
transmitted  through  a  medium.  Upon  analysis,  however,  it  will  be  seen  that  this  argument 
divides  all  forces  into  two  classes  : 

(a)     Forces   of  gravitation,  electricity  and  magnetism,  which  appear  to  act  at  a 
distance. 

(/3)     Forces  of  pressure  and  impact  between  solid  bodies,  hydrostatic  pressure,  etc. 
which  appear  to  act  through  a  medium. 

The  argument  is  now  seen  to  be  that  because  class  (/3)  appear  to  act  through  a  medium, 
therefore  class  (a)  must  in  reality  act  through  a  medium.  The  argument  could,  with  equal 
logical  force,  be  used  in  the  exactly  opposite  direction  :  indeed  it  has  been  so  used  by  the 
followers  of  Boscovitch.  The  Newtonian  discovery  of  gravitation,  and  of  apparent  action 
at  a  distance,  so  occupied  the  attention  of  scientists  at  the  time  of  Boscovitch  that  it 
seemed  natural  to  regard  action  at  a  distance  as  the  ultimate  basis  of  force,  and  to 
try  to  interpret  action  through  a  medium  in  terms  of  action  at  a  distance.  The  reversion 
from  this  view  came,  as  has  been  said,  with  Faraday. 

Hertz's  subsequent  discovery  of  the  finite  velocity  of  propagation  of  electric  action, 
which  had  previously  been  predicted  by  Maxwell's  theory,  came  to  the  support  of  Faraday's 
view.  To  see  exactly  what  is  meant  by  this  finite  velocity  of  propagation,  let  us  imagine 
that  we  place  two  uncharged  conductors  A,  B  at  a  distance  r  from  one  another.  By 
charging  A,  and  so  performing  work  at  A,  we  can  induce  charges  on  conductor  B,  and 
when  this  has  been  done,  there  will  be  an  attraction  between  conductors  A  and  B.  We 
can  suppose  that  conductor  A  is  held  fast,  and  that  conductor  B  is  allowed  to  move 
towards  A,  work  being  performed  by  the  attraction  from  conductor  A.  We  are  now 
recovering  from  B  work  which  was  originally  performed  at  A.  The  experiments  of  Hertz 
shew  that  a  finite  time  is  required  before  any  of  the  work  spent  at  A  becomes  available 
at  B.  A  natural  explanation  is  to  suppose  that  work  spent  on  A  assumes  the  form  of 
energy  which  spreads  itself  out  through  the  whole  of  space,  and  that  the  finite  time 
observed  before  energy  becomes  available  at  B  is  the  time  required  for  the  first  part  of 
the  advancing  energy  to  travel  from  A  to  B.     This  explanation  involves  regarding  energy 
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as  a  definite  physical  entity,  capable  of  being  localised  in  space.  It  ought  to  be  noticed 
that  our  senses  give  us  no  knowledge  of  energy  as  a  physical  entity  :  we  experience  force, 
not  energy.  And  the  fact  that  energy  appears  to  be  propagated  through  space  with  finite 
velocity  does  not  justify  us  in  concluding  that  it  has  a  real  physical  existence,  for,  as  we 
shall  see,  the  potential  appears  to  be  propagated  in  the  same  way,  and  the  potential  can 
only  be  regarded  as  a  convenient  mathematical  fiction. 

155.  Although  no  sufficient  reason  has  been  found  compelling  us  to 
ascribe  electric  action  to  the  presence  of  an  intervening  medium,  we  are  still 
free  to  assume,  as  a  hypothesis,  that  such  a  medium  exists  and  that  electric 
action  is  transmitted  through  this  medium.  As  various  electric  and  electro- 
magnetic phenomena  are  discussed  we  shall  examine  what  properties  would 
have  to  be  attributed  to  the  medium  to  account  for  these  properties.  If  it  is 
found  that  contradictory  properties  would  have  to  be  ascribed  to  the  medium, 
then  the  hypothesis  of  action  through  an  intervening  medium  will  have  to  be 
abandoned.  If  the  properties  are  found  to  be  consistent,  then  the  hypotheses 
of  action  at  a  distance  and  action  through  a  medium  are  still  both  in  the 
field,  but  the  latter  becomes  more  or  less  probable  just  in  proportion  as  the 
properties  of  the  hypothetical  medium  seem  probable  or  improbable.  We  shall 
return  to  the  general  question  of  the  existence  of  a  medium  in  Chapter  XX. 

156.  Since  electric  action  takes  place  even  across  the  most  complete 
vacuum  obtainable,  we  conclude  that  if  this  action  is  transmitted  by  a 
medium,  this  medium  must  be  the  ether.  Assuming  that  the  action  is 
transmitted  by  the  ether,  we  must  suppose  that  at  any  point  in  the  electro- 
static field  there  will  be  an  action  and  reaction  between  the  two  parts  of  the 
ether  at  opposite  sides  of  the  point.  The  ether,  in  other  words,  is  in  a  state 
of  stress  at  every  point  in  the  electrostatic  field.  Before  discussing  the 
particular  system  of  stresses  appropriate  to  an  electrostatic  field,  we  shall 
investigate  the  general  theory  of  stresses  in  a  medium  at  rest. 

General  Theory  of  Stresses  in  a  medium  at  rest. 

157.  Let  us  take  a  small  area  dS  in  the  medium  perpendicular  to  the 
axis  of  x.  Let  us  speak  of  that  part  of  the  medium  near  to  dS  for  which  x 
is  greater  than  its  value  over  dS  as  x+,  and  that  for  which  x  is  less  than  this 
value  as  a?_,  so  that  the  area  dS  separates  the  two  regions  x+  and  x_. 
Those  parts  of  the  medium  by  which  these  two  regions  are  occupied  exert 
forces  upon  one  another  across  dS,  and  this  system  of  forces  is  spoken  of  as 
the  stress  across  dS.  Obviously  this  stress  will  consist  of  an  action  and 
reaction,  the  two  being  equal  and  opposite.  Also  it  is  clear  that  the  amount 
of  this  stress  will  be  proportional  to  dS. 

Let  us  assume  that  the  force  exerted  by  x+  on  #_  has  components 

Ixxdk,     JxydS,     lzZdS. 
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then  the  force  exerted  by  x_  on  x+  will  have  components 

—  PxxdS,     —T^ydS,     —  PxzdS. 

The  quantities  Pxx,  Pxy,  Pxz  are  spoken  of  as  the  components  of  stress 
perpendicular  to  Ox.  Similarly  there  will  be  components  of  stress  Pyx>  Pyy, 
PyZ  perpendicular  to  Oy,  and  components  of  stress  Pzx,  Pzy,  Pzz  perpendicular 
to  Oz. 

Let  us  next  take  a  small  parallelepiped  in  the 
medium,  bounded  by  planes 

x  =  £,     x  =  £  +  d  x ; 

y  =  v,     y  =  v  +  dy; 

z=%,     z  =  £  +  dz. 

The  stress  acting  upon  the  parallelepiped 
across  the  face  of  area  dydz  in  the  plane  x  =  g 
will  have  components 

-  (Pxx)z-t  dydz,     -  (Pxy)x^dydz,     -  (Pxz)x^ dydz, 

while  the  stress  acting  upon  the  parallelepiped  across  the  opposite  face  will 
have  components 

(Pxz)x-z+dzdydz,     (Pxy)x~s+dzdydz,     (Pxz)x^+dXdydz. 

Compounding  these  two  stresses,  we  find  that  the  resultant  of  the  stresses 
acting  upon  the  parallelepiped  across  the  pair  of  faces  parallel  to  the  plane 
of  yz,  has  components 

dx 


Fig.  47. 


dP 

—^  dxdydz, 

000 


dx 


dxdydz. 


Similarly  from  the  other  pairs  of  faces,  we  get  resultant  forces  of  com- 
ponents 


IX  dxdydz, 


dP 


yy 


and 


dy 
dPzx 

dz 


dxdydz, 


dy 
dPzy 


dxdydz, 


dPv 


yz 


dy 
dPzz 


dxdydz, 


dxdydz,  ■—  dxdydz. 


For  generality,  let  us  suppose  that  in  addition  to  the  action  of  these 
stresses  the  medium  is  acted  upon  by  forces  acting  from  a  distance,  of 
amount  H,  H,  Z  per  unit  volume.  The  components  of  the  forces  acting  on 
the  parallelepiped  of  volume  dxdydz  will  be 

S  dxdydz,     H  dxdydz,     Z  dxdydz. 

Compounding  all  the  forces  which  have  been  obtained,  we  obtain  as  equations 
of  equilibrium 


and  two  similar  equations. 


dx 


V-tyX     ,     V-*ZX  n 


+ 


By       dz 


.(79) 
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158.  These  three  equations  ensure  that  the  medium  shall  have  no 
motion  of  translation,  but  for  equilibrium  it  is  also  necessary  that  there 
should  be  no  rotation.  To  a  first  approximation,  the  stress  across  any  face 
may  be  supposed  to  act  at  the  centre  of  the  face,  and  the  force  B,  H,  Z  at 
the  centre  of  the  parallelepiped.  Taking  moments  about  a  line  through  the 
centre  parallel  to  the  axis  of  Ox,  we  obtain  as  the  equation  of  equilibrium 

Pyz-Hy  =  0  (80). 

This  and  the  two  similar  equations  obtained  by  taking  moments  about 
lines  parallel  to  Oy,  Oz  ensure  that  there  shall  be  no  rotation  of  the  medium. 
Thus  the  necessary  and  sufficient  condition  for  the  equilibrium  of  the  medium 
is  expressed  by  three  equations  of  the  form  of  (79),  and  three  equations  of  the 
form  of  (80). 

159.  Suppose  next  that  we  take  a  small  area  dS  anywhere  in  the 
medium.     Let  the  direction  cosines  of  the  normal 

to  dS  be  ±  I,  ±  m,  ±  n.  Let  the  parts  of  the 
medium  close  to  dS  and  on  the  two  sides  of  it  be 
spoken  of  as  S+  and  $_,  these  being  named  so 
that  a  line  drawn  from  dS  with  direction  cosines 
+  1,  +  m,  +  n   will    be    drawn   into   S+,  and 


one 


with  direction  cosines  —  I,  —  m,  —  n  will  be  drawn 
into  &_.  Let  the  force  exerted  by  S+  on  &_ 
across  the  area  dS  have  components 

FdS,        GdS,       HdS,  Fig.  48. 

then  the  force  exerted  by  #_  on  S+  will  have 
components 

-FdS,      -GdS,      -HdS. 

The  quantities  F,  G,  H  are  spoken  of  as  the  components  of  stress  across 
a  plane  of  direction  cosines  I,  m,  n. 

To  find  the  values  of  F,  G,  H,  let  us  draw  a  small  tetrahedron  having 
three  faces  parallel  to  the  coordinate  planes  and  a  fourth  having  direction 
cosines  I,  m,  n.  If  dS  is  the  area  of  the  last  face,  the  areas  of  the  other 
faces  are  IdS,  mdS,  ndS  and  the  volume  of  the  parallelepiped  is 
%  \f2lmn  (dS)2 .  Resolving  parallel  to  Ox,  we  have,  since  the  medium  inside 
this  tetrahedron  is  in  equilibrium, 

£  V2K  (dS)%  H  -  ldSPxx  -  mdSPyx  -  ndSP2X  +  FdS  =  0, 
giving,  since  dS  is  supposed  vanishingly  small, 

F=lPxx  +  mPyx  +  nPzx (81) 

and  there  are  two  similar  equations  to  determine  G  and  H. 
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160.  Assuming  that  equation  (80)  and  the  two  similar  equations  are 
satisfied,  the  normal  component  of  stress  across  the  plane  of  which  the 
direction  cosines  are  I,  m,  n  is 

IF  +  mQ  +  nH=PPxx  +  m2Pyy  +  n2Pzz  +  2mnPyz  +  2nlPzx  +  2lmPxy. 

The  quadric 

x2Pxx  +  y2Pyy  +  z2Pzz  +  2yzPyz  +  2zxPzx  +  2xyPxy  =  l  (82) 

is  called  the  stress-quadric.  If  r  is  the  length  of  its  radius  vector  drawn  in 
the  direction  I,  m,  n,  we  have 

r2  (l*Pxx  +  m\y  +  n*Pzz  +  2mnPyz  +  2nlPzx  +  2lmPxy)  =  1. 

It  is  now  clear  that  the  normal  stress  across  any  plane  I,  m,  n  is  measured 
by  the  reciprocal  of  the  square  of  the  radius  vector  of  which  the  direction 
cosines  are  I,  m,  n.  Moreover  the  direction  of  the  stress  across  any  plane 
I,  m,  n  is  that  of  the  normal  to  the  stress-quadric  at  the  extremity  of  this 
radius  vector.  For  r  being  the  length  of  this  radius  vector,  the  coordinates 
of  its  extremity  will  be  rl,  rm,  rn.  The  direction  cosines  of  the  normal  at 
this  point  are  in  the  ratio 

rlPxx  +  rmPxy  +  mPzx  :  rlPxy  +  rmPyy  +  rnPyz:  rlPzx  +  rmPyZ  +  rnPzz 

or  F :  G  :  H,  which  proves  the  result. 

The  stress-quadric  has  three  principal  axes,  and  the  directions  of  these 
are  spoken  of  as  the  axes  of  the  stress.  Thus  the  stress  at  any  point  has 
three  axes,  and  these  are  always  at  right  angles  to  one  another.  If  a  small 
area  be  taken  perpendicular  to  a  stress  axis  at  any  point,  the  stress  across 
this  area  will  be  normal  to  the  area.  If  the  amounts  of  these  stresses  are 
P1}  Pi,  P3)  then  the  equation  of  the  stress-quadric  referred  to  its  principal 
ixes  will  be 

Clearly  a  positive  principal  stress  is  a  simple  tension,  and  a  negative 
principal  stress  is  a  simple  pressure. 

As  simple  illustrations  of  this  theory,  it  may  be  noticed  that 

(i)     For  a  simple  hydrostatic  pressure  P,  the  stress-quadric  becomes  an  imaginary 
sphere 

p(e+ri2+{2)=-i: 

The  pressure  is  the  same  in  all  directions,  and  the  pressure  across  any  plane  is  at  right 
angles  to  the  plane  (for  the  tangent  plane  to  a  sphere  is  at  right  angles  to  the  radius 
vector). 

(ii)     For  a  simple  pull,  as  in  a  rope,  the  stress-quadric  degenerates  into  two  parallel 
planes 

P£2  =  l. 

J.  10 
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The  Stresses  in  an  Electrostatic  Field. 

161.  If  an  infinitesimal  charged  particle  is  introduced  into  the  electric 
field  at  any  point,  the  phenomena  exhibited  by  it  must,  on  the  present  view 
of  electric  action,  depend  solely  on  the  state  of  stress  at  the  point.  The 
phenomena  must  therefore  be  deducible  from  a  knowledge  of  the  stress- 
quadric  at  the  point.  The  only  phenomenon  observed  is  a  mechanical  force 
tending  to  drag  the  particle  in  a  certain  direction — namely,  in  the  direction 
of  the  line  of  force  through  the  point.  Thus  from  inspection  of  the  stress- 
quadric,  it  must  be  possible  to  single  out  this  one  direction.  We  conclude 
that  the  stress-quadric  must  be  a  surface  of  revolution,  having  this  direction 
for  its  axis.  The  equation  of  the  stress-quadric  at  any  point,  referred  to 
its  principal  axes,  must  accordingly  be 

Z?r  +  W+£2)  =  1 (83), 

where  the  axis  of  f  coincides  with  the  line  of  force  through  the  point.  Thus 
the  system  of  stresses  must  consist  of  a  tension  Pt  along  the  lines  of  force, 
and  a  tension  ^  perpendicular  to  the  lines  of  force — and  if  either  of  the 
quantities  i?  or  P2  is  found  to  be  negative,  the  tension  must  be  interpreted 
as  a  pressure. 

Since  the  electrical  phenomena  at  any  point  depend  only  on  the  stress- 
quadric,  it  follows  that  R  must  be  deducible  from  a  knowledge  of  i?  and  I\. 
Moreover,  the  only  phenomena  known  are  those  which  depend  on  the 
magnitude  of  R,  so  that  it  is  reasonable  to  suppose  that  the  only  quantity 
which  can  be  deduced  from  a  knowledge  of  Px  and  P^  is  the  quantity  R — 
in  other  words,  that  7?  and  P%  are  functions  of  R  only.  We  shall  for  the 
present  assume  this  as  a  provisional  hypothesis,  to  be  rejected  if  it  is  found 
to  be  incapable  of  explaining  the  facts. 

162.  The  expression  of  i?  as  a  function  of  R  can  be  obtained  at  once 
by  considering  the  forces  acting  on  a  charged  conductor.     Any  element  dS 

R2 

of  surface  experiences  a  force  —  dS  urging  it  normally  away  from  the  con- 
ductor. On  the  present  view  of  the  origin  of  the  forces  in  the  electric  field, 
we  must  interpret  this  force  as  the  resultant  of  the  ether-stresses  on  its  two 
sides.     Thus,  resolving  normally  to  the  conductor,  we  must  have 

^rdS=(P_)BdS-(P1)0dS, 

where  (P)e,  (7?)0  denote  the  values  of  i?  when  the  intensity  is  R  and  0 
respectively.  Inside  the  conductor  there  is  no  intensity,  so  that  the 
stress-quadrics  become  spheres,  for  there  is  nothing  to  differentiate  one 
direction  from  another.     Any  value  which  (/?)„  may  have  accordingly  arises 
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simply  from  a  hydrostatic  pressure  or  tension  throughout  the  medium,  and 
this  cannot  influence  the  forces  on  conductors.  Leaving  any  such  hydrostatic 
pressure  out  of  account,  we  may  take  (i?)0  =  0,  and  so  obtain  (P1)R  in  the 
form 

R2 

«=8^  •. <84>- 

163.  We  can  most  easily  arrive  at  the  function  of  R  which  must  be 
taken  to  express  the  value  of  R2,  by  considering  a  special  case. 

Consider  a  spherical  condenser  formed  of  spheres  of  radii  a,  b.  If  this 
condenser  is  cut  into  two  equal  halves  by  a  plane  through  its  centre,  the 
two  halves  will  repel  one  another.  This  action  must  now  be  ascribed  to  the 
stresses  in  the  medium  across  the  plane  of  section.  Since  the  lines  of  force 
are  radial  these  stresses  are  perpendicular  to  the  lines  of  force,  and  we  see 
at  once  that  the  stress  perpendicular  to  the  lines  of  force  is  a  pressure.  To 
calculate  the  function  of  R  which  expresses  this  pressure,  we  may  suppose 
b  —  a  equal  to  some  very  small  quantity  c,  so  that  R  may  be  regarded  as 
constant  along  the  length  of  a  line  of  force.  The  area  over  which  this 
pressure  acts  is  it  (b2  —  a2),  and  since  the  pressure  per  unit  area  in  the 
medium  perpendicular  to  a  line  of  force  is  —  R,  the  total  repulsion 
between  the  two  halves  of  the  condenser  will  be  —  R2Tr(b2  —  a2). 

The  whole  force  on  either  half  of  the  condenser  is  however  a  force  2tt<t2 

per  unit  area  over  each  hemisphere,  normal  to  its  surface.     The  resultant  of 

all   the    forces  acting  on    the   inner  hemisphere  is  ira2  x  2ira2,  or   putting 

2ira2a  =  E,  so  that  E  is  the  charge  on  either  hemisphere,  this  force  is  E2/2a2. 

Similarly,  the  force  on  the  hemisphere  of  radius  b  is  E2/2b2.     Thus  the  re- 

'1       1  \ 
sultant  repulsion  on  the  complete  half  of  the  condenser  is  \E2  (  -  —  yA  .    Since 

this  has  been  seen  to  be  also  equal  to  —  R.7T  (b2  —  a2),  we  have 


W  ,        R2 


^=--^7-„  =  -27T(7 


on  taking  a  =  b  in  the  limit. 

Thus  in  order  that  the  observed  actions  may  be  accounted  for,  it  is 
necessary  that  we  have 

7?a  R3 

P  —  zL     i  P  —  -  — 

^"Stt'  *~      8tt' 

Moreover,  if  these  stresses  exist,  they  will  account  for  all  the  observed 
mechanical  action  on  conductors,  for  the  stresses  result  in  a  mechanical  force 
27ro-2  per  unit  area  on  the  surface  of  every  conductor. 

164.  It  remains  to  examine  whether  these  stresses  are  such  as  can  be 
transmitted  by  an  ether  at  rest. 

10—2 
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As  a  preliminary  we  must  find  the  values  of  the  stress-components  Pxx, 
Pxy,...  referred  to  fixed  axes  Ox,  Oy,  Oz. 

The  stress-quadric  at  any  point  in  the  ether,  referred  to  its  principal  axes, 
is  seen  on  comparison  with  equation  (83)  to  be 

£(p-^2-n=i (85). 

07T 

Here  the  axis  of  f  is  in  the  direction  of  the  line  of  force  at  the  point. 
Let  the  direction-cosines  of  this  direction  be  llt  mu  i\.  Then  on  transforming 
to  axes  Ox,  Oy,  Oz  we  may  replace  f  by  lxx  +  mxy  +  nxz. 

Equation  (85)  may  be  replaced  by 

07T 

and  on  transforming  axes  £2  +  rf  +  £2  transforms  into  a?  +  y2  +  z2.     Thus  the 
transformed  equation  of  the  stress-quadric  is 

R2 

^  {2  (l,x  +  my  +  n&f  -  (x2  +  y2  +  z2)}  =  1. 

Comparing  with  equation  (82),  we  obtain 

£.«=?- (2V-1)  (86), 

Pxy  =  ^(2limi) (87), 

07T 

and  similar  values  for  the  remaining  components  of  stress. 

Or  again,  since  X  =  l^R,     Y  =  rn^R,     Z  =  ^R, 

these  equations  may  be  expressed  in  the  form 

Pxx  =  ^  {X2  -  Y2  -  Z2), 

07T 


_XY 


xy      4, 


In  this  system  of  stress-components,  the  relations  Pxy  =  Pyx  are  satisfied, 
as  of  course  they  must  be  since  the  system  of  stresses  has  been  derived  by 
assuming  the  existence  of  a  stress-quadric.  Thus  the  stresses  do  not  set  up 
rotations  in  the  ether  (cf.  equation  (80)). 

In  order  that  there  may  be  also  no  tendency  to  translation,  the  stress- 
components  must  satisfy  equations  of  the  type 

Optx    |    OPcy    ,    0*xz       a  /OQ\ 

-dx~  +  ~dy-  +  ~dF  =  °  (88)' 

expressing  that  no  forces  beyond  these  stresses  are  required  to  keep  the 
ether  at  rest  (cf.  equation  (79)). 
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On  substituting  the  values  of  the  stress-components,  we  have 

dx       dy        dz 

'  -  ss  Is {X'  -  T'  -  ^ + 1  <2Xr> + &<***>} 

=  J.  \2X  (—  +  -  +  ~\  +  2F  (^  -  d-I)  +  2Z  (^  -  d-l)\ 

8tt\       \dx       dy      dz)  \dy      dx  J     '      \dz      dx))' 


On  putting 


Y       -d-Z  V-  JZ  7-JJ. 

*~      dx'  *'       dy1  dz* 


we  find  at  once  that 


dX_dY=      &V_      92F_ 
dy       dx         dxdy     dxdy       ' 

dX_dZ_      &V_      d*V 

dz       dx         dxdz      dxdz        ' 

aX    dY    d_Z  =  _/cPV    d^v    &Z\  =  0 

dx       dy      dz         \  dx2       dy2       dz'2 )        ' 
shewing  that  equation  (88)  is  satisfied. 

165.     Thus,  to   recapitulate,  we   have    found  that  a  system  of  stresses 
consisting  of 

(i)     a  tension  -6—  per  unit  area  in  the  direction  of  the  lines  of  force, 

(ii)     a  pressure  —  per  unit  area  perpendicular  to  the  lines  of  force, 

is  one  which  can  be  transmitted  by  the  medium,  in  that  it  does  not  tend  to 
set  up  motions  in  the  ether,  and  is  one  which  will  explain  the  observed 
forces  in  the  electrostatic  field.  Moreover  it  is  the  only  system  of  stresses 
capable  of  doing  this,  which  is  such  that  the  stress  at  a  point  depends  only 
on  the  electric  intensity  at  that  point. 


Examples  of  Stress. 

166.  Assuming  this  system  of  stresses  to  exist,  it  is  of  value  to  try  to 
picture  the  actual  stresses  in  the  field  in  a  few  simple  cases. 

Consider  first  the  field  surrounding  a  point  charge.  The  tubes  of  force 
are  cones.  Let  us  consider  the  equilibrium  of  the  ether  enclosed  by  a 
frustum  of  one  of  these  cones  which  is  bounded  by  two  ends  p,  q.  If 
G)p,  o)q   are    the    areas   of  these    ends,  we  find   that    there    are  tensions  of 
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amounts 


B 


pWp 


Bg'COg 


8tt    '      8tt 

so  that  the  forces  on  the  two  ends  have  as 
resultant  a  force  tending  to  move  the  ether 
inwards  towards  the  charge.  This  tendency- 
is  of  course  balanced  by  the  pressures  acting 
on  the  curved  surface,  each  of  which  has  a 
component  tending  to  press  the  ether  inside 
the  frustum  away  from  the  charge. 


Since   Rpa>p  =  Rqcoq,  the   former  is  the  greater. 


Fig.  49. 


167.     A  more  complex  example  is  afforded 
by   two   equal   point   charges,   of  which    the  lines  of  force  are  shewn   in 
fig.  50. 


Fia.  50. 


The  lines  of  force  on  either  charge  fall  thickest  on  the  side  furthest 
removed  from  the  other  charge,  so  that  their  resultant  action  on  the  charges 
amounts  to  a  traction  on  the  surface  of  each  tending  to  drag  it  away  from 
the  other,  and  this  traction  appears  to  us  as  a  repulsion  between  the  bodies. 

We  can  examine  the  matter  in  a  different  way  by  considering  the  action 

and  reaction  across  the  two  sides  of  the  plane  which  bisects  the  line  joining 

the  two  charges.     No  lines  of  force  cross  this  plane,  which  is  accordingly 

made  up  entirely  of  the  side  walls  of  tubes  of  force.    Thus  there  is  a  pressure 

R? 

—  per  unit  area  acting  across  this  plane  at  every  point.     The  resultant  of 

o7T 

all  these  pressures,  after  transmission  by  the  ether  from  the  plane  to  the 
charges  immersed  in  the  ether,  appears  as  a  force  of  repulsion  exerted  by 
the  charges  on  one  another. 
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Energy  in  the  Medium. 

168.  In  setting  up  the  system  of  stresses  in  a  medium  originally  un- 
stressed, work  must  be  done,  analogous  to  the  work  done  in  compressing 
a  gas.  This  work  must  represent  the  energy  of  the  stressed  medium,  and 
this  in  turn  must  represent  the  energy  of  the  electrostatic  field.  Clearly, 
from  the  form  of  the  stresses,  the  energy  per  unit  volume  of  the  medium 
at  any  point  must  be  a  function  of  R  only.  To  determine  the  form  of  this 
function,  we  may  examine  the  simple  case  of  a  parallel  plate  condenser, 

R2 

and  we  find  at  once  that  the  function  must  be  5—. 

07T 

We  have  now  to  examine  whether  the  energy  of  any  electrostatic  field 

R2 
can  be  regarded  as  made  up  of  a  contribution  of  amount  5—  per  unit  volume 

o7T 

from  every  part  of  the  field. 

In  fig.  51,  let  PQ  be  a  tube  of  force  of  strength  e,  passing  from  P  at 
potential   VP  to  Q   at  potential   VQ.      The  ether  inside  this   tube  of  force 

R2 

being  supposed  to  possess  energy  —  per  unit  volume, 

the  total  energy  enclosed  by  the  tube  will  be 

co  ds, 


L 


p    87T 

where  w  is  the  cross  section  at  any  point,  and  the 
integration  is  along  the  tube.  Since  Rco  =  4nre, 
this  expression 

=     \  e  I    R  ds 


=  -*e]PTsds 

=     ie(Vf-VQ). 


This,  however,  is  exactly  the  contribution  made  by  the  charges  +  e  at 
P,  Q  to  the  expression  ^  2eF.  Thus  on  summing  over  all  tubes  of  force,  we 
find  that  the  total  energy  of  the  field  \SeV  may  be  obtained  exactly,  by 

R2 

assigning  energy  to  the  ether  at  the  rate  of  3—  per  unit  volume. 


Energy  in  a  Dielectric. 

169.     By  imagining  the  parallel  plate   condenser  of  §  168  filled  with 
dielectric  of  inductive  capacity  K,  and  calculating  the  energy  when  charged, 

KR2 
we  find  that  the  energy,  if  spread  through    the  dielectric,  must   be  — — 

per  unit  volume. 
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Let  us  now  examine  whether  the  total  energy  of  any  field  can  be  regarded 
as  arising  from  a  contribution  of  this  amount  per  unit  volume.  The  energy 
contained  in  a  single  tube  of  force,  with  the  notation  already  used,  will  be 

QKR2      , 
o)  as, 


I 


P  8?r 


KR 

or,  since  -r —  =  P,  where  P  is  the  polarisation,  this  energy 


47T 


=  |     \RPcods 


rQ 

=  I  e\     Rds 

J  p 

=  2  e  (  Kp  — '  Ka)j 


so  that  the  total  energy  is  \XeV,  as  before.    Thus  a  distribution  of  energy  of 

7T7?2 

amount  -=- —  per  unit  volume  will  account  for  the  energy  of  any  field. 

Crystalline  dielectrics. 

170.  We  have  seen  (§  152)  that  in  a  crystalline  dielectric,  the  com- 
ponents of  polarisation  and  of  electric  intensity  will  be  connected  by  equations 
of  the  form 

4tt/  =  KUX  +  K2l  Y  +  K31Z  \ 

4tt#  =  K12X  +  K22Y  +  K32Z  \     (89). 

4ttA  =  KIZX  +  KsiY+  K3SZ  J 

The  energy  of  any  distribution  of  electricity,  no  matter  what  the  dielectric 

may  be,  will  be  ^  %EV.     If  V1}   V2  are  the  potentials  at  the  two  ends  of 

a  unit  tube,  the  part  of  this  sum  which  is  contributed  by  the  charges  at  the 

ends  of  this  tube  will  be  £  (Fx  —  TQ.     If  9/ds  denote  differentiation  along  the 

fdV  .  fdV 

tube,  this  may  be  written  —  \  \  —  ds,  or  again  —  \  I  —  Pco  ds,  where  P  is  the 

polarisation,  and  a>  the  cross  section  of  the  tube.     Thus  the  energy  may  be 

dV 
supposed  to  be  distributed  at  the  rate  of  —  \  -^-  P  per  unit  volume.     If  e  is  the 

angle  between  the  direction  of   the  polarisation   and  that  of  the  electric 

dV 
intensity,  we  have  —  -~-  =  R  cos  e,  so  that  the  energy  per  unit  volume 

=  \RP cos e  =  $(/X  +  gY+hZ)  (90). 

In  a  slight  increase  to  the  electric  charges,  the  change  in  the  energy  of 
the  system  is,  by  §  109,  equal  to  1,V8E,  so  that  the  change  in  the  energy  per 
unit  volume  of  the  medium  is 

BW=XSf+  Y8g  +  Z8h. 
TllUS  ~df=X>       Tg=Y>     lh=Z <91>- 
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From  formulae  (89)  and  (90),  we  must  have 
W  =  %(fX  +  gY+hZ) 

=  i  {KUX*  +  (K12  +  K21)  XY+  ...}, 
from  which 

\x = ~L [KnX + * ( /fi2 + z 2i)  Y + * (^13 + *■> z)- 

We  must  also  have 

8JF     8TT  _§£     dW  dg_     dW  dh 
dX       df  dX+  dg  dX  +  dh  dX 

=  ^{KuX  +  K21Y  +  K3lZ}. 
Comparing  these  expressions,  we  see  that  we  must  have 

-**-12  =  -ft-nt        -^-13  =  -"L31>         -^-23  ==  -^32« 

The  energy  per  unit  volume  is  now 

W  =  ±r(KnX*  +  2K12XY+...)  (92). 

Maxwell's  Displacement  Theory. 

171.  Maxwell  attempted  to  construct  a  picture  of  the  phenomena 
occurring  in  the  electric  field  by  means  of  his  conception  of  "electric  dis- 
placement." Electric  intensity,  according  to  Maxwell,  acting  in  any  medium — 
whether  this  medium  be  a  conductor,  an  insulator,  or  free  ether — produces 
a  motion  of  electricity  through  the  medium.  It  is  clear  that  Maxwell's 
conception  of  electricity,  as  here  used,  must  be  wider  than  that  which  we 
have  up  to  the  present  been  using,  for  electricity,  as  we  have  so  far  under- 
stood it,  is  incapable  of  moving  through  insulators  or  free  ether.  Maxwell's 
motion  of  electricity  in  conductors  is  that  with  which  we  are  already  familiar. 
As  we  have  seen,  the  motion  will  continue  so  long  as  the  electric  intensity 
continues  to  exist.  According  to  Maxwell,  there  is  also  a  motion  in  an 
insulator  or  in  free  ether,  but  with  the  difference  that  the  electricity  cannot 
travel  indefinitely  through  these  media,  but  is  simply  displaced  a  small 
distance  within  the  medium  in  the  direction  of  the  electric  intensity,  the 
extent  of  the  displacement  in  isotropic  media  being  exactly  proportional 
to  the  intensity,  and  in  the  same  direction. 

The  conception  will  pei-haps  be  understood  more  clearly  on  comparing  a  conductor  to 
a  liquid  and  an  insulator  to  an  elastic  solid.  A  small  particle  immersed  in  a  liquid  will 
continue  to  move  through  the  liquid  so  long  as  there  is  a  force  acting  on  it,  but  a  particle 
immersed  in  an  elastic  solid  will  be  merely  "displaced"  by  a  force  acting  on  it.  The 
amount  of  this  displacement  will  be  proportional  to  the  force  acting,  and  when  the  force 
is  removed,  the  particle  will  return  to  its  original  position. 
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Thus  at  any  point  in  any  medium  the  displacement  has  magnitude  and 
direction.  The  displacement,  then,  is  a  vector,  and  its  component  in  any 
direction  may  be  measured  by  the  total  quantity  of  electricity  per  unit  area 
which  has  crossed  a  small  area  perpendicular  to  this  direction,  the  quantity 
being  measured  from  a  time  at  which  no  electric  intensity  was  acting. 

172.  Suppose,  now,  that  an  electric  field  is  gradually  brought  into 
existence,  the  field  at  any  instant  being  exactly  similar  to  the  final  field 
except  that  the  intensity  at  each  point  is  less  than  the  final  intensity  in 
some  definite  ratio  k.  Let  the  displacement  be  c  times  the  intensity,  so 
that  when  the  intensity  at  any  point  is  kR,  the  displacement  is  c/cR.  The 
direction  of  this  displacement  is  along  the  lines  of  force,  so  that  the 
electricity  may  be  regarded  as  moving  through  the  tubes  of  force :  the  lines 
of  force  become  identical  now  with  the  current-lines  of  a  stream,  to  which 
they  have  already  been  compared. 

Let  us  consider  a  small  element  of  volume  cut  off  by  two  adjacent 
equipotentials  and  a  tube  of  force.      Let  the  cross  section  of  the  tube  of 
force  be  co,  and  the  normal  distance  between  the  equipotentials  where  they 
meet  the  tube  of  force  be  ds,  so  that  the  element  under 
consideration  is  of  volume  cods.     On  increasing  the  intensity 
from  kR  to  (k  +  d/c)  R,  there  is  an  increase  of  displacement 
from  ckR  to  c  (k  +  c?«)  R,  and  therefore  an  additional  dis- 
placement of  electricity  of  amount  cRdic  per  unit  area. 

Thus  of  the  electricity  originally  inside  the  small  element 
of  volume,  a  quantity  cRcodic  flows  out  across  one  of  the 
bounding  equipotentials,  whilst  an  equal  quantity  flows  in 
across  the  other.  Let  Vi;  V.A  be  the  potentials  of  these 
surfaces,  then  the  whole  work  done  in  displacing  the  electricity  originally 
inside  the  element  of  volume  cods,  is  exactly  the  work  of  transferring  a 
quantity  cRd/c  of  electricity  from  potential  Vx  to  potential  V%.  It  is 
therefore  cRco(Vl  —  V^dic  and,  since  V2  —  V1  =  /cRds,  this  may  be  written  as 
cR2cods/cdK.  Thus  as  the  intensity  is  increased  from  0  to  R,  the  total  work 
spent  in  displacing  the  electricity  in  the  element  of  volume  cods 

=  I    cR2  (cods)  Kdic  =  %cR2 .  cods. 
Jo 

This  work,  on  Maxwell's  theory,  is  simply  the  energy  stored  up  in  the 

nnrl    t.he»   r^lST>ln.PAmpn+•.   n.+.  nnv 

47T 


-ds- 


R2 
element  of  volume  cods  of  the  medium,  and  is  therefore  equal  to  3—  cods. 

07T 

Thus  c  must  be  taken  equal  to  j— ,  and  the  displacement  at  any  point  is 


measured  by 

R_ 

47T* 
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If  the  element  of  volume  is  taken  in  a  dielectric  of  inductive  capacity  K, 

77D2  77" 

the  energy  is  -= — ,  so  that  c  =  j—  ,  and  the  displacement  is 

KR 


4nr  ' 

173.  It  is  now  evident  that  Maxwell's  "displacement"  is  identical  in 
magnitude  and  direction  with  Faraday's  "polarisation"  introduced  in 
Chap.  v. 

Denoting  either  quantity  by  P,  we  had  the  relation 


// 


P  cose  dS  =  E (93), 


expressing  that  the  normal  component  of  P  integrated  over  any  closed 
surface  is  equal  to  the  total  charge  inside.     On  Maxwell's  interpretation  of 

the  quantity  P,  the  surface  integral  1 1  P  cos  e  dS  simply  measures  the  total 

quantity  of  electricity  which  has  crossed  the  surface  from  inside  to  outside. 
Thus  equation  (93)  expresses  that  the  total  outward  displacement  across  any 
closed  surface  is  equal  to  the  total  charge  inside. 

If  we  now  follow  Maxwell  in  supposing  that  electricity  is  of  two  kinds, 

(i)  the  kind  which  appears  as  a  charge  on  an  electrified  body, 
(ii)  the  kind  which  Maxwell  imagines  to  occupy  the  whole  of  space,  and  to 
undergo  displacement  when  electric  action  takes  place, 

then  it  appears  that  any  increase  of  electricity  of  kind  (i)  inside  any  closed 

surface  is  accompanied  by  an  exactly  equal  decrease  of  electricity  of  kind  (ii). 

In  other  words  the  sum  total  of  the  two  kinds  of  electricity  inside  any  closed 

surface  remains  constant. 

174.    It  will  be  understood  that  Maxwell's  theory  of  electrical  displace- 
ment attempts  to  give  a  physical  picture  of  the  processes  of  the  electric  field,  ., 
but  that  the  truth  of  the  picture  is  by  no  means  essential  to  the  mathematical 
theory  of  electricity.   The  displacement  theory  is  historically  important  because  0 
it  led  Maxwell  to  the  hypothesis  of  displacement  currents  which  form  the    ~ 
foundation  of  his  electromagnetic  theory  of  light  (Chap.  xvn).    But  we  shall 
see  later  that  the  general  electromagnetic  theory  can  be  developed  without  v 
the  preliminary  displacement  theory.    The  displacement  theory  has  served  as 
part  of  the  scaffolding  by  which  the  electromagnetic  theory  was  constructed; 
whether  the  scaffolding  ought  now  to  be  discarded  remains  an  open  question. 


CHAPTER  VII 

GENERAL  ANALYTICAL  THEOREMS 

Green's  Theorem. 

175.  A  theorem,  first  given  by  Green,  and  commonly  called  after  him, 
enables  us  to  express  an  integral  taken  over  the  surfaces  of  a  number  of 
bodies  as  an  integral  taken  through  the  space  between  them.  This  theorem 
naturally  has  many  applications  to  Electrostatic  Theory.  It  supplies  a  means 
of  handling  analytically  the  problems  which  Faraday  treated  geometrically 
with  the  help  of  his  conception  of  tubes  of  force. 

176.  Theorem.  If  u,  v,  w  are  continuous  functions  of  the  Cartesian 
coordinates  x,  y,  z,  then 


1 


l  l(lu  +  mv  +  nw)  dS  =  —  l\\[^-  +  ^~  +  ^-j  dxdydz  (94). 

Here  2  denotes  that  the  surface  integrals  are  summed  over  any  number  of 
closed  surfaces,  which  may  include  as  special  cases  either 

(i)     one  of  finite  size  which  encloses  all  the  others,  or 
(ii)     an  imaginary  sphere  of  infinite  radius, 

and  I,  m,  n  are  the  direction-cosines  of  the  normal  drawn  in  every  case  from 
the  element  dS  into  the  space  between  the  surfaces.  The  volume  integral  is 
taken  throughout  the  space  between  the  surfaces. 

r  r  ^ 

Consider  first  the  value  of  I  hr-  dxdydz.     Take  any  small  prism  with  its 

axis  parallel  to  that  of  x,  and  of  cross  section  dydz.  Let  it  meet  the  surfaces 
at  P,  Q,  R,  S,  T,  U,  ...  (fig.  53),  cutting  off  areas  dSP,  dSQ,  dSR,  .... 

The  contribution  of  this  prism  to  I  M  ^-  dxdydz  is  dydz  I  »-  dx,  where  the 
integral  is  taken  over  those  parts  of  the  prism  which  are  between  the  surfaces. 

du  ,        fQdu 


Thus  \^dx=\    ^dx+       ~dx+... 

J  OX  J  p  ox  }  R  ox 


p    I/O/  J  R 

=  —  Up  +  UQ—UR  +  US' 
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where  uP,  uQ,  uR>...  are  the  values  of  u  at  P,  Q,  R,....     Also,  since  the  pro- 
jection of  each  of  the  areas  dSP,  dSQ)...  on  the  plane  of  yz  is  dydz,  we  have 

dydz  =  lPdSP  =  -  lQdSQ  =  lRdSR  =..., 
where  lP,  lQ,  lR,...  are  the  values  of  I  at  P,  Q,  R,....     The  signs  in  front  of 
lp,  Iq,  Ir>-"  are  alternately  positive  and  negative,  because,  as  we  proceed 
along  PQR...,  the  normal  drawn  into  the  space  between  the  surfaces  makes 
angles  which  are  alternately  acute  and  obtuse  with  the  positive  axis  of  x. 


Fig.  53. 


Thus 


dydz\—dx  =     dydz(—Up  +  uQ  —  uR+...) 

=  —  IpUpdSp  —  lQUQdSQ  —  lRuRdSR  — (95), 

and  on  adding  the  similar  equations  obtained  for  all  the  prisms  we  obtain 

fffd£dxdydz  =  -zfjludS  (96), 

the  terms  on  the  right-hand  sides  of  equations  of  the  type  (95)  combining  so 
as  exactly  to  give  the  term  on  the  right-hand  side  of  (96). 

We  can  treat  the  functions  v  and  w  similarly,  and  so  obtain  altogether 

///(is + S + i) dxdydz = ~  2/i (lu +mv+ nw)  dS- 

proving  the  theorem. 


177.     If   u,  v,  w  are  the  three  components  of  any  vector  F,  then  the 
expression 

du     dv      dw 
dx     dy      dz 

is  denoted,  for  reasons  which  will  become  clear  later,  by  div  F.     If  N  is  the 
component  of  the  vector  in  the  direction  of  the  normal  (I,  m,  n)  to  dS,  theD 

N  =  he  +  mv  +  ww. 
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Thus  Green's  Theorem  assumes  the  form 

jffdiyFdxdydz  =  -^ff]STdS   (97). 

A  vector  F  which  is  such  that  div  F  =  0  at  every  point  within  a  certain 
region  is  said  to  be  "  solenoidal "  within  that  region.  If  F  is  solenoidal 
within  any  region,  Green's  Theorem  shews  that 


jJNdS  =  0, 


where  the  integral  is  taken  over  any  closed  surface  inside  the  region  within 
which  F  is  solenoidal.  Two  instances  of  a  solenoidal  vector  have  so  far 
occurred  in  this  book — the  electric  intensity  in  free  space,  and  the  polarisa- 
tion in  an  uncharged  dielectric. 

178.  Integration  through  space  external  to  closed  surfaces.  Let  the 
outer  surface  be  a  sphere  at  infinity,  say  a  sphere  of  radius  r,  where  r  is 
to  be  made  infinite  in  the  limit.     The  value  of 


jj(lu  +  mv  +  nw)  dS 


taken  over  this  sphere  will  vanish  if  u,  v,  and  w  vanish  more  rapidly  at 
infinity  than  — .     Thus,  if  this  condition  is  satisfied,  we  have  that 


/// 


—  +  —  +  ^—  j  dxdydz  =  —  %  jj  (lu  +  rnv  +  nw)  dS, 


where  the  volume  integration  is  taken  through  all  space  external  to  certain 
closed  surfaces,  and  the  surface  integration  is  taken  over  these  surfaces, 
I,  m,  n  being  the  direction-cosines  of  the  outward  normal. 

179.  Integration  through  the  interior  of  a  closed  surface.  Let  the  inner 
surfaces  in  fig.  53  all  disappear,  then  we  have 

///(^  + 1 +  Tz)  dxdydz  =  "/I {lu  +  mv  +  nw)  dS' 

where  the  volume  integration  is  throughout  the  space  inside  a  closed  surface, 
and  the  surface  integration  is  over  this  area,  I,  m,  n  being  the  direction- 
cosines  of  the  inward  normal  to  the  surface. 

180.  Integration  through  a  region  in  which  u,  v,  w  are  discontinuous. 
The  only  case  of  discontinuity  of  u,  v,  w  which  possesses  any  physical  import- 
ance is  that  in  which  u,  v,  w  change  discontinuously  in  value  in  crossing 
certain  surfaces,  these  being  finite  in  number.  To  treat  this  case,  we  enclose 
each  surface  of  discontinuity  inside  a  surface  drawn  so  as  to  fit  it  closely  on 


177-180] 


Green's  Theorem 
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both  sides.  In  the  space  left,  after  the  interiors  of  such  closed  surfaces  have 
been  excluded,  the  functions  u,  v,  w  are  continuous.  We  may  accordingly 
apply  Green's  Theorem,  and  obtain 

fdu  .  dv  .  dw\ 
3cc 


///' 


+  =-  +  ~-  J  dxdydz  =-%  ll(lu  +  mv  +  nw) dS 


-2'jj(lu  +  mv  +  nw)dS (98), 


where  2  denotes  summation  over  the  closed  surfaces  by  which  the  original 
space  was  limited,  and  2'  denotes  summation  over  the  new  closed  surfaces 
which  surround  surfaces  of  discontinuity  of  u,  v,  w.  Now 
corresponding  to  any  element  of  area  dS  on  a  surface  of  dis- 
continuity there  will  be  two  elements  of  area  of  the  enclosing 
surface.  Let  the  direction-cosines  of  the  two  normals  to  dS  be 
lx,  mx,  nx  and  l2,  m2i  n2,  so  that  lx  =  — 12,  mx  =  —  m2,  and 
nx  =  —  ?v  Let  these  direction-cosines  be  those  of  normals 
drawn  from  dS  to  the  two  sides  of  the  surface,  which  we  shall 
denote  by  1  and  2,  and  let  the  values  of  u,  v,  w  on  the  two 
sides  of  the  surface  of  discontinuity  at  the  element  dS  be 
ui>  Vi>  wi  and  u2,  v2)  w2.  Then  clearly  the  two  elements  of 
the  enclosing  surface,  which  fit  against  the  element  dS  of 
the  original  surface  of  discontinuity,  will  contribute  to 


Fig.  54. 


V  I  j(lu  +  mv  +  nw)  dS 


an  amount 


or 


dS  [(lxiix  +  m$x  +  nxwx)  +  (l2u2  +  m2v2  +  n2w2)] 
[li  (ux  -  u2)  +  mx  (vx  -v^  +  rh  (wx  —  w2))  dS. 


the  form 


Thus  the  whole   value  of  1'  1 1  (lu  +  mv  +  nw)  dS  may  be  expressed  in 
form 

2"  1 1  {h  («i  -  u2)  +  m,  (vx  -  v2)  +  nx  (wx  -  w2)}  dS, 

where  the  integration  is  now  over  the  actual  surfaces  of  discontinuity.    Thus 
Green's  Theorem  becomes 

=  —  2   I  \{lu  +  mv  +  nw)  dS 
-  ^"\\{k  (Ui  ~  «0  +  ™i  (vi  ~  %)  +  *h  (Pi  ~  w«)]  dS  (99). 
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Special  Form  of  Green's  Theorem. 

181.     An  important  case  of  the  theorem  occurs  when  u,  v,  w  have  the 
special  values 

U  =  ^dx~> 
dy' 

where  <I>  and  M*  are  any  functions  of  x,  y  and  z.    The  value  of  (lu  +  mv  +  w) 
is  now 

dV         d^        &P\ 


By 

*dn-> 

where  s-  denotes  differentiation  along  the  normal,  of  which  the  direction- 

on 

cosines  are  I,  m,  n. 
We  also  have 


^>  +  ^=ika+M$alu 


dx     dy      dz     dx\     dx)      dy  {     dy 


dz\     dz) 


8<£  9^     d®  dV     d<&  d^      ,   fd2X¥     d^V     dHr\ 
dx  dx      dy  dy       dz  dz  \  dx2      dy2      dz* ) 

Thus  the  theorem  becomes 

This  theorem  is  true  for  all  values  of  <P  and  'SP,  so  that  we  may  inter- 
change <£>  and  y,  and  the  equation  remains  true.  Subtracting  the  equation 
so  obtained  from  equation  (100),  we  get 

[jT(<£V*¥  -  ^V2$>)  dxdydz  =  -  2  !!( <5>  |?  -  ¥  ^)  dS (101). 


Applications  of  Green's  Theorem. 

182.     In  equation  (101),  put  <£>  =  1  and  ^  =  7,  where  F  denotes  the 
electrostatic  potential.     We  obtain 


[fjv*Vdxdydz  =  -zff^dS (102). 


181-183]  Greerts  Theorem  101 

Let  us  divide  the  sum  on  the  right  into  Ilt  the  integral  over  a  single 
closed  surface  enclosing  any  number  of  conductors,  and  72,  the  integrals  over 
the  surfaces  of  the  conductors.     Thus 


'-//!> 


where  r-  denotes  differentiation  along  the  normal  drawn  into  the  surface. 

on 

dV  . 
Thus  —  -=—  is  equal  to  the  component  of  intensity  along  this  normal,  and 

therefore  to  —  iV,  where  M  is  the  component  along  the   outward  normal. 
Hence 

I^-ffNdS. 


dV 
At  the  surface  of  a  conductor  -^—  =  —  4nro-,  so  that 

an 


//' 


J2=  47rS  I  IotZaS  over  conductors 

=  4-7T  x  total  charge  on  conductors. 
If  there  is  any  volume  electrification,  V2  V=  —  4>irp,  so  that 

1 1  ]V2Vdccdydz  =  —  4-7T  1 1  \pdxdydz, 

and  the  integral  on  the  right  represents  the  total  volume  electrification. 
Thus  equation  (102)  becomes 

\NdS  =  4nr  x  (total  charge  on  conductors  +  total  volume  electrification), 

so  that  the  theorem  reduces  to  Gauss'  Theorem. 

183.    Next  put  O  and  "^  each  equal  to  V.    Then  equation  (100)  becomes 

Take  the  surfaces  now  to  be  the  surfaces  of  conductors,  and  a  sphere  of 

1  o  "rr 

radius  r  at  infinity.     At  infinity   V  is  of  order  - ,  so  that  -*-  is  of  order 

r  on 

1  oV 

—  ,  and  hence  V-~- ,  integrated  over  the  sphere  at  infinity,  vanishes  (§  178). 

*  (Jit 

The  equation  becomes 

-  4tt  fjfpVdxdydz  4-  jjJR'dxdydz  -  4tt  ffVadS  =  0. 
j.  11 
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The  first  and  last  terms  together  give  —  47r  x  SeT7",  where  e  is  any 
element  of  charge,  either  of  volume-electrification  or  surface-electrification. 
Thus  the  whole  equation  becomes 

\JLeV=  IIItt-  dxdydz, 

shewing  that  the  energy  may  be  regarded  as  distributed  through  the  space 

7?2 

outside    the    conductors,    to    the   amount    5—  per  unit  volume — the   result 

07T 

already  obtained  in  §  168. 

184.     In  Green's  Theorem,  take 

V      ox 
2/  =  3>    if  — 

—(*£)■ 

Here  K  is  ultimately  to  be  taken  to  be  the  inductive  capacity,  which 
may  vary  discontinuously  on  crossing  the  boundary  between  two  dielectrics. 
We  accordingly  suppose  u,  v,  w  to  be  discontinuous,  and  use  Green's  Theorem 
in  the  form  given  in  §  180.     We  have  then 


{ox  dx      oy  oy      oz   oz)         u 


Hi 
-*//»(«S+-5+-S)->- 

-%SKK^+K^W)dS (io3)- 

where  r—  ,  z—  have  the  meanings  assigned  to  them  in  $  140. 

If  we  put  <E>  =  1,  ^  =  V,  in  this  equation,  it  reduces,  as  in  §  130,  to 

f  f       r)V 

\\K^-dS  =  —  4>7r  x  total  charge  inside  surface, 

so  that  the  result  is  that  of  the  extension  of  Gauss'  Theorem.     Again,  if  we 
put  <&  =  "^  =  V,  the  equation  becomes 

KR* 

dxdydz  =  ^XeV} 


8tt 
and  the  result  is  that  of  §  1G9. 
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Greens  'Reciprocation  Theorem. 

185.  In  equation  (101),  put  <£=  V,  V=V',  where  V  is  the  potential 
of  one  distribution  of  electricity,  and  V  is  that  of  a  second  and  independent 
distribution.     The  equation  becomes 

fff(pV'-P'V)dxdydz  +  zJf(*V'-<T'V)dS  =  Q, 

which  is  simply  the  theorem  of  §  102,  namely 

XeV'  =  Xe'V (104). 

If  we  assign  the  same  values  to  <f>,  ^  in  equation  (103),  we  again  obtain 
equation  (104),  which  is  now  seen  to  be  applicable  when  dielectrics  are 
present. 

Uniqueness  of  Solution. 

186.  We  can  use  Green's  Theorem  to  obtain  analytical  proofs  of  the 
theorems  already  given  in  §  99. 

Theorem.  If  the  value  of  the  potential  V  is  known  at  every  point  on 
a  number  of  closed  surfaces  by  which  a  space  is  bounded  internally  and 
externally,  there  is  only  one  value  for  V  at  every  point  of  this  intervening 
space,  which  satisfies  the  condition  that  V2V  either  vanishes  or  has  an  assigned 
value,  at  every  point  of  this  space. 

For,  if  possible,  let  V,  V  denote  two  values  of  the  potential,  both  of  which 
satisfy  the  requisite  conditions.  Then  V  —  V=0  at  every  point  of  the 
surfaces,  and  V2(F'  —  V)  =  0  at  every  point  of  the  space.  Putting  <&  and  rF 
each  equal  to  V  —  Fin  equation  (100),  we  obtain 

and  this  integral,  being  a  sum  of  squares,  can  only  vanish  through  the 
vanishing  of  each  term.     We  must  therefore  have 

5<V-r>-4<7-F)-5<F'.-F)-0 (105), 

or  V  —  V  equal  to  a  constant.  And  since  V  —  V  vanishes  at  the  surfaces, 
this  constant  must  be  zero,  so  that  V=V  everywhere,  i.e.  the  two  solutions 
V  and  V  are  identical :  there  is  only  one  solution. 

dV  . 

187.  Theorem.     Given  the  value  of  ^  at  every  point  of  a  number  of 

closed  surfaces,  there  is  only  one  possible  value  for  V  (except  for  additive 
constants),  at  each  point  of  the  intervening  space,  subject  to  the  condition  that 
V2V  =  0  throughout  this  space,  or  has  an  assigned  value  at  each  point. 

11—2 
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The  proof  is  almost  identical  with  that  of  the  last  theorem,  the  only 
difference  being  that  at  ever}'  point  of  the  surfaces  we  have 

J;<r-F)-«. 

instead  of  the  former  condition  V  —  V  =  0.     We  still  have 

xfj(V'-V)?-n(V'-V)dS  =  0, 

so  that  equation  (105)  is  true,  and  the  result  follows  as  before,  except  that 
V  and   V  may  now  differ  by  a  constant. 

188.     Theorems  exactly  similar  to  these  last  two  theorems  are  easily 
seen  to  be  true  when  the  dielectric  is  different  from  air. 

For,  let  V,  V  be  two  solutions,  such  that 

at    all    points    of    the    space,   and    at   the    surface   either    V  —  V  =  0,   or 
)  (V-V')  =  0. 


dn 


By  Green's  Theorem 


d(v-v')y    fi{V-V)y    \d(V-V) 


dx 


By 


dz 


dxdydz 


=-///<r-  F'>  [l{Kl  (y-  r>l +£{*  4  (f-  r>} 


+ai*5<F-^] 


dxdydz 


dS 


=  0  by  hypothesis. 

Equation  (105)  now  follows  as  before,  so  that  the  result  is  proved. 


Comparisons  of  different  fields. 

189.  Theorem,  i/  any  number  of  surfaces  are  fixed  in  position,  and  a 
given  charge  is  placed  on  each  surface,  then  the  energy  is  a  minimum  when 
the  charges  are  placed  so  that  every  surface  is  an  equipotential. 

Let  V  be  the  actual  potential  at  any  point  of  the  field,  and  V 
the   potential   when    the    electricity    is   arranged    so    that    each    surface    is 
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an    equipotential.       Calling    the    corresponding   energies    W   and    W,   we 
have 


If  we  put  3>=  7,  ¥  =  V-  V,  in  equation  (100),  we  find  that  the  last 
integral  becomes 


47rJJ       \dn        dn 
or,  since  V  is  by  hypothesis  constant  over  each  conductor, 

and  this  vanishes  since  each  total  charge  \\  cr'dS  is  the  same  as  the  corre- 
sponding total  charge   1 1  adS.     Thus 

,r-w'-s///K-«),+ ••■(***• 

This  integral  is  essentially  positive,  so  that  W  is  greater  than  W,  which 
proves  the  theorem. 

If  any  distribution  is  suddenly  set  free  and  allowed  to  flow  so  that  the 
surface  of  each  conductor  becomes  an  equipotential,  the  loss  of  energy 
W  —  W  is  seen  to  be  equal  to  the  energy  of  a  field  of  potential  V  —  V  at 
any  point. 

190.  Theorem.  The  introduction  of  a  new  conductor  lessens  the  energy 
of  the  field. 

Let  accented  symbols  refer  to  the  field  after  a  new  conductor  8  has  been 
introduced,  insulated  and  uncharged.     Then 

W—  W  =     —  II  j  B?dxdydz  through  the  field  before  S  is  introduced 
~o~  HI  R'2dxdydz  through  the  field  after  S  is  introduced 
=     q-  II I  B?dxdydz  through  the  space  ultimately  occupied  by  # 
+  g-  \\\{B;2-R'2)  through  the  field  after  S  is  introduced. 
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The  last  integral 
and  this,  as  in  the  last  theorem,  is  equal  to 

kilj\^-j^)'+--}d°:dyd° 

.       ♦£WZ(£-©«  , 

where  2  denotes  summation  over  all  conductors,  including  S. 
This  last  sum  of  surface  integrals  vanishes,  so  that 

W-W'=    ~  Iff R2 dx dy dz  through  S 

+  -Q~llj\(^ -5 — )  +•••}■  dxdydz   through   the   field  after 

$  has  been  introduced. 

Thus  W—  W  is  essentially  positive,  which  proves  the  theorem. 

On  putting  the  new  conductor  to  the  earth,  it  follows  from  the  preceding 
theorem  that  the  energy  is  still  further  lessened. 

191.  Theorem.  Any  increase  in  the  inductive  capacity  of  the  dielectric 
hetween  conductors  lessens  the  energy  of  the  field. 

Let  the  conductors  of  the  field  be  supposed  fixed  in  position  and  in- 
sulated, so  that  their  total  charge  remains  unaltered.  Let  the  inductive 
capacity  at  any  point  change  from  K  to  K  +  8K,  and  as  a  consequence  let 
the  potential  change  from  V  to  V+SV,  and  the  total  energy  of  the  field 
from   W  to   W+BW. 

If  E1}  E2,...  denote  the  total  charges  of  the  conductors,  V1}  V2i...  their 
potentials,  and  p  the  volume  density  ab  any  point, 

W  =  %XEV+\  fffpV dxdydz, 

so  that,  since  the  E's  and  p  remain  unaltered  by  changes  in  K,  we  have 

hW=\ZEhV+%[\LhV dxdydz    (106). 


We  also  have 
so  that 


*--isi!«m+m^)hd^ 
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By  Green's  Theorem,  the  last  line 

the    summation   of   surface   integrals    being   over   the   surfaces   of  all    the 
conductors, 

=  jfjpBVdxdydz  +  2  ffaSVdS 

-  ffjpBVdxdydz  +  XEBV 

=  28  IF 
by  equation  (106).     Thus  equation  (107)  becomes 

BW  =  -L  fjJR'BKdxdydz  -  28W, 

so  that  BW  =  -~  IjJR2 BKdcc dy dz. 

Thus  BW  is  necessarily  negative  if  8K  is  positive,  proving  the  theorem. 

It  is  worth  noticing  that,  on  the  molecular  theory  of  dielectrics,  the  increase  in  the 
inductive  capacity  of  the  dielectric  at  any  point  will  be  most  readily  accomplished  by 
introducing  new  molecules.  If,  as  in  Chap,  v,  these  molecules  are  regarded  as  uncharged 
conductors,  the  theorem  just  proved  becomes  identical  with  that  of  §  190. 

Earnshaw's  Theorem. 

192.  Theorem.  A  charged  body  placed  in  an  electric  field  of  force 
cannot  rest  in  stable  equilibrium  under  the  influence  of  the  electric  forces 
alone. 

Let  us  suppose  the  charged  body  A  to  be  in  any  position,  in  the  field 
of  force  produced  by  other  bodies  B,  B', First  suppose  all  the  elec- 
tricity on  A,  B,  B',  ...  to  be  fixed  in  position  on  these  conductors.  Let 
V  denote  the  potential,  at  any  point  of  the  field,  of  the  electricity  on 
B,  B' ,  —  Let  x,  y,  z  be  the  coordinates  of  any  definite  point  in  A,  say  its 
centre  of  gravity,  and  let  x  +  a,  y  +  b,  z  +  c  be  the  coordinates  of  any  other 
point.  The  potential  energy  of  any  element  of  charge  e  at  x  +  a,  y  +  b,  z  +  c 
is  e  V,  where  V  is  evaluated  at  x  +  a,  y  +  b,  z  +  c.  Denoting  e  V  by  w,  we 
clearly  have 

since  V  is  a  solution  of  Laplace's  equation. 
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Let  W  be  the  total  energy  of  the  body  A  in  the  field  of  force   from 
B,  B',  ....     Then  W=Xw,  and  therefore 

d2w   d2w   d*w   A 

1 1 =  0 

dx*  ^  dy2       dz*         ' 

i.e.  the  sum  W  =  Sw  satisfies  Laplace's  equation,  because  this  equation  is 
satisfied  by  the  terms  of  the  sum  separately.  It  follows  from  this  equation, 
as  in  §  52,  that  W  cannot  be  a  true  maximum  or  a  true  minimum  for  any 
values  of  x,  y,  z.  Thus,  whatever  the  position  of  the  body  A,  it  will  always 
be  possible  to  find  a  displacement — i.e.  a  change  in  the  values  of  x,  y,  z — for 
which  W  decreases.  If,  after  this  displacement,  the  electricity  on  the  con- 
ductors A,B,B', ...  is  set  free,  so  that  each  surface  becomes  an  equipotential, 
it  follows  from  §  189  that  the  energy  of  the  field  is  still  further  lessened. 
Thus  a  displacement  of  the  body  A  has  been  found  which  lessens  the  energy 
of  the  field,  and  therefore  the  body  A  cannot  rest  in  stable  equilibrium. 

One  physical  application  of  Earnshaw's  Theorem  is  of  extreme  importance.  The 
theorem  shews  that  an  electron  cannot  rest  in  stable  equilibrium  under  the  forces  of 
attraction  and  repulsion  from  other  charges,  so  long  as  these  forces  are  supposed  to  obey 
the  law  of  the  inverse  square  of  the  distance.  Thus,  if  a  molecule  is  to  be  regarded  as  a 
cluster  of  electrons  and  positive  charges,  as  in  §  151,  then  the  law  of  force  must  be  some- 
thing different  from  that  of  the  inverse  square. 

There  seems  to  be  no  difficulty  about  the  supposition  that  at  very  small  distances  the 
law  of  force  is  different  from  the  inverse  square.  On  the  contrary,  there  would  be  a  very 
real  difficulty  in  supposing  that  the  law  l/?-2  held  down  to  zero  values  of  r.  For  the  force 
between  two  charges  at  zero  distance  would  be  infinite  ;  we  should  have  charges  of  oppo- 
site sign  continually  rushing  together  and,  when  once  together,  no  force  would  be  adequate 
to  separate  them.  Thus  the  universe  would  in  time  consist  only  of  doublets,  each 
consisting  of  permanently  interlocked  positive  and  negative  charges.  If  the  law  1/r2 
held  down  to  zero  values  of  r,  the  distance  apart  of  the  charges  would  be  zero,  so  that 
the  strength  of  each  doublet  would  be  nil,  and  there  would  be  no  way  of  detecting  its 
presence.  Thus  the  matter  in  the  universe  would  tend  to  shrink  into  nothing  or  to 
diminish  indefinitely  in  size.  The  observed  permanence  of  matter  precludes  any  such 
hypothesis. 

Earnshaw's  Theorem  accordingly  limits  us  to  two  alternatives.  Either  the  molecule 
does  not  consist  of  a  cluster  of  electrons  in  relative  rest,  or  else  the  law  of  the  inverse 
square  fails  at  molecular  distances. 

Eecent  experimental  investigations  decide  very  definitely  against  the  second  alternative 
and  in  favour  of  the  first.  Recent  experiments  on  the  deflection  of  the  positively  charged 
a-particles  by  matter  indicate  that  the  law  of  the  inverse  square  holds  down  to  distances 
of  the  order  of  10~u  cms.,  a  distance  which  is  less  than  a  thousandth  part  of  the  radius  of 
the  hydrogen  atom,  and  a  large  mass  of  other  evidence  suggests,  with  a  probability 
approximating  to  certainty,  that  the  electrons  in  an  atom  or  molecule  must  be  in  rapid 
orbital  motion.  Thus  the  problem  of  the  structure  of  the  molecule  is  removed  from  the 
province  of  Earnshaw's  Theorem. 
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Stresses  in  the  Medium. 

193.  Let  us  take  any  surface  S  in  the  medium,  enclosing  any  number 
of  charges  at  points  and  on  surfaces  8lt  S2, 

Let  I,  m,  n  be  the  direction-cosines  of  the  normal  at  any  point  of 
Slt  S2,  ...  or  S,  the  normal  being  supposed  drawn,  as  in  Green's  Theorem, 
into  the  space  between  the  surfaces. 

The  total  mechanical  force  acting  on  all  the  matter  inside  this  surface 
is  compounded  of  a  force  eR  in  the  direction  of  the  intensity  acting  on  every 
point  charge  or  element  of  volume-charge  e,  and  a  force  2ira2  or  ^aR  per 
unit  area  on  each  element  of  conducting  surface.  If  X,  Y,  Z  are  the  com- 
ponents parallel  to  the  axes  of  the  total  mechanical  force, 


X  =  ZeX  +  %    UaXdS 

=  fffpX  dxdydz  +  2  (Uo-XdS, 

where  the  surface  integral  is  taken  over  all  conductors  Si,  S2,  ...  inside  the 
surface  S,  and  the  volume  integral  throughout  the  space  between  S  and  these 
surfaces.     Substituting  for  p  and  <r, 

1    [f[fd*V     d2V     d2V\  dV  ,    ,    , 

x=  ^jj){w+w  +  w)tedxdydz 

By  Green's  Theorem, 


/// 


|I  |?  dxdydz  =      hfffl  (^j  dxdyd* 


" 


—  isili^),«w-i//i^),«. 


IHw  IF  *■"*"** = -JSSw  h  (^) dxdydt 


dy2  dx         y  J  J  J  dy  dy 

fly     ""^  J  J     "  "    fa        fiy 


xjl^vwu-fU*™*. 


Now 


///^ h  (S) dxdydz  =  /(/*  I Q2  dxdydz 


170  General  Analytical  Theorems 

so  that  the  last  equation  becomes 


[CH.  VII 


—  m 


+ 


Mi. 


s*        dVdV 
dx    dy ) 
dVdV 


and  there  is  a  similar  value  for 


d*vdv 


dxdydz. 


—  m 


dx    dy 


\dS 
dS, 


dz*   dx 
Substituting  these  values,  equation  (108)  becomes 


_iq* 


lj/ 


Z 


?ZY-(— Y- 


8F9F       aF3F) 
ox   dy         ox   02 


dx  J       \dy  J 
Since  we  have  at  every  point  of  the  surface  of  a  conductor 

d_V     dV     d_V 

dx  _    dy       dz 

I        m        n 

it  follows  that  the  integral  over  each  conductor  vanishes,  leaving  only  the 
integral  with  respect  to  dS,  which  gives 


•(109), 


X  = 


(lPxx  +  mPzy  +  nPxz)d$, 


where 


%,  =  ■£- (x*-Y*-z*)t 

07T 


1 


If  we  write  also 


P  =  —  TZ 

the  resultant  force  parallel  to  the  axis  of  Y  will  be 

Y  -  -  jj(lPxy  +  mPyy  +  nPyz)  dS, 

and  there  is  a  similar  value  for  Z.     The  action  is  therefore  the  same  (cf. 
§  159)  as  if  there  was  a  system  of  stresses  of  components 

P      P      P     P     P      P 

■Lxxi    ■Lyyy    *zz>   Jyz>   xzx>   J-xy> 

given  by  the  above  equations :   i.e.  these  may  be  regarded  as  the  stresses  of 
the  medium. 
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194.  It  remains  to  investigate  the  couples  on  the  system  inside  S.  If 
L,  M,  N  are  the  moments  of  the  resultant  couple  about  the  axes  of  x,  y,  z, 
we  have 

L  =  Jffp  (yZ-zY)  dxdydz  +  \t  tt*  (yZ-zY)  dS 

1    [f[fd*V  ,  d*V  ,  d*V\  (    dV       dV\  .    _    _ 

Now  SSSd^{yd^-zw)dxdydz 

=-\\\diL{yYz-zd^)dxdydz 

^ffjdVf    dV       dV\,„     ffjdVf    dV       dV\  7e 

-%)\lTx\y^-z^)dS-\\lte\y^-2^)d*> 

4>7rl]]\dx  dx  V  dz      Z  -by)      dy  dy  \V  dz      Z  dy  ) 

dV  d  (    dV       dV\],    ,    7 


so  that 

L 


dz  dz  V  dz         dy  Jj 
-^t!!{ldx-  +  m^  +  n^){^~Zdy-)dS 

i     fff7dv      dV     dV\(  dV     dv\  ;o  ,„„x 

The  first  term  in  this  expression 

j_  r/rf  tdv  d*v  .  dv  d*v    bv&t 

47T 


[Hi  (dv^X_    w&v_   dVd*v\ 

i]j\y  [dee  dxdz  +  dy  dydz  +  dz   dz2  ) 

U  dxdydz 


'dV  d-V      dVd2V     dV  d"V 


J)x  dxdy      dy   dy*       dz  dydz  J) 

=-L\\\{yd^-zd-w)dxdydz 

=     1-  2  ff(ynR*  -  zmR*)  dS  +  -L  ff(ynIP  -  zm&)  d$ (111). 

The  second  term  in  expression  (110)  for  L  may,  in  virtue  of  the  relations 
(109),  be  expressed  in  the  form 

-  i-  2  IkynK  -  zmR2)  dS, 

which  is  exactly  cancelled  by  the  first  term  in  expression  (111). 
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We  are  accordingly  left  with 

-if/H— >-«('S^-5F+-©('E-'*)}* 

=  -  \\{y (lP*z  +  mPyz  +  nP„) - z {lPxy  +  mPyy  +  nPy2)}  dS, 

verifying  that  the  couples  are  also  accounted  for  by  the  supposed  system  of 
ether-stresses. 

195.  Thus  the  stresses  in  the  ether  are  identical  with  those  already 
found  in  Chapter  vi,  and  these,  as  we  have  seen,  may  be   supposed   to 

consist  of  a  tension   3—  per   unit   area   across   the   lines   of  force,  and   a 

07T 

pressure  ^—  per  unit  area  in  directions  perpendicular  to  the  lines  of  force. 

07T 

Mechanical  Forces  on  Dielectrics  in  the  Field. 

196.  Let  us  begin  by  considering  a  field  in  which  there  are  no  surface 
charges,  and  no  discontinuities  in  the  structure  of  the  dielectrics.  We  shall 
afterwards  be  able  to  treat  surface-charges  and  discontinuities  as  limiting 
cases. 

Let  us  suppose  that  the  mechanical  forces  on  material  bodies  are  3,  H,  Z 
per  unit  volume  at  any  typical  point  x,  y,  z  of  this  field. 

Let  us  displace  the  material  bodies  in  the  field  in  such  a  way  that  the 
point  x,  y,  z  comes  to  the  point  x  +  Bx,  y  +  By,  z  +  8z.  The  work  done  in 
the  whole  field  will  be 


=  -[j[(BSx  +  my+Z8z)dxdydz    (112), 


and  this  must  shew  itself  in  an  equal  increase  in  the  electric  energy.     The 
electric  energy  W  can  be  put  in  either  of  the  forms 

W  =  W1  =  ±fffPVdxdydz, 

When  the  displacement  takes  place,  there  will  be  a  slight  variation  in 
the  distribution  of  electricity  and  a  slight  alteration  of  the  potential. 
There  is  also  a  slight  change  in  the  value  of  K  at  any  point  owing  to 
the  motion  of  the  dielectrics  in  the  field.     Thus  we  can  put 

BW^SWi^iBW^  +(BW1)y, 

BW  =  BW2  =  (BWi)K+(BW2)v, 

where  (BW^p  denotes  the  change  produced  in  the  function  W[  by  the  varia- 
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tion  of  electrical  density  alone,  (BW^y  that  produced  by  the  variation  of 
potential  alone,  and  so  on. 

We  have 

(SWJr  =  k  fffp  8  V  dxdydz, 

By  Green's  Theorem,  the  last  expression  transforms  into 

^-c///^e(*is+4('al)+£('©}*** 

=  I  \\p8V  dxdydz, 
so  that  2(Wx)v  =  {hW2)r. 

We  accordingly  have 

8W=  28W,  -8W2  =  2  (8W,),  -  (BW2)K, 
the  variation  produced  by  alterations  in  V  no  longer  appearing. 

Now       (8W,),  =  \  [[ftp  Vdxdydz, 

so  that  8W=  ft f{v8p-^8K\  dxdydz (113). 

The  change  in  p  is  due  to  two  causes.  In  the  first  place,  the  electrifica- 
tion at'x,  y,  z  was  originally  at  x  —  8x,y  —  8y,  z  —  8z,  so  that  8p  has  as  part 
of  its  value 

-&«-!*-ifc <114>- 

Again,  the  element  of  volume  dxdydz  becomes  changed  by  displacement 
into  an  element 

TX  +  dx  ^  dx\  \dy  +  dy  ^  dy\  \dz  +  dz  ^  dz\  * 

7    7    ,    /,       d8x     d8y     d8z\  ,,,-x 

«*•*<«•  (1  +  -5T  +  ^  +  17,)  <115>- 

so  that,  even  if  there  were  no  motion  of  translation,  an  original  charge 
pdxdydz  would  after  displacement  occupy  the  volume  given  by  expression 
(115),  and  this  would  give  an  increase  in  p  of  amount 

-'(£+?+© <116>- 
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Combining  the  two  parts  of  Bp  given  by  expressions  (114)  and  (115), 
we  find 


*.~g<P*0  +  4G>*>  +  !((.8O}. 


The  change  in  K  is  also  due  to  two  causes.  In  the  first  place  the  point 
which  in  the  displaced  position  is  at  x,  y,  z  was  originally  at  x  —  Bxty  —  By, 
z—Bz.     Hence  as  part  of  the  value  in  BK  we  have 

dK  ,       dK  .       dK  fi 

Also,  with  the  displacement,  the  density  of  the  medium  is  changed,  so 
that  its  molecular  structure  is  changed,  and  there  is  a  corresponding  change 
in  K.  If  we  denote  the  density  of  the  medium  by  t,  and  the  increase  in  t 
produced  by  the  displacement  by  Bt,  the  increase  in  K  due  to  this  cause 
will  be 

OT 


and  we  know,  as  in  equation  (116),  that 

'dSx     dBy     dBz\ 
dx        dy        dz  J ' 


~.  UViV         VOL  OOZ\ 

or  =  -  r  (^— 


We  now  have,  as  the  total  value  of  BK, 

SEr         dK  &       dK .       dK « 

dx  dy    J      dz 

dK  fdBx     dBy     d_Bz\ 
dr  V  dx        dy        dz  J  ' 

and  hence,  on  substituting  in  equation  (113)  for  Bp  and  BK, 

*W  —  jJf  V^P^  +  d^  +  dJ^^dxdydz 
[[[ R*  (dK  B       dK*       dK  e  \  ,    ,    . 

+jjl  8^{-dx-8x+dy-By+-dz-  **)  dxdydz 

[f[R*    dK  fdBx     dBy     dBz\,    .    , 
+  j]j^T^{-dx-  +  -dJ  +  Wjdxdyd2- 

Integrating  by  parts,  this  becomes 

sw=  \\\^p*x+\y:phy+%phz)dxdydz 
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or,  rearranging  the  terms, 


BW  = 


dV     B?  fdK 


\dx) 


"  dx      8-7T  V  dx  J      dx  \8-rr  '  dr  J 


d(^r 


dK\ 


Sx  + 


J  [(I 

Comparing  with  expression  (112),  we  obtain 

dVB^dK      d_(R 


8y  + 


i-1 P 


+ 


dK 

T 


dx      8ir  dx    '  dx  \8tt  '   dr 
etc.,  giving  the  body  forces  acting  on  the  matter  of  the  dielectric. 


Bzvdxdydz. 


.(117), 


197.     This  may  be  written  in  the  form 


R^d_K     d_(R?_    dK\ 
8tt  dx      dx  V87T     dr  ) 


Thus  in  addition  to  the  force  of  components  (pX,  pY,  pZ)  acting  on  the 
charges  of  the  dielectric,  there  is  an  additional  force  of  components 

_R?_dK         R^dK       _&d_K 

87r  dx  '         8rr  dy  '         8ir  dz 

arising  from  variations  in  K,  and  also  a  force  of  components 

dx  \8tt  T  dr  )'       dy  V8tt  T  dr  )  '       dz  W  T  dr  )  ' 


which  occurs  when  either  the  intensity  of  the  field  or  the  structure  of  the 
dielectric  varies  from  point  to  point. 
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198.     Replacing  p  by  its  value,  as  given  by  Laplace's  equation,  we  obtain 
equation  (117)  in  the  form 

-       1 


Kk^+IU^+Kk^) 


2^ 

8tt  [     dx  \dx\      dxj  '  dy\      dy  J  '  dz 


j 


d_K 

dx 


dihm+m 


dz) 


dx  \         dr 


1_ 

8tt 


d_ 

dx 


K 


m^hm 


dV  d 


'     dV\     Kd_  (dVV 
dx  dx\      dx  J  dx\dx) 


K-  (— 

dx  \dy 


dx  dy  \      dy 
ndV  d  (TsdV\      Tjr  d  (dV\* 

+  2dx-dz{Kte)  +  KTx[-dF) 

dx  \  dr  )\ 
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8tt  \ 


dx 


«€J<h?r 


If  we  put 


<-xx 


K  f/3F\*     /dV\'     idV\'\      R<    dK  1R. 


p--efa3y'et0 (119)' 

dPcx    .    dixy    .    dPx2 


this  becomes  B=W  +  ~dJ  +  dz  ' 

Let   us   suppose   that   a  medium  is  subjected  to  a  system  of  internal 

stresses   Pxx,  Pxy,  etc.;   and    let    it  be  found  that  a  system  of  body  forces 

of  components  B',  H',  Z'  is  just   sufficient   to   keep   the  medium  at  rest 

when  under  the   action   of  these   stresses.     Then  from  equation  (79)  we 

must  have 

dPxx  ,  dPxy  .  dPXi 


g/  =  _  l"_£Z+^B  + 


dx        dy        dz 

Thus  if  Pxx,  Pxy>  etc.  have  the  values  given  by  equations  (118)  and  (119), 

we  have 

H'  =  -B,  etc. 

This  shews  that  the  mechanical  force  H,  H,  Z  reversed  would  just  be 
in  equilibrium  with  the  system  of  stresses  Pxx,  Pxy,  etc.  given  by  equations 
(118)  and  (119).  In  other  words,  the  mechanical  forces  which  have  been 
found  to  act  on  a  dielectric  can  exactly  be  accounted  for  by  a  system  of 
stresses  in  the  medium,  these  stresses  being  given  by  equations  (118)  and 
(119). 

199.  The  system  of  stresses  given  by  equations  (118)  and  (119)  can  be 
regarded  as  the  superposition  of  two  systems : 

I.     A  system  in  which 


II.     A  system  in  which 


'"      "      "     Sir     dr' 

tXy  =  *yz  =  *ZX  =  U. 
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The  first  system  is  exactly  K  times  the  system  which  has  been  found  to 
occur  in  free  ether,  while  the  second  system  represents  a  hydrostatic  pressure 
of  amount) 

&    dK 

8tt  T  dr  ' 

(In  general  ■=-  will  be  positive,  so  that  this  pressure  will  be  negative,  and 
must  be  interpreted  as  a  tension.) 

Hence,  as  in  §  165,  the  system  of  stresses  may  be  supposed  to  consist  of: 

ten2 

(i)    a  tension  -5 —  per  unit  area  in  the  direction  of  the  lines  of  force ; 

07T 

(ii)   a  pressure  -~ —  per  unit  area  perpendicular  to  the  lines  of  force ; 
(iii)  a  hydrostatic  pressure  of  amount  —  5—  t  ^r—  in  all  directions. 

07T        OT 

The  system  of  stresses  we  have  obtained  was  first  given  by  Helmholtz.     The  system 

differs  from  that  given  by  Maxwell  by  including  the  pressure  -  —  r  -=- .     The  neglect  of 

this  pressure  by  Maxwell,  and  by  other  writers  who  have  followed  him,  does  not  appear  to 
be  defensible.  Helmholtz  has  shewn  that  still  further  terms  are  required  if  the  dielectric 
is  such  that  the  value  of  K  changes  when  the  medium  is  subjected  to  distortion  without 
change  of  volume. 

200.  This  system  of  stresses  has  not  been  proved  to  be  the  only  system 
of  stresses  by  which  the  mechanical  forces  can  be  replaced,  and,  as  we  have 
seen,  it  is  not  certain  that  the  mechanical  forces  must  be  regarded  as  arising 
from  a  system  of  stresses  at  all,  rather  than  from  action  at  a  distance. 

It  may  be  noticed,  however,  that  whether  or  not  these  stresses  actually 
exist,  the  resultant  force  on  any  piece  of  dielectric  must  be  exactly  the 
same  as  it  would  be  if  the  stresses  actually  existed.  For  the  resultant 
force  on  any  piece  of  dielectric  has  a  component  X  parallel  to  the  axis 
of  x,  given  by 


X  =  I    lEidxdydz 

=  -  IklPxx  +  mPxy  +  nPx2)  dS 


by  Green's  Theorem,  and  this  shews  that  the  actual  force  is  identical  with 
what  it  would  be  if  these  stresses  existed  (cf.  §  193). 

J.  12 
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Force  on  a  charged  conductor. 

201.  The  mechanical  force  on  the  surface  of  a  charged  conductor 
immersed  in  a  dielectric  can  be  obtained  at  once  by  regarding  it  as 
produced  by  the  stresses  in  the  ether.  There  will  be  no  stresses  in  the 
interior  of  the  conductor,  so  that  the  force  on  its  surface  may  be  regarded 
as  due  to  the  tensions  of  the  tubes  of  force  in  the  dielectric.  The  tension 
is  accordingly  of  amount 

KB?     E2     dK 
87T       8-7T      dr 

per  unit  area,  an  expression  which  can  be  written  in  the  simpler  form 

R2  d  IV  \ 


Force  at  boundary  of  a  dielectric. 

202.  Let  us  consider  the  equilibrium  of  a  dielectric  at  a  surface  of 
discontinuity,  at  which  the  lines  of  force  undergo  refraction  on  passing 
from  one  medium  of  inductive  capacity  Kl  to  a  second  of  inductive 
capacity  K2. 

Let  axes  be  taken  so  that  the  boundary  is  the  plane  of  xy,  while  the 
lines  of  force  at  the  point  under  consideration  lie 
in   the   plane   of   xz.      Let   the   components   of 
intensity  in  the  first  medium  be  (Xx,  0,  Zj),  while 
the  corresponding  quantities  in  the  second  medium 

are   (X2,  0,  Z2).     The  boundary  conditions  ob-    

tained  in  §  137  require  that 

Xx  =  X2,    K\Z^  =  K2Z2  —  4nrh, 
where  h  is  the  normal  component  of  polarisation. 

In  view  of  a  later  physical  interpretation  of 
the  forces,  it  will  be  convenient  to  regard  these  forces  as  divided  up  into 
the  two  systems  mentioned  in  §  199,  and  to  consider  the  contributions  from 
these  systems  separately. 

As  regards  the  contribution  from  the  first  system,  the  force  per  unit  area 
acting  on  the  dielectric  from  the  first  medium  has  components 

*«.    o,    gw-zA 

while  that  from  the  second  medium  has  components 

K  K 

4J  X2Z2,       0,       -J  (Zi  -  Xi). 


201,  202]  Stresses  in  Dielectric  Media  179 

Since  KXXXZX  =  K2X2Z2,  it  follows  that  the  resultant  force  on  the 
boundary  is  parallel  to  Oz — i.e.  is  normal  to  the  surface.  Its  amount, 
measured  as  a  tension  dragging  the  surface  in  the  direction  from  medium  1 
to  medium  2 

which  after  simplification  can  be  shewn  to  be  equal  to 

>X?       2irh* 


X?       2-7r/i2\.„        _. 


This  is  always  positive  if  KY  >  K2.  Thus  this  force  invariably  tends  to 
drag  the  surface  from  the  medium  in  which  K  is  greater,  to  that  in  which 
K  is  less — i.e.  to  increase  the  region  in  which  K  is  large  at  the  expense  of 
the  region  in  which  K  is  small.  This  normal  force  is  exactly  similar  to  the 
normal  force  on  the  surface  of  a  conductor,  which  tends  to  increase  the 
volume  of  the  region  enclosed  by  the  conducting  surface. 

On  Maxwell's  Theory,  the  forces  which  have  now  been  considered  are  the  only  ones  in 
existence,  so  that  according  to  this  theory  the  total  mechanical  force  is  that  just  found, 
and  the  boundary  forces  ought  always  to  tend  to  increase  the  region  in  which  K  is  large. 
This  theory,  as  we  have  said,  is  incomplete,  so  that  it  is  not  surprising  that  the  result  just 
stated  is  not  confirmed  by  experiment. 

We  now  proceed  to  consider  the  action  of  the  second  system  of  forces — 
the  system  of  negative  hydrostatic  pressures.  There  are  pressures  per  unit 
area  of  amounts 

Rl     dK,  R?     dK% 

87r    1  3tx  '  8ir    2  3t2 

acting  respectively  on  the  two  sides  of  the  boundary.  There  is  accordingly 
a  resultant  tension  of  amount 

1  /         dK,  dK2 

per  unit  area,  tending  to  drag  the  boundary  surface  from  region  1  to  region  2. 
Thus  the  total  tension  per  unit  area,  dragging  the  surface  into  region  1,  is 

fe+^J^'-^-sP^-^id (120)- 

In  §  139,  in  considering  a  parallel  plate  condenser  with  a  movable 
dielectric  slab,  we  discovered  the  existence  of  a  mechanical  force  tending 
to  drag  the  dielectric  in  between  the  plates.  This  force  is  identical  with  the 
mechanical  force  just  discussed.  But  we  have  now  arrived  at  a  mechanical 
interpretation  of  this  force,  for  we  can  regard  the  pull  on  the  dielectric  as 
the  resultant  of  the  pulls  of  the  tubes  of  force  at  the  different  parts  of  the 
surface  of  the  dielectric. 

12—2 
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Let  us  attempt  to  assign  physical  interpretations  to  the  terms  of  ex- 
pression (120)  by  considering  their  significance  in  this  particular  instance. 
Consider  first  a  region  in  the  condenser  so  far  removed  from  the  edges  of 
the  condenser  and  of  the  slab  of  dielectric,  that  the  field  may  be  treated 

4<7r/t 
as  absolutely  uniform  (cf.  fig.  44,  p.  124).     We  put  K2=l,  X1  —  0,  Ry  =  -^r- 

in  expression  (120)  and  obtain 

2rf(¥-£i) <121> 

as  the  force  per  unit  area  on  either  face  of  the  dielectric,  acting  normally 
outwards. 

The  forces  will  of  course  act  in  such  a  direction  that  they  tend  to 
decrease  the  electrostatic  energy  of  the  field.     Now  this  energy  is  made  up 

of  contributions  27rA2  per  unit  volume  from  air,  and  ^=-  per  unit  volume 

from  the  dielectric.  From  the  conditions  of  the  problem  h  must  remain 
unaltered.  Thus  the  total  energy  can  be  decreased  in  either  of  two  ways — 
by  increasing  the  volume  occupied  by  dielectric  and  decreasing  that  occupied 
by  air,  or  by  increasing  the  value  of  K  in  the  dielectric.  There  will  therefore 
be  a  tendency  for  the  boundary  of  the  dielectric  to  move  in  such  a  direction 
as  to  increase  the  volume  occupied  by  dielectric,  and  also  a  tendency  for  this 
boundary  to  move  so  that  K  will  be  increased  by  the  consequent  change 
of  density.  These  two  tendencies  are  represented  by  the  two  terms  of 
expression  (121). 

If  —  is  negative,  an  expansion  of  the  dielectric  will  both  increase  the 

OT 

volume  occupied  by  the  dielectric,  and  will  also  increase  the  value  of  K 
inside  the  dielectric.  In  this  case,  then,  both  tendencies  act  towards  an 
expansion  of  the  dielectric,  and  we  accordingly  find  that  both  terms  in 
expression  (121)  are  positive. 

dK 

If  -r—  is  positive,  the  tendency  to  expansion,  represented  by  the  first 

(positive)  term  of  expression  (121)  is  checked  by  a  tendency  to  contraction 
(to  increase  t,  and  therefore  K)  represented  by  the  second  (now  negative) 

term  of  expression  (121).     If  —  is  not  only  positive,  but  is  numerically 

large,  expression  (121)  may  be  negative  and  the  dielectric  will  contract.  In 
this  case  the  decrease  in  energy  resulting  on  the  increase  of  K  produced  by 
contraction  will  more  than  outweigh  the  gain  resulting  from  the  diminution 
of  the  volume  occupied  by  dielectric. 
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These  considerations  enable  us  to  see  the  physical  significance  of  all  the 

X  2 
terms  in  expression  (120),  except  the  first  term  -^-  {Kx  —  1).     To  interpret 

this  term  we  must  examine  the  conditions  near  the  edge  of  the  dielectric 
slab,  for  it  is  only  here  that  X1  has  a  value  different  from  zero.  We  see  at 
once  that  this  term  represents  a  pull  at  and  near  the  edge  of  the  dielectric, 
tending  to  suck  the  dielectric  further  between  the  plates — in  fact  this  force 
alone  gives  rise  to  the  tendency  to  motion  of  the  slab  as  a  whole,  which  was 
discovered  in  §  139. 

Keturning  to  the  general  systems  of  forces  of  §  199,  we  may  say  that 
the  first  system  (which  as  we  have  seen  always  tends  to  drag  the  surface 
of  the  dielectric  into  the  region  in  which  K  has  the  greater  value)  represents 
the  tendency  for  the  system  to  decrease  its  energy  by  increasing  the  volume 
occupied  by  dielectrics  of  large  inductive  capacity,  whilst  the  second  system 
(which  tends  to  compress  or  expand  the  dielectric  in  such  a  way  as  to  increase 
its  inductive  capacity)  represents  the  tendency  of  the  system  to  decrease  its 
energy  by  increasing  the  inductive  capacity  of  its  dielectrics.  That  any 
increase  in  the  inductive  capacity  is  invariably  accompanied  by  a  decrease 
of  energy  has  already  been  proved  in  §  191. 


Electrostriction. 

203.  It  will  now  be  clear  that  the  action  of  the  various  tractions  on  the 
surface  of  a  dielectric  must  always  be  accompanied  not  only  by  a  tendency 
for  the  dielectric  to  move  as  a  whole,  but  also  by  a  slight  change  in  shape 
and  dimensions  of  the  dielectric  as  this  yields  to  the  forces  acting  on  it. 
This  latter  phenomenon  is  known  as  electrostriction.  It  has  been  observed 
experimentally  by  Quincke  and  others.  A  convenient  way  of  shewing  its 
existence  is  to  fill  the  bulb  of  a  thermometer-tube  with  liquid,  and  place 
the  whole  in  an  electric  field.  The  pulls  on  the  surface  of  the  glass  result 
in  an  increase  in  the  volume  of  the  bulb,  and  the  liquid  is  observed  to 
fall  in  the  tube.  From  what  has  already  been  said  it  will  be  clear  that 
a  dielectric  may  either  expand  or  contract  under  the  influence  of  electric 
forces. 

The  stresses  in  the  interior  of  a  dielectric,  as  given  in  §  199,  may  also 
be  accompanied  by  mechanical  deformation.  Thus  it  has  been  observed  by 
Kerr  and  others,  that  a  piece  of  non-crystalline  glass  acquires  crystalline 
properties  when  placed  in  an  electric  field.  Such  a  piece  of  glass  reflects 
light  like  a  uniaxal  crystal  of  which  the  optic  axis  is  in  the  direction  of  the 
lines  of  force. 
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Green's  Equivalent  Stratum. 

204.  Let  S  be  any  closed  surface  enclosing  a  number  of  electric  charges, 
and  let  P  be  any  point  outside  it.  The  potential  at  P  due  to  the  charges 
inside  S  is 

Vp  =  1 1 1  -dxdydz, 


.P 


Fio.  56. 

where  r  is  the  distance  from  P  to  the  element  dxdydz,  and  the  integration 
extends  throughout  S.     By  Green's  Theorem  (equation  (101)) 

IJJ(UWV-VWU)dxdydz=IJ(ud^-Vd£)dS, 
where  the  normal  is  now  drawn  outwards  from  the  surface  S. 

In  this  equation,  put  U  =  -,  then,  since  V2F  =  —  4<7rp,  we  have  as  the 
value  of  the  first  term, 

fjfuWdccdydz  =  -  4>ttVp. 

And  since  V2Z7  =  0,  the  second  term  vanishes.      The  equation  accordingly 
becomes 

-**-  Bf£)-r*®}«: (m)- 

205.     Suppose,  first,  that  the  surface  S  is  an  equipotential.     Then 

=  vfffv*fy  dxdydz 

=  0, 

so  that  equation  (122)  becomes 


VP=.  U  —±L±ldS  (123). 
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Thus  the  potential  of  any  system  of  charges  is  the  same  at  every  point 
outside  any  selected  equipotential  which  surrounds  all  the  charges,  as  that 
of  a  charge  of  electricity  spread  over  this  equipotential,  and  having  surface 

1  97 
density  —  j—  ~— .     Obviously,  in  fact,  if  the  equipotential  is  replaced  by  a 

conductor,  this  will  be  the  density  on  its  outer  surface. 

206.  If  the  surface  is  not  an  equipotential,  the  term    /  /  V =-  (-)  dS 

will  not  vanish.     Since,  however,  jj,^-  (-]  is  the  potential  of  a  doublet  of 

strength   /u,   and    direction    that   of   the   outward    normal,   it   follows   that 

1 1  7^-  (-}  dS  is  the  potential  of  a  system  of  doublets  arranged  over  the 

surface  S,  the  direction  at  every  point  being  that  of  the  outward  normal,  and 
the  total  strength  of  doublets  per  unit  area  at  any  point  being  V. 

Thus  the  potential  Vp  may  be  regarded  as  due  to  the  presence  on  the 
surface  S  of 

1  dV 
(i)     a  surface  density  of  electricity  —  j—  -~— ; 

V 

(ii)    a  distribution  of  electric  doublets,  of  strength  - —  per  unit  area, 

and  direction  that  of  the  outward  normal. 

207.  Equation  (122)  expresses  the  potential  at  any  point  in  the  space 

dV 
outside  S  in  terms  of  the  values  of  V  and  -~-  over  the  boundary  of  this  space. 

We  have  seen,  however,  that  the  value  of  the  potential  is  uniquely  determined 

dV 
by  the  values  either  of  V  or  oi  —  over  the  boundary  of  the  space.    In  actual 

electrostatic  problems,  the  boundaries  are  generally  conductors,  and  therefore 

equipotentials.     In  this  case  equation  (123)  expresses  the   values   of  the 

dV 
potential  in  terms  of  -~-  only,  amounting  in  fact  simply  to 

rP=jfUs. 

What  is  generally  required  is  a  knowledge  of  the  value  of  VP  in  terras  of  the 
values  of  V  over  the  boundaries,  and  this  the  present  method  is  unable  to 
give.  For  special  shapes  of  boundary,  solutions  have  been  obtained  by 
various  special  methods,  and  these  it  is  proposed  to  discuss  in  the  next 
chapter. 
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EXAMPLES. 


1.  If  the  electricity  in  the  field  is  confined  to  a  given  system  of  conductors  at  given 
potentials,  and  the  inductive  capacity  of  the  dielectric  is  slightly  altered  according  to  any 
law  such  that  at  no  point  is  it  diminished,  and  such  that  the  differential  coefficients  of  the 
increment  are  also  small  at  all  points,  prove  that  the  energy  of  the  field  is  increased. 

2.  A  slab  of  dielectric  of  inductive  capacity  K  and  of  thickness  x  is  placed  inside  a 
parallel  plate  condenser  so  as  to  be  parallel  to  the  plates.  Shew  that  the  surface  of  the 
slab  experiences  a  tension 

3.  For  a  gas  K=-l  +  8p,  where  p  is  the  density  and  6  is  small.  A  conductor  is 
immersed  in  the  gas :  shew  that  if  62  is  neglected  the  mechanical  force  on  the  conductor 
is  2jr(72  per  unit  area.     Give  a  physical  interpretation  of  this  result. 


CHAPTER  VIII 

METHODS  FOR  THE  SOLUTION  OF  SPECIAL  PROBLEMS 


The  Method  of  Images. 
Charge  induced  on  an  infinite  uninsulated  plane. 

208.     The  potential  at  P  of  charges  e  at  a  point  A  and  -  e  at  another 
point  A'  is 


V  =  — — 

AP     A'P 


.(124), 


and  this  vanishes  if  P  is  on  the  plane  which  bisects  A  A'  at  right  angles. 
Call  this  plane  the  plane  S.  Then  the  above  value  of  V  gives  V=0  over 
the  plane  S,  V=  0  at  infinity,  and  satisfies  Laplace's  equation  in  the  region 
to  the  right  of  8,  except  at  the  point  A,  at  which  it  gives  a  point  charge  e. 


i      * 


V  x  '       /         ' 

V  \  \         •     '/.»' 

"X  »  X  X  \      '      I      '  ' 


S    <      ! i\ V 


'  /  \       '        Sx 

'  I  V  Vx 


Fig.  57. 

These  conditions,  however,  are  exactly  those  which  would  have  to  be  satisfied 
by  the  potential  on  the  right  of  S  if  S  were  a  conducting  plane  at  zero 
potential  under  the  influence  of  a  charge  e  at  A.  These  conditions  amount 
to  a  knowledge  of  the  value  of  the  potential  at  every  point  on  the  boundary 
of  a  certain  region — namely,  that  to  the  right  of  the  plane  S — and  of  the 
charges  inside  this  region.     There  is,  as  we  know,  only  one  value  of  the 
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potential  inside  this  region  which  satisfies  these  conditions  (cf.  §  186),  so  that 
this  value  must  be  that  given  by  equation  (124). 

To  the  right  of  8  the  potential  is  the  same,  whether  we  have  the 
charge  —  e  at  A'  or  the  charge  on  the  conducting  plane  8.  To  the  left  of  S 
in  the  latter  case  there  is  no  electric  field.  Hence  the  lines  of  force,  when 
the  plane  S  is  a  conductor,  are  entirely  to  the  right  of  S,  and  are  the  same 
as  in  the  original  field  in  which  the  two  point-charges  were  present.  The 
lines  end  on  the  plane  S,  terminating  of  course  on  the  charge  induced  on  S. 

We  can  find  the  amount  of  this  induced  charge  at  any  part  of  the  plane 
by  Coulomb's  Law.  Taking  the  plane  to  be  the  plane  of  yz,  and  the  point  A 
to  be  the  point  (a,  0,  0)  on  the  axis  of  x,  we  have 


47TO-  =  R  =  —  —- 
ex 


—li 


!• 


dx  (V(ic  -  a)2  +  y"  +  z"     \/(x  +  af  +  y-  +  z2 

where  the  last  line  has  to  be  calculated  at  the  point  on  the  plane  S  at  which 
we  require  the  density.  We  must  therefore  put  x  =  0  after  differentiation, 
and  so  obtain  for  the  density  at  the  point  0,  y,  z  on  the  plane  S, 

2ae 


4>7rcr  =  — 


(a2  +  f  +  z*f  ' 


or,  if  a2  +  y1  +  z-  =  r2,  so  that  r  is  the  distance  of  the  point  on  the  plane  S 
from  the  point  A, 

ae 


2irr 


•125 

•099 
•044 
•021 

•012 
•007 


Thus  the  surface  density  falls  off  inversely  as  the  cube  of  the  distance 
from  the  point  A.  The  distribution  of  electricity  on  the 
plane  is  represented  graphically  in  fig.  58,  in  which  the 
thickness  of  the  shaded  part  is  proportional  to  the  surface 
density  of  electricity.  The  negative  electricity  is,  so  to 
speak,  heaped  up  near  the  point  A  under  the  influence 
of  the  attraction  of  the  charge  at  A.  The  field  produced 
by  this  distribution  of  electricity  on  the  plane  S  at  any 
point  to  the  right  of  8  is,  as  we  know,  exactly  the  same  as 
would  be  produced  by  the  point  charge  —  e  at  A'. 

209.  This  problem  affords  the  simplest  illustration  of  a 
general  method  for  the  solution  of  electrostatic  problems, 
which  is  known  as  the  "  method  of  images."  The  principle 
underlying  this  method  is  that  of  finding  a  system  of  electric 
charges  such  that  a  certain  surface,  ultimately  to  be  made 
into  a  conductor,  is  caused  to  coincide  with  the  equipotential  V  =  0.  We 
then  replace  the  charges  inside  this  equipotential  by  the  Green's  equivalent 


Fio.  5S. 


208-210]  Images  187 

stratum  on  its  surface  (cf.  §  204).  As  this  surface  is  an  equipotential,  we 
can  imagine  it  to  be  replaced  by  a  conductor  and  the  charges  on  it  will  be 
in  equilibrium.  These  charges  now  become  charges  induced  on  a  conductor 
at  potential  zero  by  charges  outside  this  conductor. 

From  the  analogy  with  optical  images  in  a  mirror,  the  system  of  point 
charges  which  have  to  be  combined  with  the  original  charges  to  produce  zero 
potential  over  a  conductor  are  spoken  of  as  the  "  electrical  images  "  of  the 
original  charges.  For  instance,  in  the  example  already  discussed,  the  field  is 
produced  partly  by  the  charge  at  A,  partly  by  the  charge  induced  on  the 
infinite  plane :  the  method  of  images  enables  us  to  replace  the  whole  charge 
induced  on  the  plane  by  a  single  point  charge  at  A'.  So  also,  if  A  were  a 
candle  placed  in  front  of  an  infinite  plane  mirror,  the  illumination  in  front  of 
the  mirror  would  be  produced  partly  by  the  candle  at  A,  partly  by  the  light 
reflected  from  the  infinite  mirror ;  the  method  of  optical  images  enables  us  to 
replace  the  whole  of  this  reflected  light  by  the  light  from  a  single  source  at  A'. 

210.  In  an  electrostatic  field  produced  by  any  number  of  point  charges, 
we  can,  as  we  have  seen,  select  any  equipotential  and  replace  it  by  a  con- 
ductor. The  charges  on  either  side  of  this  equipotential  are  then  the 
"images"  of  those  on  the  other  side. 

Thus  if  we  can  write  the  equation  of  any  surface  in  the  form 

-  +  ^  +  C  +  .-.=0   (125), 

where  r  is  the  distance  from  a  point  outside  the  surface,  and  r',  r", . . .  are  the 
distances  from  points  inside  the  surface,  then  we  may  say  that  charges 
e',  e",  ...  at  these  latter  points  are  the  images  of  a  charge  e  at  the  former 
point. 

The  method  of  images  may  be  applied  in  a  similar  way  to  two-dimensional 
problems.  Suppose  that  the  equation  of  a  cylindrical  surface  can  be  expressed 
in  the  form 

o  -  2e  log  r  -  2e'  log  r'  -  2e"  log  r"  —  . ..  -  0, 

where  r  is  the  perpendicular  distance  from  a  fixed  line  on  one  side  of  the 
surface,  and  r',  r", . . .  are  perpendicular  distances  from  fixed  lines  on  the  other 
side.  Then  line-charges  of  line-densities  e',  e", ...  at  these  latter  lines  may  be 
taken  to  be  the  image  of  a  line-charge  of  line-density  e  at  the  former  line. 

Illustrations  of  the  use  of  images  in  three  dimensions  are  given  in 
§§  211 — 219.  An  illustration  of  the  use  of  a  two-dimensional  image  will 
be  found  in  §  220. 
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Charges  induced  on  Intersecting  planes, 

211.     It  will  be  found  that  charges 
e    at       x,       y,     0, 

—  e     at  —  x,       y,     0, 

—  e     at       x,  —  y,     0, 


-er 


__^ 


e     at  —  x,  —  y,     0 

give  zero  potential  over  the  planes  x  =  0,  y  =  0. 
The  potential  of  these  charges  is  therefore  the 
same,  in  the  quadrant  in  which  x,  y  are  both 
positive,  as  if  the  boundary  of  this  quadrant 
were  a  conductor  put  to  earth  under  the  in- 
fluence of  a  charge  e  at  the  point  x,  y,  0. 

It  will  be  found  that  a  conductor  consisting 
of  three  planes  intersecting  at  right  angles  can 
be  treated  in  the  same  way. 

212.     The  method  of  images  also  supplies  a  solution  when  the  conductor 


Fig.  59. 


7T 


consists  of  two  planes  intersecting  at  any  angle  of  the  form  — ,  where  n  is 


any  positive  integer.     If  we  take  polar  coordinates,  so  that  the  two  planes 

7T 

are  6  =  0,  6  =  - ,  and  suppose  the  charge  to  be  a  charge  e  at  the  point  r,  6, 
we  shall  find  that  charges 

e    at    (r,     6),   (r,       B  +  ^),         (r.       0  +  ^),  ..., 

_e    at    (,.,_*),    (r,-(«  +  ^)).       (l -(«  +  £))..... 

give  zero  potential  over  the  planes 

0  =  0,     $=-. 


211-213] 


Images 


189 


Charge  induced  on  a  sphere. 

213.     The  most  obvious  case,  other  than  the  infinite  plane,  of  a  surface 
whose  equation  can  be  expressed  in  the  form  (125),  is  a  sphere. 


Fig.  61. 


If  R,  Q  are  any  two  inverse  points  in  the  sphere,  and  P  any  point  on  the 
surface,  we  have 

RP:PQ  =  00:OQ, 


so  that 


OQ 


PQ     PR 


°Ji  =  0. 


00 


Thus  the  image  of  a  charge  e  at  Q  is  a  charge  —  e  ^  at  R,  or  the 

image  of  any  point  at  a  distance  /  from  the  centre  of  a  sphere  of  radius  a 

ect 
is  a  charge  -  j  at  the  inverse  point,  i.e.  at  a  point  on  the  same  radius 

a2 
distant  -j  from  the  centre. 

Let  us  take  polar  coordinates,  having  the  centre  of  the  sphere  for  origin 
and  the  line  OQ  as  0  =  0.  Our  result  is  that  at  any  point  8  outside  the 
sphere,  the  potential  due  to  a  charge  e  at  Q  and  the  charge  induced  on  the 
surface  of  the  sphere,  supposed  put  to  earth,  is 

ea 

~  QS     RS 
e  ea 


Vr2+/2-2/rcos0  /  „     a<         a2  a 

/<V    +7^      7rc 


where  r,  6  are  the  coordinates  of  S. 
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214.     We  can  now  find  the  surface-density  of  the  induced  charge.     For 
at  any  point  on  the  sphere 

=  B_  l_dV 

4nr  47r  dr  * 

in  which  we  have  to  put  r=a  after  differentiation.     Clearly 


dv 

dr 


ea\r  — j  cos  0  1 
(r2  +/2  -  2/r  cos  fffi       ,  (  ,     a4      _  a-  n\ $ ' 


e(r— /cos  #) 


Putting  r  —  a  we  obtain 

—  /cos  # 


a8/8 -a8/ cos  0 
(a2  +/2  -  2/a  cos  6>)t     (a2/2  +  a4  -  2a3/  cos  0)$ 


! 


4?r  Va2  +  f*  -  i 

e    {  a  —f2/a  \ 

4tt  ((a2  +y2  _  2/a  cos  6>)ti 

e  (f2-a2) 

4tt    a.£Q3   ' 


Thus  the  surface-density  varies  inversely  as  SQ*,  so  that  it  is  greatest  at 
C  and  falls  off  continually  as  we  recede  from  the  radius   OC.     The   total 

on 

charge  on  the  sphere  is  — j ,  as  can  be  seen  at  once  by  considering  that  the 
total  strength  of  the  tubes  of  force  which  end  on  it  is  just  the  same  as  would 


Fig.  62. 
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be  the  total  strength  of  the  tubes  ending  on  the  image  at  R  if  the  conductor 
were  not  present. 

Figure  62  shews  the  lines  of  force  when  the  strength  of  the  image  is  a 
quarter  of  that  of  the  original  charge,  so  that  f=  4>a.  It  is  obtained  from 
fig.  19  by  replacing  the  spherical  equipotential  by  a  conductor,  and  annihi- 
lating the  field  inside. 

Superposition  of  Fields. 

215.  We  have  seen  that  by  adding  the  potentials  of  two  separate  fields 
at  every  point,  we  obtain  the  potential  produced  by  charges  equal  to  the  total 
charges  in  the  two  fields.  In  this  way  we  can  arrive  at  the  field  produced 
by  any  number  of  point  charges  and  uninsulated  conductors  of  the  kind  we 
have  described.  The  potential  of  each  conductor  is  zero  in  the  final  solution 
because  it  is  zero  for  each  separate  field. 

There  is  also  another  type  of  field  which  may  be  added  to  that 
obtained  by  the  method  of  images,  namely  the  field  produced  by  raising  the 
conductor  or  conductors  to  given  potentials,  without  other  charges  being 
present.  By  superposing  a  field  of  this  kind  we  can  find  the  effect  of  point 
charges  wThen  the  conductors  are  at  any  potential. 

216.  For  instance,  suppose  that,  as  in  fig.  62,  we  have  a  point  charge  e 
and  the  conductor  at  potential  0.  Let  us  superpose  on  to  the  field  of  force 
already  found,  the  field  which  is  obtained  by  raising  the  conductor  to  potential 
V  when  the  point  charge  is  absent.  The  charge  on  the  sphere  in  the  second 
field  is  aV,  so  that  the  total  charge  is 

it     ea 
aV-j. 

By  giving  different  values  to  V,  we  can  obtain  the  total  field,  when  the 
sphere  has  any  given  charge  or  potential. 

If  the  sphere  is  to  be  uncharged,  we  must  have  V=-^,  so  that  a  point 
charge  placed  at  a  distance  /  from  the  centre  of  an  uncharged  sphere  raises 
it  to  potential  -, ,  a  result  which  is  also  obvious  from  the  theorem  of  §  104. 
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Sphere  in  a  uniform  field  of  force. 

2YJ.  A  uniform  field  of  force  of  which  the  lines  are  parallel  to  the  axis 
of  x  may  be  regarded  as  due  to  an  infinite  charge  E  at  x  =  R,  and  a  charge 
—  E  at  X  —  —  R,  when  in  the  limit  E  and  R  both  become  infinite.  The 
intensity  at  any  point  is 

2E 
R* 

parallel  to  the  axis  of  x,  so  that  to  produce  a  uniform  field  in  which  the 
intensity  is  F  parallel  to  the  axis  of  x,  we  must  suppose  E  and  R  to 
become  infinite  in  such  a  way  that 

-R>=-R 

dV 

Since,  in   this   case,  F  =  —  ~— ,  the  potential  of  such  a  field  will  clearly 

be  -Fx  +  G. 

"Suppose  that  a  sphere  is  placed  in  a  uniform  field  of  force  of  this  kind, 
its  centre  being  at  the  origin.  We  can  suppose  the  charge  E  at  x  =  R  to 
have  an  image  of  strength 

Ea  _  a? 

"X  at  X~R> 

while  the  other  charge  has  an  image 

Ea  aa 

These  two  images  may  be  regarded  as  a  doublet  (cf.  §  64)  of  strength 
-p-  x  -p  ,  and  of  direction  parallel  to  the  negative  axis  of  x.     The  strength 

it  -it 

-TP— W- 

Thus  we  may  say  that  the  image  of  a  uniform  field  of  force  of  strength  F 
is  a  doublet  of  strength  Fa3  and  of  direction  parallel  to  that  of  the  intensity 
of  the  uniform  field. 

The  potential  of  this  doublet  is 

Fa3  cos  6 
r»       ' 

and  that  of  the  field  of  original  field  of  force  is 

-  Fx  +  C, 

or,  in  polar  coordinates,  —  Fr  cos  Q  +  G, 
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so  that  the  potential  of  the  whole  field 

=  —  F  cos  0  ( r 
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a) 


=)+o 


.(126). 


a 


Fig.  63. 


As   it  ought,  this   gives  a  constant  potential  G  over  the  surface  of  the 
sphere. 


Fig.  U. 

The  lines  of  force  of  the  uniform  field  F  disturbed  by  the  presence  of  a 
doublet  of  strength  Fa3  are  shewn  in  fig.  63.  On  obliterating  all  the  lines 
of  force  inside  a  sphere  of  radius  a,  we  obtain  fig.  64,  which  accordingly 
shews  the  lines  of  force  when  a  sphere  of  radius  a  is  placed  in  a  field  of 
intensity  F.  These  figures  are  taken  from  Thomson's  Reprint  of  Papers  on 
Electrostatics  and  Magnetism  (pp.  488,  489)*. 


*  I  am  indebted  to  Lord  Kelvin  for  permission  to  use  these  figures. 
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218.  Line  of  no  electrification.  The  theory  of  lines  of  no  electrification 
has  already  been  briefly  given  in  §  98.  We  have  seen  that  on  any  conductor 
on  which  the  total  charge  is  zero,  and  which  is  not  entirely  screened  from 
an  electric  field,  there  must  be  some  points  at  which  the  surface-density  a- 
is  positive,  and  some  points  at  which  it  is  negative.  The  regions  in  which  a 
is  positive  and  those  in  which  c-  is  negative  must  be  separated  by  a  line  or 
system  of  lines  on  the  conductor,  at  every  point  of  which  a  =  0.  These  lines 
are  known  as  lines  of  no  electrification. 

If  R  is  the  resultant  intensity,  we  have  at  any  point  on  a  line  of  no 
electrification, 

R  =  4tto-  =  0, 

so  that  every  point  of  a  line  of  no  electrification  is  a  point  of  equilibrium. 
At  such  a  point  the  equipotential  intersects  itself,  and  there  are  two  or  more 
lines  of  force. 

If  the  conductor  possesses  a  single  tangent  plane  at  a  point  on  a  line  of 
no  electrification,  then  one  sheet  of  the  equipotential  through  this  point  will 
be  the  conductor  itself:  by  the  theorem  of  §  69,  the  second  sheet  must 
intersect  the  conductor  at  right  angles. 

These  results  are  illustrated  in  the  field  of  fig.  64.  Clearly  the  line  of  no 
electrification  on  the  sphere  is  the  great  circle  in  a  plane  perpendicular  to 
the  direction  of  the  field.  The  equipotential  which  intersects  itself  along 
the  line  of  no  electrification  ( V  =  G)  consists  of  the  sphere  itself  and  the 
plane  containing  the  line  of  no  electrification.     Indeed,  from  formula  (126), 

it   is   obvious   that  the   potential   is   equal   to   C,   either   when  6  =  —  ,  or 

when  r  =  a. 

The  intersection  of  the  lines  of  force  along  the  line  of  no  electrification 
is  shewn  clearly  in  fig.  64. 

Plane  face  with  hemispherical  boss. 

219.  If  we  regard  the  whole  equipotential  V=  C  as  a  conductor,  we 
obtain  the  distribution  of  electricity  on  a  plane  conductor  on  which  there 
is  a  hemispherical  boss  of  radius  a.  If  we  take  the  plane  to  be  a;  =  0,  we 
have,  by  formula  (126), 

V-C  =  -Fcos0(r-^)=-Fx(l-^). 

At  a  point  on  the  plane, 

1    (dV\  F   f,      as 


'  4tt  \dx  J,=0     4tt  J1      r3j  ' 
and  on  the  hemisphere 

47r  \dr  Jr=a     4-7T  ' 
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The  whole  charge  on  the  hemisphere  is  found  on  integration  to  be 


I 


f  f-  3  cos  6 )  lira?  sin  0  d6  =  f  Fa2, 

0  =  0     V47T 


while,  if  the  hemisphere  were  not  present,  the  charge  on  the  part  of  the 
plane  now  covered  by  the  base  of  the  hemisphere  would  be 

(s)m'=ift' 

Thus  the  presence  of  the  boss  results  in  there  being  three  times  as  much 
electricity  on  this  part  of  the  plane  as  there  would  otherwise  be :  this  is 
compensated  by  the  diminution  of  surface-density  on  those  parts  of  the  plane 
which  immediately  surround  the  boss. 


Capacity  of  a  telegraph-wire. 

220.  An  important  practical  application  of  the  method  of  images  is  the 
determination  of  the  capacity  of  a  long  straight  wire  placed  parallel  to  an 
infinite  plane  at  potential  zero,  at  a  distance  h  from  the  plane.  This  may  be 
supposed  to  represent  a  telegraph-wire  at  height  h  above  the  surface  of  the 
earth. 

Let  us  suppose  that  the  wire  has  a  charge  e  per  unit  length.  To  find 
the  field  of  force  we  imagine  an  image  charged  with  a  charge  —  e  per  unit 
length  at  a  distance  h  below  the  earth's  surface.  The  potential  at  a  point  at 
distances  r,  r'  from  the  wire  and  image  respectively  is,  by  §§  75  and  100, 

C  —  2e  log  r  +  2e  log  r', 

and  for  this  to  vanish  at  the  earth's  surface  we  must  take  C=  0.  Thus  the 
potential  is 

2e  log  - . 
°  r 

At  a  small  distance  a  from  the  line-charge  which  represents  the  telegraph- 
wire,  we  may  put  r'  =  2/i,  so  that  the  potential  is 

2e  log  — , 

°  a 

from  which  it  appears  that  a  cylinder  of  small  radius  a  surrounding  the 
wire  is  an  equipotential.  We  may  now  suppose  the  wire  to  have  a  finite 
radius  a,  and  to  coincide  with  this  equipotential.  Thus  the  capacity  of  the 
wire  per  unit  length  is 

«£? 

13—2 


196  Methods  for  the  Solution  of  Special  Problems    [ch.  vm 

Infinite  series  of  Images. 

221.     Suppose  we  have  two  spheres,  centres  A,  B  and  radii  a,  b,  of  which 
the  centres  are  at  distance  c  apart,  and  that  we  require  to  find  the  field  when 


Fig.  65. 

both  are  charged.     We  can  obtain  this  field  by  superposing  an  infinite  series 
of  separate  fields  (cf.  §  116). 

Suppose  first  that  A  is  at  potential  V  while  B  is  at  potential  zero.  As  a 
first  field  we  can  take  that  of  a  charge  Va  at  A.  This  gives  a  uniform 
potential  V  over  A,  but  does  not  give  zero  potential  over  B.  We  can  reduce 
the  potential  over  B  to  zero  by  superposing  a  second  field  arising  from 

the  image  of  the  original  charge  in  sphere  B,  namely  a  charge at  B', 

c 

b2 
where  BB'  =  — .     This  new  field  has,  however,  disturbed  the  potential  over 

A.     To  reduce  this  to  its  original  value  we  superpose  a  new  field  arising 

from  the  image  of  the  charge  at  B'  in  A,  namely  a  charge . ?j  at  A', 

C  0 

c 

c 

where  A  A'  = ^ .    This  field  in  turn  disturbs  the  potential  over  B,  and  so 

c 

c 

we  superpose  another  field,  and  so  on  indefinitely.     The  strengths  of  the 

various  fields,  however,  continually  diminish,  so  that  although  we  get  an 

infinite  series  to  express  the  potential,  this  series  is  convergent.    As  we  shall 

see,  this  series  can  be  summed  as  a  definite  integral,  or  it  may  be  that  a  good 

approximation  will  be  obtained  by  taking  only  a  finite  number  of  terms. 

The  total  charge  on  A  is  clearly  the  sum  of  the  original  charge  Va  plus 
the  strengths  of  the  images  A',  A",  ...  etc.,  for  this  sum  measures  the 
aggregate  strength  of  the  tubes  of  force  which  end  on  A.  Similarly  the 
charge  on  B  is  the  sum  of  the  strengths  of  the  images  at  B',  B", 

To  obtain  the  field  corresponding  to  given  potentials  of  both  A  and  B  we 
superpose  on  to  the  field  already  found,  the  similar  field  obtained  by  raising 
B  to  the  required  potential  while  that  of  A  remains  zero. 
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If  9ii,  922,  Qu  are  the  coefficients  of  capacity  and  induction,  the  total  charge 
on  A  when  B  is  to  earth  and  V—  1  is  qn  ;  similarly  that  on  B  is  qu.  In  this 
way  we  can  find  the  coefficients  qu>  q12  from  the  series  of  images  already 
obtained.     The  result  is  found  to  be 

o?b  asb* 

qn  -  a  +  c,_  fta  +  (c,  _  &2)2  _  ^  + ..., 

ab  a"-b* 

?12~       c      c(c2-62-a2)  +  -' 
and  from  symmetry 

v*-b  +  ^z^-2  +  (c2  _  a,f  _  b,ci  +  •  -., 

As  far  as  — ,  these  results  clearly  agree  with  those  of  §  116. 

222.  The  series  for  qn,  q12,  q22  have  been  put  in  a  more  manageable  form  by  Poisson 
and  Kirchhoff. 

Let  A,  denote  the  position  of  the  sth  of  the  series  of  points  A',  A",  ...,  and  Bg  the  sth 
of  the  series  £',  B", ... ;  then  Ag  is  the  image  of  Bt  in  the  sphere  of  radius  a,  and  similarly 
B,  is  the  image  of  At_\  in  the  sphere  of  radius  b.  Let  ag  =  AA,y  bg=BBg,  and  let  the 
charges  at  A„  Ba  be  ea,  e'g  respectively. 

Then  ag  (c  —  b,)  =  a2  since  A,  is  the  image  of  Bg, 

68(c-a,_!)  =  62      „    B3       „        „  At_v 

Further,  by  comparing  the  strengths  of  a  charge  and  its  image, 


(127), 


ea= 

a      ,                ,                b 

L     ^  81                      **  8  —                                     ^S  — 1} 

c-bg                            c-as.x 

ab 

C>     (c-bJic-a,^)0'-*     

and  similarly 

d  -              ah               c' 

'    (c-oil_1)(o-6-_1),r-1' 

We  have  therefore 

eg-i 

ab                  a3  bg     asc  —  <za 

(c  —  b,)(c  —  a,_i)      a  6          a& 

and 

(c-&,  +  i)(c-aa)_  c{c-ag)     b 
ab                     ab          a' 

By  addition  we  eliminate 

««» 

and  obtain 

or,  if  we  put  -  =  ua, 

e3     (     eg       c2-a2-  b2 

^2 ^2  _  A2 

(128), 


at 


and  from  symmetry  it  is  obvious  that  the  same  difference  equation  must  be  satisfied  by  a 

quantity  u't—~r. 
e  * 

The  solution  of  the  difference  equation  (128)  may  be  taken  to  be 

ug  =  Aa>  +  Bp», 
where  a,  /3  are  the  roots  of 

;2_c       a       b  ;  +  l=0. 
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The  product  of  these  roots  is  unity,  so  that  if  a  is  the  root  which  is  less  than  unity,  we 
can  suppose 


so  that 

and  similarly 

We  now  have 


e,= 


AiP  +  B' 


*-  S A> 


8     A'cP+B" 

08         a8 
g„  =  a  +  e1  +  e2  +  ...  =  ct  +  2  Aa-,s  +  g, 


To  determine  A,  B,  we  have 


^+5 

a 


=a, 


a26 


^^+.8      c2-62' 
A       B  1 


so  that 
where 
Thus 

and  7ll=a<l-a{I^  +  TZ^a+1-^4  +  ...}. 

To  determine  J',  5',  we  have 


-e  i   «(i-£2)' 


aa'(l-gg) 

e»~      l_^2a28     » 


el=^ 


a& 


^'a2  +  5' 


^  =  -77 


a«6» 


4'a4  +  .B'  c(c2-a2~62)' 

from  which,  in  the  same  way, 

?12=__(l-a2)j—  +_+i__6  +  ...J. 

The  value  of  q™  can  of  course  be  written  down  by  symmetry  from  that  of  qn. 

as 
The  coefficients  each  depend  on  a  sum  of  the  type  2  - — pr~^a  •     This  series  has  been 

J.  g     U 

expressed  in  terms  of  definite  integrals  by  Poisson. 
From  the  known  formula 

r  sin  pt  _,   feP  +  l]       _1_ 
Jo  e2,T'-l_*  tep-lj       2/> 
we  obtain,  on  putting  jd  =  log  £2  a2", 

"8         _i.  °'  ft/"  a' sin  (log  £'«»)*,,, 

l_^2a28-fa         log|2a««~      Jo  ^^ 

From  this  follows 

s        a*       _        1  y  f°  2  a' sin  (2  log  g  + 2s  log  a)* 

l-£2a28      2(l-a)         21og£  +  2slog«      WJ0  e2rt-l 

=  _i r        ?*       dt      «  r     sin(2<logg)-asin(2<log£/«)      ,, 

2(l-a)      jol-a2'  +  1  Jo  (e27rJ-l)[l-2acos(2doga)  +  a2J^ 


i 
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The  series  has  also  been  expressed  in  finite  terms  by  E.  W.  Barnes  (Quart.  Journ.  Math. 
138  (1903),  p.  155)  in  terms  of  Double  Gamma  Functions,  but  neither  of  these  forms  is 
convenient  for  numerical  computation. 

A.  Russell  (Proc.  Phys.  Soc.  23  (1911),  p.  352)  has  shewn  how  the  original  series  can  be 
rearranged  in  a  rapidly  convergent  form.    If  n  is  an  integer,  to  be  chosen  subsequently, 


ar 


S=co 

2„  1  _  £2„23 
*=0  1  —  5  a 


3=71-1  gS 

s=n-l 
=     2 


a 


+ 


2    a«(      2    £2Pa2P*) 

1=71  ^P=0  ' 

P=co     (gan)2p 
p=0   1      a 


3=0    W2a28 

The  larger  n  is  chosen  to  be  the  more  rapidly  the  second  series  converges,  although  of 
course  large  values  for  n  require  the  computation  of  a  large  number  (n)  of  terms  in  the 
original  series.  As  an  example,  given  by  Russell,  suppose  that  a=7r,  b=r,  c=10r;  it  is 
sufficient  to  take  n  —  \  and  the  series  are  found  to  be 

gr11  =  7r+fr{l+0-0O89509  +  O'0OOO929  +  0-0000009  +  ...}  =  7-5765970r, 
-£i2=0-7r  +  T%r{l  +0-0003580  +  0-0000001  +  ...}  =  08143266r, 
?22=ri601124r. 

As  a  second  example  Russell  takes  a  =  98r,  6=10-8r,  and  c=a  +  b  +  0'2r,  so  that  the 
spheres  are  almost  in  contact ;  the  values  of  the  coefficients  are  obtained  to  seven  figures 
on  taking  n  =  4  and  computing  seven  terms  of  the  second  series. 

223.  Having  calculated  the  coefficients,  we  can  obtain  the  relations 
between  the  charges  and  potentials,  and  can  find  also  the  mechanical  force 
between  the  spheres.    If  this  force  is  a  force  of  repulsion  F,  we  have 

dWE_     Ldpn  dpi2  F  F      ,  dp2,  „ 


or  again 


dc  dc  dc  oc 


The  following  table,  applicable  to  two  spheres  of  equal  radius,  taken  to  be  unity,  is 
compiled  from  materials  given  by  Lord  Kelvin*. 


c 

Pn  ( =P2s) 

Pl2 

g  u  (=322) 

212 

2  dc   \       dc  J 

dpi2 
dc 

1.9911 

2  dc 

3?  12 

dc 

Eatio  of 
charges  for 
equilibrium 

2-0 

•721 

•721 

00 

—    CO 

CD 

co 

co 

co 

1 

2-1 

•915 

•509 

1-584 

-•884 

•154 

•453 

1-138 

2349 

•391 

2-2 

•939 

•475 

1-431 

-•724 

•0826 

•305 

•529 

1-127 

•294 

2-5 

•968 

•406 

1-253 

-•525 

•0300 

•181 

•174 

•413 

•169 

30 

•986 

•335 

1-146 

-•389 

•0101 

•115 

•066 

•186 

•089 

35 

•993 

•286 

1-099 

-•317 

•00437 

•0825 

•0344 

•114 

•053 

40 

•996 

•250 

1-072 

-•269 

•00216 

•0628 

•0207 

•079 

•034 

5  0 

•998 

•200 

1-044 

-•209 

•00065 

•0401 

•0096 

•048 

•016 

6-0 

•999 

•167 

1-030 

-•172 

•00026 

•0278 

•0053 

•031 

•009 

CO 

1-0 

0 

1-0 

0 

0 

0 

0 

0 

0 

*  Papers  on  Electrostatics  and  Magnetism,  p.  96,  §  142. 
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Images  in  dielectrics. 

224.  The  method  of  images  can  also  be  applied  to  find  the  field 
produced  by  point  charges  when  half  of  the  field  is  occupied  by  dielectric, 
the  boundary  of  the  dielectric  being  an  infinite  plane. 

We  begin  by  considering  the  field  produced  by  a  single  charge  e  at  P,  it 
being  possible  to  obtain  the  most  general  field  by  the  superposition  of  simple 
fields  of  this  kind. 

We  shall  shew  that  the  field  in  air  is  the  same  as  that  due  to  a  charge 
e  at  P  and  a  certain  charge  e'  at  P',  the  image  of  P,  while  the  field  in  the 
dielectric  is  the  same  as  that  due  to  a  certain  charge  e"  at  P,  if  the  whole 
field  were  occupied  by  air. 


Fig.  66. 

Let  PP'  be  taken  for  axis  of  x,  the  origin  0  being  in  the  boundary 
of  the  dielectric,  and  let  OP  =  a.  Then  we  have  to  shew  that  the  potential 
YA  in  air  is 

V.=  e     +  e' 

*/(x  +  af  +  y2  +  z2      VO  -  a)2  +  y2  +  z% ' 

while  that  in  the  dielectric  is 


V(a?  +  a)2  +  f  +  z* ' 

These  potentials,  we  notice,  satisfy  Laplace's  equation  in  each  medium, 
everywhere  except  at  the  point  P,  and  they  arise  from  a  distribution  of 
charges  which  consists  of  a  single  point  charge  e  at  P.  The  potential  in  air 
at  the  point  0,  y,  z  on  the  boundary  is 

VA  = 


e  +  e 


Va2  +  y2  +  z* ' 
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while  that  in  the  dielectric  at  the  same  point  is 


7„  = 


V  a2  +  y2  +  z2 


Thus  the  condition  that  the  potential  shall  be  continuous  at  each  point 
of  the  boundary  can  be  satisfied  by  taking 


>/ 


e"  =  e  +  e     (129). 

The  remaining  condition  to  be  satisfied  is  that  at  every  point  of  the 

dV .       .  dV 

boundary,  ^—  in  air  shall  be  equal  to  K  -^-  in  the  dielectric ;  i.e.  that 

K-—  =  -^t  when  a;  =  0. 
ox       ox 

Now,  when  x  =  0, 

RdVD^  Ke"a 


dx         (a2+y2  +  z2f 
dVA  ea  e'a 


+ 


dos         (a2  +  y1  +  z*f     (a3  +  y2  +  z2f ' 
so  that  this  last  condition  is  satisfied  by  taking 

Ke"  =  e-e'  (130). 

Thus  the  conditions  of  the  problem  are  completely  satisfied  by  giving 
e,  e"  values  such  as  will  satisfy  relations  (129)  and  (130);  i.e.  by  taking 

2         ^ 


*"=    TTK* 


K-l 


.(131). 


e  =-TTKe  ) 

225.  The  pull  on  the  dielectric  is  that  due  to  the  tensions  of  the  lines 
of  force  which  cross  its  boundary.  In  air  these  lines  of  force  are  the  same 
as  if  we  had  charges  e,  e'  at  P,  P'  entirely  in  air,  so  that  the  whole  tension 
in  the  direction  PJP  of  the  lines  of  force  in  air  is 

ee' 

pp'2' 

#  (K-l) 
4a2(/iT  +  iy 

This  system  of  tensions  shews  itself  as  an  attraction  between  the 
dielectric  and  the  point  charge.  If  the  dielectric  is  free  to  move  and 
the  point  charge  fixed,  the  dielectric  will  be  drawn  towards  the  point 
charge  by  this  force,  and  conversely  if  the  dielectric  is  fixed  the  point 
charge  will  be  attracted  towards  the  dielectric  by  this  force. 
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Inversion. 

226.  The  geometrical  method  of  inversion  may  sometimes  be  used  to 
deduce  the  solution  of  one  problem  from  that  of  another  problem  of  which 
the  solution  is  already  known. 

Geometrical  Theory. 

227.  Let  0  be  any  point  which  we  shall  call  the  centre  of  inversion,  and 


Fig.  67. 


let  AB  be  a  sphere  drawn  about  0  with  a  radius  K  which  we  shall  call  the 
radius  of  inversion. 

Corresponding  to  any  point  P  we  can  find  a  second  point  P',  the  inverse 
to  P  in  the  sphere.  These  two  points  are  on  the  same  radius  at  distances 
from  0  such  that  OP .  OP'  =  K\ 

As  P  describes  any  surface  PQ ...,  P'  will  describe  some  other  surface 
PQ'...,  each  point  Q'  on  the  second  surface  being  the  inverse  of  some  point 
Q  on  the  original  surface.  This  second  surface  is  said  to  be  the  inverse 
of  the  original  surface,  and  the  process  of  deducing  the  second  surface  from 
the  first  is  described  as  inverting  the  first  surface. 

It  is  clear  that  if  P'Q'...  is  the  inverse  of  PQ...,  then  the  inverse  of 
P'Q'..- will  bePQ.... 

If  the  polar  equation  of  a  surface  referred  to  the  centre  of  inversion 
as   origin   be   /  (r,  8,  <p)  =  0,   then   the   equation   of   its   inverse   will    be 

f[  — ,  0,  <£J=0.     For   the   polar   equation  of  the   inverse   surface   is  by 

definition  /  (r,  0,  </>)  =  0,  where  rr'  =  K-  for  all  values  of  6  and  </>. 


226,  227] 
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Inverse  of  a  sphere.     Let  chords  PP',  QQ',  ...  of  a  sphere  meet  in  0 
(fig.  68).     Then 

0P.0P'  =  0Q.0Q'=...  =  t\ 

where  t  is  the  length  of  the  tangent  from  0  to  the  sphere.     Thus,  if  t  is  the 
radius  of  inversion,  the  surface  PQ...  is  the  inverse  of  P'Q'...,  i.e.  the  sphere 


Fig.  68. 

is  its  own  inverse.    With  some  other  radius  of  inversion  K,  let  P"Q".. 
the  inverse  of  PQ  ....  then 

0P.0P"=0Q.0Q'=...  =  K\ 

OP"     OQ"  IP 

-  •••  -  ^ 


be 


so  that 


Thus  the  inverse  of  a 


OP'      OQ'      " 

and  the  locus  of  P",  Q",  ...  is  seen  to  be  a  sphere 
sphere  is  always  another  sphere. 

A  special  investigation  is  needed 
when  the  sphere  passes  through  0.  Let 
OS  be  the  diameter  through  0,  and  let 
8'  be  the  point  inverse  to  S.  Then,  if 
P'  is  the  inverse  of  any  point  P  on  the 
circle, 

0P.0P'  =  0S.0S\ 
OP  _  OS' 
or  0S~0P" 

so  that  POS,  S'OP'  are  similar  triangles. 
Since  OPS  is  a  right  angle,  it  follows 
that  OS'P'  is  a  right  angle,  so  that  the 
locus  of  P'  is  a  plane  through  S'  perpen- 
dicular to  OS'.  Thus  the  inverse  of  a 
sphere  which  passes  through  the  centre 
of  inversion  is  a  plane,  and,  conversely,  the  inverse  of  any  plane  is  a  sphere 
which  passes  through  the  centre  of  inversion. 


Fig.  69. 
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228.  If  P,  Q  are  adjacent  points  on  a  surface,  and  P',  Q'  are  the  corre- 
sponding points  on  its  inverse,  then  OPQ, 
OQ'P'  are  similar  triangles,  so  that  PQ, 
P'Q'  make  equal  angles  with  OPP'.  By 
making  PQ  coincide,  we  find  that  the 
tangent  plane  at  P  to  the  surface  PQ 
and  the  tangent  plane  at  P'  to  the  sur- 
face P'Q'  make  equal  angles  with  OPP'. 
Hence,  if  we  invert  two  surfaces  which 
intersect  in  P,  we  find  that  the  angle 

between  the  two  inverse '  surfaces  at  P'  is  equal  to  the  angle  between  the 
original  surfaces  at  P,  i.e.  an  angle  of  intersection  is  not  altered  by  inversion. 

Also,  if  a  small  cone  through  0  cuts  off  areas  dS,  dS'  from  the  surface 
PQ...  and  its  inverse  P'Q'...,  it  follows  that 

d#      OP' 
dS'-  OP'*' 


Fig.  70. 


Electrical  Applications. 

229.  Let  PP',  QQ'  be  two  pairs  of  inverse  points  (fig.  70).  Let  a  charge 
e  at  Q  produce  potential  Vp  at  P,  and  let  a  charge  e  at  Q'  produce  potential 
Vp  at  P',  so  that 

VP'  = 


then 


Take 


then 


P~PQ*  ~  P'Q' 

Il-i  ?Q  -i  op 

VP      e-P'Q'~  e'  OQ" 

e~OQ~  K  ' 
Vp      OP      K 
VP 


K  ~  OF' 

Now  let  Q  be  a  point  of  a  conducting  surface,  and  replace  e  by  crdS, 
the  charge  on  the  element  of  surface  dS  at  Q.  Let  Vp  denote  the  potential 
of  the  whole  surface  at  P,  and  let  Vp  denote  the  potential  at  P'  due  to  a 
charge  e'  on  each  element  dS '  of  the  inverse  surface,  such  that 

e'        OQ' 


adS       K 


K 


Then,  since  Vp  =  Vp  -^p,  for  each  element  of  charge,  we  have  by  addition 


VP'=  Vv 


K 


Thus  charges  e'  on  dS',  etc.  produce  a  potential 

VPK 


OP' 


at  P'. 
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Now  suppose  that  P  is  a  point  on  the  conducting  surface  Q,  so  that 
VP  becomes  simply  the  potential  of  this  surface,  say  V.  The  charges  e  on 
dS',  etc.  now  produce  a  potential 

Qpi  at  jt  , 

so  that  if  with  these  charges  we  combine  a  charge  —  VK  at  0,  the  potential 
produced  at  P'  is  zero.  Thus  the  given  system  of  charges  spread  over  the 
surface  P'Q'  ...,  together  with  a  charge  —  VK  at  the  origin,  make  the 
surface  P'Q' ...  an  equipotential  of  potential  zero.  In  other  words,  from  a 
knowledge  of  the  distribution  which  raises  PQ...  to  potential  V,  we  can 
find  the  distribution  on  the  inverse  surface  P'Q' . . .  when  it  is  put  to  earth 
under  the  influence  of  a  charge  —  VK  at  the  centre  of  inversion. 

If  e,  e'  are  the  charges  on  corresponding  elements  dS,  dS'  at  Q,  Q',  we 
have  seen  that 

e'     a'dS'     K      OQ'        /OQ' 


"~  0Q~  K  "V  i 


e      adS      0Q~  K  ~V  OQ' 
dS'     OQ'" 
whlle  dS  =  W 

„  a       (0Q'\-%       K3  „ocl, 

Hence  7-(w)    =W>  (132)' 

giving  the  ratio  of  the  surface  densities  on  the  two  conductors. 

Conversely,  if  we  know  the  distribution  induced  on  a  conductor  PQ  ...  at 
potential  zero  by  a  unit  charge  at  a  point  0,  then  by  inversion  about  0  we 
obtain  the  distribution  on  the  inverse  conductor  P'Q'...   when  raised  to 

potential  -^..    As  before,  the  ratio  of  the  densities  is  given  by  equation  (132). 

Examples  of  Inversion. 

230.  Sphere.  The  simplest  electrical  problem  of  which  we  know  the 
solution  is  that  of  a  sphere  raised  to  a  given  potential.  Let  us  examine 
what  this  solution  becomes  on  inversion. 

If  we  invert  with  respect  to  a  point  P  outside  the  sphere,  we  obtain  the 
distribution  on  another  sphere  when  put  to  earth  under  the  influence  of  a 
point  charge  P.  This  distribution  has  already  been  obtained  in  §  214  by 
the  method  of  images.  The  result  there  obtained,  that  the  surface-density 
varies  inversely  as  the  cube  of  the  distance  from  P,  can  now  be  seen  at  once 
from  equation  (132). 

So  also,  if  P  is  inside  the  sphere,  we  obtain  the  distribution  on  an 
uninsulated  sphere  produced  by  a  point  charge  inside  it,  a  result  which  can 
again  be  obtained  by  the  method  of  images. 

When  P  is  on  the  sphere,  we  obtain  the  distribution  on  an  uninsulated 
plane,  already  obtained  in  §  208. 
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231.     Intersecting  Planes.     As  a  more  complicated  example  of  inversion, 
let  us  invert  the  results  obtained  in  §  212.    We  there  shewed  how  to  find 


Fig.  71. 


7T 


the  distribution  on  two  planes  cutting  at  an  angle  — ,  when  put  to  earth 

lb 

under  the  influence  of  a  point  charge  anywhere  in  the  acute  angle  between 
them.  If  we  invert  the  solution  we  obtain  the  distribution  on  two  spheres, 
cutting  at  an  angle  nr\n,  raised  to  a  given  potential.  By  a  suitable  choice 
of  the  radius  and  origin  of  inversion,  we  can  give  any  radii  we  like  to  the 
two  spheres. 

If  we  take  the  radius  of  one  to  be  infinite,  we  get  the  distribution  on  a 
plane  with  an  excrescence  in  the  form  of  a  piece  of  a  sphere :  in  the  par- 
ticular case  of  n  =  2,  this  excrescence  is  hemispherical,  and  we  obtain  the 
distribution  of  electricity  on  a  plane  face  with  a  hemispherical  boss.  This 
can,  however,  be  obtained  more  directly  by  the  method  of  §  219. 

Spherical  Harmonics. 

232.  The  problem  of  finding  the  solution  of  any  electrostatic  problem  is 
equivalent  to  that  of  finding  a  solution  of  Laplace's  equation 

throughout  the  space  not  occupied  by  conductors,  such  as  shall  satisfy  certain 
conditions  at  the  boundaries  of  this  space — i.e.  at  infinity  and  on  the  surfaces 
of  conductors.  The  theory  of  spherical  harmonics  attempts  to  provide  a 
general  solution  of  the  equation  V2F  =  0. 

This  is  no  convenient  general  solution  in  finite  terms :  we  therefore 
examine  solutions  expressed  as  an  infinite  series.  If  each  term  of  such 
a  series  is  a  solution  of  the  equation,  the  sum  of  the  series  is  necessarily 
a  solution. 
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233.     Let  us  take  spherical  polar  coordinates  r,  6,  <f>,  and  search  for 
solutions  of  the  form 

V  =  RS, 

where  R  is  a  function  of  r  only,  and  S  is  a  function  of  6  and  $  only. 

Laplace's  equation,  expressed  in  spherical  polars,  can  be  obtained  analyti- 
cally from  the  equation 

d2V   d-v   a2r 
dx* +  df  +  d?  ~  ° 

by  changing  variables  from  x,  y,  z  to  r,  6,  <f>,  but  is  most  easily  obtained  by 
applying  Gauss'  Theorem  to  the  small  element  of  volume  bounded  by  the 
spheres  r  and  r  +  dr,  the  cones  6  and  6  +  d6,  and  the  diametral  planes  (j>  and 
<f>  +  dj>.     The  equation  is  found  to  be 

r»  dr  \     dr)  +  r*  sin  6  dd  V™      d0J+  r2  sin2  0  d(f>*  "   ' 
Substituting  the  value  F  =  RS,  we  obtain 

^/2^\       _R_    d_(  .    „dS\       _E_    c^S 
r2  dr  V    3r  J      r2  sin  6  dd  \&m     dd)+r*  sin2  6  d<fr  "   ' 

or,  simplifying, 

i  9 /,as\       l     a  / .   .as\  ,    ji a^_ 

JR  3r  V    dr)  +  8  sin  6  d0  [8m     dd)+S  sin2  6  d<f>* 

The  first  term  is  a  function  of  r  only,  while  the  last  two  terms  are  inde- 
pendent of  r.     Thus  the  equation  can  only  be  satisfied  by  taking 

1   d  (  3>R> 


R  dr  X 


*Tr)=K     <133>' 

1       3  /  .    adS\  ,       1       82#         „  /1Q., 

where  K  is  a  constant.     Equation  (133),  regarded  as  a  differential  equation 
for  R,  can  be  solved,  the  solution  being 

&-***  +  £»    (135), 

where  A,  B  are  arbitrary  constants,  and  n  (n  +  1)  =  K.     After  simplification 
equation  (134)  becomes 

^Hl)+S5n>5+"<"+1>s=° <186> 

Any  solution  of  this  equation  will  be  denoted  by  Sn,  the  solution  being  a 
function  of  n  as  well  as  of  6  and  <f>.  The  solution  of  Laplace's  equation  we 
have  obtained  is  now 

V  =  RS  =  (Ar»  +  J^Sn, 

and  by  the  addition  of  such  solutions,  the  most  general  solution  of  Laplace's 
equation  may  be  reached. 
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234.  Definitions.  Any  solution  of  Laplace's  equation  is  said  to  be  a 
spherical  harmonic. 

A  solution  which  is  homogeneous  in  x,  y,  z  of  dimensions  n  is  said  to  be  a 
spherical  harmonic  of  degree  n. 

A  spherical  harmonic  of  degree  n  must  be  of  the  form  rn  multiplied  by 
a  function  of  6  and  $>,  it  must  therefore  be  of  the  form  ArnSn,  where  Sn 
is  a  solution  of  equation  (136). 

Any  solution  8n  of  equation  (136)  is  said  to  be  a  surface-harmonic  of 
degree  n. 

235.  Theorem.  If  V  is  any  spherical  harmonic  of  degree  n,  then 
yjrm+i  fa  a  spherical  harmonic  of  degree  —  (n  +  1). 

For  V  must  be  of  the  form  ArnSn,  so  that 

V  ASn 


rzn+i        rn+i 


which  is  known  to  be  a  solution  of  Laplace's  equation,  and  is  of  dimensions 
—  (n  +  1)  in  r.  Conversely  if  V  is  a  spherical  harmonic  of  degree  —  (n  +  1), 
then  r2n+1  V  is  a  spherical  harmonic  of  degree  n. 

236.  Theorem.     If  V  is  any  spherical  harmonic  of  degree  n,  then 

fis+t+uy 

dafdyW 
where  s,  t,  and  u  are  any  integers,  is  a  spherical  harmonic  of  degree  n  —  s  —  t  —  u. 

d*v   dn-v   d*v   A 
For  a?+5E  +  ^"a' 

so  that  on  differentiation  s  times  with  respect  to  x,  t  times  with  respect  to  y, 
and  u  times  with  respect  to  z, 

gs+t+u+2"|7         fls+t+u+2y        fis+t+u+^y 

daf+2dytdzu  +  dx*dyt+*dzu  +  dxsdytdzu+2  =    ' 

°r  V'  [dtfdyw)  =  °' 

which  proves  the  theorem. 

237.  Theorem.     If  Sm,Sn  are  two  surface  harmonics  of  different  degrees 
m,  n,  then 

\  \SnSmda)  =  0, 

where  the  integration  is  over  the  surface  of  a  unit  sphere. 
In  Green's  Theorem  (§  181), 

(<£V2¥-  -  ¥V«<D)  dxdydz  =  -  \\(<P  ^  -  ¥  ^)  dS, 


dn  dn  J 

put  <£  =  rnSn>  ^  =  rmSm,  and  take  the  surface  to  be  the  unit  sphere. 
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Then  V23>  =  0,  Va¥  =  0,  ^-=-5-  =  -  nrn-1#n,  and  ^-  =  -  mrm-1/Sm. 

on  dr  9n 

Thus  the  volume  integral  vanishes,  and  the  equation  becomes 

[j(nrm+n-ignSm  _  mrm+n-i^n/Sfm)  da)  =  0, 

or,  since  n  is,,  by  hypothesis,  not  equal  to  m, 

onomd(o  =  0. 


# 


Harmonics  of  Integral  Degree. 

238.     The  following  table  of  examples  of  harmonics  of  integral  degrees  7i=0,  —1,  -2, 
+ 1,  is  taken  from  Thomson  and  Tait's  Natural  Philosophy. 

_        ,  .  ?/       ,      r+3  .»,      r  +  2      rz(x2-y2)         2rxyz 

n-0.       1,     tan-1^,     log ,     tan "^  log ,      ,  \  ,     *./,     .   .,  ,  %,,. 

#'        0r-2  a;     °  r— z       (x2+y2)2        (V+y2)2 

Also  if  V0  is  any  one  of  these  harmonics,  -~-^,  -^-^,  -~-^  are  harmonics  of  degree  —  1,  so 

that  r  -tt-^  ,  r-yr-^,  r-^~  are  harmonics  of  degree  zero.     As  examples  of  harmonics  derived 

ox        dy        oz 

in  this  way  may  be  given 

rx  ry  zx  zy  x  x 

x2~+y2>       X2  +  1J2'       X2  +  1J2'       X2+y2'       T  +  l'       T^z' 

By  differentiating  any  harmonic  V0  any  number  *  of  times,  multiplying  by  r2,_1  and 
differentiating  again  s  -  1  times,  we  obtain  more  harmonics  of  degree  zero. 

n=  —  1.     Any  harmonic  of  degree  zero  divided  by  r  or  differentiated  with  respect  to 

x,  y  or  z,  e.g. 

1        1  ,        .y       1  .      r+z  x  x 

■ ,     -  tan   1  - ,     -  log 


r'     r  x'     r     °  r  —  z'     x2+y2'     r(r+z)' 

n=  -  2.     By  differentiating  harmonics  of  degree  —  1  with  respect  to  x,  y  or  z  we  obtain 
harmonics  of  degree  —  2,  e.g. 

x        y        z         z  ,         .  y        z  ,      r+z 
-q>     H->     ~%,     -,  tan-1'2-,     -log . 

11  =  1.     Multiplying  harmonics  of  degree  —2  by  r3,  we  obtain  harmonics  of  degree  1,  e.g 

.  y         ,      r-\-z     n 

x,  y,  z,     a  tan-1-,     slog- -— 2?\ 

'  ^     '  a?  r  —  z 

Rational  Integral  Harmonics. 

239.  An  important  class  of  harmonic  consists  of  rational  integral  algebraic 
functions  of  x,  y,  z.  In  the  most  general  homogeneous  function  of  x,  y,  z  of 
degree  n  there  are  \  (n  +  1)  (n  +  2)  coefficients.  If  we  operate  with  V2  we 
are  left  with  a  homogeneous  function  of  x,  y,  z  of  degree  n  —  2,  and  therefore 
possessing  \n  (n  —  1)  coefficients.  For  the  original  function  to  be  a  spherical 
harmonic,  these  %n(n—  1)  coefficients  must  all  vanish,  so  that  we  must 
have  ^n(n  —  1)  relations  between  the  original  ^(w  +  l)(?i  +  2)  coefficients. 
j  14 
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Thus  the  number  of  coefficients  which  may  be  regarded  as  independent  in 
the  original  function,  subject  to  the  condition  of  its  being  a  harmonic,  is 

±(n  +  I)(n  +  2)-4in(n-l), 
or  2n  +  1.     This,  then,  is  the  number  of  independent  rational  harmonics  of 
degree  n. 

For  instance,  when  n  =  1  the  most  general  harmonic  is 

Ax  +  By  +  Cz, 

possessing  three  independent  arbitrary  constants,  and  so  representing  three 
independent  harmonics  which  may  conveniently  be  taken  to  be  x,  y  and  z. 

When  n  =  2,  the  most  general  harmonic  is 

ax2  +  by2  +  cz2  +  dyz  +  ezx  -Yfxy, 

where  a,  b,  c  are  subject  to  a  +  b  +c  =  0.     The  five  independent  harmonics 
may  conveniently  be  taken  to  be 

yz,     zx,     xy,     x2  —  y2,     x2  —  z2. 

When  n  =  0,  2n  +  1  =  1.    Thus  there  is  only  one  harmonic  of  degree  zero, 
and  this  may  be  taken  to  be  V—  1. 

Corresponding  to  a  rational  integral  harmonic  Vn  of  positive  degree  n, 

y 
there  is  the  harmonic  -—^  of  degree  —  (n  +  1).     These  harmonics  of  degree 

—  (n  +  1)  are  accordingly  2/i  +  1  in  number.     Thus  the   only  harmonic   of 

this  kind  and  of  degree  —  1  is 


Consider  now  the  various  expressions  of  the  type 

gs+t+u         /J> 


.(137), 


da?  dyf  dzu  \r 
where  s  +  t  +  u  =  n. 

These,  as  we  know,  are  harmonics  of  degree  —  (n  +  1),  and  from  §  235 

y 
it  is  obvious  that  they  must  be  of  the  form  ~^i ,  where  Vn  is  a  rational 

integral  harmonic  of  degree  n.     Since  -  is  harmonic,  V2  ( -  J  =  0,  so  that 

d2  [l\  fd2       d2\fl\  /loox 

The  most  general  harmonic  obtained  by  combining  the  harmonics   of 
type  (137)  is 

2^u3^a^(r)   (139)' 

but  by  equation  (138)  this  can  be  reduced  at  once  to  the  form 


dz        pq  da?  By*  \rj  p  q  dx*dy*  \r) ' 
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where  p  +  q  =  n  —  1  and  p  +  q  =  n.     This  again  may  be  replaced  by 


dz    „=0      pdxPdyf^1-P\rJ       PZ0    p  dxP  oyn~v  \r  J  ' 

so    that    there    are    2w  +  1    arbitrary   constants    in    all,    and    it    is    obvious 

on   examination    that    the    harmonics,    multiplied    by    all    the    coefficients 

Bp,  ...  Bp',  ...  are  independent.     Thus,  by  differentiating  -  n  times,  we  have 

arrived  at  2n  +  1  independent  rational  integral  harmonics,  and  it  is  known 
that  this  is  as  many  as  there  are. 

Expansion  in  Rational  Integral  Harmonics. 

240.  Theorem*.  The  value  of  any  finite  single-valued  function  of 
position  on  a  spherical  surface  can  he  expressed,  at  every  point  of  the 
surface  at  which  the  function  is  continuous,  as  a  series  of  rational  integral 
harmonics,  provided  the  function  has  only  a  finite  number  of  lines  and  points 
of  discontinuity  and  of  maxima  and  minima  on  the  surface. 

Let  F  be  the  arbitrary  function  of  position  on  the  sphere,  and  let  the 
sphere  be  supposed  of  radius  a.  Let  P  be  any  point  outside  the  sphere  at  a 
distance  /  from  its  centre  0,  and  let  Q  be  any  point  on  the  surface  of 
the  sphere. 


p 


iiG.  72. 

Let  PQ  be  equal  to  R,  so  that 

R*  =f*  +  a2  -  2a/ cos  POQ. 

We  have  the  identity 

f2-a*  [fdS _a 


.(140), 


4>wa   JJ  R3     f    "" 

where  the   integration  is   taken  over  the   surface   of  the   sphere,   a  result 
which  it  is  easy  to  prove  by  integration. 

A  point  charge  e  placed  at  P  induces  surface  density  -- —       „3     on  the  surface  of 

the  sphere  (§  214),  and  the  total  induced  charge  is  -~i-     The  identity  is  therefore 

obvious  from  electrostatic  principles. 

*  The  proof  of  this  theorem  is  stated  in  the  form  which  seems  best  suited  to  the  requirements 
of  the  student  of  electricity  and  makes  no  pretence  at  absolute  mathematical  rigour. 

14—2 
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Now  introduce  a  quantity  u  denned  by 

f*-a?  CfFdS 


u=' 


a- 
4<ira 


[[FdS 


.(141), 


so  that  u  is  a  function  of  the  position  of  P.  If  P  is  very  close  to  the 
sphere,  /2  —  a2  is  small,  and  the  important  contributions  to  the  integral  arise 
from  those  terms  for  which  R  is  very  small :  i.e.  from  elements  near  to  P. 

If  the  value  of  F  does  not  change  abruptly  near  to  the  point  P,  or 
oscillate  with  infinite  frequency,  we  can  suppose  that  as  P  approaches  the 
sphere,  all  elements  on  the  sphere  from  which  the  contribution  to  the 
integral  (141)  are  of  importance,  have  the  same  F.  This  value  of  F  will  of 
course  be  the  value  at  the  point  at  which  P  ultimately  touches  the  sphere, 
say  Fp.     Thus  in  the  limit  we  have 

(/2  -  a2)  FP  reds 

4>ira  J  R* 


u  = 


.(142), 


a 


=  Fp-f ,  by  equation  (140), 

=  FP, 

when  in  the  limit  /  becomes  equal  to  a. 

If  the  value  of  F  oscillates  with  infinite  frequency  near  to  the  point  P,  we  obviously 
may  not  take  F  outside  the  sign  of  integration  in  passing  from  equation  (141)  to 
equation  (142). 

If  the  value  of  F  is  discontinuous  at  the  point  P  of  the  sphere  with  which  P 
ultimately  coincides,  we  again  cannot  take  F  outside  the  sign  of  integration.  Suppose, 
however,  that  we  take  coordinates  p,  3  to  express  the  position  of  a  point  P'  on  the  surface 
of  the  sphere  very  near  to  P,  the  coordinate  p  being  the  distance  PP",  and  3  being  the 
angle  which  PP'  makes  with  any  line  through  P  in  the  tangent  plane  at  P.  Then  F 
may  be  regarded  as  a  function  of  p,  3,  and  the  fact  that  F  is  discontinuous  at  P  is  expressed 
by  saying  that  as  we  approach  the  limit  p  =  0,  the  limiting  value  of  F  (assuming  such  a 
limit  to  exist)  is  a  function  of  3 — i.e.  depends  on  the  path  by  which  P  is  approached. 
Let  F  (3)  denote  this  limit.     Then 


u-- 


_/2-aa  f  F(3)Pdpd3 


Ana 


i 


M 


4-rra 


Aira 


Ztt] 


F(3) 


r/2- 


/ 


rli 


dS~ 


■13 


d3 


1^ 

2tt 


F(3)  (  -.)  d3,  by  equation  (140). 


On  passing  to  the  limit  and  putting  a—f,  we  find  that 

u=±fF(S)43    .... 


•(143), 
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i.e.  u  is  the  average  value  of  F  taken  on  a  small  circle  of  infinitesimal  radius  surrounding 

O 

P.     In  particular,  if  F  changes  abruptly  on  crossing  a  certain  line  through  Py  having  a 
value  Fi  on  one  side,  and  a  value  F2  on  the  other,  then  the  limiting  value  of  u  is 

u  =  $(Fl  +  F2). 

If  we  take  0  to  denote  the  angle  POQ, 
-^■=(/2-2a/cos0+a2)-^ 
1/        a2-2afcos6\-h 


1 

7L 


,  a2  -  2a/  cos  6        /a2  -  2a/  cos  0\3 

•1-        o  »z  r  -g  I  ~ I   — 


f" 


P 


or,  arranging  in  descending  powers  of/ 


.(144), 


in  which  i?,  P±,  R, ...  are  functions  of  6,  being  obviously  rational   integral 
functions  of  cos  6.     When  6  =  0, 


and  when  0  =  ir, 

so  that  when  6  =  0, 
and  when  #  =  ir, 


•••  J  i 


1  /_      a       a 


p  =  p—     —  l 

—  P—  P=  —    P=-  —  1 


It  is  clear,  therefore,  that  the  series  (144)  is  convergent  for  0  =  0  and 
6  =  7r,  and  a  consideration  of  the  geometrical  interpretation  of  this  series 
will  shew  that  it  must  be  convergent  for  all  intermediate  values*. 

Differentiating  equation  (144)  with  respect  to  /  we  get 

1 


d 


R 


a  cos  6  —f 

~ R3  df 


a 


a2 


Wys-Z%Ti- 


(145). 


If  we    multiply   this   equation    by   2/  and  add  corresponding  sides   to 
equation  (144),  we  obtain 

F 
Multiplying  this  equation  by  —  -r — ,  and  integrating  over  the  surface  of  the 

sphere,  we  obtain 


p-a?  [[FdS  _™2n  +  l 


47ra 


R3        o      4tt 


FR 


a1 


f 


n+l 


dS, 


*  Being  a  power  series  in  cos  6  it  can  only  have  a  single  radius  of  convergence,  and  this 
cannot  be  between  cos  0  =  1  and  cos0=-l. 
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or,  by  equation  (141), 

*=i^!<2"+i>/M7Hrf& 

If  the  function  F  is  continuous  and  non-oscillatory  at  the  point  P,  then 
on  passing  to  the  limit  and  putting  f  =a,  we  obtain 


^i{2n  +  l)ffFPndS   (146). 

0  *'  J 


4vra2 


If  Fis  discontinuous  and  non-oscillatory,  then  the  value  of  the  series  on  the  right  is 
not  F,  but  is  the  function  defined  in  equation  (143). 

Now  it  is  known  that  1/r  is  a  spherical  harmonic,  so  that  we  have 

where  the  differentiation  is  with  respect  to  the  coordinates  of  Q.     Hence.  1/R 
must  be  of  the  form  (cf.  §  233) 

1      «,/  ,  .        B 


h  =  x{At"+?&)8* <147^ 


where  Sn  is  a  surface  harmonic  of  order  n.  Comparing  with  equation  (144), 
and  remembering  that  a  in  this  equation  is  the  same  as  the  r  of  equation 
(147),  we  see  that  PlX,  regarded  as  a  function  of  the  position  of  Q,  is  a  surface 
harmonic  of  order  n,  and  we  have  already  seen  that  it  is  a  series  of  powers 

CO 

of  cos  9,  or  of  - ,  the  highest  power  being  the  nth,  so  that  rnPn  is  a  rational 
integral  harmonic  of  order  n.     It  follows  that 

FrnPndS, 

being  the  sum  of  a  number  of  terms  each  of  the  form  rnPn,  is  also  a  rational 
integral  harmonic  of  order  n,  say  Vn.     On  the  surface  of  the  sphere 

Vn  =  anfJFPndS, 
so  that  equation  (146)  becomes 

'-as!5^7- (148>' 

which  establishes  the  result  in  question. 

241.    Theorem.    The  expansion  of  an  arbitrary  function  of  position  on  the 
surface  of  a  sphere  as  a  series  of  rational  integral  harmonics  is  unique. 

For  if  possible  let  the  same  function  F  be  expanded  in  two  ways,  say 

F=tWn     (149), 

F=XWn'    (150), 

where  Wn,  Wn'  are  rational  integral  harmonics  of  order  n.     Then  the  function 

u  =  2(W;i-Wn) 
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is  a  spherical  harmonic,  which  vanishes  at  every  point  of  the  sphere.  Since 
V-u  =  0  at  every  point  inside  the  sphere  it  is  impossible  for  u  to  have  either 
a  maximum  or  a  minimum  value  inside  the  sphere  (cf.  §  52),  so  that  u  =  0 
at  every  point  inside  the  sphere.  Since  Wtl  —  Wn'  is  a  harmonic  of  order  n, 
it  must  be  of  the  form  rn8n,  where  Sn  is  a  surface  harmonic,  so  that 

u=lrnSn=0. 

Thus  u  is  a  power  series  in  r  which  vanishes  for  all  values  of  r  from  r  =  0 
to  r  =  a.  Thus  Sn  =  0  for  all  values  of  n.  Hence  Wn  =  Wn',  and  the  two 
expansions  (149)  and  (150)  are  seen  to  be  identical. 

242.  It  is  clear  that  in  electrostatics  we  shall  in  general  only  be 
concerned  with  functions  which  are  finite  and  single-valued  at  every  point, 
and  of  which  the  discontinuities  are  finite  in  number.  Thus  the  only  classes 
of  harmonics  which  are  of  importance  are  rational  integral  harmonics,  and  in 
future  we  confine  our  attention  to  these.     We  have  found  that 

(i)     The  rational  integral  harmonics  of  degree  n  are  (2w  +  1)  in  number, 

and  may  all  be  derived  from  the  harmonic  -  by  differentiation. 

(ii)  Any  function  of  position  on  a  spherical  surface,  which  satisfies  the 
conditions  which  obtain  in  a  physical  problem,  can  be 

expanded  as  a  series  of  rational  integral  harmonics,  p"p  P' 

and  this  can  be  done  only  in  one  way. 

243.  Before  considering  these  harmonics  in  detail, 
we  may  try  to  form  some  idea  of  the  physical  concep- 
tions which  lead  to  them  most  directly. 

The  function  -  is  the  potential  of  a  unit  charge 

at  the  origin.  If,  as  in  §  64,  we  consider  two  charges 
+  e  at  points  0',  0"  at  equal  small  distances  a,  —  a 
from  the  origin  along  the  axis  of  x,  we  obtain  as  the 
potential  at  P, 

e  e  e  e 


O'O  O' 
Fia.  73. 


V= 


OP     0"P ~~  OP"     OP' 
=  -e.PP 


1(1 
dx\r 


axis 


If  we  take  -  e  .  PP"  =  1,  we  have  a  doublet  of  strength  - 1  parallel  to  the 

r)     /I  \ 

of  x,  and  the  potential  at  P  is  ^-  f  -  J  .     In  fact  this  potential  is  exactly 


x 


the  same  as  — 3  already  found  in  §  64. 
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Thus  the  three  harmonics  of  order  —  1  obtained  by  dividing  the  rational 

integral  harmonics  of  order  1   by  r3,  namely  ^-(-J.   k~  (-),   k~  (-) ,   are 

simply  the  potentials  of  three  doublets  each  of  unit  strength,  parallel  to 
the  negative  axes  of  x,  y,  z  respectively. 

If  in  fig.  73  we  replace  the  charge  e  at  0'  by  a  doublet  of  strength  e 
parallel  to  the  negative  axis  of  x,  and  the  charge  —  e  at  0"  by  a  doublet 
of  strength  —  e  parallel  to  the  negative  axis  of  x,  we  obtain  a  potential 

-<-). 

dx2  \r/ 

If  instead  of  the  doublets  being  parallel  to  the  axis  of  x,  we  take  them 
parallel  to  the  axis  of  y,  we  obtain  a  potential 

a2  /i> 


dxdy  \r, 

So  we  can  go  on  indefinitely,  for  on  differentiating  the  potential  of 
a  system  with  respect  to  x  we  get  the  potential  of  a  system  obtained 
by  replacing  each  unit  charge  of  the  original  system  by  a  doublet  of  unit 
strength  parallel  to  the  axis  of  x.     Thus  all  harmonics  of  type 


fiS+t+U 


f 


I) 


dxsdytdzw  V? 

(cf.  §  236)  can  be  regarded  as  potentials  of  systems  of  doublets  at  the  origin, 
and,  as  we  have  seen  (§  239),  it  is  these  potentials  which  give  rise  to  the 
rational  integral  harmonics. 

244.     For  instance  in  finding  a  system  to  give  potential  ~-^  (  -  j ,  we  may  replace  the 

charge  0  in  fig.  73  by  a  charge  —  at  distance  2a  from  0  and  -  —  at  0.     The  charge  at  0' 

may  be  similarly  treated,  so  that  the  whole  system  is  seen  to  consist  of  charges 

E,   -2E,  E, 

at  the  points  x=  —  b,  0,  b  where  6  =  2a,  and  E2  =  j-2. 

A  system  of  this  kind  placed  along  each  axis  gives  a  charge  -6E  at  the  origin  and 
a  charge  E  at  each  corner  of  a  regular  octahedron  having  the  origin  as  centre.  The 
potential 

~  dx2  \rj      8y2  \rj      dz2  \r ) 
=  0, 
so  that  such  a  system  sends  out  no  lines  of  force. 

245.  The  most  important  class  of  rational  integral  harmonics  is  formed 
by  harmonics  which  are  symmetrical  about  an  axis,  say  that  of  x.  There  is 
one  harmonic  of  each  degree  n,  namely  that  derived  from  the  function 

—  (-) 

dxn\r)' 

These  harmonics  we  proceed  to  investigate. 
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Legendre's  Coefficients. 
246.     The  function 

,-        n  =— (151) 

V  a2  -  2ar  cos  ^  +  r2 

can,  as  we  have  already  seen  (cf.  equation  (144)),  be  expanded  in  a  convergent 
series  in  the  form 

1  1  r         r2  rn 

v  a2  -  2ar  cos  <9  +  r2      a       x  a2         a3  an+1 

if  a  is  greater  than  r.  Here  the  coefficients  %,!%,...  are  functions  of  cos  0, 
and  are  known  as  Legendre's  coefficients.  When  we  wish  to  specify  the 
particular  value  of  cos  0,  we  write  F^,  as  Pn  (cos  0). 

Interchanging  r  and  a  in  equation  (152)  we  find  that,  if  r  >  a, 

=  -  +  pA  +  P^+ (1-53). 


Va2  -  2ar  cos  0  +  r2     r         r2         r3 

We  have  already  seen  that  the  functions  I{,  P^,  ...  are  surface  harmonics, 
each  term  of  the  equations  (152)  and  (153)  separately  satisfying  Laplace's 
equation.  The  equation  satisfied  by  the  general  surface  harmonic  Sn  of 
degree  n.  namely  equation  (136),  is 

dSn\         d2Sn 


Hw)+;J*b+"<"+i>*-a 


sm6d0\  d0  J      sm20d<f>2 

In  the  present  case  i^  is  independent  of  <p,  so  that  the  differential  equation 
satisfied  by  Pn  is 

or,  if  we  write  fi  for  cos  0, 

rA(1-^?£}+Hn+1)^° (15i)- 

This  equation  is  known  as  Legendre's  equation. 
247.     By  actual  expansion  of  expression  (151) 

so  that  on  picking  out  the  coefficient  of  rn,  we  obtain 

D_1.3...2w-1  1.3...  2n~  3    n_2     1.3...2n-5    n_4_ 

^~  JH  ^   ~~27(n-2)\    *      +2.4.(ti-4)!/"       "" 

(155). 

Thus  Pn  is  an  even  or  odd  function  of  fx  according  as  n  is  even  or  odd.  It 
will  readily  be  verified  that  expression  (155)  is  a  solution  in  series  of 
equation  (154). 
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Let  us  take  axes  Ox,  Oy,  Oz,  the  axis  Ox  to  coincide  with  the  line  0  =  0, 
then  \xr  =  r  cos  6  =  x.  Then  it  appears  that  Pnrn  is  a  rational  integral  function 
of  x,  y,  and  z  of  degree  n,  and,  being  a  solution  of  Laplace's  equation,  it  must 
be  a  rational  integral  harmonic  of  degree  n.  We  have  seen  that  there  can 
only  be  one  harmonic  of  this  type  which  is  also  symmetrical  about  an  axis ; 
this,  then,  must  be  Pnrn. 

248.     If  we  write 

(a2  -  2ar/M  +  r2)-^  =/(a) 

we  have,  by  Maclaurin's  Theorem, 


/(a)=/(0)  +  a 


dm 

da 


+ 


a2  p/(a)l 


a  =  0 


2 


da2 


+  ... 


a=0 


.(156). 


If  P  is  the  point  whose  polar  coordinates  are  a,  0  and 
Q  is  the  point  r,  6,  then  f{a)  =  -p-~ .  The  Cartesian  co- 
ordinates of  P  may  be  taken  to  be  a,  0,  0 ;  let  those  of  Q  be 
#,  y,  z.     Then  /(a)  =    ,  ■■     ■ ,  so  that  as  regards 


V(a?  -  a)2  +  2/2  +  .z2 


differentiation  of /(a), 


3_ 

8a 


9_ 

dx' 


Fig.  74. 


Thus 


3» 


(    aart    Ja=o     V    '   1    dx-    Uo  9*n 


(0) 


3^n  V«2  +  y2  +  £2 

jp /r 

9#n  vr, 


so  that  equation  (156)  becomes 

1 


d_(l\      a2  ^  /l 
a  Bx  \r)  +  2  !  &Z2  Vr 


and  on  comparison  with  expansion  (153),  we  see  that 

n  n!     dxn\r)' 

giving  the  form  for  Pn  which  we  have  already  found  to  exist  in  §  245. 

249.     A  more  convenient  form  for  Pn  can  be  obtained  as  follows. 
Let  1  -  hy  =  (1  -  2h/j,  +  A2)*    (157), 


so  that 


y  =  fM  +  h 


y2-\ 


.(158). 
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From  this  relation  we  can  expand  y  by  Lagrange's  Theorem  (cf.  Edwards, 
Differential  Calculus,  §  517)  in  the  form 

y=/1+Aa_  +  ...+_y    (V)+-- 

Differentiating  with  respect  to  fx, 

From  equation  (157),  however,  we  find 

jp  =  (1  -  2hfj,  +  h*)-*=l  +  hP1  +  ...  +  hnPn  +  .... 
Equating  the  coefficients  of  hn  in  the  two  expansions,  we  find 

.  fi-Rn©V-i>- ass). 

250.  This  last  formula  supplies  the  easiest  way  of  calculating  actual 
values  of  /£.     The  values  of  i?,  P2,...P7  are  found  to  be 

■^  (A4)  =  A*t 

i^(^)  =  1(3^-1), 

/£(/*)  =  M°>8-3/*)» 
J30»)  =  £(35/^-3(y  +  3), 

/>(/.)  =  £(63^ -70^  +  15//), 

P6  O)  =  JB  (23V  -  B15fi*  +  105/a"  -  5), 

P7  (fi)  =  TV  (42  V  -  693/i6  +  315/a8  -  35/*). 

251.  The  equation  (/i2  —  l)n  =  0  has  2n  real  roots,  of  which  n  may  be 
regarded  as  coinciding  at  /*  =  1,  and  w  at  /*  =  -  1.  By  a  well-known  theorem, 
the  first  derived  equation, 

!>'-i)"=o, 

will  have  2n  —  1  real  roots  separating  those  of  the  original  equation. 
Passing  to  the  nth  derived  equation,  we  find  that  the  equation 

|>-iy=o 

has  n  real  roots,  and  that  these  must  all  lie  between  /u.  =  —  1  and  p.  ==  + 1. 
The  roots  are  all  separate,  for  two  roots  could  only  be  coincident  if  the 
original  equation  (/*2  —  l)n  =  0  had  n  +  1  coincident  roots. 

Thus  the  n  roots  of  the  equation  Pn  (fx,)  =  0  are  all  real  and  separate  and 
lie  between  /x  =  —  1  and  /m  =  +  1. 
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252.     Putting  jx  =  1,  we  obtain 

l+P1h  +  PJi2+...= 


\fl-2h  +  h2 
=  l+h  +  h2+  ..., 

so  that  i?=i?=  ...  =  1.     Similarly,  when  /a  =  -1,  we  find  (cf.  §  240)  that 

_£=  +  £  =  -£=... =-1. 

We  can  now  shew  that  throughout  the  range  from  /*  =  —  1  to  /t  =  +  l, 
the  numerical  value  of  i^  is  never  greater  than  unity.     We  have 

(1  -  2h  cos  6  +  h?)' i  =  (1  -  heie)-$  (1  -  Ae"ie) "^ 

x  ( 1  +  \zhe~id  +  i^|  /i2e-2ifi  +  ...)  , 

so  that  on  picking  out  coefficients  of  hn, 

D      1.3...2»-10  a      1    1.3...2n-30        ,        ON  .  , 

P-=     2.4...2n      2coBwg  +  2-2.4...2n-22cOB(n-2)g  +  "" 

Every  coefficient  is  positive,  so  that  Pn  is  numerically  greatest  when  each 
cosine  is  equal  to  unity,  i.e.  when  6  =  0.  Thus  Pn  is  never  greater  than 
unity. 

Fig.  75  shews  the  graphs  of  P1}  P^,  Pz,  P*,  from  p.  =  —  1  to  /*  =  +  1,  the 
value  of  6  being  taken  as  abscissa. 


»  =  o 


6=1 


6  = 


3n 


0=7, 


y-  +  i 


0 


\\  \       ^v1 

\  \     'V^          /\ 

P7        / 

'Jz 


fi  =  0 
Fig.  75. 


^"72- 


i*.=  -1 
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Relations  between  coefficients  of  different  orders. 
253.     We  have 

(l-2h(j.  +  h*)-i  =  l  +  2hnPn (160). 

Differentiating  with  regard  to  h, 

(fx-h)(l-2hfM  +  hi)-*  =  Cknhn-'Pn  (161), 


i 

00 


so  that  (ji  -  h)  (1  +  ^hnPn)  =  (1  -  2hfi  +  h?)  tnhn^Pn. 

i  i 

Equating  coefficients  of  hn,  we  obtain 

(n+l)Pn+1  +  nPn_1  =  (2n+l)fiPn (162). 

This  is  the  difference  equation  satisfied  by  three  successive  coefficients. 

Again,  if  we  differentiate  equation  (160)  with  respect  to  p. 

op 

so  that,  by  combining  with  (161), 


1  Ofl 

Equating  coefficients  of  hn, 

r>  0-tn        Orn—\  /I  nn\ 

nPn  =  f*d^--d]T   (16o>- 

Differentiating  (162),  we  obtain 

op 

Eliminating  /x  -^  from  this  and  (163), 

(fc.+  l)J»-?gi-^    (164). 

By  integration  of  this  we  obtain 

/■sco**-w£;t*0t) <165>- 

whilst  by  the  addition  of  successive   equations   of   the   type  of  (16-1),  we 
obtain 

3-Pn  =  (2n-l)Pn-l  +  (2n-5)Pn^+ (166). 

0(1 
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254.     We  have  had  the  general  theorem  (§  237) 

jjsnsmda>  =  o, 

from  which  the  theorem 

JJpn(ji)Pm(M)dOi  =  0 

follows  as  a  special  case.     Or  since 

dco  =  sin  6d0d<j>  =  —  d/idfy, 

j+1  Pn^)Pm{ji)dli  =  Q (167). 

To  find   I      Ftf  (/Jb)  dfi,  let  us  square  the  equation 

o 
multiply  by  d/x,  and  integrate  from  /*  =  —  1   to  yu.  =  +  1. 
The  result  is 


r+i  <*> 
J  -l   0 


"  +  1    <» 

-l   0 

all  products  of  the  form  PnPm  vanishing  on  integration,  by  equation  (167). 


Thus  I     Pndfi  is  the  coefficient  of  A2K  in 

[+1 dp 

J  -i  1  - 


i.e.  in 


2/i/x  +  A» ' 
1,      1  -  /i 

9 


and  this  coefficient  is  easily  seen  to  be  — 
We  accordingly  have 


£{««}•*- £^1    d<58). 


255.     We  can  obtain  this  theorem  in  another  way,  and  in  a  more  genera]  form,  by 
using  the  expansion  of  §  240,  namely 

FpBSdd> ! (2s + 1}  jjFF* (cos  ^  dS> 

where  6  is  the  angle  between  the  point  P  and  the  element  dS  on  the  sphere.  This 
expansion  is  true  for  any  function  F  subject  to  certain  restrictions.  Taking  F  to  be  a 
surface  harmonic  Sn  of  order  n,  we  obtain 

(^„)p  =  ^-2T(25  +  1)   ( [snPt  (cos  6)  dS 


«=o 
In 
4 


^f  J SnPn  (cos  6)  dS, 
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all  other  integrals  vanishing  by  the  theorem  of  §  237.     Thus 


// 


AM^i^OU*-! 


or 


JfsnPn(fjL)da>  =  ~-(Sn)^l   (169). 

This  is  the  general  theorem,  of  which  equation  (168)  expresses  a  particular  case.     To 
pass  to  this  particular  case,  we  replace  Sn  by  Fn  (/x)  and  obtain,  instead  of  equation  (169), 

ff{Pn  (M)F  sin  dd6d4>=  ~  Pn  (1), 

or,  after  integrating  with  respect  to  <f>, 

agreeing  with  equation  (168). 

Expansions  in  Legendre's  Coefficients. 

256.  Theorem.  The  value  of  any  function  of  6,  which  is  finite  and 
single-valued  from  6  =  0  to  6  =  ir,  and  which  has  only  a  finite  number  of 
discontinuities  and  of  maxima  and  minima  within  this  range,  can  be 
expressed,  for  every  value  of  0  within  this  range  for  which  the  function  is 
continuous,  as  a  series  of  Legendre's  Coefficients. 

This  is  simply  a  particular  case  of  the  theorem  of  §  240.     It  is  therefore 
unnecessary  to  give  a  separate  proof  of  the  theorem. 

The  expansion  is  easily  found.     Assume  it  to  be 

/(//,)  =  a0  +  a1Pl  +  a2P2  +  ...  +  asPs  + (170), 

then  on  multiplying  by  P„,{ii)dfi,  and  integrating  from  /*  =  —  1  to  /x,  =  +  l, 
we  obtain 

r+i  s=oo         r+i 


I 


pn  (a0/(/*)  dfil=    Z    a8         Ps(p)Pn  (/*)  dfj, 

s=0        J  —l 


— 1  S  =  0  J    —1 

la, 


2n  +  1 ' 
every  integral  vanishing,  except  that  for  which  s  =  n.     Thus 

2w  + 1  r+i 


a* 


jy.i^fi^dfM (i7i), 


2 

giving  the  coefficients  in  the  expansion. 

If  f(fjb)  has  a  discontinuity  when  /jl  =  /j,0,  the   value   assumed   by  the 
series  (168)  on  putting  /j,  =  /*<,  is,  as  in  §  240,  equal  to 

i  WW  +/■ «} (172), 

where  fi(/J>0),  /3(/x0)  are  the  values  of  f(/j.)  on  the  two  sides  of  the  discon- 
tinuity. 
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Harmonic  Potentials. 

257.     We  are  now  in  a  position  to  apply  the  results  obtained  to  problems 
of  electrostatics. 

Consider  first  a  sphere  having  a  surface  density  of  electricity  Sn.    The 
potential  at  any  internal  point  P  is 

'Snds    rr         snds 


VP  = 


f[SndS_[[ 
J  J  PQ     JJV5 


-// 


2  —  2ar  cos  6  +  r2 
^  ( 1  +  -  £(cos  6)  +  -*  £(cos  0)+...)dS 


b7T 


In  +  1      an+1 
4tt     rnSn 


0,2  ~^+i(Sn)coso=i>  by  the  theorems  of  §§237  and  255, 


.(173), 


2n  +  1  a™ 

this  expression  being  evaluated  at  P. 

Similarly  the  potential  at  any  external  point  P  is 

4,7ran+2Sn 
p     (2n  +  l)r»+1' 

These  potentials  are  obviously  solutions  of  Laplace's  equation,  and  it  is 
easy  to  verify  that  they  correspond  to  the  given  surface  density,  for 

\  3^ /outside      \<W 


inside 


This  gives  us  the  fundamental  property  of  harmonics,  on  which  their 
application  to  potential-problems  depends  •  A  distribution  of  surface  density 
Sn  on  a  sphere  gives  rise  to  a  potential  which  at  every  point  is  proportional 
to  Sn. 

258.  The  density  of  the  most  general  surface  distribution  can,  by  the 
theorem  of  §  240,  be  expressed  as  a  sum  of  surface  harmonics,  say 

a  —  S0  +  Si  +  S.j  +  ..., 

in  which  S0  is  of  course  simply  a  constant.     The  potential,  by  the  results  of 
the  last  section,  is 

(         S  /r\      S  /r\2         ) 
V  =  4<'7ra\S0  +  ~{-j  +-^i-j  +...Y  at  an  internal  point  ...(174), 

=  4?rtt  \S0  (-)  +  oM-)  +  -f(-)  +•••[  at  an  external  point  ...(175). 
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Examples  of  the  use  of  Harmonic  Potentials. 

I.     Potential  of  spherical  cap  and  circular  ring. 

259.     As  a  first  example,  let  us  find  the  potential  of  a  spherical  cap 
of  angle  a — i.e.  the  surface  cut  from  a  sphere  by 
a  right  circular  cone  of  semivertical   angle  a — 
electrified  to  a  uniform  surface  density  <x0. 

We  can  regard  this  as  a  complete  sphere 
electrified  to  surface  density  a,  where 

a-  =  a0  from  6  =  0  to  6  =  a, 
a=0   from  6  =  a  to  6  =  ir. 

The  value  of  a  being  symmetrical  about  the 
axis  6  =  0,  let  us  assume  for  the  value  of  a 
expanded  in  harmonics 

a  =  a0  +  axI^  (cos  6) +  aiJ^ (cos  6)  + ... 
then,  by  equation  (171), 

2n  +  l  f9=° 


Fig.  76. 


an  = 


2 

2w  +  l 


aPn  (cos  6)  d  (cos  6) 

[0  =  0 

Pn  (cos  6)  d  (cos  6) 

J  9  =  a 


=  J  <r0  [Pn-i  (cos  a)  -  Pn+1  (cos  a)} 
by  equation  (165),  except  when  n  =0.     For  this  case  we  have 


0  =  0 


«o  =  \  °"o  f       d  (cos  6)  =  J  o-0  (1  —  cos  a). 

0  =  a 


Thus 


h<To 


(1  -  cos  a)  +    2  J  Pn-i  (cos  a)  -  i^+1  (cos  a)  [•  2J  (cos  6)  j 

»=H  J  J 


It  is  of  interest  to  notice  that  when  6  =  a,  the  value  of  a  given  by 
this  series  is  a=^cr0)  as  it  ought  to  be  (cf.  expression  (172)). 

The  potential  at  an  external  point  may  now  be  written  down  in  the 

a  -  cos .)  (?) + T  u»^(»^)  £p.  (cos  9)- 

(176)," 


form 

V=  2iraa0 


and  that  at  an  internal  point  is 
V  =  2iraa0 


(i  -  cos «)  +  T  JL-E"  «>-*«(«■«>  fry  ■ 

tt  =  l  Ztt  +  1  W 


.(177). 
15 
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On  differentiating  with  respect  to  a,  we  obtain  the  potential  of  a  ring  of 
line  density  <r0adcc.  At  a  point  at  which  r  >  a,  we  differentiate  expression 
(176),  and  obtain 

-1+   2  i^  (cos  a)  sin  a  (-]      i£(cos#)  I, 

or,  putting  acr0da  =  t  and  simplifying, 

F=2ttt    2  Pn  (cos  a)  sin  a  (-)      Pn(cos6) .(178). 

n  =  0  v*/ 


Obviously  the  potential  at  a  point  at  which  r  <  a  can  be  obtained  on 


replacing  (^       by  Q  . 


260.     These  last  results  can  be  obtained  more  directly  by  considering 
that  at  any  point  on  the  axis  0  =  0  the  potential  is 

2iraT  sin  a 


or,  if  r  >  a, 


V  =  -, „ 

vr2  H-  a2  —  2ar  cos  a 

27rar  sin  a  n=°° 


YP»  (cos  «)(£)*, 

n=0  v  / 


and  expression  (178)  is  the  only  expansion  in  Lagrange's  coefficients  which 
satisfies  Laplace's  equation  and  agrees  with  this  expression  when  6  =  0. 

II.     Uninsulated  sphere  in  field  of  force. 

261.  The  method  of  harmonics  enables  us  to  find  the  field  of  force 
produced  when  a  conducting  sphere  is  introduced  into  any  permanent  field 
of  force.     Let  us  suppose  first  that  the  sphere  is  uninsulated. 


Fig.  77. 
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Let  the  sphere  be  of  radius  a.  Round  the  centre  of  the  field  describe 
a  slightly  larger  sphere  of  radius  a,  so  small  as  not  to  enclose  any  of  the 
fixed  charges  by  which  the  permanent  field  of  force  is  produced.  Between 
these  two  spheres  the  potential  of  the  field  will  be  capable  of  expression  in 
a  series  of  rational  integral  harmonics,  say 

V=V0  +  V1+Vi  + (179). 

The   problem   is   to   superpose   on  this   a   potential,  produced   by   the 

induced  electrification  on  the   sphere,  which   shall   give  a  total   potential 

equal  to  zero  over  the  sphere  r  =  a.  Clearly  the  only  form  possible  for 
this  new  potential  is 

r—*®-*®'-*@'- <180>- 

Thus  the  total  potential  between  the  spheres  r  =  a  and  r  =  a'  is 

Putting  Vn  =  rnSn,  the  surface  density  of  electrification  on  the  sphere  is, 
by  Coulomb's  Law, 

S(2ti  +  1)K. 


4<7ra 

This   result   is   indeed    obvious    from   §  258,   on    considering   that   the 
surface  electrification  must  give  rise  to  the  potential  (180). 

If  n  is  different  from  zero, 

fjsoSndS  =  Q, 
where  the  integration  is  over  aDy  sphere,  so  that 

JJsndS  =  0         (n^O), 

and  ffVndS  =  0        (n^O) (181). 

Thus  the  total  charge  on  the  sphere 

=  --j V0 .  kira?  =  -  V0a, 

4>7ra 

and  T^  was  the  potential  of  the  original  field  at  the  centre  of  the  sphere. 

15—2 
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262.  Incidentally  we  may  notice,  as  a  consequence  of  (181),  that  the 
mean  value  of  a  potential  averaged  over  the  surface  of  any  sphere  which 
does  not  include  any  electric  charge  is  equal  to  the  potential  at  the 
centre  (cf.  §  50). 

If  the   sphere   is   introduced   insulated,  we   superpose   on   to   the   field 

already  given,  the  field  of  a  charge  E  spread  uniformly  over  the  surface  of 

E 
the  sphere,  and  the  potential  of  this  field  is  — .     We  obtain  the  particular 

case  of  an  uncharged  sphere  by  taking  E  =  VQa,  and  the  potential  of  this 

field,  namely  Io(-)>  just  annihilates  the  first  term  in  expression  (180),  to 

which  it  has  to  be  added. 

It  will  easily  be  verified  that,  on  taking  the  potential  of  the  original 
field  to  be  Vi=Fx,  we  arrive  at  the  results  already  obtained  in  §  217. 


III.     Dielectric  sphere  in  a  field  of  force. 

263.  An  analogous  treatment  will  give  the  solution  when  a  homo- 
geneous dielectric  sphere  is  placed  in  a  permanent  field  of  force.  The 
treatment  will,  perhaps,  be  sufficiently  exemplified  by  considering  the  case 
of  the  simple  field  of  potential 

V1  =  Fx  =  rS1. 
Let  us  assume  for  the  potential  VQ  outside  the  sphere 


Fig.  78. 


and  for  the  potential  Vi  inside  the  sphere 

Vi  =  l3rS1} 
do  term  of  the  form  -J  being  included  in   Vi,  as  it  would  give  infinite 
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potential  at  the  origin.     The  constants  a,  /3  are  to  be  determined  from 
the  conditions 

Vi  =  X  I 
ira^==a^Ut  r  =  a. 

dr      dr  J 

These  give  a  +  -=/3a, 

(Jj 

a3 
whence  a  =  -  -^ — ~  a3,     /3  = 


so  that  V0  =  Fx\l-j 


K  +  2™'     H~K  +  2' 

K-l  [c£3^ 
r, 


V<  =  KT2F*- 


Thus  the  lines  of  force  inside  the  dielectric  are  all  parallel  to  those  of 
the  original  field,  but  the  intensity  is  diminished  in  the  ratio  ^ — = .  The 
field  is  shewn  in  fig,  78. 


IV.     Nearly  spherical  surfaces. 

264.  If  r  =  a,  the  surface  r  =  a  +  x>  where  %  is  a  function  of  6  and  <f>,  will 
represent  a  surface  which  is  nearly  spherical  if  ^  is  small.  In  this  case  % 
may  be  regarded  as  a  function  of  position  on  the  surface  of  the  sphere  r  =  a, 
and  expanded  in  a  series  of  rational  integral  harmonics  in  the  form 

X  =  S0  +  S1  +  S.i  + ... 

in  which  Slt  S2,  ...  are  all  small. 

The  volume  enclosed  by  this  surface  is 


£  j  j  r3do) 


=  i       (a3  +  Sa*x)  dec 

47ra3 


00 


4}ira3       .      „  ~ 
=  — s-  +  4-Tra2  S0. 

If  $o  =  0,  the  volume  is  that  of  the  original  sphere  r  =  a. 
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The  following  special  cases  are  of  importance : 

r  =  a  +  eP^  To  obtain  the  form  of  this  surface,  we  pass  a  distance  e  cos  6 
along  the  radius  at  each  point  of  the  sphere  r  =  a.  It  is  easily  seen  that 
when  e  is  small  the  locus  of  the  points  so  obtained  is  a  sphere  of  radius  a, 
of  which  the  centre  is  at  a  distance  e  from  the  origin. 

rsa  +  ajSj.  The  most  general  form  for  a^  is  Ix  +  rny  +  nz,  and  this 
may  be  expressed  as  ae  cos  6,  where  6  is  now  measured  from  the  line  of 
which  the  direction  cosines  are  in  the  ratio  I :  m :  n.  Thus  the  surface  is 
the  same  as  before. 

r  =  a  +  S2.     Since  r  is  nearly  equal  to  a,  this  may  be  written 

r2=a2+2aS2 

2 

=  a2+-r2S2, 
a 

or  a?  +  y2  +  z2  =  a2  +  an  expression  of  the  second  degree. 

Thus  the  surface  is  an  ellipsoid  of  which  the  centre  is  at  the  origin.     It  will 

easily  be  found  that  r  =  a  +  eP2  represents  a  spheroid  of  semi-axes  a  -j-  e,  a  —  ^ , 


3e 

and  therefore  of  ellipticity  ~-  . 

265.  We  can  treat  these  nearly  spherical  surfaces  in  the  same  way  in 
which  spherical  surfaces  have  been  treated,  neglecting  the  squares  of  the 
small  harmonics  as  they  occur. 

266.  As  an  example,  suppose  the  surface  r  =  a  +  Sn  to  be  a  conductor, 
raised  to  unit  potential.     We  assume  an  external  potential 

A      ™   fa\n+1 


r  \rj 


where  A  and  B  have  to  be  found   from  the  condition   that   V=l  when 
r  =  a+8n-     Neglecting  squares  of  Sn,  this  gives 

A  /       Sn 


a\        a) 


so  that  A  =  a,      B  =  ~, 

ct 


a      an 


and  V  =  -  +  —-T-.  Sn. 


/v%  ,^71+1 


By  applying  Gauss'  Theorem  to  a  sphere  of  radius  greater  than  a  we 
readily  find    that   the   total   charge  is  a,  the  coefficient  of  -.     Thus   the 
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capacity  of  the   conductor   is  different   from    that  of  the  sphere  only  by 
terms  in  Sn2,  but  the  surface  distribution  is  different,  for 

a  dV         W    •<•  1     u  o. 

4)7ro-  =  —  ^—  =  —  -z—  ,  it  we  neglect  £L2> 

on  or  ° 

-  £+(«+*)  ;Ib  «• 


a2\  a  /      V   a2 

1       TO-1 

a        a"5 

the  surface  density  becoming  uniform,  as  it  ought,  when  n  =  l,  i.e.  when  the 
conductor  is  still  spherical. 

267.  As  a  second  example,  let  us  examine  the  field  inside  a  spherical 
condenser  when  the  two  spheres  are  not  quite  concentric.  Taking  the  centre 
of  the  inner  as  origin,  let  the  equations  of  the  two  spheres  be 

r  =  a, 

We  have  to  find  a  potential  which  shall  have,  say,  unit  value  over  r  =  a, 
and  shall  vanish  over  r  =  b  +  ei?.     Assume 

V^  +  i^+C  +  DZr, 
r        r2 

when  B  and  D  are  small,  then  we  must  have 

These  equations  must  be  true  all  over  the  spheres,  so  that  the  coefficients 
of  i?  and  the  terms  which  do  not  involve  T\  must  vanish  separately.     Thus 

-  +  C-1  =  0;  -+Da  =  0; 

a  a2 

j+g=°>  -e4+¥+Db=o- 

From  the  first  two  equations 

ab 
A=- , 

b  —  a 

and  this  being  the  coefficient  of  -  in  the  potential,  is  the  capacity  of  the 

condenser.  Thus  to  a  first  approximation,  the  capacity  of  the  condenser 
remains  unaltered,  but  since  B  and  D  do  not  vanish,  the  surface  distribution 
is  altered. 
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. 


Y.     Collection  of  Electric  Charges. 

267  a.  If  a  collection  of  electric  charges  are  arranged  in  any  "way 
whatever  subject  only  to  the  condition  that  none  of  them  lie  outside  the 
sphere  r  =  a,  then  the  potential  at  any  point  outside  the  sphere  must  be 

-p.     e     Si     S2 

'  —  "1        «  "I        ;  T  •••  J 

where  e  is  the  total  charge  inside  the  sphere  (cf.  §  266)  and  Slt  &>, ...  are 
surface  harmonics  which  depend  on  the  arrangement  of  the  charges  inside 
the  sphere. 

If  the  total  charge  is  not  zero,  the  potential  can  also  be  treated  as  in 
§  67,  and  on  comparing  the  two  expressions  obtained  for  the  potential,  we 
can  identify  the  harmonics  S1}S2,....     We  find  that 

and  it  will  be  easily  verified  by  differentiation  that  the  expressions  on  the 
right  are  harmonics. 

This  example  is  of  some  interest  in  connection  with  the  electron-theory  of  matter,  for 
a  collection  of  positive  and  negative  charges  all  collected  within  a  distance  a  of  a  centre 
may  give  some  representation  of  the  structure  of  a  molecule.  The  total  charge  on  a 
molecule  is  zero,  so  that  we  must  take  e  =  0,  and  the  potential  becomes 

The  most  general  form  for  St  is  (cf.  §  239)  -(Ax+By  +  Cz),  or  n  cos  6,  where  6  is  the 

angle  between  the  lines  from  the  origin  to  the  point  x,  y,  z  and  that  to  the  point  At  B,  0 
&ndixisJ(A2+B2  +  C2). 

.    ,         .    u  cos  6     , 
Thus  the  term  which  is  important  in  the  potential  when  r  is  large  is  - — ^ —  ?  shewing 

that  at  a  sufficient  distance  the  molecule  has  the  same  field  of  force  as  a  certain  doublet  of 
strength  /*.  Clearly  when  fi  has  any  value  different  from  zero,  the  molecule  is  "polarised" 
(cf.  §  142)  in  Faraday's  sense.     If /x  =  0,the  potential  becomes 

shewing  that  the  force  now  falls  off  as  the  inverse  fourth  power  of  the  distance. 

It  is  worth  noticing  that  the  average  force  at  any  distance  r  is  always  zero,  so  that  to 
obtain  forces  which  are,  on  the  average,  repulsive,  we  have  to  assume  the  presence  of 
terms  in  the  potential  which  do  not  satisfy  Laplace's  equation,  and  which  accordingly 
are  not  derivable  from  forces  obeying  the  simple  law  e/r2  (cf.  §  192). 
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Further  Analytical  Theory  of  Harmonics. 
General  Theory  of  Zonal  Harmonics. 

268.  The  general  equation  satisfied  by  a  surface  harmonic  of  order  n, 
which  is  symmetrical  about  an  axis,  has  already  been  seen  to  be 

k{(1-^}+n(n+1)Sn=0  (182)' 

One  solution  is  known  to  be  Pn,  so  that  we  can  find  the  other  by 
a  known  method.  Assume  Sn  =  Pnu  as  a  solution,  where  u  is  a  function 
of  ix.     The  equation  becomes 

(l-",)|i{i"+-p»|}-2'i{|"+p»|}+»(»+l)'p»M=0-(183)' 

and,  since  Pn  is  itself  a  solution, 

(W')|;(g)-V§  +  »(»  +  l)ii=0. 

Multiplying  this  by  u  and  subtracting  from  (183),  we  are  left  with 

or,  multiplying  by  Pn  and  rearranging, 

or  again  £{<!-*>  *)  g  +  {d  -  rf>  SI 1  g)  -  0. 

On  integration  this  becomes 

(1  -  u?)  Pn*  ^  =  constant. 

OfM 

We  may  therefore  take 
in  which  the  limits  may  be  any  we  please.     If  we  write 

«»=<c™ (184)- 

the  complete  solution  of  equation  (182)  is 

Sn=Pnu  =  APn  +  BQn. 

269.  The  two  solutions  Pn  and  Qn  can  be  obtained  directly  by  solving 
the  original  equation  (182)  in  a  series  of  powers  of /a. 

Assume  a  solution 

Sn  =  bofS  +  blfx^  +  b^+*  +  . . . , 
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substitute  in  equation  (182),  and  equate  to  zero  the  coefficients  of  the 
different  powers  of  fi.  The  first  coefficient  is  found  to  be  b0r(r—  1),  so 
that  if  this  is  to  vanish  we  must  have  r  =  0  or  r  =  1.  The  value  r  =  0  leads 
to  the  solution 

n(w  +  l)    ,  ,  (n-2)w(n+l)(w+3)..4 
Uo-i--      12      fi  +  1.2.3.4  ^      '" 

while  the  value  r  =  1  leads  to  the  solution 

(n  -  1)  (n  +  2)  (n  -  3)  (n  - 1)  (n  +  2)  (n  +  4) 

Wl_/t  EO        ^  +  1.2.3.4.5  **      -• 

The  complete  solution  of  the  equation  is  therefore 

au0+  /3WJ. 

If  n  is  integral  one  of  the  two  series  terminates,  while  the  other  does 
not.  If  n  is  even  the  series  u0  terminates,  while  if  n  is  odd  the  terminating 
series  is  w,.  But  we  have  already  found  one  terminating  series  which  is 
a  solution  of  the  original  equation,  namely  Pn.  Hence  in  either  case  the 
terminating  series  must  be  proportional  to  1^,  and  therefore  the  infinite 
series  must  be  proportional  to  Qn. 

270.  We  can  obtain  a  more  useful  form  for  Qn  from  expression  (184). 
The  roots  of  i^  (fi)  =  0  are,  as  we  have  seen,  n  in  number,  all  real  and 
separate,  and  lying  between  —  1  and  +  1.  Let  us  take  these  roots  to  be 
a1}  a2,  ...  an.     Then 


1      u  + 1         via  -  a.     (u,-  a.)V  v 


fi  -  1      fi  +  1         \fi-a,     (jj,  -  asyj 

on  resolving  into  partial  fractions.     Putting  fj,  —  +  1  and  —  1,  we  find  at  once 
that  a  =  \,  &  =  — £. 

In  the  general  fraction 

1  1 


D     {x  —  al){x  —  ai)...i 

let  us  suppose  all  the  factors  in  the  denominator  to  be  distinct,  so  that  we 
may  write 


C-%  Co 

+  — —  +  .... 


D     x—  Ox     x  —  a2 
On  putting  #  =  &!,  we  obtain  at  once 


0i  = 


{ax  -  a,)  (a,  -  a,)  (a,  -  a4) . .. ' 
1 

C2  =  ; r- — - ,     etC 

(a2  —  a2)  (a,  -  a3)  (a2  —  a4) . . . 
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Now  let  aa  and  <za  become  very  nearly  equal,  say  aa  =  ax  +  dux>  then 

1 


c,=  - 


da-i  (a1  —  a3)(a1—  a4)...' 


while 

The  fractions 
now  combine  into 


Co  = 


da,!  (a2  -  a3)  (<x2  —  a4)  ... ' 


Cl  ,  C2 


(ci  +  c2)  #  -  (ci  a2  -  c^) 
and  on  putting  this  equal  to 


Cn  Co 

+ 


x  —  ax     (x  —  a-,)- ' 
it  is  clear  that  the  value  of  c/  must  be  taken  to  be  cx  +  c2.     Now 


2     da-L  ((a2-a3)( 
1    (3 


-iif 


1 I 1 

a2  —  a4)  . . .      (oj  —  a3)  («i  —  at)  ...) 


da-,  [dx  \(#  -  a,)  (a?  -  a4)  .../»=«, 

3*1     £    JW 

and  this  remains  true  however  many  of  the  roots  a3,  a4  ...,  coincide  among 
themselves,  so  long  as  they  do  not  coincide  with  the  root  Oj.  Thus,  in 
expression  (185),  the  value  of  cg  is 

3   f       Q*-«.)»       ] 


Putting 
we  find  that 


•%(/*) 
/*-«• 


=  £(/*)» 


c8  = 


.if. 


a/.  l(i  -  ^)  {is  wpj  „,„,    s«,  Ki  -  «.•)  (B  («.))•;  • 

Since  (/a  —  ag)  i£  (/*)  is  a  solution  of  equation  (182),  we  find  that 

^  [(1  -  ^R  00  +  0*  -  «.)  ^}]  +  n  (n  +  1)  0*  -  «.)  -B  =  0. 
On  putting  fi  —  a8,  this  reduces  to 


da. 


{(1 


aa>)B(a8)}+(l-«s>)d4^  =  0, 


das 


giving,  on  multiplication  by  R  (as), 


~[d-^){R(as)Y]  =  0. 


Hence  cs  =  0. 
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Equation  (185)  now  becomes 
1 

0*-i){&00}--] 

so  that,  on  integration, 


fl—  1         fM+1 


+  x 


d„ 


F 


=  £log^  +  £ 


ds 


.(186), 


(/*»  -  1)  {Pn  (ft)}*      »"-°/*-l-      /*-<% 
On  multiplying  by  Pn{fj)}  we  obtain  from  equation  (184), 

where  Wn-!  is  a  rational  integral  function  of  /j,  of  degree  n  —  1. 

It  is  now  clear  that  Qn  (fi)  is  finite  and  continuous  from  /*=—  1  to  /a  =  + 1, 
but  becomes  infinite  at  the  actual  values  fi  =  +  1. 

To  find  the  value  of  T^_i  we  substitute  expression  (186)  in  Legendre's 
equation,  of  which  it  is  known  to  be  a  solution,  and  obtain 

9  {(1-^)^1  +  ^+1)1^ 


3/4 


--$&-»& 


^^og^)yn(n+l)^Pn(^log^±\ 


=  2 


dp, 


=  2{(2n-l)Pn-1  +  (2n-5)Pn-3+...}  (187). 

Since  Wn-i  is  a  rational  integral  algebraic  function  of  /x  of  degree  n  —  1,  it 
can  be  expanded  in  the  form 

"n— l  =  &\Pn—\  H"  a2-*n— 2  +  •••  5 

so  that 


9   1(1-^)^1 +  n(n  + 1)1^ 


=  %ag 


1  {(1  -  ^)  %sj  +  n  (n  +  1)  i?,_s 


_9yU,    (  3/1 

=  2a«  (n  (n  +  1)  —  (w  -  s)  (n  -  5  +  1)}  i^_g. 

Comparing  with  (187),  we  find  that  as  =  0  when  s  is  odd,  and  is  equal  to 

2(2?i-2s+l) 
s(2n-s  +  l) 
when  s  is  even. 

Thus 

w         2n-lp  2tt-5    p  2n-9 


and 


Qn  =  £-&  (/*)  log 


'"_I  '  3(n-l) 

/t+1        2ft -1 


/* 


+ 


1.1* 


-*w— l 


5  (»  -  2) 

2w-5 
3(w-l) 


-*Tl— 3  t  •  •  • 
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271.  When  we  are  dealing  with  complete  spheres  it  is  impossible  for 
the  solution  Qn  to  occur.  If  the  space  is  limited  in  such  a  way  that  the 
infinities  of  the  Qn  harmonic  are  excluded,  it  may  be  necessary  to  take 
into  account  both  the  l?n  and  Qn  harmonics.  An  instance  of  such  a  case 
occurs  in  considering  the  potential  at  points  outside  a  conductor  of  which 
the  shape  is  that  of  a  complete  cone. 

Tesseral  Harmonics. 

272.  The  equation  satisfied  by  the  general  surface  harmonic  Sn  is 

sin  090  V  oU  J      sm2  6  d<f>- 

As  a  solution,  let  us  examine 

sn  =  ©s>, 

where  ©  is  a  function  of  6  only,  and  <l>  is  a  function  of  $  only.     On 

substituting  this  value  in  the  equation,  and  dividing  by  @<£/sin2  6,  we  obtain 

sin  6  d  (  .     ad®\      1  32<E>  ,     ,     ,  -  x  .  ,  a     A 

We  must  therefore  have 

Id2®  _ 

<£>  8</>2  "  *' 
sin  6  d  (  .     .  9©\         ,     .  -,  x    •  2  /, 

The  solution  of  the  former  equation  is  single  valued  only  when  k  is  of  the 
form  —  m2,  where  m  is  an  integer.     In  this  case 

<E>  =  Cm  cos  mc/>  +  Dm  sin  m<£, 
and  ©  is  given  by 

1      d  (  .     a  a©\       f    ,        ,  x        m2  )   _      _ 
sin-^(Sm^8^)  +  r(?l  +  1)-sin^|0  =  O> 

or,  in  terms  of  fi, 

4^-^S+i"(-+1)-Ale-° (188)' 

an  equation  which  reduces  to  Legendre's  equation  when  m  =  0. 

273.  To   obtain   the  general   solution   of  equation  (188),  consider  the 
differential  equation 

(1-^)^+2/^  =  0 (189), 

of  which  the  solution  is  readily  seen  to  be 

z=C(\-ti?)n (190). 

If  we  differentiate  equation  (189)  s  times  we  obtain 
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If  in  this  we  put  s  =  n,  and  again  differentiate  with  respect  to  p,  we 
obtain 

hfr-K®}***1*®- (192)' 

dnz 
which  is  Legendre's  equation  with  ^— -  as  variable.     Thus  a  solution  of  this 

equation  is  seen  to  be 

giving  at  once  the  form  for  Pn  already  obtained  in  §  249.      The  general 
solution  of  equation  (192)  we  know  to  be 

d^n  =  APn  +  BQn. 

If  we  now  differentiate  (192)  m  times,  the  result  is  the  same  as  that  of 
differentiating  (189)  m  +  n+1  times,  and  is  therefore  obtained  by  putting 
s  =  m  +  n+  1  in  (191).     This  gives 

(l-/^|-^-2(m  +  l)^^^ 

m 

or,  multiplying  by  (1  —  /a2) 2  , 
0-  -  V?)*       o,.m+n+2  -  2  (m  +  1)  /*  (1  -  /x2)2- 


!»  2m+n  » 

+  (m  +  ri  +  l)(7i-m)(l-^2)2^T-n  =  0    (193). 

Let  (l-/x2)2|— - -  =  ». 

Then  *     (l-^.£-*     ^(i-^. 


*r  "'^H1-^  p^-(2™+2)M-^  5; 

1^ 


a^   £{a-io£}-(i-^JS-^+^a-^K 


2;  »_■/)  3m+n-. 

■  ffl  (l-/i')s-^(l  -JU2)2 


=  - i;  j(m  +  n  +  1)  (n  - m)  +  m  -  ,^7— ,f  >  by  equation  (193), 


=  —  v  Ui(n+  1)  — 


m+n 

2, ,2 


?n2 


1  -/rj 
Thus  v  satisfies 


and  this  is  the  same  as  equation  (188),  which  is  satisfied  by  ®. 
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274.     The  solution  of  equation  (188)  has  now  been  seen  to  be 

©  =  (1  -  a2)  2    - - 

where  .  ^—n  =  APn  +  BQn. 


m 


dmP  -?mO 

Hence  .    0  =  ^(1-^)^  +  5(1-^^ 

The  functions  ( W)2  ^,     (W»)2^? 

are  known  as  the  associated  Legendrian  functions  of  the  first  and  second 
kinds,  and  are  generally  denoted  by  P%  (/x),  Q™  (ft).  As  regards  the  former 
we  may  replace  Pn,  from  equation  (159),  by 

1      dn 
— —  —  (u?  -  1V» 

and  obtain  the  function  in  the  form 

1  VI  7m+n 

p"(^)=2^(i-^6^2-i)n (194)- 

It  is  clear  from  this  form  that  the  function  vanishes  if  m  +  n  >  2n,  i.e.  if 
m  >  n.  It  is  also  clear  that  it  is  a  rational  integral  function  of  sin  6  and 
cos  6.  From  the  form  of  Qn  (/j.),  which  is  not  a  rational  integral  function  of  ll, 
it  is  clear  that  Q™  (/x)  cannot  be  a  rational  integral  function  of  sin  6  and 
cos  6. 

Thus  of  the  solution  we  have  obtained  for  Sn,  only  the  part 

P£  (fi)  (Cmcos  m<f>  +  Dm  sin  m$)  % 

gives  rise  to  rational  integral  harmonics.  The  terms  P™  (/x)  cos  m<f)  and 
P™  (/a)  sin  m(f>  are  known  as  tesseral  harmonics. 

Clearly  there  are  (2n  + 1)  tesseral  harmonics  of  degree  n,  namely 

Pn(fi),     cos  <f>Pl(fi),     sin  4> P\(ji),  ...  cosw^PJO*),     sin  n#P£(/4 

These  may  be  regarded  as  the  (2n  +  1)  independent  rational  integral  har- 
monics of  degree  n  of  which  the  existence  has  already  been  proved  in  §  239. 

Using  the  formula 

and  substituting  the  value  obtained  in  §  247  for  Pn(fi)  (cf.  equation  (155)), 
we  obtain  P™  (/x)  in  the  form 

(2n)  !  sin-  fl     f       n_m     _  (n-m)(n-m-l)        n_m_2 
^W  =  2»W!(n-m)ilC°S        *  2(2»-l) 

(» -  to) (n  - to-  1)  (n  -m-2) (n-m-3)       B_jn_4  . _      1 
+  2.4(2»-l)(2w-3)  "T 
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The  values  of  the  tesseral  harmonics  of  the  first  four  orders  are  given  in 
the  following  table. 

Order  1.  cos  0,     sin  0  cos  0,     sin  0  sin  0. 

Order  2.       £(3cos30  —  1),     3  sin  0  cos  0  cos  0,     3  sin  0  cos  0  sin  0, 

3  sin2  0  cos  20,     3  sin2  0  sin  20. 

Order  3.  £  (5  cos3  0  -  3  cos  0),     f  sin  0  (5  cos2  0  -  1)  cos  0, 

•I sin  0  (5  cos2  0  —  1)  sin  0,     15  sin2  0  cos  0  cos  20, 
15  sin2  0  cos  0  sin  20,     15  sin3  0  cos  30,     15  sin3  0  sin  30. 

Order  4.     £  (35  cos"  0-30  cos2  0  +  3),     §  sin  0  (7  cos3  0  -  3  cos  0)  cos  0, 
|  sin  0  (7  cos3  0  -  3  cos  0)  sin  0,     jy*  sin2  0  (7  cos2  0-1)  cos  20, 
-V5-  sin2  0  (7  cos2  0  -  1)  sin  20,     105  sin3  0  cos  0  cos  30, 
105  sin3  0  cos  0  sin  30,     105  sin4  0  cos  40,     105  sin4  0  sin  40. 

275.     We  have  now  found  that  the  most  general  rational  integral  surface 
harmonic  is  of  the  form 

n 

Sn  =  %P%  (ft)  (Am  cos  m0  +  Bm  sin  m0), 
o 

in  which  P™(/a)  is  to  be  interpreted  to  mean  i^(/i),  when  m  =  0. 

Let  us  denote  any  tesseral  harmonics  of  the  type 

P™(/i)(.4cosm0  +  Psinm0)  by  S™. 

Then  by  §  237,  jl  S%  fl™,  day  =  0 

if  n  ={= «'.     If  w  =  w',  then 

JJ8S  fl*  =  //  *T  (A*)  *?'  00  (4»  cos  m0  +  flm  sin  m0) 

(.4m'  cos  m  0  +  i?^'  sin  m'  0)  d&>, 
and  this  vanishes  except  when  m  =  m'. 

When  n  =  n'  and  m  =  ra'  the  value  of  1 1  S%  S%f  dw  clearly  depends  on 
that  of  I      [P™  (fi)}2  dfi,  and  this  we  now  proceed  to  obtain. 

We  have 

r+l  r+l  /pirn  p  \  2 

J.i1^0*)N/'=j_i(i-/*,)B(y  ** 


(1  -  ^)' 
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dnz 
Since  ^— -  =  i?t  is  a  solution  of  equation  (191),  we  obtain,  on  taking  s  =  to  +  n 

in  this  equation,  and  multiplying  throughout  by  (1  —  fM2)m~\ 

dm~1P 
+  (n  +  to)  (w  -  to  +  1)  (1  -  ya2)"1"1  g-^?, 

which,  again,  may  be  written 

In  equation  (195)  the  first  term  on  the  right-hand  vanishes,  so  that 

f+l  r+l  /^m-ip\2 

J _t  {P-  (/*)}*  dp  =  (n  +  to)  (n  -  to  +  1)  J  ^  (1  -  ^r-1  (-g-^J  rf/* 

'  =  (n  +  to)  (n  -  to  +  1)  J**  {P™-1  0")}2  ^, 
a  reduction  formula  from  which  we  readily  obtain 

"  (p»  «)■ «, = ((^™|  ;/*'  (p„  «}>  *. 

2      (n  +  m)  ! 


2/«  +  1  (n  —  to)  !" 
These  results  enable  us  to  find  any  integral  of  the  type  J 1  $nS'n  c?a>. 


Biaxal  Harmonics. 

276.  It  is  often  convenient  to  be  able  to  express  zonal  harmonics 
referred  to  one  axis  in  terms  of  harmonics  referred  to  other  axes — i.e.  to 
be  able  to  change  the  axes  of  reference  of  zonal  harmonics. 

Let  ^  be  a  harmonic  having  OP  as  axis.  At  Q  the  value  of  this  is 
Pn  (cos  7),  where  7  is  the  angle  PQ,  and  our  problem  is  to  express  this 
harmonic  of  order  n  as  a  sum  of  zonal  and  tesseral  harmonics  referred  to 
other  axes.  With  reference  to  these  axes,  let  the  coordinates  of  Q  be  6,  ty, 
let  those  of  P  be  ©,  <£,  and  let  us  assume  a  series  of  the  type 

s  =  n 

Pn  (cos  7)  =  2    P"n  (cos  6)  (As  cos  sty  +  Bs  sin  sty). 

Let  us  multiply  by  Psn  (cos  6)  cos  sty  and  integrate  over  the  surface  of  a  unit 
sphere.     We  obtain 

J  [pn  (cos  7)  [Psn  (cos  6)  cos  sty)  do  =  A,  J  J  {Pn  (cos  0)}2  cos2  sty  dco. 
j.  16 
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By  equation  (169), 

J  J  Pn  (cos  7)  {Psn  (cos  6)  cos  s<J>]  dco  =  ^  ^     {P*  (cos  0)  cos  s<£jy=0 

=  2^1  P»  (cos  ®)  cos  s®, 
and  J|{P;  (cos  0)}2  cos2  s<f>  do  =  j+l{P°n  (/x)}2  dp  [^  cos2  50  d<j> 


Thus 


2?r     (n  +  g) ! 
2n  +  1  (n  -  s) ! ' 


(r>  —  <A  I 
-4.  =  2  i_ ^;  pj  (cos  0)  cos  5$, 
(w  +  s) ! 

and  similarly 

^  =  2(^|-;P«(cos@)SmS«>. 

This  analysis  needs  modification  when  s  =  0,  but  it  is  readily  found  that 

4o  =  £(cos0),     Pn  =  0, 

so  that 

P»  (cos  7)  =  Pn  (cos  0)  P„  (cos  0)  +T 2  ^—4-;  P*  (cos  0)  P^  (cos  0)  cos  s  (6  -  <£) 

«=i     (?i  +  s)  ! 

(196). 


General  Theory  of  Curvilinear  Coordinates. 

277.     Let  us  write 

0  0>  2/,  *)  =  \ 
yfr  (x,  y,  z)  =  p, 

X  0>  V>  z)  =  v> 
where  $,  yjr,  ^  denote  any  functions  of  x,  y,  z.     Then  we  may  suppose  a  point 
in  space  specified  by  the  values  of  X,  /j,,  v  at  the  point,  i.e.  by  a  knowledge  of 
those  members  of  the  three  families  of  surfaces 

</>  (x,  y,  z)  —  cons. ;     ^  (x,  y,  z)  =  cons. ;     %  (x,  y,  z)  =  cons. 

which  pass  through  it. 

The  values  of  X,  ft,  v  are  called  "  curvilinear  coordinates "  of  the  point. 
A  great  simplification  is  introduced  into  the  analysis  connected  with 
curvilinear  coordinates,  if  the  three  families  of  surfaces  are  chosen  in  such 
a  way  that  they  cut  orthogonally  at  every  point.  In  what  follows  we  shall 
suppose  this  to  be  the  case — the  coordinates  will  be  "  orthogonal  curvilinear 
coordinates." 

The  points  X,  /x,  v  and  X  +  dX,  p,  v  will  be  adjacent  points,  and  the 
distance  between  them  will  be   equal  to  dX  multiplied  by  a  function  of 
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X,  /a,  and   v — let  us  assume  it  equal  to   y-  •     Similarly,   let  the  distance 

ft] 

from  A,,  fx,  v  to  X,  /x  +  d/x,  v  be  -7-  ,  and  let  the  distance  from  X,  /x,  v  to 

rfra 

7    i_  '    ^" 

A,,  u,  *>  +  af  be  -j— . 

Then  the  distance  ds  from  X,  /x,  v  to  X  +  d\,  /x  +  d/x,  v  +  dv  will  be 
given  by 

this  being  the  diagonal  of  a  rectangular  parallelepiped  of  edges 

dX     d/x        1    dv 
fti  '     ft2  ^3 

Laplace's  equation  in  curvilinear  coordinates  is  obtained  most  readily  by 
applying  Gauss'  Theorem  to  the  small  rectangular  parallelepiped  of  which 
the  edges  are  the  eight  points 

X  ±  \  dX,     1^+2  dfi>     v  +  \  dv. 

In  this  way  we  obtain  the  relation 

•dV 


in  the  form 


// 


n<®  =  0 (197) 


dX\h.2h3  oX  J      dix\h3hidfx)      dvX^h*  dv  J  

and  as  we  have  already  seen  that  equation  (197)  is  exactly  equivalent  to 
Laplace's  equation  V2V  =  0,  it  appears  that  equation  (198)  must  represent 
Laplace's  equation  transformed  into  curvilinear  coordinates. 

In  any  particular  system  of  curvilinear  coordinates  the  method  of  pro- 
cedure is  to  express  h^,  h2,  h3  in  terms  of  X,  /x  and  v,  and  then  try  to  obtain 
solutions  of  equation  (198),  giving  V  as  a  function  of  X,  fx  and  v. 


Spherical  Polar  Coordinates. 

278.  The  system  of  surfaces  r  =  cons.,  6  =  cons.,  cf>  =  cons,  in  spherical 
polar  coordinates  gives  a  system  of  orthogonal  curvilinear  coordinates.  In 
these  coordinates  equation  (198)  assumes  the  form 

dr  V    dr)+  sin  6  BO  \Sm     dO  J  +  sins  0  dp  ~    ' 

already  obtained  in  §  233,  which  has  been  found  to  lead  to  the  theory  of 
spherical  harmonics. 

1G—  2 
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Confocal  Coordinates. 

279.  After  spherical  polar  coordinates,  the  system  of  curvilinear  coordi- 
nates which  comes  next  in  order  of  simplicity  and  importance  is  that  in 
which  the  surfaces  are  confocal  ellipsoids  and  hyperboloids  of  one  and  two 
sheets.     This  system  will  now  be  examined. 

Taking  the  ellipsoid 


as  a  standard,  the  conicoid 

x2 


l+l2-^1      "d") 


1-1^+^  =  1    (200) 


a-  +  0     b2  +  6     c2  +  0 

will  be  confocal  with  the  standard  ellipsoid  whatever  value  6  may  have,  and 
all  confocal  conicoids  are  represented  in  turn  by  this  equation  as  8  passes 
from  —  oo  to  +  co  . 

If  the  values  of  x,  y,  z  are  given,  equation  (200)  is  a  cubic  equation  in  6. 
It  can  be  shewn  that  the  three  roots  in  6  are  all  real,  so  that  three  confocals 
pass  through  any  point  in  space,  and  it  can  further  be  shewn  that  at  every 
point  these  three  confocals  are  orthogonal.  It  can  also  be  shewn  that  of 
these  confocals  one  is  an  ellipsoid,  one  a  hyperboloid  of  one  sheet,  and  one 
a  hyperboloid  of  two  sheets. 

Let  A,  fi,  v  be  the  three  values  of  6  which  satisfy  equation  (200)  at  any 
point,  and  let  A,  fi,  v  refer  respectively  to  the  ellipsoid,  hyperboloid  of  one 
sheet,  and  hyperboloid  of  two  sheets.  Then  A,  /u,,  v  may  be  taken  to  be 
orthogonal  curvilinear  coordinates,  the  families  of  surfaces  A  =  cons.,  lc  =  cons., 
v  =  cons,  being  respectively  the  system  of  ellipsoids,  hyperboloids  of  one 
sheet,  and  hyperboloids  of  two  sheets,  which  are  confocal  with  the  standard 
ellipsoid  (199). 

280.  The  first  problem,  as  already  explained,  is  to  find  the  quantities 
which  have  been  denoted  in  §  277  by  h1}  7i2,  hs.  As  a  step  towards  this,  we 
begin  by  expressing  x,  y,  z  as  functions  of  the  curvilinear  coordinates  A,  lc,  v. 

The  expression 

^2  /i»2  /y2 

is  clearly  a  rational  integral  function  of  6  of  degree  3,  the  coefficient  of  6s 
being  —  1.  It  vanishes  when  6  is  equal  to  A.,  /x  or  v,  these  being  the  curvi- 
linear coordinates  of  the  point  x,  y,  z.     Hence  the  expression  must  be  equal, 

identically,  to 

-  (0  -  \)  (0  -  fi)  (6  -  v). 

Putting  6  =  —  a2  in  the  identity  obtained  in  this  way,  we  get  the  relation 

x2  (b2  -  a2)  (c2  -  a2)  =  (a2  +  A)  (a2  +  fi)  (a2  +  v), 
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so  that  x,  y,  z  are  given  as  functions  of  A,  /x,  v  by  the  relations 

.     (a2  +  A)(a2  +  /z)(a2  +  ^) 
"-        (b2-a2)(o2-a2)        GtC <201>- 

281.  To  examine  changes  as  we  move  along  the  normal  to  the  surface 
A  =  cons.,  we  must  keep  /*  and  v  constant.  Thus  we  have,  on  logarithmic 
differentiation  of  equation  (201), 

„  dx  _     dX 

*j  —  == 


x       a2  +  A, ' 

and  there  are  of  course  similar  equations  giving  dy  and  dz.     Thus  for  the 
length  ds  of  an  element  of  the  normal  to  X  =  constant,  we  have 

(ds)2  =  (dx)2  +  (dy)*  +  (dz)* 

tV     \tc(a2  +  VK&2-a2)(c2-a2) 

=  i  /V7\  Y>  (A-^)(A-y) 

tK     >  (a2  +  A)(62  +  A)(c2  +  A)' 

The  quantity  ds  is,  however,  identical  with   the  quantity  called  -=—  in 

§  277,  so  that  we  have 

4(q2  +  A)(62+A)(C2  +  A) 
*  ~  (X-f,)(X-v)  {^2)> 

and  clearly  h2  and  A3  can  be  obtained  by  cyclic  interchange  of  the  letters 
A,  fi  and  v. 

282.     If  for  brevity  we  write 


AA  =  V(a2  +  A)  (b*  +  A)  (c2  +  A), 
we  find  that 


Ms     2AMA, 

so  that  by  substitution  in  equation  (198),  Laplace's  equation  in  the  present 
coordinates  is  seen  to  be 

^r-^A^^}+a7r-x)A^^r3-4(^~^A^^r° 

(203). 

On  multiplying  throughout  by  AAAMA„,  this  equation  becomes 

(204). 
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Let  us  now  introduce  new  variables  a,  /3,  7,  given  by 

"KdX 


A*' 

*-/'£' 

f"  dv 

f")    A.' 

then  we  have  —  =  AA  — ; 

and  equation  (204)  becomes 

d2V                  ?2V                  ?PV 
(/1_1/)|^  +  (l/_x)|Z  +  (x_/i)|I  =  0    (205). 

Distribution  of  Electricity  on  a  freely-charged  Ellipsoid. 

283.     Before  discussing  the  general  solution  of  Laplace's  equation,  it  will 
be  advantageous  to  examine  a  few  special  problems. 

In  the  first  place,  it  is  clear  that  a  particular  solution  of  equation  (205)  is 

V=A+Ba (206), 

where  A,  B  are  arbitrary  constants.  The  equipotentials  are  the  surfaces 
a  =  constant,  and  are  therefore  confocal  ellipsoids.  Thus  we  can,  from  this 
solution,  obtain  the  field  when  an  ellipsoidal  conductor  is  freely  electrified. 

For  instance,  if  the  ellipsoid 

x2      1/2     z2     , 

h  — -I —  =  1 

a2      b2     c2 

is  raised  to  unit  potential,  the  potential  at  any  external  point  will  be  given 
by  equation  (206)  provided  we  choose  A  and  B  so  as  to  have  V  =1  when 
A,  =  0,  and  V=0  when  X  =  00 .     In  this  way  we  obtain 

["dX 
V  =  ^-^  (207). 

Jo  a; 

The  surface  density  at  any  point  on  the  ellipsoid  is  given  by 

-  J—-  -?Z?±--h,— 
dn  d\  dn  dX 


/, 


dX 

0  aI 


dX 

abc        -r- 
0    AA 


.(208). 
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Thus  the  surface  density  at  different  points  of  the  ellipsoid  is  proportional 
to  hy. 

284.     The    quantity  h^  admits  of  a  simple    geometrical  interpretation. 
Let  I,  m,  n  be  the  direction-cosines  of  the  tangent  plane  to  the  ellipsoid  at 


Fig.  79. 

any  point  X,  fi,  v,  and  let  p  be  the  perpendicular  from  the  origin  on  to  this 
tangent  plane.     Then  from  the  geometry  of  the  ellipsoid  we  have 

p2  =  (a2  +  X)l2  +  (b2  +  X)m2  +  (c2+X)n2    (209). 

Moving  along  the  normal,  we  shall  come  to  the  point  X  +  dX,  fi,  v.  The 
tangent  plane  at  this  point  has  the  same  direction-cosines  I,  m,  n  as  before, 

but  the  perpendicular  from  the  origin  will  be  p+dp,  where  dp  =  -r-.     To 

obtain  dp  we  differentiate  equation  (209),  allowing  X  alone  to  vary,  and  so 

have 

2pdp  =  dX  (I2  +  m2  +  n2)  =  dX. 

Comparing  this  with  dp  =  -j-  ,  we  see  that  hx  =  2p. 

Thus  the  surface  density  at  any  point  is  proportional  to  the  perpendicular 
from  the  centre  on  to  the  tangent  plane  at  the  point. 

In  fig.  79,  the  thickness  of  the  shading  at  any  point  is  proportional  to 
the  perpendicular  from  the  centre  on  to  the  tangent  plane,  so  that  the 
shading  represents  the  distribution  of  electricity  on  a  freely  electrified 
ellipsoid. 

It  will  be  easily  verified  that  the  outer  boundary  of  this  shading  must 
be  an  ellipsoid,  similar  to  and  concentric  with  the  original  ellipsoid. 

285.  Replacing  h^  by  2p  in  equation  (208),  we  find  for  the  total  charge  E 
on  the  ellipsoid, 

ZTTUOC  -r- 

Jo  AA 
Since    I  IpdS  is  three  times  the  volume  of  the  ellipsoid,  and  therefore 

equal  to  4nra.bc,  this  reduces  to 

e=  2 


f 

Jo 
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Since  the  ellipsoid  is  supposed  to  be  raised  to  unit  potential,  this  quantity 
E  gives  the  capacity  of  an  ellipsoidal  conductor  electrified  in  free  space. 

The  capacity  can  however  be  obtained  more  readily  by  examining  the 
form  of  the  potential  at  infinity.  At  points  which  are  at  a  distance  r 
from  the  centre  of  the  ellipsoid  so  great  that  a,  b,  c  may  be  neglected  in 

comparison  with  r,  X,  becomes  equal  to  r2,  so  that  AK  =  r2 ,  and 

dX_2 

Thus  at  infinity  the  limiting  form  assumed  by  equation  (207)  is 

2 


/; 


V 


f^dx' 
Jo  Al 


E 
and  since  the  value  of  V  at  infinity  must  be  —     the  value  of  E  follows  at 

T 


once. 


A  freely -charged  spheroid. 

286.      The  integral   I     -r-  is    integrable  if  any  two  of  the   semi-axes 

Jo   A\ 

become  equal  to  one  another. 

If  b  =  c,  the  ellipsoid  is  a  prolate  spheroid,  and  its  capacity  is  found  to  be 

2  2ae 


E 


r ^ — ,  kg  (i±^y 


where  e  is  the  eccentricity. 

If  a  =  b,  the  ellipsoid  is  an  oblate  spheroid,  and  its  capacity  is  found  to  be 

2  ae 


E  = 


r- 

Jo  (a? 


dX  sin_1e 


(a2  +  \)  (c2  +  X,)i 


Elliptic  Disc. 

287.     In  the  preceding  analysis,  let  a  become  vanishingly  small,  then 
the  conductor  becomes  an  elliptic  disc  of  semi-axes  b  and  c. 

The  perpendicular  from  the  origin  on  to  the  tangent-plane  is  given,  as  in 
the  ellipsoid,  by 


p"2  = 


x2      y2      z* 

h—  -I — 

a4     b*      c4 
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and  when  a  is  made  very  small  in  the  limit,  this  becomes 

1_  a- 

a* 


V 


2  — 


\-yi-*L 


2  ' 


so  that  the  surface  density  at  any  point  x,  y  in  the  disc  is  proportional  to 

b*     *,       (210). 


(l-y--Z-) 


Circular  Disc. 

288.  On  further  simplifying  by  putting  b  =  c,  we  arrive  at  the  case  of  a 
circular  disc.  The  density  of  electrification  is  seen  at  once  from  expression 
(210)  to  be  proportional  to 


1- 


c- 


-* 


and  therefore  varies  inversely  as  the   shortest  chord  which  can  be  drawn 
through  the  point. 

Moreover,  when  a  =  0  and  b  =  c,  we  have  Ax  =  (c2  +  X)  Va,,  so  that 


r^tan-^andf0^ 
J  a  AA      c  WxJ  Jo  Ax 


IT 
C 


Thus  the  capacity  of  a  circular  disc  is  — ,  and  when  the  disc  is  raised  to 
potential  unity,  the  potential  at  any  external  point  is 


2 

-  tan-1 , 

t  VvV 


where  \  is  the  positive  root  of 


tf        £  +  £» 

X      c2  +  X 


289.     Lord  Kelvin*  quotes  some  interesting  experiments  by  Coulomb  on  the  density 
at  different  points  on  a  circular  plate  of  radius  5  inches.     The  results  are  given  in  the 


following  table : 


Distances  from  the 
plate's  edge 

Observed  Densities 

l 
Calculated  Densities 

5  ins. 

1 

1 

4 

1-001 

1-020 

3 

1-005 

1-090 

2 

1-17 

1-250 

1 

1-52 

1-667 

05 

2-07 

2-294 

0 

2-90 

oo 

Papers  on  Elect,  and  Mag.  p.  179. 
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Much  more  remarkable  is  Cavendish's  experimental  determination  of  the  capacity  of  a 
circular  disc.     Cavendish  found  this  to  be  -=-^=  times  that  of  a  sphere  of  equal  radius, 

while  theory  shews  the  true  value  of  the  denominator  to  be  tj  or  1-5708! 

290.  By  inverting  the  distribution  of  electricity  on  a  circular  disc,  taking 
the  origin  of  inversion  to  be  a  point  in  the  plane  of  the  disc,  Kelvin*  has 
obtained  the  distribution  of  electricity  on  a  disc  influenced  by  a  point  charge 
in  its  plane,  a  problem  previously  solved  by  another  method  by  Green.  The 
general  Green's  function  for  a  circular  disc  has  been  obtained  by  Hobsonf. 


Spherical  Bowl. 

291.  Lord  Kelvin  has  also,  by  inversion,  obtained  the  solution  for  a 
spherical  bowl  of  any  angle  freely  electrified.  Let  the  bowl  be  a  piece  of 
a  sphere  of  diameter  /.  Let  the  distance  from  the 
middle  point  of  the  bowl  to  any  point  of  the  bowl 
be  r,  and  let  the  greatest  value  of  r,  i.e.  the  dis- 
tance from  a  point  on  the  edge  to  the  middle  point 
of  the  bowl,  be  a.  Then  Kelvin  finds  for  the  elec- 
tric densities  inside  and  outside  the  bowl : 


Pi 


V 


2tt2/ 


P 


a' 


a? 


r2 


—  tan- 


r 


a 


- 


a- 


)• 


Po=  Pi  + 


V 
2*/- 


Some  numerical  results  calculated  from  these  formulae  are  of  interest.  The  six  values 
in  the  following  tables  refer  to  the  middle  point  and  the  five  points  dividing  the  arc  from 
the  middle  point  to  the  edge  into  six  equal  parts. 


Plane  disc 


Curved  disc  arc  10° 


Curved  disc  arc  20° 


1-00 
1-01 
1-06 
1-15 
1-34 
1-81 


Po 

Mean 

Pi 

Po 

Mean 

Pi 

P0 

1-00 

1-0000 

•91 

1-06 

1-0000 

•86 

1-14 

1-01 

1-0142 

•95 

1-08 

1-0141 

•88 

1-15 

1-06 

1-0607 

•99 

113 

1-0605 

•92 

1-20 

1-15 

1-1547 

1-09 

1-22 

1-1542 

1-02 

1-29 

1-34 

1-3416 

1-27 

1-41 

1-3407 

1-29 

1-56 

1-81 

1-8091 

1-74 

1-88 

1-8071 

1-67 

1-94 

Mean 

1-0000 
1-0010 
1-0369 
1-1106 
1-2606 
1-6474 


*  Papers  on  Elect,  and  Mag.  p.  183. 
t  Trans.  Camb.  Phil.  Soc.  xvni.  p.  277. 
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Bowl  arc  270° 


Bowl  arc  340° 


Pi 

•013 

•014 
•018 
•025 
•045 
•120 


Po 

Mean 

Pi 

PO 

1-986 

1-0000 

•0001 

1-9999 

1-987 

1-0009 

•0002 

1-9999 

1-991 

1-0041 

•0002 

2-0000 

1-998 

1-0118 

•0004 

2-0001 

2-018 

1-0316 

•0009 

2-0006 

2-093 

1-1060 

•0042 

2  0040 

Mean 

1-0000 
1-0000 
1-0001 
1-0002 
1-0007 
1-0041 


Discussing  these  results,  Lord  Kelvin  says :  "  It  is  remarkable  how  slight  an  amount 
of  curvature  produces  a  very  sensible  excess  of  density  on  the  convex  side  in  the  first  two 
cases  (10°  and  20°),  yet  how  nearly  the  mean  of  the  densities  on  the  convex  and  concave 
sides  at  any  point  agrees  with  that  at  the  corresponding  point  on  a  plane  disc  shewn  in 
the  first  column.  The  results  for  bowls  of  270°  and  340°  illustrate  the  tendency  of  the 
whole  charge  to  the  convex  surface,  as  the  case  of  a  thin  spherical  conducting  surface  with 
an  infinitely  small  aperture  is  approached." 


.(211), 


Ellipsoidal  Harmonics. 
292.     We  now  return  to  the  general  equations  (205),  namely 

(^-v)^Hv-Vw+fr-f*)w=o 

and  examine  the  nature  of  the  general  solutions  of  this  equation. 
Let  us  assume  a  tentative  solution 

V=LMN, 

in  which  L  is  a  function  of  X  only,  M  a  function  of  /a  only,  and  N  a  function 
of  v  only.     Substituting  this  solution  the  equation  reduces  to 

1  7)2T 

Since  a  is  a  function  of  A,  only,  y  ^  is  a  function  of  \  only,  and  the  equa- 
tion may  be  written  in  the  form 

(ft -  v)f(\)  +  (v-\) F(/x)  +  (\-ft)& (v)  =  0, 
where  /,  F  and  <I>  are  functions  whose  form  we  have  to  determine. 

This  functional  equation  must  hold  for  all  values  of  A,,  fi,  v.   Putting  /x  =  v 
we  find  that  F(v)  =  <&(v),  and  since  this  is  true  for  all  values  of  v,  F  and  <t> 
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must  be  the  same  function.    By  a  similar  procedure,  it  follows  that  f  must 
also  be  the  same  function,  so  that  the  equation  can  be  written 

(fi  -  v)f(X)  +  (v-  X)/(/i)  +  (X  -  fi)f(v)  =  0. 
To  find  the  form  of  the  function  /  we  put  X  =  0  and  obtain 

/00-/(o)=/fr)-/«>\ 

fl  v 

Thus  a  function  of  /x,  is  equal  to  the  same  function  of  v,  so  that  each  must 
be  a  constant.    Calling  this  B,  and  writing  A  for/(0),  we  find  that 

f(X)  =  A  +  BX. 
293.   Restoring  its  value  to /(A)  we  see  that  we  must  have 

~  =  (A+B\)L (212), 

and  similar  equations,  with  the  same  constants  A  and  B,  must  be  satisfied 
by  M  and  N. 

Equation  (212),  on  substituting  for  a  in  terms  of  X,  becomes 

a  differential   equation  of  the  second  order  in  X,  while  M  and  N  satisfy 
equations  which  are  identical  except  that  fju  and  v  are  the  variables. 


,7(A,£j  =  (A+BX)L     (213), 


The  solution  of  equation  (213)  is  known  as  a  Lamp's  function,  or  ellip- 
soidal harmonic.  The  function  is  commonly  written  as  E^(X),  where  p,  n 
are  new  arbitrary  constants,  connected  with  the  constants  A  and  B  by  the 

relations 

n(n+l)  =  B,   and   (b2  +  c2)p  =  -  A. 

Thus  El  (A.)  is  a  solution  of 

d^={n(n  +  l)X-p(b*  +  c>)}L, 

and  a  solution  of  equation  (211)  is 

V=*X2E>i{\)E><ji)E>i(v) (214). 

p  n 

294.  Equation  (213)  being  of  the  second  order,  must  have  two  inde- 
pendent solutions.  Denoting  one  by  L,  let  the  other  be  supposed  to  be  Lu. 
Then  we  must  have 


dot 

82  (Lu) 

da? 


^  =  (A  +  BX)L, 


=  (A  +Bx)Lu; 
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so  that  on  multiplying  the  former  equation  by  u,  and  subtracting  from  the 
latter, 

r  d-u  _  dL  du      _ 

da?  dot  da 

mi  [do.       f    d\ 

Thus  u  = 


L2     J  Z2AX ' 
and  the  complete  solution  is  seen  to  be 

OL  +  DLffa, 

where  C  and  D  are  arbitrary  constants. 

Accordingly,  the  complete  solution  of  equation  (211)  can  be  written  as 

V^(GnpE^)  +  DnpE^)J{^^^ 

(cnp"E*(v)  +  DnP"Ei{v)\{E^)Y^ . 

This  corresponds  exactly  to  the  general  solution  in  rational  integral 
spherical  harmonics,  namely 

V=XZ(Gnpr"+Dnpr-^) 

p  n 

(Onp'e?p*  +  Dnp'erW) 
(Cnp"P»(cos0)+Dnp"P*(cos6)). 

Ellipsoid  in  uniform  field  of  force. 

295.  As  an  illustration  of  the  use  of  confocal  coordinates,  let  us  examine 
the  field  produced  by  placing  an  uninsulated  ellipsoid  in  a  uniform  field  of 
force. 

The  potential  of  the  undisturbed  field  of  force  may  be  taken  to  be  V=Fx, 
or  in  confocal  coordinates  (cf.  equation  (201)) 


V         (b*~  -  a2)  (c2  -  a2) 
This  is  of  the  form  V=  GLMN, 

where  G  is  the  constant  F  (62  —  a2)  ~~  -  (c2  —  a2)  ~  *  ,  and  L,  M,  N  are  functions  of 
A.  only,  fx  only  and  v  only,  respectively,  namely  L  =  va2  +  \,  etc. 

Since  V=  LMN  is  a  solution  of  Laplace's  equation,  there  must,  as  in  §  294, 
be  a  second  solution  V—  Lu  .  MN,  where 

dX        f       dX 
u 


D\K     J  (a2  +  X)  Ax 
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The  upper  limit  of  integration  is  arbitrary :  if  we  take  it  to  be  infinite, 
both  u  and  Lu  will  vanish  at  infinity,  while  M  and  JV  are  in  any  case  finite 
at  infinity.  Thus  Lu .  MN  is  a  potential  which  vanishes  at  infinity  and  is 
proportional  (since  u  is  a  function  of  X  only)  at  every  point  of  any  one  of  the 
surfaces  X  =  cons.,  to  the  potential  of  the  original  field.     Thus  the  solution 

V=CLMN+DLu.MN    .(215) 

can  be  made  to  give  zero  potential  over  any  one  of  the  surfaces  X  =  cons.,  by 
a  suitable  choice  of  the  constant  D. 

For  instance  if  the  conductor  is  X  =  0,  we  have,  on  the  conductor, 

dX 


u 


H  (a2 


!  +  X)A> 
Thus  on  the  conductor  we  have 

V=  LMN  (g+dT  ,  ,  d\  A  )  . 
V  Jo  (a2  +  X)AA/ 

The  condition  for  this  to  vanish  gives  the  value  of  D,  and  on  substituting 
this  value  of  D,  equation  (215)  becomes 

V=CLMN  fl- 


K  I 


d\ 


o    (a2  +  X)AX/ 
dX 


JK  (a3  +  X)A, 
=  Jtx\   1  — 


dX 


o   (a2  +  X)AA/ 
dX 


=  ^(a2  +  X)A.     (gl6) 

Jo  (a2  +  X)  AA 

This  gives  the  field  when  the  original  field  is  parallel  to  the  major  axis 
of  the  ellipsoid.  If  the  original  field  is  in  any  other  direction  we  can  resolve 
it  into  three  fields  parallel  to  the  three  axes  of  the  ellipsoid,  and  the  final 
field  is  then  found  by  the  superposition  of  three  fields  of  the  type  of  that 
given  by  equation  (216). 


Spheroidal  Harmonics. 

296.     When  any  two  semi-axes  of  the  standard  ellipsoid  become  equal 
the  method  of  confocal  coordinates  breaks  down.     For  the  equation 

+^+^  =  i (2m 


a2  +  6    &2  +  e    cn~  +  e 
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reduces  to  a  quadratic,  and  has  therefore  only  two  roots,  say  \,  ft.  The 
surfaces  \  =  cons,  and  /j,  =  cons,  are  now  confocal  ellipsoids  and  hyperboloids 
of  revolution,  but  obviously  a  third  family  of  surfaces  is  required  before  the 
position  of  a  point  can  be  fixed.  Such  a  family  of  surfaces,  orthogonal  to 
the  two  present  families,  is  supplied  by  the  system  of  diametral  planes 
through  the  axis  of  revolution  of  the  standard  ellipsoid. 

The  two  cases  in  which  the  standard  ellipsoid  is  a  prolate  spheroid  and 
an  oblate  spheroid  require  separate  examination. 


Prolate  Spheroids. 
297.     Let  the  standard  surface  be  the  prolate  spheroid 

a2_t"     62     ~   ' 

in  which  a  >b.     If  we  write 

y  =  •or  cos  (j),       z  =  -ST  sin  <f>, 

then  the  curvilinear  coordinates  may  be  taken  to  be  \,  /u,  <£>,  where  X,  fj,  are 
the  roots  of 


x* 


+  7^^=1   (218). 


a2  +  e      fr  +  0 

In  this  equation,  put  tf—fr^c*   and   a2+0  =  c262,  then  the  equation 
becomes 

x2      .  CT2 


If  £2,  rf  are  the  roots  of  this  equation  in  0'2,  we  readily  find  that  ,x2=  £2t?2c2, 
so  that  we  may  take 

x  =  c%v  (219), 


ct  =  cv/(1-P)(7?2-1) (220) 

in  which  r\  is  taken  to  be  the  greater  of  the  two  roots. 

The  surfaces  £  =  cons.,  77  =  cons,  are  identical  with  the  surfaces  #  =  cons., 
and  are  accordingly  confocal  ellipsoids  and  hyperboloids.  The  coordinates 
£,  tj,  <f>  may  now  be  taken  to  be  orthogonal  curvilinear  coordinates. 

It  is  easily  found  that 
h    A     /TEE  j,    -I     /ZZI  h  1 

from  which  Laplace's  equation  is  obtained  in  the  form 

8  in     w3Fl     d  \n       *,dr)  1        "'~?'        3°F    n 
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298.     Let  us  search  for  solutions  of  the  form 

F=EH3>, 

where  3,  H,  <£  are  solutions  solely  of  f ,  rj  and  <f>  respectively.    On  substituting 
this  tentative  solution  and  simplifying,  we  obtain 


a-r)(T-i) 


iJU(W')i}-4i>-^ 


+i?5=o. 


772-p  L3S£l  9£)        Ha77{w  '  877JJ       4>  302 

As  in  the  theory  of  spherical  harmonics,  the  only  possible  solution  results 
from  taking 

where  —  m2  is  a  constant,  and  m  must  be  an  integer  if  the  solution  is  to  be 
single  valued.     The  solution  is 

<I>  =  G cos  mfy  +  D  sin  m<fi   (221). 

We  must  now  have 

1 1  in  _  «  dM  + 1 1  k.  - 1)  !5l  =     m'("'~^) 
3  3f  r       «;8fJ+H3,lW      1;S,f     (l-f>)(,=  _l) 

m-  m* 

+ 


"1-P      ^-1' 
and  this  can  only  be  satisfied  by  taking 

together  with 

Jj^-^S-S^-0 (223)- 

Equations  (222)  and  (223)  are  identical  with  the  equation  already  dis- 
cussed in  §§  273,  274.     The  solutions  are  known  to  be 

B  =  AP^)  +  BQ^), 
n  =  A'P%(v)+B'Q%(v), 

where  s  =  n  (n  +  1)  and  P™,  Q%  are  the  associated  Legendrian  functions 
already  investigated.  Combining  the  values  just  obtained  for  3,  H  with 
the  value  for  <£>  given  by  equation  (221),  we  obtain  the  general  solution 

F=2S3H<S> 

mn 

=  XS  {AP™{%)  +  BQ£(®}  {A'P2(V)  +  B'Q:(V)}  {C cos  mtf>  +  D  sin  m(/>}. 

mn 

At  infinity  it  is  easily  found  that 

77  =  00  ,  f  =      .-  =  COS  0, 

vV  +  ot2 

while  at  the  origin  <q  =  1,       f  =  0. 

Thus  in  the  space  outside  any  spheroid,  the  solution  P™(£)  Q™(>/)  is  finite 
everywhere,  while,  in  the  space  inside,  the  finite  solution  is  Pjj '(£) P," l(rj). 
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Oblate  Spheroids. 

299.  For  an  oblate  spheroid,  a2-  b2  is  negative,  so  that  in  equation  (218) 
we  replace  b2-  a2  by  «2,  so  that  k  =  ic,  and  obtain,  in  place  of  equations  (219) 
and  (220), 

x  =  K^irj, 

■&  =  K  V(l  -  f2)  (1  -  rf). 

Replacing  iv  by  £  we  may  take  £,  f  and  <f>  as  real  orthogonal  curvilinear 
coordinates,  connected  with  Cartesian  coordinates  by  the  relations 

x  =  «f£ 

vr  =  *  V(l-£2)(l  +  £2). 

We  proceed  to  search  for  solutions  of  the  type 

F=EZ<D, 

and  find  that  H,  3>  must  satisfy  the  same  equations  as  before,  while  Z  must 
satisfy 

-||(1  +  ^|}-rfi2Z+7l(ri+1)Z=a 

The  solution  of  this  is 

Z  =  A'P™(iO  +  B'Q%(ia 
and  the  most  general  solution  may  now  be  written  down  as  before. 

Problems  in  two  Dimensions. 

300.  Often  when  a  solution  of  a  three-dimensional  problem  cannot  be 
obtained,  it  is  found  possible  to  solve  a  similar  but  simpler  two-dimensional 
problem,  and  to  infer  the  main  physical  features  of  the  three-dimensional 
problem  from  those  of  the  two-dimensional  problem.  We  are  accordingly 
led  to  examine  methods  for  the  solution  of  electrostatic  problems  in  two 
dimensions. 

At  the  outset  we  notice  that  the  unit  is  no  longer  the  point-charge,  but 
the  uniform  line-charge,  a  line-charge  of  line-density  cr  having  a  potential 
(cf.  §  75) 

(7—2cr  log  r. 

Method  of  Images. 

301.  The  method  of  images  is  available  in  two  dimensions,  but  presents 
no  special  features.     An  example  of  its  use  has  already  been  given  in  §  220. 

j.  17 
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Method  of  Inversion. 

302.  In  two  dimensions  the  inversion  is  of  course  about  a  line.  Let  this 
be  represented  by  the  point  0  in  fig.  81. 

Let  PP',  QQ'  be  two  pairs  of  inverse  points.     Let  a  line-charge  e  at  Q 
produce   potential    Vp   at   P,   and   let  a 
line-charge  e'  at  Q  produce  potential  Vp 
at  P',  so  that 

VP  =  C-2e\ogPQ; 

Vjy  =  C'-2e'\ogP'Q'. 

If  we  take  e  =  e',  we  obtain  FlG>  81> 

Vj,-VP,  =  C"-2e\og^ 

=  C"-2e\og^ (224). 

Let  P  be  a  point  on  an  equipotential  when  there  are  charges  ex  at  Ql} 
e2  at  Q2,  etc.,  and  let  V  denote  the  potential  of  this  equipotential.  Let  V 
denote  the  potential  at  P'  under  the  influence  of  charges  e1}  e2,  •••  a^  the 
inverse  points  of  Q1}  Q2,  ....     Then,  by  summation  of  equations  such  as  (224), 

V-  V=  -  S  (2e  log  OP')  +  2  (2e  log  OQ)  +  constants, 
or  V=  constants-  2  (Xe)  log  OP'  (225). 

The  potential  at  P'  of  charges  e1}  e2,  ...  at  the  inverse  points  of  Qlt  Q2,  ... 
plus  a  charge  —  2e  at  0  is 

V+C+2($e)\og0P', 

and  this  by  equation  (225)  is  a  constant.     This  result  gives  the  method  of 
inversion  in  two  dimensions : 

If  a  surface  S  is  an  equipotential  under  the  influence  of  line-charges 
elf  e2,  ...  at  Q1}  Q2>  ...,  then  the  surface  which  is  the  inverse  of  S  about 
a  line  0  will  be  an  equipotential  under  the  influence  of  line-charges  e1}  e2,  ... 
on  the  lines  inverse  to  Q1}  Q2,  ...  together  with  a  charge  —  Xe  at  the  line  0. 

Tw o - dimensiona I  Harmonics. 

303.  A  solution  of  Laplace's  equation  can  be  obtained  which  is  the 
analogue  in  two  dimensions  of  the  three-dimensional  solution  in  spherical 
harmonics. 

In  two  dimensions  we  have  two  coordinates,  r,  6,  these  becoming 
identical  with  ordinary  two-dimensional  polar  coordinates.  Laplace's  equa- 
tion becomes 

ld_foV\      d*V 
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and  on  assuming  the  form 

in  which  R  is  a  function  of  r  only,  and  ©  a  function  of  6  only,  we  obtain  the 
solution  in  the  form 

V  =  "5°°  (Arn  +  —J  (C  cos  n<J>+D  sin  n<£). 

M=0  V  ?    / 

Thus  the  "  harmonic-functions  "  in  two  dimensions  are  the  familiar  sine 
and  cosine  functions.  The  functions  which  correspond  to  rational  integral 
harmonics  are  the  functions 

rn  sin  nd,    rn  cos  n6. 

In  x,  y  coordinates  these  are  obviously  rational  integral  functions  of  x 
and  y  of  degree  n. 

Corresponding  to  the  theorem  of  §  240,  that  any  function  of  position 
on  the  surface  of  a  sphere  can  (subject  to  certain  restrictions)  be  expanded 
in  a  series  of  rational  integral  harmonics,  we  have  the  famous  theorem  of 
Fourier,  that  any  function  of  position  on  the  circumference  of  a  circle  can 
(subject  to  certain  restrictions)  be  expanded  in  a  series  of  sines  and  cosines. 
In  the  proof  which  follows  (as  also  in  the  proof  of  §  240),  no  attempt  is  made 
at  absolute  mathematical  rigour :  as  before,  the  form  of  proof  given  is  that 
which  seems  best  suited  to  the  needs  of  the  student  of  electrical  theory. 


Fourier  s  Theorem. 

304.  The  value  of  any  function  F  of  position  on  the  circumference  of  a 
circle  can  be  expressed,  at  every  point  of  the  circumference  at  which  the 
function  is  continuous,  as  a  series  of  sines  and  cosines,  provided  the  function  is 
single-valued,  and  has  only  a  finite  number  of  discontinuities  and  of  maxima 
and  minima  on  the  circumference  of  the  circle. 

Let  P  (/,  a.)  be  any  point  outside  the  circle,  then  if  R  is  the  distance 
from  P  to  the  element  ds  of  the  circle  r     ^^p^/>  a) 

(a,  6)  we  have 


/ 


2iraRi 


a 
ds  =  1. 


This  result  can  easily  be  obtained  by  inte- 
gration, or  can  be  seen  at  once  from  physical 
considerations,  for  the  integrand  is  the  charge 
induced  on  a  conducting  cylinder  by  unit  line- 
charge  at  P, 


Fig.  82. 

17—2 
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Let  us  now  introduce  a  function  u  defined  by 


u  = 


p-o?  [F 


h 


ds 


.(226). 


2ira    J  R2 

Then,  subject  to  the  conditions  stated  for  F  we  find,  as  in  §  240,  that  on 
the  circumference  of  the  circle,  the  function  u  becomes  identical  with  F. 
Also  we  have 

1_ 1 

B?  ~p  +  a?  -  2a/ cos  (0  -  a) 

1 


(/-  ael  <e~a>)  (/-  ae-^e-a)) 
f2-ai\f-aei  {e~a)      a  -  f&  {e~a)  J 

=7^2ii+2!(7rcosw('-a)}- 

Hence  u  =  = —  /  F  \  1  +  2  2  ( 4 )  cos w  (0  -  a)[  c?s 


2ttJ  0=o  77"  1    \/ 


n   r8=2ir 


e=o 


Fcosn(0-a)dd, 


and  on  passing  to  the  limit  and  putting  a  =f,  this  becomes 

^=^-|        ^d<?  +  -$  Fcosn(0-ct)d0 (227), 

expressing  F  as  a  series  of  sines  and  cosines  of  multiples  of  cl 
We  can  put  this  result  in  the  form 

00 

F  =  F  +  X  (an  cos  not  +  bn  sin  not), 


where 


1  f2lT 
an  =  -  I     F  cos  nddO, 
ttj  o 

hn  =  -\**  Famnddd, 


•2tt 


-       1    /"2,r 
and  F  =  ^-\     Fd9, 

so  that  F  is  the  mean  value  of  F. 

If  F  has  a  discontinuity  at  any  point  0  =  ft  of  the  circle,  and  if  F1}  i£  are 
the  values  of  F  at  the  discontinuity,  then  obviously  at  the  point  0  =  fi  on 
the  circle,  equation  (226)  becomes 

u  =  ^(F1  +  F2), 
so  that  the  value  of  the  series  (227)  at  a  discontinuity  is  the  arithmetic 
mean  of  the  two  values  of  F  at  the  discontinuity  (cf.  §  256). 
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305.  We  could  go  on  to  develop  the  theory  of  ellipsoidal  harmonics  etc. 
in  two  dimensions,  but  all  such  theories  are  simply  particular  cases  of  a  very 
general  theory  which  will  now  be  explained. 


Conjugate  Functions. 
General  Theory. 

306.  In  two-dimensional  problems,  the  equation  to  be  satisfied  by  the 

potential  is 

fty     ^y 

w+W=0  (228); 

and  this  has  a  general  solution  in  finite  terms,  namely 

V=f(x  +  iy)  +  F(x-iy) (229), 

where  /  and  F  are  arbitrary  functions,  in  which  the  coefficients  may  of 
course  involve  the  imaginary  i. 

For  V  to  be  wholly  real,  F  must  be  the  function  obtained  from  f  on 
changing  i  into  —  *.  Let  f  (x  +  iy)  be  equal  to  u  +  iv  where  u  and  v  are 
real,  then  F(x  +  iy)  must  be  equal  to  u  —  iv,  so  that  we  must  have  V=2u. 
If  we  introduce  a  second  function   U  equal  to  —  2v,  we  have 

U+iV=-2v  +  2iu 

=  2i  (u  +  iv) 

=  2if(x  +  iy) 

=  j>(x  +  iy)     (230), 

where  <f>(x  +  iy)  is  a  completely  general  function  of  the  single  variable  x  +  iy. 

Thus  the  most  general  form  of  the  potential  which  is  wholly  real,  can  be 
derived  from  the  most  general  arbitrary  function  of  the  single  variable  x  +  iy, 
on  taking  the  potential  to  be  the  imaginary  part  of  this  function. 

307.  If  (f)  (x  -f  iy)  is  a  function  of  x  +  iy,  then  i<j)  (x  +  iy)  will  also  be 
a  function,  and  the  imaginary  part  of  this  function  will  also  give  a  possible 
potential.     We  have,  however,  from  equation  (230), 

i<j>  (x  +  iy)  =  i(U+iV) 
=  -V+iU, 
shewing  that  U  is  a  possible  potential. 

Thus  when  we  have  a  relation  of  the  type  expressed  by  equation  (230), 
either  U  or  V  will  be  a  possible  potential. 
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308.     Taking    V   to   be   the    potential,   we   have   by   differentiation   of 
equation  (230), 

dU  ,   .dV     .,,.        .  , 


and  hence 


.fd_U     .d_V 
\dx         dx 


_dU      ,dV 
"  dy        dy' 


Equating  real  and  imaginary  parts  in  the  above  equation,  we  obtain 

dU=d_V 

dx       dy  ' 

dU=  _d_V 

dy         dx  ' 


so  that 


djjdv   dUd_y 

dx  dx       dy  dy 


0. 


.(231). 


This  however  is  the  condition  that  the  families  of  curves  U  =  cons., 
V  =  cons.,  should  cut  orthogonally  at  every  point.  Thus  the  curves 
JJ  =  cons,  are  the  orthogonal  trajectories  of  the  equipotentials — i.e.  are 
the  lines  of  force. 


309. 


Representation  of  complex  quantities. 

If  we  write 

z  =  x  +  iy 

so  that  z  is  a  complex  quantity,  we  can  suppose 
the  position  of  the  point  P  indicated  by  the  value 
of  the  single  complex  variable  z.  If  z  is  expressed 
in  Demoivre's  form 

z  =  reie  =  r  (cos  6  +  i  sin  6), 
then  we  find  that  r  =  */x2  +  y2  and  0  =  tan-1  y~.    The 


x 


Fig.  83. 


quantity  r  is  known  as  the  modulus  of  z  and  is  denoted  by  \z\,  while  6  is 
known  as  the  argument  of  z  and  is  denoted  by  arg  z.  The  representation  of 
a  complex  quantity  in  a  plane  in  this  way  is  known  as  an  Argand  diagram. 

310.  Addition  of  complex  quantities.  Let  P  be  z  =  x  +  iy,  and  let  P'  be 
z  =  x'  +  iy'.  The  value  of  z  +  z  is  (x  +  x')  +  i(y  +  y'),  so  that  if  Q  represents 
the  value  z  +  z  it  is  clear  that  OPQP'  will  be  a  parallelogram.  Thus  to 
add  together  the  complex  quantities  z  and  z  we  complete  the  parallelogram 
OPP',  and  the  fourth  point  of  this  parallelogram  will  represent  z  +  z' . 
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The  matter  may  be  put  more  simply  by  supposing  the  complex  quantity 
z  =  x  +  iy  represented  by  the  direction  and  length  of  a  line,  such  that  its 
projections  on  two  rectangular  axes  are  x,  y.  For  instance  in  fig.  83,  the 
value  of  z  will  be  represented  equally  by  either  OP  or  P'Q.  We  now  have 
the  following  rule  for  the  addition  of  complex  quantities. 

To  find  z  +  z,  describe  a  path  from  the  origin  representing  z  in  magnitude 
and  direction,  and  from  the  extremity  of  this  describe  a  path  representing  z. 
The  line  joining  the  origin  to  the  extremity  of  this  second  path  will  repre- 
sent z  +  z' 

311.     Multiplication  of  complex  quantities.     If 

z  =  x  +  iy  =  r  (cos  6  +  i  sin  6  ), 
and  z'  =  x'  +  iy'  =  r  (cos  &  +  i  sin  0'), 

then,  by  multiplication 

zz'  =  rr  {cos  (0  +  0')  +  ism  (0  +  0')}, 
so  that  |  zz'  |  =  rr'  =  \ z |  \z'\, 

arg  {zz')  =  6  +  6'  =  arg  z  +  arg  z', 
and  clearly  we  can  extend  this  result  to  any  number  of  factors.     Thus  we 
have  the  important  rules : 

The  modulus  of  a  product  is  the  product  of  the  moduli  of  the  factors. 

The  argument  of  a  product  is  the  sum  of  the  arguments  of  the  factors. 

There  is  a  geometrical  interpretation  of  multiplication. 

In  fig.  84,  let  OA  =  1,  OP  -  *,  OP'  =  *'  and  OQ  =  zz\ 

Then  the  angles  QOA,  P'OA  being  equal  to  6  +  0'  and  9'  respectively, 
the  angle  QOP'  must  be  equal  to  6,  and  therefore  to  POA. 

Moreover 

OQ      OP 
OP'  ~  OA  ' 

each  ratio  being  equal  to  r,  so  that  the  triangles 
QOP'  and  POA  are  similar.  Thus  to  multiply 
the  vector  OP'  by  the  vector  OP,  we  simply 
construct  on  OP'  a  triangle  similar  to  AOP. 

The  same  result  can  be  more  shortly  ex- 
pressed by  saying  that  to  multiply  /  (=  OP')  by 
z  (=  OP),  we  multiply  the  length  OP'  by  |  z  \  and 
turn  it  through  an  angle  arg  z. 

So  also  to  divide  by  z,  we  divide  the  length 
of  the  line  representing  the  dividend  by  |  z  \  and 
turn  through  an  angle  —  arg  z.  In  either  case  an  angle  is  positive  when 
the  turning  is  in  the  direction  which  brings  us  from  the  axis  x  to  that 
of  y  after  an  angle  tt/2. 
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Gonformal  Representation. 

312.     We  can  now  consider  more  fully  the  meaning  of  the  relation 

JJ  +  iV  =  <f>  (as  +  iy). 

Let  us  write  z  =  x  +  iy,  and  W  =  U  +  iV,  z  and  W  being  complex 
imaginaries,  which  we  must  now  suppose  in  accordance  with  equation  (230) 
to  be  connected  by  the  relation 

W=<f>(z)    (232). 

We  can  represent  values  of  z  in  one  Argand  diagram,  and  values  of  W  in 
another.  The  plane  in  which  values  of  z  are  represented  will  be  called  the 
2-plane,  the  other  will  be  called  the  W -plane.  Any  point  P  in  the  .z-plane 
corresponds  to  a  definite  value  of  z  and  this,  by  equation  (232),  may  give  one 
or  more  values  of  W,  according  as  <p  is  or  is  not  a  single-valued  function. 
If  Q  is  a  point  in  the  W -plane  which  represents  one  of  these  values  of  W, 
the  points  P  and  Q  are  said  to  correspond. 

As  P  describes  any  curve  S  in  the  2-plane,  the  point  Q  in  the  TT-plane 

which  corresponds  to  P  will  describe  some  curve  T  in  the  W-plane,  and  the 

curve  T  is  said  to  correspond  to  the  curve  S.     In  particular,  corresponding 

to  any  infinitesimal  linear  path  PP'  in  the  s-plane,  there  will   correspond 

a  small  linear  element  QQ'  in  the  Tf-plane.     If  OP,  OP'  represent  the  values 

z,  z  +  dz  respectively,  then  the  element  PP'  will  represent  dz.     Similarly  the 

dW 
element  QQ'  will  represent  d  W  or  —,—  dz. 

Hence  we  can  get  the  element  QQ'  from  the  element  PP'  on  multiplying 

it  by  -T- ,  i.e.  by  ^-  <f>  (z),  or  by  <f>'  (x  +  iy).     This  multiplier  depends  solely 

&Z  oz 

on  the  position  of  the  point  P  in  the  2-plane,  and  not  on  the  length  or 

dW 
direction  of  the  element  dz.     If  we  express  -5—  or  <£'  (x  +  iy)  in  the  form 

dW 

-j-  =$' \x  +  iy)  =  p  (cos  %  +  isinx), 

we   find   that   the    element    dW  can   be   obtained   from   the  corresponding 

dW 
element  dz  by  multiplying  its  length  by  p  or 


dz 


dW 


,  and  turning  it  through 


an  angle  %,  or  arg  f  ^- ) .     It  follows  that  any  element  of  area  in  the  2-plane 

is  represented  in  the  W -plane  by  an  element  of  area  of  which  the  shape 
is  exactly  similar  to  that  of  the  original  element,  the  linear  dimensions  are 
p  times  as  great,  and  the  orientation  is  obtained  by  turning  the  original 
element  through  an  angle  %. 
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From  the  circumstance  that  the  shapes  of  two  corresponding  elements 
in  the  two  planes  are  the  same,  the  process  of  passing  from  one  plane  to 
the  other  is  known  as  conformed  representation. 

313.     Let  us  examine  the  value  of  the  quantity  p  which,  as  we  have 

seen,  measures  the  linear  magnification  produced  in  a  small  area  on  passing 

from  the  ^-plane  to  the   IP-plane. 

dW 
We  have  p  (cos  %  +  i  sin  %)  =  ~y—  =  <f>'  (x  +  iy) 

=  du    .d_v 

dx  dx 


dv    .dV 

dy         dx 


dV      .dV 

dy         dx 


ox  J       \dy  J 


dW 


is  called  the  "modulus  of  transformation. 


so  that  p  = 

The  quantity  p,  or 
We  now  see  that  if  V  is  the  potential,  this  modulus  measures  the  electric 

/TdVy    /dVy 

intensity  R,  or  a  /  f  -^—  J  -M  j—  J  .  Since  R  =  4nra,  this  circumstance  pro- 
vides a  simple  means  of  finding  <r,  the  surface-density  of  electricity  at 
any  point  of  a  conducting  surface. 

314.     If  jr-  denote  differentiation  along  the  surface  of  a  conductor,  on 
which  the  potential  V  is  constant,  we  have 


dW 
dz 


ds  ' 


so  that  <r  =  -j—  .ft  =  -j—  -~-  . 

47T  47T    OS 

The  total  charge  on  a  strip  of  unit  width  between  any  two  points  P,  Q  of 
the  conductor  is  accordingly 

hs=llQMds=l^-u^ <233>- 

315.     If,  on  equating  real  and  imaginary  parts  of  any  transformation  of 

the  form 

U+iV=cf>(x  +  iy)    (234), 

it  is  found  that  the  curve  f{x,  y)  =  0  corresponds  to  the  constant  value 
V  =  C,  then  clearly  the  general  value  of  V  obtained  from  equation  (234) 
will  be  a  solution  of  Laplace's  equation  subject  to  the  condition  of  having 
the  constant  value  V  =  C  over  the  boundary  /  (x,  y)  =  0.  It  will  therefore 
be  the  potential  in  an  electrostatic  field  in  which  the  curve  fix,  y)  =  0  may 
be  taken  to  be  a  conductor  raised  to  potential  C. 
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316.  From  a  given  transformation  it  is  obviously  always  possible  to 
deduce  the  corresponding  electrostatic  field,  but  on  being  given  the  con- 
ductors and  potentials  in  the  field,  it  is  by  no  means  always  possible  to 
deduce  the  required  transformation.  We  shall  begin  by  the  examination  of 
a  few  fields  which  are  given  by  simple  known  transformations. 


Special  Transformations. 

I.     W  =  z11. 

317.     Considering  the  transformation  W  =  z11,  we  have 

U  +  iV  =  (x  +  iy)n  =  rn  (cos  nd  +  i  sin  nd), 

so   that   V=rnsin  nd.      Thus  any  one  of  the  surfaces  rn  sin  nd  —  constant 
may  be  supposed  to  be  an  equipotential,  including  as  a  special  case 

rn  sin  nd  =  0, 

IT 

in  which  the  equipotential  consists  of  two  planes  cutting  at  an  angle  - . 

This  transformation  can  be  further  discussed  by  assigning  particular 
values  to  n. 

n  =  1.     This  gives  simply  V  —  x,  a  uniform  field  of  force. 

n  =  2.  This  gives  V  =  2xy,  so  that  the  equipotentials  are  rectangular 
hyperbolic  cylinders,  including  as  a  special  case  two  planes  intersecting 
at  right  angles  (fig.  85). 


Fig.  85. 


Fig.  86. 
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This  transformation  gives  the  field  in  the  immediate  neighbourhood  of 
two  conducting  planes  meeting  at  right  angles  in  any  field  of  force.  It  also 
gives  the  field  between  two  coaxal  rectangular  hyperbolas. 


Fig.  87. 


n  =  \.     This  gives  x  +  iy  =  (U  +  iV)2,  so  that 

x=U*-V\    y  =  2UV, 
and  on  eliminating  U  we  obtain 

2/2  =  4F2  (x  +  V2). 

Thus  the  equipotentials  are  confocal  and  coaxal  parabolic  cylinders,  in- 
cluding as  a  special  case  ( V  =  0)  a  semi-infinite  plane  bounded  by  the  line 
of  foci. 

This  transformation  clearly  gives  the  field  in  the  immediate  neighbour- 
hood of  a  conducting  sharp  straight  edge  in  any  field  of  force  (fig.  86). 

n  =  —  1.     This  gives 

U+iV=  -  (cos  0  - 1  sin  0  V 
r 

and  the  equipotentials  are 

rF=sin<9   or  ^  +  ^--^=0. 

Thus  the  equipotentials  are  a  series  of  circular  cylinders,  all  touching 
the  plane  y  =  0  along  the  axis  x  =  0,  y  =  0  (fig.  87). 


268  Methods  for  the  Solution  of  Special  Problems    [ch.  vm 

II.     IF  =  log  * 

318.     The  transformation  W  =  logz  gives 

U+iV=\ogr  +  i0, 

so  that  the  equipotentials  are  the  planes  6  =  constant,  a  system  of  planes  all 
intersecting  in  the  same  line.  As  a  special  case,  we  may  take  0  =  0  and 
6  =  ir  to  be  the  conductors,  and  obtain  the  field  when  the  two  halves  of  a 
plane  are  raised  to  different  potentials.  The  lines  of  force,  U  =  constant,  are 
circles  (fig.  88). 


Fig.  88. 

If  we  take  U  to  be  the  potential,  the  equipotentials  are  concentric 
circular  cylinders,  and  the  field  is  seen  to  be  simply  that  due  to  a  uniform 
line-charge,  or  uniformly  electrified  cylinder. 

It  may  be  noticed  that  the  transformation 

W  =  log  (z  —  a) 
gives  the  transformation  appropriate  to  a  line-charge  at  z=a. 

Also  we  notice  that 

z  —  a 


F=log 


z  +  a 


gives  a  field  equivalent  to  the  superposition  of  the  fields  given  by 

W  =  log  (z  -  a)   and    W  =  —  log  (z  +  a). 

This  transformation  is  accordingly  that  appropriate  to  two  equal  and  opposite 
•line-charges  along  the  parallel  lines  z  =  a  and  z  =  —  a. 

This  last  transformation  gives    U  =  0  when  y  =  0,  so  that  it  gives  the 
transformation  for  a  line -charge  in  front  of  a  parallel  infinite  plane. 
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General  Methods. 
I.     Unicursal  Curves. 

319.  Suppose  that  the  coordinates  of  a  point  on  a  conductor  can  he 
expressed  as  real  functions  of  a  real  parameter,  which  varies  as  the  point 
moves  over  the  conductor,  in  such  a  way  that  the  whole  range  of  variation 
of  the  parameter  just  corresponds  to  motion  over  the  whole  conductor.  In 
other  words,  suppose  that  the  coordinates  x,  y  can  be  expressed  in  the  form 

x=f(p),   y  =  F(p)> 

and  that  all  real  values  of  p  give  points  on  the  conductor,  while,  conversely, 
all  points  on  the  conductor  correspond  to  real  values  of  p. 

Then  the  transformation 

z=f(W)  +  iF(W) (235) 

will  give  V=  0  over  the  conductor.     For  on  putting  V=  0  in  equation  (235) 
we  obtain 

x  +  iy=f(U)  +  iF(U), 

so  that  x=f{U\     y  =  F(U), 

and  by  hypothesis  the  elimination  of  U  will  lead  to  the  equation  of  the 
conductor. 

320.  For  example,  consider  the  parabola  (referred  to  its  focus  as  origin), 

t/2  =  4a  (x  +  a). 
We  can  write  the  coordinates  of  any  point  on  this  parabola  in  the  form 

x  +  a  =  am2,     y  =  2am, 
and  the  transformation  is  seen  to  be 

z  =  aW2  -  a  +  2aiW  =  a  (W -  if, 

or  W-i=  (£)* 

agreeing  with  that  which  has  already  been  seen  in  §  317  to  give  a  parabola 
as  a  possible  equipotential. 
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321.     As  a  second  example  of  this  method,  let  us  consider  the  ellipse 

a?  +  62  "  i* 
The  coordinates  of  a  point  on  the  ellipse  may  be  expressed  in  the  form 

x  =  a  cos  <£,     y  =  b  sin  (f>, 
and  the  transformation  is  seen  to  be 

z  =  a  cos  W  +  ib  sin  W. 


Fio.  89. 


We  can  take  a=  c cosh  a,  b  =  c  sinh  a,  where  c^  =  a7—  52,  and  the  trans* 
formation  becomes 

z  =  c  cos  (  W  +  ia)  =  c  cos  { U  +  i  ( F  +  a)}. 

The  same  transformation  may  be  expressed  in  the  better  known  form 

z  =  c  cosh  W. 

The  equipotentials  are  the  confocal  ellipses 


a?  y2 


+ 


-1. 


a2  +  X     62  +  X 

while  the  lines  of  force  are  confocal  hyperbolic  cylinders.  On  taking  7 
as  the  potential,  we  get  a  field  in  which  the  equipotentials  are  confocal 
hyperbolic  cylinders. 
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II.     Schwarz's  Transformation. 

322.  Schwarz  has  shewn  how  to  obtain  a  transformation  in  which  one 
equipotential  can  be  any  linear  polygon. 

At  any  angle  of  a  polygon  it  is  clear  that  the  property  that  small  elements 
remain  unchanged  in  shape  can  no  longer  hold.  The  reason  is  easily  seen  to 
be  that  the  modulus  of  transformation  is  either  infinite  or  zero  (cf.  figs.  24 
and  25,  p.  61).     Thus,  at  the  angles  of  any  polygon, 

dW 


dz 


=  0  or  oo . 


The  same  result  is  evident  from  electrostatic  considerations.  At  an  angle  of  a 
conductor,  the  surface-density  <r  is  either  infinite  or  zero  (§  70),  while  we  have  the 
relation  (§  313), 

dW 


47T  4ff 


dz 


Let  us  suppose  that  the  polygon  in  the  2-plane  is  to  correspond  to  the 
line  V  =  0  in  the  W-plane,  and  let  the  angular  points  correspond  to 

U=uJ}     JJ=u2,     etc. 

Then,  when  W  =  ult     W  =  w2>     etc., 

dz 

-r-jjr  must  either  vanish  or  become  infinite.     We  must  accordingly  have 

dz 
^^FiW-u^iW-u^  (236), 

where  Xi,  X-,,  ...  are  numbers  which  may  be  positive  or  negative,  while  F 
denotes  a  function,  at  present  unknown,  of  W. 

Suppose  that,  as  we  move  along  the  polygon,  the  values  of  U  at  the 
angular  points  occur  in  the  order  ult  u2,  ....  Then,  on  passing  along  the 
side  of  the  polygon  which  joins  the  two  angles  U=u1}  U  =  u2,  we  pass  along 
a  range  for  which  V  =  0,  and  v^kUku^.  Thus,  along  this  side  of  the 
polygon,  W  —  ult  W  —u2,  W  —  u3,  etc.  are  real  quantities;  positive  or  negative, 
which  retain  the  same  sign  along  the  whole  of  this  edge.     It  follows  that,  as 

we  pass  along  this  edge,  the  change  in  the  value  of  arg  (-ttjt),  as  given 


KdWJ 

by  equation  (236),  is  equal  to  the  change  in  arg  F,  the  arguments  of  the 
factors 

(W-u^{W-u^... 
undergoing  no  change. 

Now  arg  [-T^n]  measures  the  inclination  of  the  axis  V  =  0  to  the  edge  of 

the  polygon  at  any  point,  so  that  if  the  potygon  is  to  be  rectilinear,  this 
must  remain  constant  as  we  pass  along  any  edge.  It  follows  that  there  must 
be  no  change  in  arg  F  as  we  pass  along  any  side  of  the  polygon. 
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This  condition  can  be  satisfied  by  supposing  F  to  be  a  pure  numerical 
constant.     Taking  it  to  be  real,  we  have,  from  equation  (236), 

arg  \dw)  =  Xl  &TS(W-  Wi)  +  X2arg(TT-  m2)  + (237). 

On  passing  through  the  angular  point  at  which  W=u2,  the  quantities 
W  —  Ui,  W  —  u3,  etc.  remain  of  the  same  sign,  while  the  single  quantity 
W  —  u2  changes  sign.  Thus  arg  ( W  —  u2)  increases  by  tt,  whence,  by  equa- 
tion (237),  arg  (-t™-)  increases  by  "Kir. 

The  axis  V=0  does  not  turn  in  the  TT- plane  on  passing  through  the 

value   W  =  u2,  while  arg  (-Trs-)  measures  the  inclination  of  the  element  of 

the  polygon  in  the  ^-plane  to  the  corresponding  element  of  the  axis  V  =  0  in 
the  JF-plane. 

Hence,  on  passing  through  the  value  W  =  u2,  the  perimeter  of  the 
polygon  in  the  ^-plane  must  turn  through  an  angle  equal  to  the  increase  in 

arg  (-TTiv) ,  namely  X27r,  the  direction  of  turning  being  from  Ox  to  Oy.     Thus 

Xx7r,  XjTt,  ...  must  be  the  exterior  angles  of  the  polygon,  these  being  positive 
when  the  polygon  is  convex  to  the  axis  Ox.  Or,  if  a1}  ct2, ...  are  the  interior 
angles,  reckoned  positive  when  the  polygon  is  concave  to  the  axis  of  x,  we 
must  have 

X,  =  —  —  1,  etc. 


7T 


Thus  the  transformation  required  for  a  polygon  having  internal  angles 

Of  i  y    Gt'z  j  •  •  •     IS 

^  =  G{W-uiy~\W-u2y-X    (238), 

where  Wj,  u2, ...  are  real  quantities,  which  give  the  values  of  U  at  the  angular 
points. 

323.  As  an  illustration  of  the  use  of  Schwarz's  transformation,  suppose 
the  conducting  system  to  consist  of  a  semi-innnite  plane  placed  parallel  to  an 
infinite  plane. 

In  fig.  90,  let  the  conductor  be  supposed  to  be  a  polygon  ABODE,  which 
is  described  by  following  the  dotted  line  in  the  direction  of  the  arrows.  The 
points  A,  B,  0,  E  are  all  supposed  to  be  at  infinity,  the  points  B  and  0 
coinciding.  Let  us  take  A  to  be  W  =  —  oo ,  B  or  C  to  be  W  =  0,  jD  to  be 
W  =  1  and  ^tobe  W  =  +  oo  .  The  angles  of  the  polygon  are  zero  at  (BO) 
and  2ir  at  D.     Thus  the  transformation  is 

dz    _GW-1 


dW  W 
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giving  upon  integration 

z=C{W-\ogW+D}    (239), 

where  C,  D  are  constants  of  integration  which  may  be  obtained  from  the 

E 


>  VV=+co 


■ <=. <-.„ 

w=+i  c  \ 

->- >~~*s 


W=-oo 

Fro.  90. 

condition  that  the  two  planes  are  to  be,  say,  y  =  0  and  y  =  h.     From  these 

conditions  we  obtain  G  =  —  ,  D  =  iir,  so  that  the  transformation  is 

z  =  -{W-\ogW+iir}    (240). 

IT 

On  replacing  z,  W  by  —  z,  —  W,  the  transformation  assumes  the  simpler  form 

z=-(W+\ogW)    (241). 

7T 


III.     Successive  Transformations. 

324.  If  £=  <f>(z),  W=f(0  are  any  two  transformations,  then  by  elimi- 
nation of  £,  a  relation 

W=F(z)    (242) 

is  obtained,  which  may  be  regarded  as  a  new  transformation. 

We  may  regard  the  relation  £  =  </>  (z)  as  expressing  a  transformation  from 
the  2-plane  into  a  £- plane,  while  the  second  relation  W=f(%)  expresses  a 
further  transformation  from  the  £-plane  into  a  T7-plane.  Thus  the  final 
transformation  (242)  may  be  regarded  as  the  result  of  two  successive  trans- 
formations. 

Two  uses  of  successive  transformations  are  of  particular  importance. 

325.  Conductor  influenced  by  line-charge.     The  transformation 

gives,  as  we  have  seen  (§  318)  the  solution  when  a  line-charge  is  placed  at 
£  =  a  in  front  of  the  plane  represented  by  the  real  axis  of  f,  Let  the  further 
transformation  £=f(z)  transform  the  real  axis  of  £  into  a  surface  S,  and  the 
point  f  =  a  into  the  point  z  =  z0,  so  that  a  =/(^0)«     Then  the  transformation 


j. 


18 
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gives  the  solution  when  a  line-charge  is  placed  at  z  =  z0va.  the  presence  of 
the  surface  S.  In  this  transformation  it  must  be  remembered  that  U,  and 
not  V,  is  the  potential  (cf.  §  318). 

326.  Conductors  at  different  potentials.  Let  us  suppose  that  the  trans- 
formation %=<f)(z)  transforms  a  conductor  into  the  real  axis  of  £.  The 
further  transformation  W  =  G  +  D  log  £  (§  318)  will  give  the  solution  when 
the  two  parts  of  this  plane  on  different  sides  of  the  origin  are  raised  to 
different  potentials  G  and  C  +  ttD. 

Thus  the  transformation  obtained  by  elimination  of  £,  namely 

W=G  +  D\ogcf>(z), 

will  transform  two  parts  of  the  same  conductor  into  two  parallel  planes, 
and  so  will  give  the  solution  of  a  problem  in  which  two  parts  of  the  same 
conductor  are  raised  to  different  potentials. 


Examples  of  the  use  of  Conjugate  Functions. 

327.     Two  examples  of  practical  importance  will  now  be  given  to  illus- 
trate the  use  of  the  methods  of  conjugate  functions. 


Example  I.    Parallel  Plate  Condenser. 
328.     The  transformation 

*  =  ^(t-log£-MV) 

has  been  found  to  transform  the  two  plates  in  fig.  90  into  the  positive  and 
negative  parts  of  the  real  axis  of  £.  The  further  transformation  W  =  log  £ 
gives  the  solution  when  these  two  parts  of  the  real  axis  of  £  are  at  potentials 
0  and  it  respectively  (§  326). 

Thus  the  transformation  obtained  by  the  elimination  of  £,  namely 


z  =  -(ew-W  +  iir) 

TT 


•(243), 


will  transform  the  two  planes  of  fig.  90 — one  infinite  and  one  semi-infinite — 
into  two  infinite  parallel  planes.  Thus  equation  (243)  gives  the  trans- 
formation suitable  to  the  case  of  a  semi-infinite  plane  at  distance  h  from 
a  parallel  infinite  plane,  the  potential  difference  being  it. 

By  the  principle  of  images  it  is  obvious  that  the  distribution  on  the 
iipper  plate  is  the  same  as  it  would  be  if  the  lower  plate  were  a  semi- 
infinite  plane  at  distance  2/i  instead  of  an  infinite  plane  at  distance  h.  The 
equipotentials  and  lines  of  force  for  either  problem  are  shewn  in  fig.  91. 
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Separating  real  and  imaginary  parts  in  equation  (243), 


x 


IT 
h 


(eucosV-U), 


y  =  -  (eusmV  -V+tt). 

IT 

Thus  the  equipotential  V  —  0  is  the  line  y  =  h,  the  equipotential  V  =  it  is 
the  line  y  —  0. 


Fig.  91. 
On  the  former  equipotential,  the  relation  between  x  and  U  is 

h 


TT 


.(244). 


When  TJ  —  —  co ,  a;  =  +  co;  as  t/  increases,  x  decreases  until  it  reaches  a 
minimum  value  x  —  h/ir  when  U  =  0 ;  and  as  J7  further  increases  through 
positive  values  x  again  increases,  reaching  x=qc  when  Z7  =  +  oo .  Thus  as 
U  varies  while  V=0,  the  path  described  is  the  path  PQR  in  fig.  91. 

The  intensity  at  any  point  is 

\dW 


R  = 


dz 


h\  e 


IT 
W 


II" 


At  a  point  on  the  'equipotential  V  =  0,  the  surface-density  is 

R  _  1 

a~47r~4A(e^-iy 


IS— 2 
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At  P,  U  =  —  oo ,  so  that  <7  =  -tj  ;  as  we  approach  Q,  a  increases  and  finally 

becomes  infinite  at  Q,  while  after  passing  Q  and  moving  along  QR,  the  upper 
side  of  the  plate,  a  decreases,  and  ultimately  vanishes  to  the  order  of  e~  u. 

The  total  charge  within  any  range  U1}  U2  is,  by  equation  (233), 

It  therefore  appears  that  the  total  charge  on  the  upper  part  of  the  plate  QR 
is  infinite. 

Let  us,  however,  consider  the  charges  on  the  two  sides  of  a  strip  of  the 
plate  of  width  I  from  Q,  i.e.  the  strip  between  x  —  hjir  and  x  =  l  +  K\tt.  The 
two  values  of  U  corresponding  to  the  points  in  the  upper  and  lower  faces  at 
which  this  strip  terminates,  are  from  equation  (244)  the  two  real  roots  of 

l+hJ±{ev_U) (245). 

Of  these  roots  we  know  that  one,  say  Ult  is  negative  and  the  other  (U^) 
is  positive.  If  I  is  large,  we  find  that  the  negative  root  U^  is,  to  a  firsfr 
approximation,  equal  to 

ir  ,'       h 

and  this  is  its  actual  value  when  I  is  very  large.  Thus  the  charge  on  the 
lower  plate  within  a  large  distance  I  of  the  edge  is 

h  /.      h 

and  therefore  the  disturbance  in  the  distribution  of  electricity  as  we  approach 
Q  results  in  an  increase  on  the  charge  of  the  lower  plate  equal  to  what  would 
be  the  charge  on  a  strip  of  width  k/ir  in  the  undisturbed  state. 


If  I  is  large  the  positive  root  of  equation  (245)  is 

«t.-i*(i+t). 


so  that  the  total  charge  on  a  strip  of  width  I  of  the  upper  plate  approximates, 
when  I  is  large,  to 

loo-  [  1  +  _  1 

4tt     °V         hj' 

Thus  although  the  charge  on  the  upper  plate  is  infinite,  it  vanishes  in 
comparison  with  that  on  the  lower  plate. 
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Example  IT.     Bend  of  a  Ley  den  Jar. 

329.  The  method  of  conjugate  functions  enables  us  to  approximate  to 
the  correction  required  in  the  formula  for  the  capacity  of  a  Leyden  Jar,  on 
account  of  the  presence  of  the  sharp  bend  in  the  plates. 


A 


^=-a 


F 


f=& 


_D 


B 


Fig.  92. 


As  a  preliminary,  let  us  find  the  capacity  of  a  two-dimensional  condenser 
formed  of  two  conductors,  each  of  which  consists  of  an  infinite  plate,  bent 
into  an  L-shape,  the  two  L's  being  fitted  into  one  another  as  in  fig.  92. 

Let  us  assume  the  five  points  A,  B,  (CD)/E,  F  to  be  £  =  —  oo ,  —  a,  0, 
+  b,  +  oo  respectively,  and  let  us  for  convenience  suppose  the  potential 
difference  which  occurs  on  passing  through  the  value  £*=0  to  be  ir.  Then 
the  transformation  is 

where  W  =  log  £  (cf.  §  326). 

To  integrate,  we  put  u  =  (%+a)~-  (£  —  b)^,  and  obtain 


-/M^W^. 


.(246), 


where  C  is  a  constant  of  integration. 

To  make  C  vanish,  we  must  have  z  =  Q  when  u  =  0,  i.e.  at  the  point  E. 
We  shall  accordingly  take  E  as  origin,  so  that  G  =  0. 


278  Methods  for  the  Solution  of  Special  Problems   [oh.  viii 

At  B,  we  now  have  £  =  —  a,  u  =  oo  ,  and  therefore 

z  =  ±  IT  A  a/-  +  17tJ.. 

V   a 

Thus   the   distances   between   the   pairs   of    arms    are   it  a  /  -  A    and    irA 
respectively. 

Let  P  be  any  point  in  EF  which  is  at  a  distance  from  E  great  compared 
with  EB.  Let  the  value  of  £  at  P  be  £p,  so  that  t,P  is  positive  and  greater 
than  b. 

We  have  Tf  =  U  +  iV  =  log  £  so  that  along  the  conductor  FED,  V  =  0 
and  U  =  log  £ 

The  total  charge  per  unit  width  on  the  strip  EP  is,  by  formula  (233), 

jydS  =  ±(UP-UE)  =  ±(}og!;P-\ogb)    (247). 

If  P  is  far  removed  from  E,  the  value  of  £P  is  very  great,  and  since 

?  =  ~  (248), 

the  value  of  it?  will  be  nearly  equal  to  unity  at  P. 
From  equation  (246), 

z  =  -  2A  J  -  tan-1  lS/j  u  +  2  A  log  (1  +  u)  -  A  log  (1  -  u% 

so  that  log  (1  -  t<2)  =  2  log  (1  +«) -  2  a/-  tan"1  ^/| m  -  -|  (249), 

in  which  the  terms  log  (1  —  u2),  —  z/A,  are  large  at  P  in  comparison  with  the 
others.     Again,  from  equation  (248),  we  have 

log  £=  log  (em2  +  &)-  log(l-w2)     (250), 

in  which  log  £,  log  (1  —  v?)  are  large  at  P,  in   comparison  with    the    term 
log  (ait2  +  b).     Combining  equations  (249)  and  (250), 

log  £  =  log  (av?  +  b)  -  2  log  (1  +  «)  +  2  ^  tan"1  y^  it  +  -J 

(251), 

in  which  the  terms  log  £  and  -j  are  large  at  P  in  comparison  with  the  other 

terms.    At  P  we  may  put  u  =  1  in  all  terms  except  log  £  and  z/A,  and  obtain 
as  an  approximation 

log  &  =  log  (o  +  6)-  2  log  2  +  2  Jj/|  tan"1  /y/|  +  §. 


329,  330]  Multiple-valued  Potentials  279 

The  value  of  zP  -is  of  course  xP  +  iyP,  or  EP.     Thus,  from  the  equation 
just  obtained,  equation  (247)  may  be  thrown  into  the  form 


/ 


p  1 

<rds  =  —  (log  £,  -  log  &) 


=  I  S  i1  +  ?)-21og2  +  2  ^  tan-  J\  +  f  }...(252). 


If  the  lines  of  force  were  not  disturbed  by  the  bend,  we  should  have 

ads 


! 


1   fEP\ 
4>tt\A  )' 


Equation  (252)  shews  that  I     ads  is  greater  than  this,  by  an  amount 

J  E 

I K  i1 + 1)  -  -  ios 2 + 2  \/l tan"'  v7?} (253>- 

Let  us  denote  the  distances  between  the  plates,  namely  ttA  a  /  -  and  irA, 
by  h  and  A;  respectively,  so  that  a/  -  =  - .     Expression  (253)  now  becomes 

so  that  the  charge  on  the  plate  EP  is  the  same  as  it  would  be  in  a  parallel 
plate  condenser  in  which  the  breadth  of  the  strip  was  greater  than  EP  by 

When  h  =  k,  this  becomes 

£  (|  -  log,  2)  or  -279A. 

Multiple-valued  Potentials. 

330.  There  are  many  problems  to  which  mathematical  analysis  yields 
more  than  one  solution,  although  it  may  be  found  that  only  one  of  these 
solutions  will  ultimately  satisfy  the  actual  data  of  the  problem.  In  such 
a  case  it  will  often  be  of  interest  to  examine  what  interpretation  has  to 
be  given  to  the  rejected  solutions. 

The  problem  of  determining  the  potential  when  the  boundary  conditions 
are  given  is  not  of  this  class,  for  it  has  already  been  shewn  (§§  186 — 188) 
that,  subject  to  specified  boundary  conditions,  the  termination  of  the  poten- 
tial is  absolutely  unique.  But  it  may  happen  that,  in  searching  for  the 
required  solution,  we  come  upon  a  multiple-valued  solution  of  Laplace's 
equation.  Only  one  value  can  satisfy  the  boundary  conditions,  but  the 
interpretation  of  the  other  values  is  of  interest,  and  in  this  way  we  arrive 
at  the  study  of  multiple-valued  potentials. 
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Conjugate  Functions  on  a  Riemann's  Surface. 

331.  An  obvious  case  of  a  multiple-valued  potential  arises  from  the 
conjugate  function  transformation 

W  =  <f>(z)    (254), 

when   (f)  is  not  a  single-valued    function  of  z.     Such    cases    have   already 
occurred  in  §§  317,  320,  323,  etc. 

The  meaning  of  the  multiple-valued  potential  becomes  clear  as  soon 
as  we  construct  a  Riemann's  surface  on  which  $  (z)  can  be  represented  as 
a  single-valued  function  of  position.  One  point  on  this  Riemann's  surface 
must  now  correspond  to  each  value  of  W,  and  therefore  to  each  point  in 
the  IT-plane.  Thus  we  see  that  the  transformation  (254)  transforms  the 
complete  TT-plane  into  a  complete  Riemann's  surface.  Corresponding  to 
a  given  value  of  z  there  may  be  many  values  of  the  potential,  but  these 
values  will  refer  to  the  different  sheets  of  the  Riemann's  surface.  If  any 
region  on  this  surface  is  selected,  which  does  not  contain  any  branch  points 
or  lines,  we  can  regard  this  region  as  a  real  two-dimensional  region,  and  the 
corresponding  value  of  the  potential,  as  given  by  equation  (254),  will  give 
the  solution  of  an  electrostatic  problem. 

332.  To  illustrate  this  by  a  concrete  case,  consider  the  transformation 


F  =  . 


.(255), 


_  -a 


TF-plane. 


Fig.  93. 


z-surface- 


7?' 


which  has  already  been  considered  in  §  317.  The  Riemann's  surface  appro- 
priate for  the  representation  of  the  two-valued  function  z*  may  be  supposed 
to  be  a  surface  of  two  infinite  sheets  connected  along  a  branch  line  which 
extends  over  the  positive  half  of  the  real  axis  of  z. 

To  regard  this  surface  as  a  deformation  of  the  TF-plane,  we  must  suppose 
that  a  slit  is  cut  along  the  line  OB  (fig.  93)  in  the  TF-plane,  and  that  the 
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two  edges  of  the  slit  are  taken  and  turned  so  that  the  angle  lir,  which  they 
originally  enclosed  in  the  W-plane,  is  increased  to  4>ir,  after  which  the  edges 
are  again  joined  together. 

The  upper  sheet  of  the  Riemann's  surface  so  formed  will  now  represent 
the  upper  half  of  the  W-plane,  while  the  lower  sheet  will  represent  the  lower 
half.  Two  points  i?,  B„  which  represent  equal  and  opposite  values  of  W, 
say  ±  Wn,  will  (by  equation  (255))  be  represented  by  points  at  which  z  has 
the  same  value;  they  are  accordingly  the  two  points  on  the  upper  and 
lower  sheet  respectively  for  which  z  has  the  value  W02. 

A  circular  path  pqrs  surrounding  0  in  the  W-plane  becomes  a  double 
circle  on  the  ^-surface,  one  circle  being  on  the  upper  sheet  and  one  on 
the  lower,  and  the  path  being  continuous  since  it  crosses  from  one  sheet 
to  the  other  each  time  it  meets  the  branch-line. 

A  line  a/3  in  the  upper  half  of  the  W-plane  becomes,  as  we  have  seen, 
a  parabola  a/3  on  the  upper  sheet  of  the  ^-surface.  Similarly  a  line  a/3'  in 
the  lower  half  of  the  W-plane  will  become  a  parabola  a'/3'  on  the  lower  sheet 
of  the  ^-surface.  The  space  outside  the  parabola  a/3  on  the  upper  sheet  of 
the  ^-surface  transforms  into  a  space  in  the  W-plane  bounded  by  the  line  a/3 
and  the  line  at  infinity.  Consequently  the  transformation  under  consideration 
gives  the  solution  of  the  electrostatic  problem,  in  which  the  field  is  bounded 
only  by  a  conducting  parabola  and  the  region  at  infinity.  The  same  is  not 
true  of  the  space  inside  the  parabola  a/3,  for  this  transforms  into  a  space  in 
the  W-plane  bounded  by  both  the  line  a/3  and  the  axis  AOB.  It  is  now 
clear  that  the  transformation  has  no  application  to  problems  in  which  the 
electrostatic  field  is  the  space  inside  a  parabola. 

In  general  it  will  be  seen  that  two  points,  which  are  close  to  one  another 
on  one  sheet  of  the  ^-surface,  but  are  on  opposite  sides,  of  a  branch-line, 
will  transform  into  two  points  which  are  not  adjacent  to  one  another  in  the 
W-plane,  and  which  therefore  correspond  to  different  potentials.  Conse- 
quently we  cannot  solve  a  problem  by  a  transformation  which  requires  a 
branch-line  to  be  introduced  into  that  part  of  the  Riemann's  surface  which 
represents  the  electrostatic  field. 

Images  on  a  Riemann's  Surface. 

333.  In  the  theory  of  electrical  images,  a  system  of  imaginary  charges  is 
placed  in  a  region  which  does  not  form  part  of  the  actual  electrostatic  field. 
When  a  two-dimensional  problem  is  solved  by  a  conjugate  function  trans- 
formation, the  electrostatic  field  must,  as  we  have  seen,  be  represented  by 
a  region  on  a  single  sheet  of  the  corresponding  Riemann's  surface,  and  this 
region  must  not  be  broken  by  branch-lines.  The  same,  however,  is  not  true 
of  the  part  of  the  field  in  which  the  imaginary  images  are  placed,  for  this 
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may  be  represented  by  a  region  on  one  of  the  other  sheets  of  the  Riemann's 
surface. 

To  take  the  simplest  possible  illustration,  suppose  that  in  the  £-plane  we 
have  a  line-charge  e  along  the  line  represented  by  the  point  P,  in  front  of 

f-  plane  z- surface 

P»+e  P»  (upper  sheet) 


A  O  B  O  A 

P'*-e  P  •  (lower  sliect) 

Fig.  94. 

the  uninsulated  conducting  plane  represented  by  the  real  axis  AB.  The 
solution,  as  we  know,  is  obtained  by  placing  a  charge  —  e  at  the  point  P', 
which  is  the  image  of  P  in  AOB.  The  value  of  the  potential  (U)  is  given, 
as  in  §  818,  by 

U+iV=A  log 


£-&» 


r-  w 

Let  us  now  transform  this  solution  by  means  of  the  transformation 

£=z$  (256). 

The  conducting  plane  A  OB  transforms  into  a  semi-infinite  plane  OB,  which 
may  be  taken  to  coincide  with  the  branch-line  of  the  Riemann's  surface. 
The  charge  e  at  P  becomes  a  charge  at  a  point  P  on  the  upper  sheet  of  the 
surface,  while  the  image  at  P'  becomes  a  charge  at  a  point  P'  on  the  lower 
sheet.  Thus  we  can  replace  the  semi-infinite  conductor  OB  in  the  2-plane 
by  an  image  at  a  point  P'  on  the  lower  sheet  of  a  Riemann's  surface,  and  we 
obtain  the  field  due  to  a  line-charge  and  a  semi-infinite  con cl  actor  in  an 
ordinary  two-dimensional  space. 

From  the  transformation  used,  the  potential  is  found  to  be  given  by 

\/z  —  Va. 


U  +  iV=A\oz 


o 


\Jz—"J- 


a 


in  which  U  is  the  potential,  z  —  a  is  the  point  (a,  a)  on  the  upper  sheet,  and 
z  =  —  a  is  the  image  on  the  lower  sheet. 

In  calculating  a  potential  on  a  Riemann's  surface,  we  must  not  assume 
the  potential  of  a  line-charge  e  at  the  point  (a,  a)  to  be 

0-2e\ogR (257), 

where  R  is  the  distance  from  the  point  (a,  a).  In  fact,  this  potential  would 
obviously  have  an  infinity  both  at  the  point  (a,  a)  on  the  upper  sheet,  and 
also  at  the  point  {a,  a)  on  the  lower  sheet,  and  0  would  be  the  potential  of 
two  line-charges,  one  at  the  point  (a,  a)  on  each  sheet. 
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The  appropriate  potential-function  for  a  single  charge  can  easily  be 
found. 

As  in  the  problem  just  discussed,  it  is  clear  that  the  potential  due  to  the 
single  line-charge  at  (a,  a)  on  the  upper  sheet  is  the  value  of  U  given  by 

U+  i  V=  G  +  A  log  (VJ  -  Va) 

=  6' +  ;!  log  (rM  -  a*  e¥) 

==  G  +  A  log  \  ( Vr  cos  -x  —  V«  cos  -  J  +  i  (  Vr  sin  -  —  Va  sin  -  J I , 
so  that 

U  =  G  +  %A  log  -If  Vr  cos^  —  Vacos  ~]  +  (  Vr  sin  -  —  Va  sin  - 

=  C  +  \  A  log  {r  -  2  Var  cos  ^  (0  -  a)  +  a}, 

and  if  this  is  to  be  the  potential  due  to  a  line-charge  e,  it  is  clear,  on 
examining  the  value  of  U  near  the  point  (a,  a),  that  the  value  of  A  must  be 
—  2e.     Thus  the  potential  function  must  be 

C-elog  {r-2  Var  cos  £(0- a)  +  a} (258), 

instead  of  that  given  by  expression  (257),  namely, 

C- e  log  {r2-2ar  cos  (#-«)  + a2}  (259). 

It  will  be  noticed  that  both  expressions  are  single- valued  for  given  values 
of  (r,  6),  but  that  for  a  given  value  of  z,  expression  (258)  has  two  values, 
corresponding  to  two  values  of  6  differing  by  2tt,  while  expression  (259)  has 
only  one  value.  Or,  to  state  the  same  thing  in  other  words,  the  expression 
(259)  is  periodic  in  0  with  a  period  2tt,  while  expression  (258)  is  periodic 
with  a  period  4)ir. 

Potential  in  a  Riemann's  Space. 

334.  Sommerfeld*  has  extended  these  ideas  so  as  to  provide  the  solution 
of  problems  in  three-dimensional  space. 

His  method  rests  on  the  determination  of  a  multiple-valued  potential 
function,  the  function  being  capable  of  representation  as  a  single-valued 
function  of  position  in  a  "  Riemann's  space,"  this  space  being  an  imaginary 
space  which  bears  the  same  relation  to  real  three-dimensional  space  as  a 
Riemann's  surface  bears  to  a  plane. 

335.  The  best  introduction  to  this  method  will  be  found  in  a  study  of 
the  simplest  possible  example,  and  this  will  be  obtained  by  considering  the 
three-dimensional  problem  analogous  to  the  two-dimensional  problem  already 
discussed  in  §  333. 

*  "Ueber  verzweigte  Potentiate  im  Raum,"  Froc.  Lund.  Math.  Soc.  28,  p.  395,  and  30,  p.  161. 
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We  suppose  that  we  have  a  single  point-charge  in  the  presence  of  an 
uninsulated  conducting  semi-infinite  plane  bounded  by  a  straight  edge.  Let 
us  take  cylindrical  coordinates  r,  6,  z,  taking  the  edge  of  the  plane  to  be 
r  =  0,  the  plane  itself  to  be  8  =  0,  and  the  plane  through  the  charge  at  right 
angles  to  the  edge  of  the  conductor  to  be  z  =  0.  Let  the  coordinates  of  the 
point-charge  be  a,  a,  0. 

The  Riemann's  space  is  to  be  the  exact  analogue  of  the  Riemann's 
surface  described  in  §  332.  That  is  to  say,  it  is  to  be  such  that  one  revolu- 
tion round  the  line  r  —  0  takes  us  from  one  "  sheet "  to  the  other  of  the 
space,  while  two  revolutions  bring  us  back  to  the  starting-point.  Thus,  for 
a  function  to  be  a  single-valued  function  of  position  in  this  space,  it  must  be 
a  periodic  function  of  0  of  period  4nr. 

Let  us  denote  by  f(r,  6,  z,  a,  a,  0)  a  function  of  r,  6,  and  z  which  is  to 
satisfy  the  following  conditions  : 

(i)      it  must  be  a  solution  of  Laplace's  equation ; 

(ii)      it  must  be  a  continuous  and  single-valued  function  of  position  in 
the  Riemann's  space ; 

(iii)     it  must  have  one  and  only  one  infinity,  this  being  at  the  point 
a,  cl,  0  on  the  first  "  sheet "  of  the  space,  and  the  function 

approximating  near  the  point  to  the  function  -p,  where  B,  is 

the  distance  from  this  point ; 
(iv)     it  must  vanish  when  r  =  co  . 

It  can  be  shewn,  by  a  method  exactly  similar  to  that  used  in  §  186,  that 
there  can  be  only  one  function  satisfying  these  conditions.  Hence  the  func- 
tion f(r,  0,  z,  a,  a,  0)  can  be  uniquely  determined,  and  when  found  it  will  be 
the  potential  in  the  Riemann's  space  of  a  point-charge  of  unit  strength  at  the 
point  a,  a,  0. 

Consider  now  the  function 

f(r,  0,  z,  a,  a,  0)  -/(r,  6,  z,  a, -a,  0) (260), 

which  is  of  course  the  potential  of  equal  and  opposite  point-charges  at  the 
point  a,  a,  0,  and  at  its  image  in  the  plane  6  =  0,  namely,  the  point 
a,  —  a,  0. 

This  function,  by  conditions  (i)  and  (iv),  satisfies  Laplace's  equation  and 
vanishes  at  infinity.  On  the  first  sheet  of  the  surface,  on  which  a  varies 
from  0  to  2ir  (or  from  4>tt  to  67r,  etc.),  it  has  only  one  infinity,  namely,  at 

a,  a,  0,  at  which  it  assumes  the  value  -5. 

Jlv 

From  the  conditions  which  it  satisfies,  the  function /(r,  0,  z,  a,  a,  0)  must 
clearly  involve  6  and  a  only  through  6  —  a,  and  must  moreover  be  an  even 
function  of  6  -  cr.     It  follows  that,  when  6  =  0,  expression  (260)  vanishes. 
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Again,  since  the  function  f  is  periodic  in  6  with  a  period  2tt,  it  follows 
that,  when  6  =  —  2ir,  expression  (2G0)  may  be  written  in  the  form 

f(r,  2tt,  z,  a,  a,  0)  -/(r,  -  2tt,  z,  a,  -  a,  0), 
and  this  clearly  vanishes.     Thus  expression  (260)  vanishes  when  0  =  0  and 
when  6  =  2tt.     That  is  to  say,  it  vanishes  on  both  sides  of  the  semi-infinite 
conducting  plane. 

It  is  now  clear  that  expression  (260)  satisfies  all  the  conditions  which 
have  to  be  satisfied  by  the  potential.  The  problem  is  accordingly  reduced 
to  that  of  the  determination  of  the  function /(?*,  6,  z,  a,  a,  0). 

336.         Let  us  write 

r  =  ep,     a  =  ep', 

then  the  distance  R  from  r,  0,  z  to  a,  a,  0  is  given  by 
R*  _  r2  _  2ar  cos  (6  -  a)  +  a2  +  z" 

=  2ar  {cos  i  (p  —  p)  —  cos  (0  —  a)]  +  z\ 
Take  new  functions  R'  and/(w)  given  by 

Kl  =  2ar  (cos i (p  -  p)  -  cos  (0  -  it)}  +  z\ 

J   \     '       gilt gta  * 

The  function  f(u)  has  infinities  when  u  =  a,  a  ±  2ir,  a  ±  4ur,  ...,  its  residue 
being  unity  at  each  infinity.  Also,  when  u  =  a,  the  value  of  R'  becomes  R. 
Hence  the  integral 

£,f(u)du (261), 

where  the  integral  is  taken  round  any  closed  contour  in  the  it-plane  which 
surrounds  the  value  u  =  a,  but  no  other  of  the  infinities  off(ii)}  will  have  as 

its  value  2iir  x  ^  .     We  accordingly  have 

1        1     fl        eiu 

S  =  ^JB'i=37> (262). 

The  integral  just  found  gives  a  form  for  the  potential  function  in  ordinary 
space  which,  as  we  shall  now  see,  can  easily  be  modified  so  as  to  give  the 
potential  function  in  the  Riern ami's  space  which  we  are  now  considering. 

We  notice  first  that  p> ,  regarded  as  a  function  of  r,  6,  and  z,  is  a  solution 

of  Laplace's  equation,  whatever  value  u  may  have.  Hence  the  integral  (261) 
will  be  a  solution  of  Laplace's  equation  for  all  values  of  f(u),  for  each  term 
of  the  integrand  will  satisfy  the  equation  separately. 

If  we  take 


/: 


e2  — e2 
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we  see  that  the  infinities  of  /(w)  occur  when  u  —  a,  a±  4<7r,  a  ±  S-n-,  etc.,  and 
the  residue  at  each  is  unity.  Hence,  if  we  take  the  integral  round  one 
infinity  only,  say  u  =  a,  the  value  of 


is/iff/M*1   (263) 


will  become  identical  with  -~  at   the  point  at   which  R'  =  0.      Moreover, 

expression  (263)  is,  as  we  have  seen,  a  solution  of  Laplace's  equation :  it 
is  seen  on  inspection  to  be  a  single-valued  function  of  position  on  the 
Biemann's  surface,  and  to  be  periodic  in  9  with  period  4nr.  Hence  it  is  the 
potential-function  of  which  we  are  in  search.     Thus 

iu 

f(r,  6,  z,  a,  a,  0)  = 


4vr  I   £   _•»  Vr2  -  2ar  cos  {6-u)  +  a?  +  z* 

The  details  of  the  integration  can  be  found  in  Sommerfeld's  paper.     The 
value  of  the  integral  is  found  to  be 

12,     _,     /^+T 
-^  -  tan  l  a  / , 

where  t  =  cos  \  (<fi  —  a),     a  =  cos  h  (p  —  p1). 

Other  systems  of  coordinates  can  be  treated  in  the  same  way ;  details  will 
be  found  in  the  papers  to  which  reference  has  already  been  made. 

337.  The  present  chapter  has  attempted  to  give  an  account  of  the 
principal  methods  available  for  the  solution  of  electrostatic  problems.  A  few 
examples  have  been  given  of  each  method,  but  no  attempt  has  been  made  to 
enumerate  all  the  problems  which  can  be  solved.  The  reader  who  wishes  to 
study  particular  problems  more  fully  may  be  referred  to  the  following  works : 

Sir  "W.  Thomson  (Lord  Kelvin).     Papers  on  Electricity  and  Magnetism. 

In  particular  a  number  of  examples  of  images  and  inversion  will  be  found  here,  with 
mmierical  calculations. 

Maxwell.     Electricity  and  Magnetism.     Vol.  I.  (3rd  Edn.). 

In  Chap.  ix.  the  theory  of  spherical  harmonics  is  developed,  and  the  problem  of  the 
distribution  of  electricity  on  a  nearly  spherical  conductor  free  in  space,  as  also  that  on  a 
nearly  sj^herical  conductor  enclosed  in  a  nearly  spherical  and  nearly  concentric  conduct- 
ing vessel,  are  solved  in  detail.  The  coefficients  of  capacity  and  induction  of  two  spherical 
conductors  are  investigated  by  spherical  harmonics.  Chapter  xi.  contains  examples  of  the 
method  of  images  and  inversion.  Chapter  xn.  contains  a  number  of  examples  of  conjugate 
functions,  some  being  of  special  importance  in  the  theory  of  electrostatic  instruments. 

J.  J.  Thomson.     Recent  Researches  in  Electricity  and  Magnetism. 

Chapter  in.  contains  important  examples  of  conjugate  function  transformations.  In 
particular  problems  are  solved  which  enable  us  to  estimate  the  effect  on  the  capacity  of  a 
condenser  produced  by  the  slit  between  a  guard  ring  and  the  moveable  plate  of  the  con- 
denser.    Transformations  are  given  which  solve  the  problems  of  (i)  a  condenser  formed  by 
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two  parallel  and  equal  plates  of  finite  breadth  ;  (ii)  a  condenser  formed  by  two  parallel  and 
equal  strips  placed  in  the  same  plane ;  (iii)  a  pile  of  plates ;  (iv)  a  system  of  2n  plates 
arranged  radially  at  angles  ir/n  with  one  another,  alternate  plates  being  at  the  same  potential. 

Kirchhoff.     Gesammelte  abhandlungen. 

A  formula  is  given  for  the  capacity  of  two  circular  plates  of  an  uniform  thickness  placed 
coaxially  at  any  distance  apart. 

EXAMPLES. 

1.  An  infinite  conducting  plane  at  zero  potential  is  under  the  influence  of  a  charge  of 
electricity  at  a  point  0.  Shew  that  the  charge  on  any  area  of  the  plane  is  proportional  to 
the  angle  it  subtends  at  0. 

2.  A  charged  particle  is  placed  in  the  space  between  two  uninsulated  planes  which 
intersect  at  right  angles.  Sketch  the  sections  of  the  equipotentials  made  by  an  imaginary 
plane  through  the  charged  particle,  at  right  angles  to  the  planes. 

3.  In  question  2,  let  the  particle  have  a  charge  e,  and  be  equidistant  from  the  planes. 
Shew  that  the  total  charge  on  a  strip,  of  which  one  edge  is  the  line  of  intersection  of  the 
planes,  and  of  which  the  width  is  equal  to  the  distance  of  the  particle  from  this  line  of 
intersection,  is  —  \e. 

4.  In  question  3,  the  strip  is  insulated  from  the  remainder  of  the  planes,  these  being 
still  to  earth,  and  the  particle  is  removed.  Find  the  potential  at  the  point  formerly 
occupied  by  the  particle,  produced  by  raising  the  strip  to  potential    V. 

5.  If  two  infinite  plane  uninsulated  conductors  meet  at  an  angle  of  60°,  and  there  is  a 
charge  e  at  a  point  equidistant  from  each,  and  distant  r  from  the  line  of  intersection,  find 
the  electrification  at  any  point  of  the  planes.  Shew  that  at  a  point  in  a  principal  plane 
through  the  charged  point  at  a  distance  r^/3  from  the  line  of  intersection,  the  surface 

density  is 

3         1 

+  , 


47rr2  \4      7  J7 

6.  Two  small  pith  balls,  each  of  mass  m,  are  connected  by  a  light  insulating  rod. 
The  rod  is  supported  by  parallel  threads,  and  hangs  in  a  horizontal  position  in  front  of  an 
infinite  vertical  plane  at  potential  zero.  If  the  balls  when  charged  with  e  units  of 
electricity  are  at  a  distance  a  from  the  plate,  equal  to  half  the  length  of  the  rod,  shew 
that  the  inclination  6  of  the  strings  to  the  vertical  is  given  by 


e2 
tan<9  =  - s  -(1 


A' 


Amga2  \        2*/ 

7.  What  is  the  least  positive  charge  that  must  be  given  to  a  spherical  conductor, 
insulated  and  influenced  by  an  external  point-charge  e  at  distance  r  from  its  centre,  in 
order  that  the  surface  density  may  be  everywhere  positive? 

8.  An  uninsulated  conducting  sphere  is  under  the  influence  of  an  external  electric 
charge ;  find  the  ratio  in  which  the  induced  charge  is  divided  between  the  part  of  its 
surface  in  direct  view  of  the  external  charge  and  the  remaining  part. 

9.  A  point-charge  e  is  brought  near  to  a  spherical  conductor  of  radius  a  having  a 
charge  E.     Shew  that  the  particle  will  be  repelled  by  the  sphere,  unless  its  distance  from 

the  nearest  point  of  its  surface  is  less  than  \a  */  ~p%  approximately. 
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10.  A  hollow  conductor  has  the  form  of  a  quarter  of  a  sphere  bounded  by  two 
perpendicular  diametral  planes.  Find  the  image  of  a  charge  placed  at  any  point 
inside. 

11.  A  conducting  surface  consists  of  two  infinite  planes  which  meet  at  right  angles, 
and  a  quarter  of  a  sphere  of  radius  a  fitted  into  the  right  angle.  If  the  conductor  is  at  zero 
potential,  and  a  point-charge  e  is  symmetrically  placed  with  regard  to  the  planes  and  the 
spherical  surface  at  a  great  distance  /  from  the  centre,  shew  that  the  charge  induced  on 
the  spherical  portion  is  approximately  —  beaPjirf3. 

12.  A  point-charge  is  placed  in  front  of  an  infinite  slab  of  dielectric,  bounded  by  a 
plane  face.  The  angle  between  a  line  of  force  in  the  dielectric  and  the  normal  to  the  face 
of  the  slab  is  a ;  the  angle  between  the  same  two  lines  in  the  immediate  neighbourhood  of 
the  charge  is  /3.     Prove  that  a,  /3  are  connected  by  the  relation 


.13  /  2k      .    a 

Sm2  =  VmSm2' 


13.  An  electrified  particle  is  placed  in  front  of  an  infinitely  thick  plate  of  dielectric. 
Shew  that  the  particle  is  urged  towards  the  plate  by  a  force 

k  +  1  4J2' 
where  d  is  the  distance  of  the  point  from  the  plate. 

14.  Two  dielectrics  of  inductive  capacities  kj  and  k2  are  separated  by  an  infinite  plane 
face.  Charges  eu  e2  are  placed  at  points  on  a  line  at  right  angles  to  the  plane,  each  at  a 
distance  a  from  the  plane.  Find  the  forces  on  the  two  charges,  and  explain  why  they  are 
unequal. 

15.  Two  conductors  of  capacities  cx,  c2  in  air  are  on  the  same  normal  to  the  plane 
boundary  between  two  dielectrics  kj,  k2,  at  great  distances  a,  b  from  the  boundary.  They 
are  connected  by  a  thin  wire  and  charged.  Prove  that  the  charge  is  distributed  between 
them  approximately  in  the  ratio 

Kj  — k2  2kj  J 


Kltc2     2b(Kt  +  K2)      (K1  +  K2)(a  +  b)rK2\c 


C!      2a(n1  +  n2)      (Kl  +  K2)(a  +  b)} 

16.  A  thin  plane  conducting  lamina  of  any  shape  and  size  is  under  the  influence  of  a 
fixed  electrical  distribution  on  one  side  of  it.  If  <ri  be  the  density  of  the  induced  charge 
at  a  point  P  on  the  side  of  the  lamina  facing  the  fixed  distribution,  and  <r2  that  at  the 
corresponding  point  on  the  other  side,  prove  that  <n  —  <r2  =  cr0,  where  o-0  is  the  density  at  P 
of  the  distribution  induced  on  an  infinite  plane  conductor  coinciding  with  the  lamina. 

17.  An  infinite  plate  with  a  hemispherical  boss  of  radius  a  is  at  zero  potential  under 

the  influence  of  a  point-charge  e  on  the  axis  of  the  boss  distant /from  the  plate.    Find  the 

surface  density  at  any  point  of  the  plate,  and  shew  that  the  charge  is  attracted  towards 

the  plate  with  a  force 

e2         4e2a3/3 


4/2      (/4-a4)2* 

18.  A  conductor  is  formed  by  the  outer  surfaces  of  two  equal  spheres,  the  angle 
between  their  radii  at  a  point  of  intersection  being  277/3.  Shew  that  the  capacity  of  the 
conductor  so  formed  is 

5^/3-4 


where  a  is  the  radius  of  either  sphere. 


2N/3     "> 
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19.  Within  a  spherical  hollow  in  a  conductor  connected  to  earth,  equal  point-charges 
e  are  placed  at  equal  distances  /  from  the  centre,  on  the  same  diameter.  Shew  that  each 
is  acted  on  by  a  force  equal  to 

r_4«^3_     i -i 

L(«4-/4)2  +  4/2j' 

20.  A  hollow  sphere  of  sulphur  (of  inductive  capacity  3)  whose  inner  radius  is  half  its 
outer  is  introduced  into  a  uniform  field  of  electric  force.  Prove  that  the  intensity  of  the 
field  in  the  hollow  will  be  less  than  that  of  the  original  field  in  the  ratio  27  :  34. 

21.  A  conducting  spherical  shell  of  radius  a  is  placed,  insulated  and  without  charge, 
in  a  uniform  field  of  electric  force  of  intensity  F.  Shew  that  if  the  sphere  be  cut  into  two 
hemispheres  by  a  plane  perpendicular  to  the  field,  these  hemispheres  tend  to  separate  and 
require  forces  equal  to  -^cPF2  to  keep  them  together. 

22.  An  uncharged  insulated  conductor  formed  of  two  equal  spheres  of  radius  a 
cutting  one  another  at  right  angles,  is  placed  in  a  uniform  field  of  force  of  intensity  F, 
with  the  line  joining  the  centres  parallel  to  the  lines  of  force.  Prove  that  the  charges 
induced  on  the  two  spheres  are  ^Fa2  and  —  ^Fa2. 

23.  A  conducting  plane  has  a  hemispherical  boss  of  radius  a,  and  at  a  distance /from 
the  centre  of  the  boss  and  along  its  axis  there  is  a  point-charge  e.  If  the  plane  and  the 
boss  be  kept  at  zero  potential,  prove  that  the  charge  induced  on  the  boss  is 


-Ji._/l=gLl 


24.  A  conductor  is  bounded  by  the  larger  portions  of  two  equal  spheres  of  radius  a 
cutting  at  an  angle  ^tt,  and  of  a  third  sphere  of  radius  c  cutting  the  two  former 
orthogonally.     Shew  that  the  capacity  of  the  conductor  is 

c  +  a(f-I  V3)-«c{2(a2  +  c2)-^-2(a2  +  3c2)-*  +  (a2  +  4c2)~^}. 

25.  A  spherical  conductor  of  internal  radius  6,  which  is  uncharged  and  insulated, 
surrounds  a  spherical  conductor  of  radius  a,  the  distance  between  their  centres  being  c, 
which  is  small.  The  charge  on  the  inner  conductor  is  E.  Find  the  potential  function 
for  points  between  the  conductors,  and  shew  that  the  surface  density  at  a  point  P  on  the 
inner  conductor  is 


E_  /I  _  3c  cos  6\ 
4n\a2      b*-a3)' 


where  8  is  the  angle  that  the  radius  through  P  makes  with  the  line  of  centres,  and  terms 
in  c2  are  neglected. 

26.  If  a  particle  charged  with  a  quantity  e  of  electricity  be  placed  at  the  middle  point 
of  the  line  joining  the  centres  of  two  equal  spherical  conductors  kept  at  zero  potential, 
shew  that  the  charge  induced  on  each  sphere  is 

-  2em  (l-m  +  m2-  3m3  -f  4m4), 

neglecting  higher  powers  of  m,  which  is  the  ratio  of  the  radius  to  the  distance  between  the 
centres  of  the  spheres. 

27.  Two  insulated  conducting  spheres  of  radii  a,  b,  the  distance  c  of  whose  centres 
is  large  compared  with  a  and  b,  have  charges  Eu  E2  respectively.  Shew  that  the  potential 
energy  is  approximately 

J.  19 
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28.  Shew  that  the  force  between  two  insulated  spherical  conductors  of  radius  a  placed 
in  an  electric  field  of  uniform  intensity  F  perpendicular  to  their  line  of  centres  is 

c4  \         c3        c° 
c  being  the  distance  between  their  centres. 

29.  Two  uncharged  insulated  spheres,  radii  a,  b,  are  placed  in  a  uniform  field  of  force 
so  that  their  line  of  centres  is  parallel  to  the  lines  of  force,  the  distance  c  between  their 
centres  being  great  compared  with  a  and  b.  Prove  that  the  surface  density  at  the  point 
at  which  the  line  of  centres  cuts  the  first  sphere  (a)  is  approximately 

F    (        GZ>3      15a&3      28a263      57a363  1 

■&y  +  -jT  +  -?-+-ji-+-jr-+"'r 

30.  A  conducting  sphere  of  radius  a  is  embedded  in  a  dielectric  (K)  whose  outer 

boundary  is  a  concentric  sphere  of  radius  2a.     Shew  that  if  the  system  be  placed  in 

a  uniform   field   of  force  F,  equal   quantities  of  positive  and  negative   electricity  are 

separated  of  amount 

9Fa*K 

5/i +7  ' 

31.  A  sphere  of  glass  of  radius  a  is  held  in  air  with  its  centre  at  a  distance  c  from  a 
point  at  which  there  is  a  positive  charge  e.     Prove  that  the  resultant  attraction  is 

where  /9  =  (A-1)/(A+1). 

32.  A  conducting  spherical  shell  of  radius  a  is  placed,  insulated  and  without  charge, 
in  a  uniform  field  of  force  of  intensity  F.  Shew  that  if  the  sphere  be  cut  into  two 
hemispheres  by  a  plane  perpendicular  to  the  field,  a  force  ^  a2F2  *3  required  to  prevent 
the  hemispheres  from  separating. 

33.  A  spherical  shell,  of  radii  a,  b  and  inductive  capacity  K,  is  placed  in  a  uniform 
field  of  force  F.     Shew  that  the  force  inside  the  shell  is  uniform  and  equal  to 

9KF 

9A-2(A-l)-2(63/a3-l)* 

34.  The  surface  of  a  conductor  being  one  of  revolution  whose  equation  is 

4     1       7_ 

r  +  r  ~  12  ' 

where  r,  r'  are  the  distances  of  any  point  from  two  fixed  points  at  distance  8  apart,  find 
the  electric  density  at  either  vertex  when  the  conductor  has  a  given  charge. 


35.     The  curve 


9a  f         a  +  x  a  —  x        11 


when  rotated  round  the  axis  of  x  generates  a  single  closed  surface,  which  is  made  the 
bounding  surface  of  a  conductor.  Shew  that  its  capacity  will  be  a,  and  that  the  surface 
density  at  the  end  of  the  axis  will  be  e/dna2,  where  e  is  the  total  charge. 

36.     Two  equal  spheres  each  of  radius  a  are  in  contact.     Shew  that  the  capacity  of  the 
conductor  so  formed  is  2a  loge  2. 
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37.     Two  spheres  of  radii  a,  b  are  in  contact,  a  being  large  compared  with  b.     Shew 
that  if  the  conductor  so  formed  is  raised  to  potential  V,  the  charges  on  the  two  spheres  are 


Va    1  -  — — -jr    and  la     -r- — -^   . 
\        6(a  +  6)V  \G(a  +  b)y 


33.  A  conducting  sphere  of  radius  a  is  in  contact  with  an  infinite  conducting  plane. 
Shew  that  if  a  unit  point-charge  be  placed  beyond  the  sphere  and  on  the  diameter  through 
the  point  of  contact  at  distance  c  from  that  point,  the  charges  induced  on  the  plane  and 
sphere  are 


■KCL         ,    TT<X  ,     TTtt  .    TTCL 

cot  —  and  —  cot 1. 

c  c  c  c 


39.  Prove  that  if  the  centres  of  two  equal  uninsulated  spherical  conductors  of  radius 
a  be  at  a  distance  2c  apart,  the  charge  induced  on  each  by  a  unit  charge  at  a  point 
midway  between  them  is 


where  c=acosh  a. 


2  (-l)nsech«a, 
l 


40.  Shew  that  the  capacity  of  a  spherical  conductor  of  radius  a,  with  its  centre  at  a 
distance  c  from  an  infinite  conducting  plane,  is 

QO 

a  sinh  a  2  cosech  wa, 
i 
where  c  =  a  cosh  a. 

41  An  insulated  conducting  sphere  of  radius  a  is  placed  midway  between  two 
parallel  infinite  uninsulated  planes  at  a  great  distance  2c  apart.  Neglecting  ( -  J  ,  shew 
that  the  capacity  of  the  sphere  is  approximately 


a|l+|log2J. 


42     Two  spheres  of  radii  r1}  r2  touch  each  other,  and  their  capacities  in  this  position 
are  cx,  c2.     Shew  that 


fool  ool  col  ■) 


where  /=  — —  . 

J     rx  +  r2 

43.  A  conducting  sphere  of  radius  a  is  placed  in  air,  with  its  centre  at  a  distance  e 
from  the  plane  face  of  an  infinite  dielectric.     Shew  that  its  capacity  is 

oo  /X-IV1-1 
a  sinh  a  T  (  t^ — ;  I        cosech  na, 
7  \A  + 1/ 

where  a=cja. 

44.  A  point-charge  e  is  placed  between  two  parallel  uninsulated  infinite  conducting 
planes,  at  distances  a  and  b  from  them  respectively.  Shew  that  the  potential  at  a  point 
between  the  planes  which  is  at  a  distance  z  from  the  charge  and  is  on  the  line  through  the 
charge  perpendicular  to  the  planes  is 

\2a  +  2b)  \2a  +  2b)  \2a  +  2bJ       '   V    2a  +  2b   J  \ 


+    ;„..   .:  + 


{      l    \2a  +  2bJ  \2a  +  2bJ  \2a  +  2bJ  \ 


19—2 
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45.  A  spherical  conductor  of  radius  a  is  surrounded  by  a  uniform  dielectric  A",  which 
is  bounded  by  a  sphere  of  radius  b  having  its  centre  at  a  small  distance  y  from  the  centre 
of  the  conductor.  Prove  that  if  the  potential  of  the  conductor  is  V,  and  there  are  no 
other  conductors  in  the  field,  the  surface  density  at  a  point  where  the  radius  makes  an 
angle  6  with  the  line  of  centres  is 


KVb  f  6(iT-l)ya8cos0 


}• 


47ra{(ff-l)o  +  6}  \    ^2(K-l)a3  +  (K+2)b3. 

46.  A  shell  of  glass  of  inductive  capacity  A,  which  is  bounded  by  concentric  spherical 
surfaces  of  radii  a,  b  (a<b\  surrounds  an  electrified  particle  with  charge  E  which  is  at  a 
point  Q  at  a  small  distance  c  from  0,  the  centre  of  the  spheres.  Shew  that  the  potential 
at  a  point  P  outside  the  shell  at  a  distance  r  from  Q  is  approximately 

E  2Eo(b3-a3)(K-lf  cos  (9 

r  +  2a3  (K-lf-b3  (K+2)  (2K+1)    r2    ' 

where  6  is  the  angle  which  QP  makes  with  OQ  produced. 

47.  If  the  centres  of  the  two  shells  of  a  spherical  condenser  be  separated  by  a  small 
distance  d,  prove  that  the  capacity  is  approximately 


ab    (  abd2        "1 

b^a  \    +  (b-a){V-a?)) ' 


b 

48.  A  condenser  is  formed  of  two  spherical  conducting  sheets,  one  of  radius  b 
surrounding  the  other  of  radius  a.  The  distance  between  the  centres  is  c,  this  being  so 
small  that  (c/a)2  may  be  neglected.  The  surface  densities  on  the  inner  conductor  at  the 
extremities  of  the  axis  of  symmetry  of  the  instrument  are  <ri,  0-2,  and  the  mean  surface 
density  over  the  inner  conductor  is  a.     Prove  that 

o"2  ~  o"i       6ca2 


cr 


b3- 


49.  The  equation  of  the  surface  of  a  conductor  is  r  =  a  (1  +  ePn),  where  e  is  very  small, 
and  the  conductor  is  placed  in  a  uniform  field  of  force  F  parallel  to  the  axis  of  harmonics. 
Shew  that  the  surface  density  of  the  induced  charge  at  any  point  is  greater  than  it  would 
be  if  the  surface  were  perfectly  spherical,  by  the  amount 

4<r8(2n  +  l){(w+1)i>^1  +  (w-2)i>"-|}- 

50.  A  conductor  at  potential  V  whose  surface  is  of  the  form  r=a(l  +  ePn)  is  sur- 
rounded by  a  dielectric  (A")  whose  boundary  is  the  surface  r=b  (1  +rjPn),  and  outside  this 
the  dielectric  is  air.     Shew  that  the  potential  in  the  air  at  a  distance  r  from  the  origin  is 


Kab  V 


1      (2n  +  l)eanb2n  +  1  +  (K-l)r1bn{nb2n  +  1  +  (n  +  l)a'in  +  l}  Pn 


(K-l)a  +  b\_i-  (l  +  n  +  »A')6s*  +  1  +  (A'-l)(n  +  l)oa»  +  l  r 

where  squares  and  higher  powers  of  e  and  77  are  neglected. 


«■]. 


51.     The  surface  of  a  conductor  is  nearly  spherical,  its  equation  being 

r  =  a  (1  +  oSy, 

where  e  is  small.  Shew  that  if  the  conductor  is  uninsulated,  the  charge  induced  on 
it  by  a  unit  charge  at  a  distance  /  from  the  origin  aud  of  angular  coordinates  6,  <f>  is 
approximately 
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52.  A  uniform  circular  wire  of  radius  a  charged  with  electricity  of  line  density  e 
surrounds  an  uninsulated  concentric  spherical  conductor  of  radius  c ;  prove  that  the 
electrical  density  at  any  point  of  the  surface  of  the  conductor  is 

53.  A  dielectric  sphere  is  surrounded  by  a  thin  circular  wire  of  larger  radius  b 
carrying  a  charge  E.     Prove  that  the  potential  within  the  sphere  is 

^LS,     1Vl,         1+4^         1.3.5...2n-l  /r\*»        \ 
*  1        i     ~        1+2»(1  +  Z)     2.4.6...2«     W        2nJ* 

54.  If  within  a  conductor  formed  by  a  cone  of  semi-vertical  angle  cos-1  fx0  and  two 
spherical  surfaces  r=a,  r  =  b  with  centres  at  the  vertex  of  the  cone,  a  charge  q  on  the  axis 
at  distance  r'  from  the  vertex  gives  potential  V,  and  if  we  write 

*  a 

r=ae~\     V=Ue2,     Xo=log-^> 

mn  u  n 

the  summation  with  respect  to  m  extending  to  all  positive  integers,  and  that  with  respect 
to  n  to  all  numbers  integral  or  fractional  for  which  Pn  (^0)  =  0,  determine  Amn.  Effecting 
the  summation  with  respect  to  m,  shew  that  when  r  <  /, 

and  that  when  r>r', 

55.  A  spherical  shell  of  radius  a  with  a  little  hole  in  it  is  freely  electrified  to  potential 
V.  Prove  that  the  charge  on  its  inner  surface  is  less  than  VS/8ira,  where  S  is  the  area  of 
the  hole. 

56.  A  thin  spherical  conducting  shell  from  which  any  portions  have  been  removed  is 
freely  electrified.  Prove  that  the  difference  of  densities  inside  and  outside  at  any  point  is 
constant. 

57.  Electricity  is  induced  on  an  uninsulated  spherical  conductor  of  radius  a,  by  a 
uniform  surface  distribution,  density  <r,  over  an  external  concentric  non-conducting 
spherical  segment  of  radius  c.  Prove  that  the  surface  density  at  the  point  A  of  the 
conductor  at  the  nearer  end  of  the  axis  of  the  segment  is 

where  B  is  the  point  of  the  segment  on  its  axis,  and  D  is  any  point  on  its  edge. 

58.  Two  conducting  discs  of  radii  a,  a'  are  fixed  at  right  angles  to  the  line  which 
joins  their  centres,  the  length  of  this  line  being  r,  large  compared  with  a.  If  the  first 
have  potential  V  and  the  second  is  uninsulated,  prove  that  the  charge  on  the  first  is 

2anr9-  V 
7r2r2  —  4aa'' 

59.  A  spherical  conductor  of  diameter  a  is  kept  at  zero  potential  in  the  presence  of  a 
fine  uniform  wire,  in  the  form  of  a  circle  of  radius  c  in  a  tangent  plane  to  the  sphere  with 
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its  centre  at  the  point  of  contact,  which  has  a  charge  E  of  electricity;  prove  that  the 
electrical  density  induced  on  the  sphere  at  a  point  whose  direction  from  the  centre  of  the 
ring  makes  an  angle  -ty  with  the  normal  to  the  plane  is 

c2E  sec3  its  f2*  k    i 

-       /,    Y        (a2  +  c*  sec2  ylt-  2ae  tan  4,  cos  6) "  *  dO. 

60.  Prove  that  the  capacity  of  a  hemispherical  shell  of  radius  a  is 

61.  Prove  that  the  capacity  of  an  elliptic  plate  of  small  eccentricity  e  and  area  A  is 
approximately 


x/®§(^*«)- 


62.  A  circular  disc  of  radius  a  is  under  the  influence  of  a  charge  q  at  a  point  in  its 
plane  at  distance  b  from  the  centre  of  the  disc.  Shew  that  the  density  of  the  induced 
distribution  at  a  point  on  the  disc  is 


q  /&-<& 


2n2R2  V  a2-/-*' 
where  r,  R  are  the  distances  of  the  point  from  the  centre  of  the  disc  and  the  charge. 

63.  An  ellipsoidal  conductor  differs  but  little  from  a  sphere.  Its  volume  is  equal  to 
that  of  a  sphere  of  radius  r,  its  axes  are  2r(l  +  a),  2r(l+/3),  2r(l+y).  Shew  that  neg- 
lecting cubes  of  a,  /3,  y,  its  capacity  is 

64.  A  prolate  conducting  spheroid,  semi-axes  a,  b,  has  a  charge  E  of  electricity.  Shew 
that  repulsion  between  the  two  halves  into  which  it  is  divided  by  its  diametral  plane  is 

E2       ,      a 
log- 


4(a2-62)     &6" 

Determine  the  value  of  the  force  in  the  case  of  a  sphere. 

65.  One  face  of  a  condenser  is  a  circular  plate  of  radius  a :  the  other  is  a  segment  of 
a  sphere  of  radius  R,  R  being  so  large  that  the  plate  is  almost  flat.  Shew  that  the 
capacity  is  ^KR\ogtilt0  where  ti,  t0  are  the  thickness  of  dielectric  at  the  middle  and  edge 
of  the  condenser.     Determine  also  the  distribution  of  the  charge. 

66.  A  thin  circular  disc  of  radius  a  is  electrified  with  charge  E  and  surrounded  by  a 
spheroidal  conductor  with  charge  E1 ,  placed  so  that  the  edge  of  the  disc  is  the  locus  of  the 
focus  S  of  the  generating  ellipse.     Shew  that  the  energy  of  the  system  is 

2   a  2        a 

B  being  an  extremity  of  the  polar  axis  of  the  spheroid,  and  G  the  centre. 

67.  If  the  two  surfaces  of  a  condenser  are  concentric  and  coaxial  oblate  spheroids  of 
small  ellipticities  e  and  <■'  and  polar  axes  2c  and  2c',  prove  that  the  capacity  is 

CC'  (C  -c)-*{c'-C+$  (ec'  -  e'c)}, 

neglecting  squares  of  the  ellipticities ;   and  find  the  distribution  of  electricity  on  each 
Burface  to  the  same  order  .of  approximation. 
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68.  An  accumulator  is  formed  of  two  confocal  prolate  spheroids,  and  the  specific 
inductive  capacity  of  the  dielectric  is  A7/ur,  where  cr  is  the  distance  of  any  point  from  the 
axis.     Prove  that  the  capacity  of  the  accumulator  is 

where  a,  b  and  au  bt  are  the  semi-axes  of  the  generating  ellipses. 

69.  A  thin  spherical  bowl  is  formed  by  the  portion  of  the  sphere  #2+y2+z2  =  as 

!*>&  qji,  £j2 

bounded  by  and  lying  within  the  cone  — -2  +  t»  =  -2,  and  is  put  in  connection  with  the  earth 

(X"  0"  C" 

by  a  fine  wire.  0  is  the  origin,  and  C,  diametrically  opposite  to  0,  is  the  vertex  of  the 
bowl ;  Q  is  any  point  on  the  rim,  and  P  is  any  point  on  the  great  circle  arc  CQ.  Shew 
that  the  surface  density  induced  at  P  by  a  charge  E  placed  at  0  is 

Ec  CQ 


where 


47ra&/0P"(0Pa-0$2)4' 
d6 


Jo    (a2 


(a2sin2(9  +  62cos2(9)^' 

70.  Three  long  thin  wires,  equally  electrified,  are  placed  parallel  to  each  other  so  that 
they  are  cut  by  a  plane  perpendicular  to  them  in  the  angular  points  of  an  equilateral 
triangle  of  side  sJZc ;  shew  that  the  polar  equation  of  an  equipotential  curve  drawn  on  the 

plane  is 

r6  +  c6-  2r3c3  cos  3$  =  constant, 

the  pole  being  at  the  centre  of  the  triangle  and  the  initial  line  passing  through  one  of  the 

wires. 

71.  A  flat  piece  of  corrugated  metal  (y  =  asinmx)  is  charged  with  electricity.  Find 
the  surface  density  at  any  point,  and  shew  that  it  exceeds  the  average  density  approxi- 
mately in  the  ratio  my  :  1. 

72.  A  long  hollow  cylindrical  conductor  is  divided  into  two  parts  by  a  plane  through 
the  axis,  and  the  parts  are  separated  by  a  small  interval.  If  the  two  parts  are  kept  at 
potentials  Vx  and  V2,  the  potential  at  any  point  within  the  cylinder  is 

2  7T  a2-?-2 

where  r  is  the  distance  from  the  axis,  and  <9  is  the  angle  between  the  plane  joining  the 
point  to  the  axis  and  the  plane  through  the  axis  normal  to  the  plane  of  separation. 

73.  Shew  that  the  capacity  per  unit  length  of  a  telegraph  wire  of  radius  a  at  height  h 
above  the  surface  of  the  earth  is  

71  An  electrified  line  with  charge  e  per  unit  length  is  parallel  to  a  circular  cylinder 
of  radius  a  and  inductive  capacity  K,  the  distance  of  the  wire  from  the  centre  of  the 
cylinder  being  c.     Shew  that  the  force  on  the  wire  per  unit  length  is 

K-l      4aV 

K+l  c(c2-a2)' 

75.  A  cylindrical  conductor  of  infinite  length,  whose  cross-section  is  the  outer 
boundary  of  three  equal  orthogonal  circles  of  radius  a,  has  a  charge  e  per  unit  length. 
Prove  that  the  electric  density  at  distance  r  from  the  axis  is 

e     (3r2  +  a2)(3r2-a2-\/6ar)(3r2-a2+v/6a/-) 
6^a  r2(9r4-3a2r2  +  a4) 
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76.     If  the  cylinder  xi+yi  =  ai  be  freely  charged,  shew  that  in  free  space  the  resultant 
force  varies  as 

/  a8\  ~  * 

(  r4  +  2a4cos4<9  +  -^)      , 

where  x=r  cos  6,  y  =  r  sin  8 ;  and  that  its  direction  makes  with  the  axis  of  x  an  angle 

r4  —  a*  \  2 


-. -.  tan  2(9 

r4  +  a4 


77.  If  (f)  +  i\ls=f(x  +  iy),  and  the  curves  for  which  <£  =  constant  be  closed,  shew  that 
the  capacity  C  of  a  condenser  with  boundary  surfaces  0  =  <£i,  <£  =  $o  i3 

KM 
4tt  (0i -0o) 

per  unit  length,  where  [\^]  is  the  increment  of  ■v|/-  on  passing  once  round  a  0-curve. 

78.  Using  the  transformation  x + iy  =  c cot \ (U+iV),  shew  that  the  capacity  C  per 
unit  length  of  a  condenser  formed  by  two  right  circular  cylinders  (radii  a,  b),  one  inside 
the  other,  with  parallel  axes  at  a  distance  d  apart,  is  given  by 


^=2-"-'(t) 


79.  A  plane  infinite  electric  grating  is  made  of  equal  and  equidistant  parallel  thin 
metal  plates,  the  distance  between  their  successive  central  lines  being  tt,  and  the  breadth 

of  each  plate  2  sin  ~ l  ( -=  j .      Shew  that  when   the  grating  is  electrified  to  constant 

potential,  the  potential  and  charge  functions  V,  U  in  the  surrounding  space  are  given 
by  the  equation 

sin  ( U+  iV)  —  K sin  (x+iy). 

Deduce  that,  when  the  grating  is  to  earth  and  is  placed  in  a  uniform  field  of  force  of  unit 
intensity  at  right  angles  to  its  plane,  the  charge  and  potential  functions  of  the  portion  of 
the  field  which  penetrates  through  the  grating  are  expressed  by 

U+iV-(x+ty), 

and  expand  the  potential  in  the  latter  problem  in  a  Fourier  Series. 

80.  A  cylinder  whose  cross-section  is  one  branch  of  a  rectangular  hyperbola  is 
maintained  at  zero  potential  under  the  influence  of  a  line-charge  parallel  to  its  axis 
and  on  the  concave  side.  Prove  that  the  image  consists  of  three  such  line  charges,  and 
hence  find  the  density  of  the  induced  distribution. 

81.  A  cylindrical  space  is  bounded  by  two  coaxial  and  confocal  parabolic  cylinders, 
whose  latera  recta  are  4a  and  4b,  and  a  uniformly  electrified  line  which  is  parallel  to  the 
generators  of  the  cylinder  intersects  the  axes  which  pass  through  the  foci  in  points  distant 
c  from  them  (a>c>  b).    Shew  that  the  potential  throughout  the  space  is 


A  log 


wr"  cos  -  77- 1  r-  sin  - 

cosh  "■  —  cos 


•J 


7T7-  cos  -  77- 1  v  sin  -  +  c^-a-  -b*  1 1 

cosh  -  +  cos  x ,  | 

c^-64  a?-b*  J 


where  r,  0  are  polar  coordinates  of  a  section,  the  focus  being  the  pole.     Determine  A  in 
terms  of  the  electrification  per  unit  length  of  the  line. 
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82.  An  infinitely  long  elliptic  cylinder  of  inductive  capacity  K,  given  by  g  =  a  where 
x+ iy = c  cosh  (£+ it]),  is  in  a  uniform  field  P  parallel  to  the  major  axis  of  any  section. 
Shew  that  the  potential  at  any  point  inside  the  cylinder  is 

p    1-fcotha 
A-fcoth  a* 

83.  Two  insulated  uncharged  circular  cylinders  outside  each  other,  given  by  rj  =  a  and 
r/=  —  8  where  x  +  iy=ctsm  ^(i  +  ir]),  are  placed  in  a  uniform  field  of  force  of  potential  Fx. 
Shew  that  the  potential  due  to  the  distribution  on  the  cylinders  is 

ofv,     xnew(,,"a)sinhn/3  +  e-w(,?+^sinhna   .       _ 
x  N     '  sinh?i(a  +  /3)  s 

84     Two  circular  cylinders  outside  each  other,  given  by  r/=a  and  t)=  —  8  where 

a;+t>=ctanf  (f+iij), 

are  put  to  earth  under  the  influence  of  a  line-charge  E  on  the  line  x=0,  y  =  0.  Shew  that 
the  potential  of  the  induced  charge  outside  the  cylinders  is 

.  r,v  1  e~wasinh  n(n  +  8)  +  e~n   sinhrc  (a-n) 

-  4A2, ■£,    ,  s\ " cos  n£  +  constant, 

n  sinh  n(a  +  8)  s  ' 

the  summation  being  taken  for  all  odd  positive  integral  values  of  n. 

85.  The  cross-sections  of  two  infinitely  long  metallic  cylinders  are  the  curves 

(#2+#2  +  c2)2-4e2.£2=a4  and  (.r2+y2  +  c2)2-4c2a72  =  &*, 

where  h>a>c.  If  they  are  kept  at  potentials  V1  and  V2  respectively,  the  intervening 
space  being  filled  with  air,  prove  that  the  surface  densities  per  unit  length  of  the 
electricity  on  the  opposed  surfaces  are 

Vl~V\  J^+tf  and     Fg~  Y\  v^+? 
47ra2  log  -  47r62  los;  - 

respectively. 

86.  What  problems  are  solved  by  the  transformation 

1 

where  a  >  1  ? 

87.  What  problem  in  Electrostatics  is  solved  by  the  transformation 

x  +  iy  =  en  (4>  +  i^), 
where  \^  is  taken  as  the  potential  function,  <£  being  the  function  conjugate  to  it  ? 

88.  One  half  of  a  hyperbolic  cylinder  is  given  by  17=  ±tj1  ,  where  |  »?i  |  <^-,  and  £,  rj  are 

given  in  terms  of  the  Cartesian  coordinates  x,  y  of  a  principal  section  by  the  trans- 
formation 

x+iy  =  c  cosh  (£  +  irj). 

The  half-cylinder  is  uninsulated  and  under  the  influence  of  a  charge  of  density  E  per  unit 
length  placed  along  the  line  of  internal  foci  Prove  that  the  suri'ace  density  at  any  point 
of  the  cylinder  is 

-  El  ij^cm  cosh  ^-  Vcosh  2£  -  COS  2ny 
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89.  Verify  that,  if  r,  s  be  real  positive  constants,  z=x  +  iy,  a  =  pe1^,  -  =  -  +  -,  the 

C         i  s 

neld  of  force  outside  the  conductors  x2+y2  +  2sx=0,  x'z+y2-2rx=0  due  to  a  doublet  at 
the  point  z  =  a,  outside  both  the  circles,  of  strength  p,  and  inclination  a  to  the  axis,  is 
given  by  putting 

^+iF=^|e*-(--2«COtCff(I-iVe-««-^COtCff(I-I)}, 

where  z=a0  is  the  inverse  point  to  2= a  with  regard  to  either  of  the  circles. 

90.  A  very  thin  indefinitely  great  conducting  plane  is  bounded  by  a  straight  edge  of 
indefinite  length,  and  is  connected  with  the  earth.  A  unit  charge  is  placed  at  a  point  P. 
Prove  that  the  potential  at  any  point  Q  due  to  the  charge  at  P  and  the  electricity  induced 
on  the  conducting  plane  is 

11        _,/      1         0-4A         11        _,/      1        <f>  +  4>' 


pn-cos-M cos  '  --7377;  -cos~M COS 

Pty  n  \      o-  2     J      P  Q  TT  \o-  2 

where  P'  is  the  image  of  P  in  the  plane,  the  cylindrical  coordinates  of  Q  and  P  are 
(r,  <p,  z),  (r',  <p',  z1),  the  straight  edge  is  the  axis  of  z,  the  angles  <f>,  <f>'  lie  between  0  and  2ir, 
(f>  =  0  on  the  conductor, 

f(r  +  r')2  +  (2-/)2l* 

*-\—4& j    ' 

and  those  values  of  the  inverse  functions  are  taken  which  lie  between  \ir  and  jr. 

91.  A  semi-infinite  conducting  plane  is  at  zero  potential  under  the  influence  of  an 
electric  charge  q  at  a  point  Q  outside  it.  Shew  that  the  potential  at  any  point  P  is 
given  by 

1 


'  2/7" 


{cosh,  -  cos  (*-«,)}    *tan-i^cQsh|;;_co3|^ 

/^      ,«-!,         ,        /cosh  in  +  COS  A  (6  +  d{)~\ 
-{cosh,-cos(^^)}    Han-  ^ -^—A^^t 

where  r,  8,  z  are  the  cylindrical  coordinates  of  the  point  P,  (rj,  dlf  0)  of  the  point  Q,  8-0 
is  the  equation  of  the  conducting  plane,  and 

2/Tj  cosh  t)  —  r3  +  rx2 + *2. 

Hence  obtain  the  potential  at  any  point  due  to  a  spherical  bowl  at  constant  potential, 
and  shew  that  the  capacity  of  the  bowl  is 

-jl+^4, 

7T   [         Sill  a) 

where  a  is  the  radius  of  the  aperture,  and  a  is  the  angle  subtended  by  this  radius  at  the 
centre  of  the  sphere  of  which  the  bowl  is  a  part. 

92.  A  thin  circular  conducting  disc  is  connected  to  earth  and  is  under  the  influence 
of  a  charge  q  of  electricity  at  an  external  point  P.  The  position  of  any  point  Q  is  denoted 
by  the  peri-polar  coordinates  p,  8,  0,  where  p  is  the  logarithm  of  the  ratio  of  the  distances 
from  Q  to  the  two  points  R,  S  in  which  a  plane  QBS  through  the  axis  of  the  disc  cuts  its 
rim,  8  is  the  angle  RQS,  and  <p  is  the  angle  the  plane  QRS  makes  with  a  fixed  plane 
through  the  axis  of  the  disc,  the  coordinate  8  having  values  between  -  n  and  +  ir,  and 
changing  from  +  ir  to  —  tt  in  passing  through  the  disc.  Prove  or  verify  that  the  potential 
of  the  charge  induced  on  the  disc  at  any  point  Q  (p,  8,  <p)  is 

~QP    2~nsiu~1^os^6~0^seoh^    ~QP'l 


-  +  -sin-1  {-cos£(#  +  #o)sech!«}    > 
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where  p0,  60,  cpQ  are  the  coordinates  of  P,  60  being  positive,  the  point  P'  is  the  optical 
image  of  P  in  the  disc,  a  is  given  by  the  equation 

cos  a  =  cosh  p  cosh  p0  —  sinh  p  sinh  p0  cos  ((p  —  <p0), 

and  the  smallest  values  of  the  inverse  functions  are  to  be  taken. 

Prove  that  the  total  charge  on  the  disc  is  - qdojir'. 

Explain  how  to  adapt  the  formula  for  the  potential  to  the  case  in  which  the  circular 
disc  is  replaced  by  a  spherical  bowl  with  the  same  rim. 

93.  Shew  that  the  potential  at  any  point  P  of  a  circular  bowl,  electrified  to  potential 
G,  is 

C  f  .      .      AB  OA  .     .  (OP         AB     \\ 

*  \am     AP+BP+0P8m~\0A  •  APTBP)\> 

where  0  is  the  centre  of  the  bowl,  and  A,  B  are  the  points  in  which  a  plane  through  P 
and  the  axis  of  the  bowl  cuts  the  circular  rim. 

Find  the  density  of  electricity  at  a  point  on  either  side  of  the  bowl  and  shew  that  the 

capacity  is 

a  .        .      . 
—  (a  +  sin  a), 

IT 

where  a  is  the  radius  of  the  sphere,  and  2a  is  the  angle  subtended  at  the  centre. 

94.  Two  spheres  are  charged  to  potentials  VQ  and  Vx.  The  ratio  of  the  distances  of 
any  point  from  the  two  limiting  points  of  the  spheres  being  denoted  by  ev  and  the  angle 
between  them  by  £,  prove  that  the  potential  at  the  point  £,  77  is 

sinh(n  +  |)(/3  +  »?) 
0 

+  VX  J{2  (cosh  ,  -  cos  Q)  2  sinh\n  +  llp  +  l}  P*  («»  0  •         *". 

where  77  =  a,  ij  =  -  /3  are  the  equations  of  the  spheres.     Hence  find  the  charge  on  either 
sphere. 


f.^c*«— eijffl&Slfcg'-.cfl'-^ 


CHAPTER  IX 

STEADY  CURRENTS   IN   LINEAR  CONDUCTORS 

Physical  Principles. 

338.  If  two  conductors  charged  with  electricity  to  different  potentials 
are  connected  by  a  conducting  wire,  we  know  that  a  flow  of  electricity  will 
take  place  along  the  wire.  This  flow  will  tend  to  equalise  the  potentials 
of  the  two  conductors,  and  when  these  potentials  become  equal  the  flow  of 
electricity  will  cease.  If  we  had  some  means  by  which  the  charges  on  the 
conductors  could  be  replenished  as  quickly  as  they  were  carried  away  by 
conduction  through  the  wire,  then  the  current  would  never  cease.  The  con- 
ductors would  remain  permanently  at  different  potentials,  and  there  would 
be  a  steady  flow  of  electricity  from  one  to  the  other.  Means  are  known  by 
which  two  conductors  can  be  kept  permanently  at  different  potentials,  so  that 
a  steady  flow  of  electricity  takes  place  through  any  conductor  or  conductors 
joining  them.  We  accordingly  have  to  discuss  the  mathematical  theory  of 
such  currents  of  electricity. 

We  shall  begin  by  the  consideration  of  the  flow  of  electricity  in  linear 
conductors,  by  a  linear  conductor  being  meant  one  which  has  a  definite 
cross-section  at  every  point.  The  commonest  instance  of  a  linear  conductor 
is  a  wire. 

339.  Definition.  The  strength  of  a  current  at  any  point  in  a  wire  or 
other  linear  conductor,  is  measured  by  the  number  of  units  of  electricity  which 
flow  across  any  cross-section  of  the  conductor  per  unit  time. 

If  the  units  of  electricity  are  measured  in  Electrostatic  Units,  then  the 
current  also  will  be  measured  in  Electrostatic  Units.  These,  however,  as  will 
be  explained  later,  are  not  the  units  in  which  currents  are  usually  measured 
in  practice. 

Let  P,  Q  be  two  cross-sections  of  a  linear  conductor  in  which  a  steady 
current  is  flowing,  and  let  us  suppose  that  no  other  conductors  touch  this 
conductor  between  P  and  Q.  Then,  since  the  current  is,  by  hypothesis, 
steady,  there  must  be  no  accumulation  of  electricity  in  the  region  of  the 
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conductor  between  P  and  Q.  Hence  the  rate  of  flow  into  the  section  of  the 
conductor  across  P  must  be  exactly  equal  to  the  rate  of  flow  out  of  this 
section  across  Q.  Or,  the  currents  at  P  and  Q  must  be  equal.  Hence  we 
speak  of  the  current  in  a  conductor,  rather  than  of  the  current  at  a  point  in 
a  conductor.  For,  as  we  pass  along  a  conductor,  the  current  cannot  change 
except  at  points  at  which  the  conductor  is  touched  by  other  conductors. 

Ohm's  Law. 

340.  In  a  linear  conductor  in  which  a  current  is  flowing,  we  have 
electricity  in  motion  at  every  point,  and  hence  must  have  a  continuous 
variation  in  potential  as  we  pass  along  the  conductor.  This  is  not  in 
opposition  to  the  result  previously  obtained  in  Electrostatics,  for  in  the 
previous  analysis  it  had  to  be  assumed  that  the  electricity  was  at  rest. 
In  the  present  instance,  the  electricity  is  not  at  rest,  being  in  fact  kept 
in  motion  by  the  difference  of  potential  under  discussion. 

The  analogy  between  potential  and  height  of  water  will  perhaps  help.  A  lake  in 
which  the  water  is  at  rest  is  analogous  to  a  conductor  in  which  electricity  is  in  equi- 
librium. The  theorem  that  the  potential  is  constant  over  a  conductor  in  which  electricity 
is  in  equilibrium,  is  analogous  to  the  hydrostatic  theorem  that  the  surface  of  still  water 
must  all  be  at  the  same  level.  A  conductor  through  which  a  current  of  electricity  is 
flowing  finds  its  analogue  in  a  stream  of  running  water.  Here  the  level  is  not  the  same  at 
all  points  of  the  river — it  is  the  difference  of  level  which  causes  the  water  to  flow.  The 
water  will  flow  more  rapidly  in  a  river  in  which  the  gradient  is  large  than  in  one  in 
which  it  is  small.     The  electrical  analogy  to  this  is  expressed  by  Ohm's  Law. 

Ohm's  Law.  The  difference  of  potential  between  any  two  points  of  a  wire 
or  other  linear  conductor  in  which  a  current  is  flowing,  stands  to  the  current 
flowing  through  the  conductor  in  a  constant  ratio,  which  is  called  the  resistance 
between  the  two  points. 

It  is  here  assumed  that  there  is  no  junction  with  other  conductors 
between  these  two  points,  so  that  the  current  through  the  conductor  is 
a  definite  quantity. 

341.  Thus  if  C  is  the  current  flowing  between  two  points  P,  Q  at  which 
the  potentials  are  VP,  VQ,  we  have 

VP-VQ=CR (264), 

where  R  is  the  resistance  between  the  points  P  and  Q.  Very  delicate 
experiments  have  failed  to  detect  any  variation  in  the  ratio 

(fall  of  potential)/(current), 

as  the  current  is  varied,  and  this  justifies  us  in  speaking  of  the  resistance  as 
a  definite  quantity  associated  with  the  conductor.  The  resistance  depends 
naturally  on  the  positions  of  the  two  points  by  which  the  current  enters  and 
leaves  the  conductor,  but  when  once  these  two  points  are  fixed  the  resistance 
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is  independent  of  the  amount  of  current.  In  general,  however,  the  resistance 
of  a  conductor  varies  with  the  temperature,  and  for  some  substances,  of  which 
selenium  is  a  notable  example,  it  varies  with  the  amount  of  light  falling  on 
the  conductor. 

The  Voltaic  Cell. 

342.  The  simplest  arrangement  by  which  a  steady  flow  of  electricity  can 
be  produced  is  that  known  as  a  Voltaic  Cell.  This  is  represented  diagram- 
matically  in  Fig.  95.     A  voltaic  cell  consists  essentially  of  two  conductors 


Fig.  95. 

A,  B  of  different  materials,  placed  in  a  liquid  which  acts  chemically  on  at 
least  one  of  them.  On  establishing  electrical  contact  between  the  two  ends 
of  the  conductors  which  are  out  of  the  liquid,  it  is  found  that  a  continuous 
current  flows  round  the  circuit  which  is  formed  by  the  two  conductors  and 
the  liquid,  the  energy  which  is  required  to  maintain  the  current  being 
derived  from  chemical  action  in  the  cell. 

To  explain  the  action  of  the  cell,  it  will  be  necessary  to  touch  on  a  subject 
of  which  a  full  account  would  be  out  of  place  in  the  present  book.  As  an 
experimental  fact  it  is  found  that  two  conductors  of  dissimilar  material,  when 
placed  in  contact,  have  different  potentials  when  there  is  no  flow  of  electricity 
from  one  to  the  other*,  although  of  course  the  potential  over  the  whole  of 
either  conductor  must  be  constant.  In  the  light  of  this  experimental  fact, 
let  us  consider  the  conditions  prevailing  in  the  voltaic  cell  before  the  two 
ends  a,  b  of  the  conductors  are  joined. 

So  long  as  the  two  conductors  A,  B  and  the  liquid  C  do  not  form  a  closed 
circuit,  there  can  be  no  flow  of  electricity.    Thus  there  is  electric  equilibrium, 

•  For  a  long  time  there  has  been  a  divergence  of  opinion  as  to  whether  this  difference  of 
potential  is  not  due  to  the  chemical  change  at  the  surfaces  of  the  conductors,  and  therefore 
dependent  on  the  presence  of  a  layer  of  air  or  other  thud  substance  between  the  conductors.  It 
seems  now  to  be  almost  certain  that  this  is  the  case,  but  the  question  is  not  one  of  vital 
importance  as  regards  the  mathematical  theory  of  electric  currents. 
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and  the  three  conductors  have  definite  potentials  VA,VB,VC.  The  difference 
of  potential  between  the  two  "  terminals  "  a,  b  is  VA  —  VB,  but  the  peculiarity 
of  the  voltaic  cell  is  that  this  difference  of  potential  is  not  equal  to  the 
difference  of  potential  between  the  two  conductors  when  they  are  placed 
in  contact  and  are  in  electrical  equilibrium  without  the  presence  of  the 
liquid  G.  Thus  on  electrically  joining  the  points  a,  b  in  the  voltaic  cell 
electrical  equilibrium  is  an  impossibility,  and  a  current  is  established  in  the 
circuit  which  will  continue  until  the  physical  conditions  become  changed  or 
the  supply  of  chemical  energy  is  exhausted. 

Electromotive  Force. 

343.  Let  A,  B,  G  be  any  three  conductors  arranged  so  as  to  form  a  closed 
circuit.  Let  VAB  be  the  contact  difference  of  potential  between  A  and  B  when 
there  is  electric  equilibrium,  and  let  VBC,  VCA  have  similar  meanings. 

If  the  three  substances  can  be  placed  in  a  closed  circuit  without  any 
current  flowing,  then  we  can  have  equilibrium  in  which  the  three  conductors 
will  have  potentials  VA,  VB,  V0,  such  that 

VA-VB=VAB;  VB-VC=VBC;  VC-VA  =  VGA. 

Thus  we  must  have 

vAB+vBO+vCA  =  o, 

a  result  known  as  Volta's  Law. 

If,  however,  the  three  conductors  form  a  voltaic  cell,  the  expression  on 
the  left-hand  of  the  above  equation  does  not  vanish,  and  its  value  is  called 
the  electromotive  force  of  the  cell.  Denoting  the  electromotive  force  by  E, 
we  have 

VAB  +  VB0+VCA  =  E    (265). 

We  accordingly  have  the  following  definition : 

Definition.  The  Electromotive  Force  of  a  cell  is  the  algebraic  sum  of  the 
discontinuities  of  potential  encountered  in  passing  in  order  through  the  series 
of  conductors  of  which  the  cell  is  composed. 

Clearly  an  electromotive  force  has  direction  as  well  as  magnitude.  It 
is  usual  to  speak  of  the  two  conductors  which  pass  into  the  liquid  as  the 
high-potential  terminal  and  the  low-potential  terminal,  or  sometimes  as  the 
positive  and  negative  terminals.  Knowing  which  is  the  positive  or  high- 
potential  terminal,  we  shall  of  course  know  the  direction  of  the  electromotive 
force. 

344.  If  the  conductors  G,  A  of  a  voltaic  cell  ABG  are  separated,  and 
then  joined  by  a  fourth  conductor  D,  such  that  there  is  no  chemical  action 
between  D  and  the  conductors  G  or  A,  it  will  easily  be  seen  that  the  sum  of 
the  discontinuities  in  the  new  circuit  is  the  same  as  in  the  old. 
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For  by  hypothesis  CD  A  can  form  a  closed  circuit  in  which  no  chemical 
action  can  occur,  and  therefore  in  which  there  can  be  electric  equilibrium. 

Hence  we  must  have 

rcD  +  VDA  +  VAC=0 (266). 

Moreover  the  sum  of  all  the  discontinuities  in  the  circuit  is 
VAB+VBC  +  VCD  +  VDA 

=  VAB+VBC-  VAC,  by  equation  (266) 

=  Vab+Vbc+Vca 

=  E,  by  equation  (265), 

proving  the  result.  A  similar  proof  shews  that  we  may  introduce  any  series 
of  conductors  between  the  two  terminals  of  a  cell,  and  so  long  as  there  is  no 
chemical  action  in  which  these  new  conductors  are  involved,  the  sum  of  all  the 
discontinuities  in  the  circuit  will  be  constant,  and  equal  to  the  electromotive 
force  of  the  cell. 

Let  ABC...  MN  be  any  series  of  conductors,  including  a  voltaic  cell, 
and  let  the  material  of  N  be  the  same  as  that  of  A.  UN  and  A  are  joined 
we  obtain  a  closed  circuit  of  electromotive  force  E,  such  that 

VAB  +  V£C  +  ...  +  VJIN  +  VNA  =  E. 

Moreover  VNA  =  0,  since  the  material  of  N  and  A  is  the  same.  Thus  the 
relation  may  be  rewritten  as 

VAB  +  V£C+...  +  VM„=E    (267). 

In  the  open  series  of  conductors  ABC  ...  MN,  there  can  be  no  current,  so 
that  each  conductor  must  be  at  a  definite  uniform  potential.  If  we  denote 
the  potentials  by  VA,  VB, ...  VM>  VN,  we  have 

*A~  'B~  *AB> 

*M  ~  'N  =  Kmy 

Hence  equation  (267)  becomes 

VA-VN  =  E. 

We  now  see  that  the  electromotive  force  of  a  cell  is  the  difference  of 
potential  between  the  ends  of  the  cell  when  the  cell  forms  an  open  circuit, 
and  the  materials  of  the  two  ends  are  the  same. 

A  series  of  cells,  joined  in  series  so  that  the  high-potential  terminal  of 
one  is  in  electrical  contact  with  the  low-potential  terminal  of  the  next,  and 
so  on,  is  called  a  battery  of  cells,  or  an  "  electric  battery"  arranged  in  series. 

It  will  be  clear  from  what  has  just  been  proved,  that  the  electromotive 
force  of  such  a  battery  of  cells  is  equal  to  the  sum  of  the  electromotive  forces 
of  the  separate  cells  of  the  series. 
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Units. 

345.  On  the  electrostatic  system,  a  unit  current  has  been  defined  to  be 
a  current  such  that  an  electrostatic  unit  of  electricity  crosses  any  selected 
cross-section  of  a  conductor  in  unit  time.  For  practical  purposes,  a  different 
unit,  known  as  the  ampere,  is  in  use.  The  ampere  is  equal  very  approximately 
to  3  x  109  electrostatic  units  of  current  (see  below,  §  587). 

To  form  some  idea  of  the  actual  magnitude  of  this  unit,  it  may  be  stated  that  the 
amount  of  current  required  to  ring  an  electric  bell  is  about  half  an  ampere.  About  the 
same  amount  is  required  to  light  a  50  c.P.  100- volt  metallic  filament  incandescent  lamp. 

As  an  electromotive  force  is  of  the  same  physical  nature  as  a  difference 
of  potential,  the  electrostatic  unit  of  electromotive  force  is  taken  to  be  the 
same  as  that  of  potential.  The  practical  unit  is  about  3^  of  the  electrostatic 
unit,  and  is  known  as  the  volt  (see  below,  §  587). 

It  may  be  mentioned  that  the  electromotive  force  of  a  single  voltaic  cell  is  generally 
intermediate  between  one  and  two  volts ;  the  electromotive  force  which  produces  a 
perceptible  shock  in  the  human  body  is  about  30  volts,  while  an  electromotive  force 
of  500  volts  or  more  is  dangerous  to  life.  Both  of  these  latter  quantities,  however,  vary 
enormously  with  the  condition  of  the  body,  and  particularly  with  the  state  of  dryness 
or  moisture  of  the  skin.  The  electoomotive  force  used  to  work  an  electric  bell  is 
commonly  6  or  8  volts,  while  an  electric  light  installation  will  generally  have  a  voltage 
of  about  100  or  200  volts. 

The  unit  of  resistance,  in  all  systems  of  units,  is  taken  to  be  a  resistance 
such  that  unit  difference  of  potential  between  its  extremities  produces  unit 
current  through  the  conductor.    We  then  have,  by  Ohm's  Law, 

difference  of  potential  at  extremities  ,„„  . 

current  = r     .  x (268). 

resistance  v       ' 

In  the  practical  system  of  units,  the  unit  of  resistance  is  called  the  ohm. 
From  what  has  already  been  said,  it  follows  that  when  two  points  having  a 
potential-difference  of  one  volt  are  connected  by  a  resistance  of  one  ohm,  the 
current  flowing  through  this  resistance  will  be  one  ampere.  In  this  case  the 
difference  of  potential  is  ^^  electrostatic  units,  and  the  current  is  3  x  109 
electrostatic  units,  so  that  by  relation  (268),  it  follows  that  one  ohm  must  be 

equal  to  = — =-^m  electrostatic  units  of  resistance  (see  below,  §  587). 

Some  idea  of  the  amount  of  this  unit  may  be  gathered  from  the  statement  that 
the  resistance  of  a  mile  of  ordinary  telegraph  wire  is  about  10  ohms.  The  resistance 
of  a  good  telegraph  insulator  may  be  billions  of  ohms. 
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Physical  Theoeies  of  Conduction. 

Electron-theory  of  conduction. 

345  a.  As  has  been  already  explained  (§  28),  the  modern  view  of 
electricity  regards  a  current  of  electricity  as  a  material  flow  of  electric 
charges.  In  all  conductors  except  a  small  class  known  as  electrolytic 
conductors  (see  below,  §  345  b),  these  charged  bodies  are  believed  to  be 
identical  with  the  electrons. 

In  a  solid  some  of  the  electrons  are  supposed  to  be  permanently  bound  to 
particular  atoms  or  molecules,  whilst  others,  spoken  of  as  "free"  electrons, 
move  about  in  the  interstices  of  the  solid,  continually  having  their  courses 
changed  by  collisions  with  the  molecules.  Both  kinds  of  electrons  will  be 
influenced  by  the  presence  of  an  electric  field.  It  is  probable  that  the 
restricted  motions  of  the  "  bound  "  electrons  account  for  the  phenomenon  of 
inductive  capacity  (§151)  whilst  the  unrestricted  motion  of  the  free  electrons 
explains  the  phenomenon  of  electric  conductivity. 

Even  when  no  electric  forces  are  applied,  the  free  electrons  move  about 
through  a  solid,  but  they  move  at  random  in  all  directions,  so  that  as  many 
electrons  move  from  right  to  left  as  from  left  to  right  and  the  resultant 
current  is  nil.  If  an  electric  force  is  applied  to  the  conductor,  each  electron 
has  superposed  on  to  its  random  motion  a  motion  impressed  on  it  by  the 
electric  force,  and  the  electrons  as  a  whole  are  driven  through  the  conductor 
by  the  continued  action  of  the  electric  force.  If  it  were  not  for  their  collisions 
with  the  molecules  of  the  conductor,  the  electrons  would  gain  indefinitely  in 
momentum  under  the  action  of  the  impressed  electric  force,  but  the  effect  of 
collisions  is  continually  to  check  this  growth  of  momentum. 

Let  us  suppose  that  there  are  N  electrons  per  unit  length  of  the 
conductor,  and  that  at  any  moment  these  have  an  average  forward  velocity 
u  through  the  material  of  the  conductor.  If  m  is  the  mass  of  each  electron, 
the  total  momentum  of  the  moving  electrons  will  be  Nmu.  The  rate  at 
which  this  total  momentum  is  checked  by  collisions  will  be  proportional  to 
N  and  to  u,  and  may  be  taken  to  be  Nyu.  The  rate  at  which  the  momentum 
is  increased  by  the  electric  forces  acting  is  NXe,  where  X  is  the  electric 
intensity  and  e  is  the  charge,  measured  positively,  of  each  electron.  Thus 
we  have  the  equation 

■j-  (Nmu)  =  NXe  -  Ny a    (a). 

In  unit  time  the  number  of  electrons  which  pass  any  fixed  point  in  the 
conductor  is  Nu,  so  that  the  total  flow  of  electricity  per  unit  time  past  any 
point  is  Neu.  This  is  by  definition  equal  to  the  current  in  the  conductor,  so 
that  if  we  call  this  i,  we  have 

Neu  =  i (b). 
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This  enables  us  to  reduce  equation  (a)  to  the  form 

*     N"x-^i)  (o). 


dt      m  V         Ne2 

The  equation  shews  that  if  a  steady  electric  force  is  applied,  such  that 
the  intensity  at  any  point  is  X,  the  current  will  not  increase  indefinitely 
but  will  remain  stationary  after  it  has  reached  a  value  i  given  by 

i  = X. 

7 

If  V  is  the  potential  at  any  point  of  a  conducting  wire,  and  if  s  is  a 

dV 
coordinate  measured  along  the  wire,  we  have  X  =  —  —  ,  so  that 

ds  ~Ne*1' 
Integrating  between  any  two  points  P  and  Q  of  the  conductor,  we  have 

This  is  the  electron-theory  interpretation  of  equation  (264),  and  explains 
how  the  truth  of  Ohm's  Law  is  involved  in  the  modern  conception  of  the 
nature  of  an  electric  current.  It  will  be  noticed  that  on  this  view  of  the 
matter,  Ohm's  Law  is  only  true  for  steady  currents. 

We  notice  that  the  resistance  of  the  conductor,  on  this  theory,  is  <y/Ne2 
per  unit  length.  Thus,  generally  speaking,  bodies  in  which  there  are  many 
free  electrons  ought  to  be  good  conductors,  and  conversely. 

The  charge  on  the  electron  being  4*774  xlO-10  electrostatic  units,  we  may  notice 
that  a  current  of  one  ampere  (3  x  109  electrostatic  units  of  current)  is  one  in  which 
6%3  x  1018  electrons  pass  any  given  point  of  the  conductor  every  second.  Consider  a 
conductor  in  which  the  number  of  electrons  per  cubic  centimetre  is  1021  (cf.  §  615,  below). 
Then  in  a  wire  of  1  square  mm.  cross-section  there  are  1019  electrons  per  unit  length,  so 
that  the  average  velocity  of  these  when  the  wire  is  conveying  a  current  of  1  ampere  is  of 
the  order  of  one  cm.  per  sec.  This  average  velocity  is  superposed  on  to  a  random  velocity 
which  is  known  to  be  of  the  order  of  magnitude  of  107  cms.  per  sec,  so  that  the  additional 
velocity  produced  by  even  a  strong  current  is  only  very  slight  in  comparison  with  the 
normal  velocity  of  agitation  of  the  electrons. 

Electrolytic  conduction. 

345  b.  Besides  the  type  of  electric  conduction  just  explained,  there  is  a 
second,  and  entirely  different  type,  known  as  Electrolytic  conduction,  the 
distinguishing  characteristic  of  which  is  that  the  passage  of  a  current  is 
accompanied  by  chemical  change  in  the  conductor. 

For  instance,  if  a  current  is  passed  through  a  solution  of  potassium 
chloride  in  water,  it  will  be  found  that  some  of  the  salt  is  divided  up  by  the 
passage  of  the  current  into  its  chemical  constituents,  and  that  the  potassium 
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appears  solely  at  the  point  at  which  the  current  leaves  the  liquid,  while  the 
chlorine  similarly  appears  at  the  point  at  which  the  current  enters.  It  thus 
appears  that  during  the  passage  of  an  electric  current,  there  is  an  actual 
transport  of  matter  through  the  liquid,  chlorine  moving  in  one  direction  and 
potassium  in  the  other.  It  is  moreover  found  by  experiment  that  the  total 
amount,  whether  of  potassium  or  chlorine,  which  is  liberated  by  any  current 
is  exactly  proportional  to  the  amount  of  electricity  which  has  flowed  through 
the  electrolyte. 

These  and  other  facts  suggested  to  Faraday  the  explanation,  now 
universally  accepted,  that  the  carriers  of  the  current  are  identical  with  the 
matter  which  is  transported  through  the  electrolyte.  For  instance,  in  the 
foregoing  illustration,  each  atom  of  potassium  carries  a  positive  charge  to  the 
point  where  the  current  leaves  the  liquid,  while  each  atom  of  chlorine, 
moving  in  the  direction  opposite  to  that  of  the  current,  carries  a  negative 
charge.  The  process  is  perhaps  explained  more  clearly  by  regarding  the  total 
current  as  made  up  of  two  parts,  first  a  positive  current  and  second  a  negative 
current  flowing  in  the  reverse  direction.  Then  the  atoms  of  chlorine  are  the 
carriers  of  the  negative  current,  and  the  atoms  of  potassium  are  the  carriers 
of  the  positive  current. 

Electrolytes  may  be  solid,  liquid,  or  gaseous,  but  in  most  cases  of 
importance  they  are  liquids,  being  solutions  of  salts  or  acids.  The  two  parts 
into  which  the  molecule  of  the  electrolyte  is  divided  are  called  the  ions 
(Icov),  that  which  carries  the  positive  current  being  called  the  positive  ion, 
and  the  other  being  called  the  negative  ion.  The  point  at  which  the  current 
enters  the  electrolyte  is  called  the  anode,  the  point  at  which  it  leaves  is 
called  the  cathode.  The  two  ions  are  also  called  the  anion  or  cation 
according  as  they  give  up  their  charges  at  the  anode  or  cathode  respectively. 
Thus  we  have 

The   anion   carries   —  charge  against  current,  and  delivers  it  at  the 
anode, 

The  cation   carries   +   charge   with   current,  and   delivers   it  at  the 
cathode. 

When  potassium  chloride  is  the  electrolyte,  the  potassium  atom  is  the 
cation,  and  the  chlorine  atom  is  the  anion.  If  experiments  are  performed 
with  different  chlorides  (say  of  potassium,  sodium,  and  lithium),  it  will  be 
found  that  the  amount  of  chlorine  liberated  by  a  given  current  is  in  every 
case  the  same,  while  the  amounts  of  potassium,  sodium,  or  lithium,  being 
exactly  those  required  to  combine  with  this  fixed  amount  of  chlorine,  are 
necessarily  proportional  to  their  atomic  weights.  This  suggests  that  each 
atom  of  chlorine,  no  matter  what  the  electrolyte  may  be  in  which  it  occurs, 
always  carries  the  same  negative  charge,  say  —  e,  while  each  atom  of  potassium, 
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sodium,  or  lithium  carries  the  same  positive  charge,  say  +  E.  Moreover  E 
and  e  must  be  equal,  or  else  each  undissociated  molecule  of  the  electrolyte 
would  have  to  be  supposed  to  carry  a  charge  E  —  e,  whereas  its  charge  is 
known  to  be  nil. 

It  is  found  to  be  a  general  rule  that  every  anion  which  is  chemically 
monovalent  carries  the  same  charge  —e,  while  every  monovalent  cation 
carries  a  charge  -f  e.  Moreover  divalent  ions  carry  charges  +  2e,  trivalent 
ions  carry  charges  +  Se,  and  so  on. 

As  regards  the  actual  charges  carried,  it  is  found  that  one  ampere  of 

current  flowing  for  one  second  through  a  salt  of  silver   liberates  0'001118 

grammes  of  silver.     Silver  is  monovalent  and  its  atomic  weight  is  107-92 

(referred  to  0  =  16),  so  that  the  amount  of  any  other  monovalent  element  of 

atomic  weight  m  deposited  by  the  same  current  will  be  0-00001036  x  m 

grammes.     It  follows  that  the  passage  of  one  electrostatic  unit  of  electricity 

•n         u  •     n     ru      *■         -  0-00001036  x  m        _  ,c 
will  result  in  the  liberation  of — — ,  or  345  x  10~15  x  m  grammes 

of  the  substance. 

We  can  calculate  from  these  data  how  many  ions  are  deposited  by  one  unit 
of  current,  and  hence  the  amount  of  charge  carried  by  each  ion.  It  is  found 
that,  to  within  the  limits  of  experimental  error,  the  negative  charge  carried 
by  each  monovalent  anion  is  exactly  equal  to  the  charge  carried  by  the  electron. 
It  follows  that  each  monovalent  anion  has  associated  with  it  one  electron 
in  excess  of  the  number  required  to  give  it  zero  charge,  while  each  monovalent 
cation  has  a  deficiency  of  one  electron ;  divalent  ions  have  an  excess  or 
deficiency  of  two  electrons,  and  so  on. 

345  c.  Ohm's  Law  appears,  in  general,  to  be  strictly  true  for  the  resist- 
ance of  electrolytes.  In  the  light  of  the  explanation  of  Ohm's  Law  given  in 
§  345  a,  this  will  be  seen  to  suggest  that  the  ions  are  free  to  move  as  soon  as 
an  electric  intensity,  no  matter  how  small,  begins  to  act  on  them.  They 
must  therefore  be  already  in  a  state  of  dissociation ;  no  part  of  the  electric 
intensity  is  required  to  effect  the  separation  of  the  molecule  into  ions. 

Other  facts  confirm  this  conclusion,  such  as  for  instance  the  fact  that  various  physical 
properties — electric  conductivity,  colour,  optical  rotatory  power,  etc. — are  additive  in  the 
sense  that  the  amount  possessed  by  the  whole  electrolyte  is  the  sum  of  the  amounts 
known  to  be  possessed  by  the  separate  ions. 

We  may  therefore  suppose  that  as  soon  as  an  electric  force  begins  to  act, 
all  the  positive  ions  begin  to  move  in  the  direction  of  the  electric  force,  while 
all  the  negative  ions  begin  to  move  in  the  opposite  direction.  Let  us  suppose 
the  average  velocities  of  the  positive  and  negative  ions  to  be  u,  v  respectively, 
and  let  us  suppose  that  there  are  N  of  each  per  unit  length  of  the  electrolyte 
measured  along  the  path  of  the  current.  Then  across  any  cross-section  of  the 
electrolyte  there  pass  in  unit  time  Nu  positive  ions  each  carrying  a  charge  se 
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in  the  direction  in  which  the  current  is  measured,  and  Nv  negative  ions  each 
carrying  a  charge  -  se  in  the  reverse  direction,  s  being  the  valency  of  each 
ion.     It  follows  that  the  total  current  is  given  by 

i  =  Nse(u+v)    (d). 

Each  unit  of  time  Nu  positive  ions  cross  a  cross-section  close  to  the 
anode,  having  started  from  positions  between  this  cross-section  and  the 
anode.  Thus  each  unit  of  time  Nu  molecules  are  separated  in  the  neigh- 
bourhood of  the  anode,  and  similarly  Nv  molecules  are  separated  in  the 
neighbourhood  of  the  cathode.  The  concentration  of  the  salt  is  accordingly 
weakened  both  at  the  anode  and  at  the  cathode,  and  the  ratio  of  the  amounts 
of  these  weakenings  is  that  of  u  :  v.  This  provides  a  method  of  determining 
the  ratio  of  u  :  v. 

Also  equation  (d)  provides  a  method  of  determining  u  +  v,  for  i  can  be 
readily  measured,  and  Nse  is  the  total  charge  which  must  be  passed  through 
the  electrolyte  to  liberate  the  ions  in  unit  length,  and  this  can  be  easily 
determined. 

Knowing  u  +  v  and  the  ratio  u :  v,  it  is  possible  to  determine  u  and  v. 
The  following  table  gives  results  of  the  experiments  of  Kohlrausch  on  three 
chlorides  of  alkali  metals,  for  different  concentrations,  the  current  in  each 
case  being  such  as  to  give  a  potential  fall  of  1  volt  per  centimetre. 


Concentration 

Potassium 

chloride 

Sodium  chloride 

Lithium 

chloride 

u 

V 

u                V 

u 

V 

0 

660 

690 

450         690 

360 

690 

•0001 

654 

681 

448         681 

356 

681 

•001 

643 

670 

440         670 

343 

670 

•01 

619 

644 

415         644 

318 

644 

•03 

597 

621 

390         623 

298 

619 

•1 

564 

589 

360         592 

259 

594 

[The  unit  in  every  case  is  a  velocity  of  10 ~6  cms.  per  second.] 

We  notice  that  when  the  solution  is  weak,  the  velocity  of  the  chlorine 
ion  is  the  same,  no  matter  which  electrolyte  it  has  originated  in.  This 
gives,  perhaps,  the  best  evidence  possible  that  the  conductivity  of  the 
electrolyte  is  the  sum  of  the  conductivities  of  the  chlorine  and  of  the  metal 
separately. 

By  arranging  for  the  ions  to  produce  discoloration  of  the  electrolyte  as 
they  move  through  it,  Lodge,  Whetham  and  others  have  been  able  to  observe 
the  velocity  of  motion  of  the  ions  directly,  and  in  all  cases  the  observed 
velocities  have  agreed,  within  the  limits  of  experimental  error,  with  the 
theoretically  determined  values. 
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Conduction  through  gases. 

345  d.  In  a  gas  in  its  normal  state,  an  electric  current  cannot  be  carried 
in  either  of  the  ways  which  are  possible  in  a  solid  or  a  liquid,  and  it  is 
consequently  found  that  a  gas  under  ordinary  conditions  conducts  electricity 
only  in  a  very  feeble  degree.  If  however  Rontgen  rays  are  passed  through 
the  gas,  or  ultra-violet  light  of  very  short  wave-length,  or  a  stream  of  the 
rays  from  radium  or  one  of  the  radio-active  metals,  then  it  is  found  that  the 
gas  acquires  considerable  conducting  powers,  for  a  time  at  least.  For  this 
kind  of  conduction  it  is  found  that  Ohm's  Law  is  not  obeyed,  the  relation 
between  the  current  and  the  potential-gradient  being  an  extremely  complex 
one. 

The  complicated  phenomena  of  conduction  through  gases  can  all  be 
explained  on  the  hypothesis  that  the  gas  is  conducting  only  when  "  ionised," 
and  the  function  of  the  Rontgen  rays,  ultra-violet  light,  etc.  is  supposed  to 
be  that  of  dividing  up  some  of  the  molecules  into  their  component  ions. 
The  subject  of  conduction  through  gases  is  too  extensive  to  be  treated  here. 
In  what  follows  it  is  assumed  that  the  conductors  under  discussion  are  not 
gases,  so  that  Ohm's  Law  will  be  assumed  to  be  obeyed  throughout. 

Kirchhoff's  Laws. 

346.  Problems  occur  in  which  the  flow  of  electricity  is  not  through 
a  single  continuous  series  of  conductors :  there  may  be  junctions  of  three  or 
more  conductors  at  which  the  current  of  electricity  is  free  to  distribute  itself 
between  different  paths,  and  it  may  be  important  to  determine  how  the 
electricity  will  pass  through  a  network  of  conductors  containing  junctions. 

The  first  principle  to  be  used  is  that,  since  the  currents  are  supposed 
steady,  there  can  be  no  accumulation  of  electricity  at  any  point,  so  that  the 
sum  of  all  the  currents  which  enter  any  junction  must  be  equal  to  the  sum 
of  all  the  currents  which  leave  it.  Or,  if  we  introduce  the  convention  that 
currents  flowing  into  a  junction  are  to  be  counted  as  positive,  while  those 
leaving  it  are  to  be  reckoned  negative,  then  we  may  state  the  principle  in 
the  form : 

The  algebraic  sum  of  the  currents  at  any  junction  must  be  zero. 

From  this  law  it  follows  that  any  network  of  currents,  no  matter  how 
complicated,  can  be  regarded  as  made  up  of  a  number  of  closed  currents,  each 
of  uniform  strength  throughout  its  length.  In  some  conductors,  two  or  more 
of  these  currents  may  of  course  be  superposed. 

Let  the  various  junctions  be  denoted  by  A,  B,  C,  ...,  and  let  their 
potentials  be  VA,  VB,  V0,  ....  Let  RAB  be  the  resistance  of  any  single  con- 
ductor connecting  two  junctions  A  and  B,  and  let  GAB  be  the  current  flowing 
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through  it  from  A  to  B.  Let  us  select  any  path  through  the  network  of 
conductors,  such  as  to  start  from  a  junction  and  bring  us  back  to  the  starting 
point,  say  ABC...NA.  Then  on  applying  Ohm's  Law  to  the  separate  con- 
ductors of  which  this  path  is  formed,  we  obtain  (§  341) 

V  —  V  —  H     7? 

rA  rB  —  ^AB^ABi 

*B  ~    *C  =  ^BC-^BOt 


By  addition  we  obtain  2(7^=0 (269), 

where  the  summation  is  taken  over  all  the  conductors  which  form  the  closed 
circuit. 

In  this  investigation  it  has  been  assumed  that  there  are  no  discontinuities 
of  potential,  and  therefore  no  batteries,  in  the  selected  circuit.  If  dis- 
continuities occur,  a  slight  modification  will  have  to  be  made.  We  shall 
treat  points  at  which  discontinuities  occur  as  junctions,  and  if  A  is  a  junction 
of  this  kind,  the  potentials  at  A  on  the  two  sides  of  the  surface  of  separation 
between  the  two  conductors  will  be  denoted  by  VA  and  VA.  Then,  by  Ohm's 
Law,  we  obtain  for  the  falls  of  potential  in  the  different  conductors  of  the 
circuit, 

VA'  -VB=  GABRAB, 

VB  —  Va=z  L>BCKBG,  etc., 

and  by  addition  of  these  equations 

$(VA'-VA)  =  tCR. 

The  left-hand  member  is  simply  the  sum  of  all  the  discontinuities  of 
potential  met  in  passing  round  the  circuit,  each  being  measured  with  its 
proper  sign.  It  is  therefore  equal  to  the  sum  of  the  electromotive  forces  of 
all  the  batteries  in  the  circuit,  these  also  being  measured  with  their  proper 
signs. 

Thus  we  may  write  %CR  =  t£    (270), 

where  the  summation  in  each  term  is  taken  round  any  closed  circuit  of 
conductors,  and  this  equation,  together  with 

2C=0  (271), 

in  which  the  summation  now  refers  to  all  the  currents  entering  or  leaving  a 
single  junction,  suffices  to  determine  the  current  in  each  conductor  of  the 
network. 

Equation  (271)  expresses  what  is  known  as  Kirchhoff's  First  Law,  while 
equation  (270)  expresses  the  Second  Law. 
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Conductors  in  Series. 

347.  When  all  the  conductors  form  a  single  closed  circuit,  the  current 
through  each  conductor  is  the  same,  say  C,  so  that  equation  (270)  becomes 

CXR  =  IE. 

The  sum  2i2  is  spoken  of  as  the  "resistance  of  the  circuit,"  so  that  the 
current  in  the  circuit  is  equal  to  the  total  electromotive  force  divided  by  the 
total  resistance.  Conductors  arranged  in  such  a  way  that  the  whole  current 
passes  through  each  of  them  in  succession  are  said  to  be  arranged  "in 
series." 

Conductors  in  Parallel. 

348.  It  is  possible  to  connect  any  two  points  A,  B  by  a  number  of 
conductors  in  such  a  way  that  the  current  divides  itself  between  all  these 


Fig.  96. 

conductors  on  its  journey  from  A  to  B,  no  part  of  it  passing  through  more 
than  one  conductor.  Conductors  placed  in  this  way  are  said  to  be  arranged 
"in  parallel." 

Let  us  suppose  that  the  two  points  A,  B  are  connected  by  a  number  of 
conductors  arranged  in  parallel.  Let  R1}  R2,  ...  be  the  resistances  of  the 
conductors,  and  Cu  (72, ...  the  currents  flowing  through  them.  Then  if  VA,  VB 
are  the  potentials  at  A  and  B,  we  have,  by  Ohm's  Law, 

VA  —  VB=C1R1  =  C2R2=.... 

The  total  current  which  enters  at  A  is  C1  +  Ca  + ...,  say  C.  Thus  we 
have 

K-V  -2l-£l=     =        G 

VA         VB  —  — -  ...    — 


Ri     R2  R\     R% 

The  arrangement  of  conductors  in  parallel  is  therefore  seen  to  offer  the 
same  resistance  to  the  current  as  a  single  conductor  of  resistance 

1 

D    +    r>    T  ••• 

Mi        JX^ 

The  reciprocal,  of  the  resistance  of  a  conductor  is  called  the  "  conductivity  " 
of  the  conductor.     The  conductivity  of  the  system  of  conductors  arranged 


in 


parallel  is   -ft+  rr+-",   and   is    therefore   equal   to   the    sum    of    the 
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conductivities  of  the  separate  conductors.  Also  we  have  seen  that  the 
current  divides  itself  between  the  different  conductors  in  the  ratio  of  their 
conductivities 

Measurements. 

The  Measurement  of  Current. 

349.  The  instrument  used  for  measuring  the  current  passing  in  a  circuit 
at  any  given  instant  is  called  a  galvanometer.  The  theory  of  this  instrument 
will  be  given  in  a  later  chapter  (Chap.  xiu). 

For  measuring  the  total  quantity  of  electricity  passing  within  a  given 
time  an  instrument  called  a  voltameter  is  sometimes  used.  The  current, 
in  passing  through  the  voltameter,  encounters  a  number  of  discontinuities 
of  potential  in  crossing  which  electrical  energy  becomes  transformed  into 
chemical  energy.  Thus  a  voltameter  is  practically  a  voltaic  cell  run  back- 
wards. On  measuring  the  amount  of  chemical  energy  which  has  been  stored 
in  the  voltameter,  we  obtain  a  measure  of  the  total  quantity  of  electricity 
which  has  passed  through  the  instrument. 

The  Measurement  of  Resistance. 

350.  The  Resistance  Box.  A  resistance  box  is  a  piece  of  apparatus 
which  consists  essentially  of  a  collection  of  coils  of  wire  of  known  resistances, 
arranged  so  that  any  combination  of  these  coils  can  be  arranged  in  series. 
The  most  usual  arrangement  is  one  in  which  the  two  extremities  of  each 
coil  are  brought  to  the  upper  surface  of  the  box,  and  are  there  connected 
to  a  thick  band  of  copper  which  runs  over  the  surface  of  the  box.     This 


Fig.  97, 


band  of  copper  is  continuous,  except  between  the  two  terminals  of  each  coil, 
and  in  these  places  the  copper  is  cut  away  in  such  a  way  that  a  copper  plug 
can  be  made  to  fit  exactly  into  the  gap,  and  so  put  the  two  sides  of  the  gap 
in  electrical  contact  through  the  plug.  The  arrangement  is  shewn  diagram- 
matically  in  fig.  97.  When  the  plug  is  inserted  in  any  gap  DE,  the  plug 
and  the  coil  beneath  the  gap  DE  form  two  conductors  in  parallel  connecting 
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the  points  D  and  E.    Denoting  the  resistances  of  the  coil  and  plug  by  RC)  Rp, 
the  resistance  between  D  and  E  will  be 


Rc     Rp 


and  since  Rp  is  very  small,  this  may  be  neglected.  When  the  plug  is 
removed,  the  resistance  from  D  to  E  may  be  taken  to  be  the  resistance  of 
the  coil.  Thus  the  resistance  of  the  whole  box  will  be  the  sum  of  the 
resistances  of  all  the  coils  of  which  the  plugs  have  been  removed. 

351.  The  Wheatstone  Bridge.  This  is  an  arrangement  by  which  it  is 
possible  to  compare  the  resistances  of  conductors,  and  so  determine  an 
unknown  resistance  in  terms  of  known  resistances. 

The  "  bridge "  is  represented  diagrammatically  in  fig.  98.  The  current 
enters  it  at  A  and  leaves  it  at  D,  these  points  being  connected  by  the  lines 


ABD,  ACD  arranged  in  parallel.  The  line  AD  is  composed  of  two  con- 
ductors AB,  BD  of  resistances  Rly  R2,  and  the  line  ACD  is  similarly  composed 
of  two  conductors  AG,  CD  of  resistances  R3,  R4. 

If  current  is  allowed  to  flow  through  this  arrangement  of  conductors,  it 
will  not  in  general  happen  that  the  points  B  and  C  will  be  at  the  same 
potential,  so  that  if  B  and  G  are  connected  by  a  new  conductor,  there  will 
usually  be  a  current  flowing  through  BG.  The  method  of  using  the 
Wheatstone  bridge  consists  in  varying  the  resistances  of  one  or  more  of  the 
conductors  R1}  R2,  R3,  R4  until  no  current  flows  through  the  conductor  BG. 

When  the  bridge  is  adjusted  in  this  way,  the  points  B,  G  must  be  at  the 
same  potential,  say  v.  Let  VA,  VD  denote  the  potentials  at  A  and  D,  and 
let  the  current  through  ABD  be  G.     Then,  by  Ohm's  Law, 

VA-v=CR1,      v-Vj>=GR2, 

,,    ,  Ri    Xi-v 

so  that  -^  =  ■      Tr . 

R2     v-Vj) 

From  a  similar  consideration  of  the  flow  in  AGD,  we  obtain 

R3  _  VA  -  v 
R*    v-VD' 

7?       7? 
so  that  we  must  have  W  =  -d"3 (272), 
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as  the  condition  to  be  satisfied  between  the  resistances  when  there  is  no 
current  in  BC. 

Clearly  by  adjusting  the  bridge  in  this  way  we  can  determine  an  unknown 
resistance  R^  in  terms  of  known  resistances  R2,  R3,  R4.  In  the  simplest 
form  of  Wheatstone's  bridge,  the  line  AGD  is  a  single  uniform  wire,  and  the 
position  of  the  point  0  can  be  varied  by  moving  a  "sliding  contact"  along 
the  wire.  The  ratio  of  the  resistances  Rs :  R4  is  in  this  case  simply  the  ratio 
of  the  two  lengths  A  G,  CD  of  the  wire,  so  that  the  ratio  R^ :  R2  can  be  found 
by  sliding  the  contact  G  along  the  wire  AGD  until  there  is  observed  to  be 
no  current  in  BG,  and  then  reading  the  lengths  AG  and  GD. 

Examples  of  Currents  in  a  Network. 

I.     Wheatstone's  Bridge  not  in  adjustment. 

352.  The  condition  that  there  shall  be  no  current  in  the  "  bridge  "  BG 
in  fig.  98  has  been  seen  to  be  that  given  by  equation  (272). 

B 


Suppose  that  this  condition  is  not  satisfied,  and  let  us  examine  the  flow 
of  currents  which  then  takes  place  in  the  network  of  conductors.  Let  the 
conductors  AB,  BD,  AG,  GD  as  before  be  of  resistances  R1}  R2,  R3,  Ri}  and 
let  the  currents  flowing  through  them  be  denoted  by  x1}  x2,  x3,  x4.  Let  the 
bridge  BG  be  of  resistance  Rb,  and  let  the  current  flowing  through  it  from 
B  to  G  be  xb. 

From  Kirchhoff 's  Laws,  we  obtain  the  following  equations : 

(Law  I,  point  B)  x1  —  x2  —  xb  =  0     (273), 

(Law  I,  point  G)  x3  —  x4  +  xb  =  0     (274), 

(Law  II,  circuit  ABG)         x^  +xbRb  —  x3R3  =  0     (275), 

(Law  II,  circuit  BCD)        xbRb  +  x4R4  -  x2R,  =  0     (276). 

These  four  equations  enable  us  to  determine  the  ratios  of  the  five  currents 
xx,  x2,  x3,  x4,  xb.  We  may  begin  by  eliminating  #2  and  xt  from  equations 
(273),  (274)  and  (276),  and  obtain 

xb  (Rb  +  R2  +  R4)  +  x3R4  —  xxR2  =  0, 

and  from  this  and  equation  (275), 

Xb  X3  Xi 

R%R3  —  RxRt     R1  (Rb  +  R2  +  R4)  +  RbRa     R3  (Rb  -f  R3  +  R4)  +  RbR4 

(277). 


351-353] 


Flow  of  Currents  in  a  Network 


317 


The  ratios  of  the  other  currents  can  be  written  down  from  symmetry. 

If  the  total  current  entering  at  A  is  denoted  by  X,  we  have  X  =  xx  +  x3. 
Thus  if  each  of  the  fractions  of  equations  (277)  is  denoted  by  6, 

X  =  6  {(R,  +  R3)  (R,  +  R4)  +  Rb(R1  +  R2  +  Rs  +  R4)} (278), 

and  this  gives  6,  and  hence  the  actual  values  of  the  currents,  in  terras  of  the 
total  current  entering  at  A. 

The  fall  of  potential  from  A  to  D  is  given  by 

VA  -  Vj)  =  Rxxx  +  R2x2} 

and  from  equations  (277)  this  is  found  to  reduce  to 

vA-Vj>=\e, 

where 

X  =  RXR3  (Ri  +  R4)  +  R2Ri  (R3  +  Ri)  +  Rb  (R1R3  +  R^Ri  +  RiRt  +  R2R3), 

so  that  \  is  the  sum  of  the  products  of  the  five  resistances  taken  three  at 
a  time,  omitting  the  two  products  of  the  three  resistances  which  meet  at  the 
points  B  and  C. 

There  is  now  a  current  X  flowing  through  the  network,  and  having  a 
fall  of  potential  VA  —  Vj).     Hence  the  equivalent  resistance  of  the  network 

Va-Vj, 


xd 
x 


(R,  +  R3)  (R2  +  R4)  +  Rb  (R,  +  R2  +  RS  +  R4) ' 
by  equation  (278). 


II.     Telegraph  wire  with  faults. 

353.  As  a  more  complex  example  of  the  flow  of  electricity  in  a  system 
of  linear  conductors,  we  may  examine  the  case  of  a  telegraph  wire,  in  which 
there  are  a  number  of  connexions  through  which  the  current  can  leak  to 
earth.     Such  leaks  are  technically  known  as  "faults." 


Fi 


Fo 


To 


R; 


F«-j 


R, 


R. 


Fio.  100 


^ 


»+i 


B 


Let  AB  be  the  wire,  and  let  Flt  F2)  ...  Fn-lt  Fn  be  the  points  on  it  at 
which  faults  occur,  the  resistances  through  these  faults  being  Ru  R2>... 
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Rn-i,  Rn>  and  the  resistances  of  the  sections  AFlt  F1F2,  ...  Fn_rFn  and  FnB 
being  ru  r2,  ...  rn,  rn+1.  Let  the  end  B  be  supposed  put  to  earth,  and  let  the 
current  be  supposed  to  be  generated  by  a  battery  of  which  one  terminal  is 
connected  to  A  while  the  other  end  is  to  earth. 

The  equivalent  resistance  of  the  whole  network  of  conductors  from  A  to 

earth  can  be  found  in  a  very  simple  way.     Current  arriving  at  Fn  from  the 

section  Fn-xFn  passes  to  earth  through  two  conductors  arranged  in  parallel, 

of  which  the  resistances  are  Rn  and  rn+1.     Hence  the  resistance  from  Fn  to 

earth  is 

1 

-K-n     rn+i 
and  the  resistance  from  Fn^  to  earth,  through  Fn)  is 

1 


.(279). 


■f 


■t*"n      rn+1 

Current  reaching  2^_,  can,  however,  pass  to  earth  by  two  paths,  either 
through  the  fault  at  Fn_lt  or  past  Fn.  These  paths  may  be  regarded  as 
arranged  in  parallel,  their  resistances  being  Rn-r  and  expression  (279) 
respectively.     Thus  the  equivalent  resistance  from  Fn_x  is 

1 

+ K-' 


itn_! 


rn  + 


or,  written  as  a  continued  fraction, 

1  1 


We  can  continue  in  this  way,  until  finally  we  find  as  the  whole  resistance 
from  A  to  earth, 

J_      1      J_  111 

Tl  +  jRf1  +  n  +  R2-1  +'"  +rn  +  Ru'1  +  rn+1 ' 

If  the  currents  or  potentials  are  required,  it  will  be  found  best  to  attack 
the  problem  in  a  different  manner. 

Let  VA,  Vx,  V2,  ...  be  the  potentials  at  the  points  A,  F1}  F2,  ...,  then,  by 
Ohm's  Law, 


the  current  from  Fs^  to  Fg 


rs 


„     Fs  to  Fs 


K-K 


S  'S+l 


S+l 


r, 


S+l 


Fg  through  the  fault  = 


-5. 
Rg' 
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Hence,  by  Kirckhoff's  first  law, 

Z-V...      V 

=  0, 


V     —V      V  —V 


or  T^+1  rs+f1  -  Vs  (Rs->  +  rr1  +  n+r1)  +  Vs.,  rg~l  =  0, 

and  from  this  and  the  system  of  similar  equations,  the  potentials  may  be 
found. 

If  all  the  R's  are  the  same,  and  also  all  the  r's  are  the  same,  the  equation 
reduces  to  a  difference  equation  with  constant  coefficients.  These  conditions 
might  arise  approximately  if  the  line  were  supported  by  a  series  of  similar 
imperfect  insulators  at  equal  distances  apart.  The  difference  equation  is  in 
this  case  seen  to  be 


TSh-E^+IQ  +  IU-O. 


and  if  we  put  1  +  —  =  cosh  a, 

the  solution  is  known  to  be 

l^  =  ^coshsa  +  B  sinhsa  (280), 

in  which  A  and  B  are  constants  which  must  be  determined  from  the 
conditions  at  the  ends  of  the  line.  For  instance  to  express  that  the  end  B 
is  to  earth,  we  have  Vn+1  =  0,  and  therefore 

A  =  -  B  tanh  (n  +  l)a. 

III.     Submarine  cable  imperfectly  insulated. 

354.  If  we  pass  to  the  limiting  case  of  an  infinite  number  of  faults,  we 
have  the  analysis  appropriate  to  a  line  from  which  there  is  leakage  at  every 
point.  The  conditions  now  contemplated  may  be  supposed  to  be  realised  in 
a  submarine  cable  in  which,  owing  to  the  imperfection  of  the  insulating 
sheath,  the  current  leaks  through  to  the  sea  at  every  point. 

The  problem  in  this  form  can  also  be  attacked  by  the  methods  of  the 
infinitesimal  calculus.  Let  V  be  the  potential  at  a  distance  x  along  the 
cable,  V  now  being  regarded  as  a  continuous  function  of  x.  Let  the 
resistance  of  the  cable  be  supposed  to  be  R  per  unit  length,  then  the  re- 
sistance from  x  to  x  +  dx  will  be  Rdx.     The  resistance  of  the  insulation  from 

o 
x  to  x  +  dx,  being  inversely  proportional  to  dx,  may  be  supposed  to  be  -r-  . 


Let  G  be  the  current  in  the  cable  at  the  point  x,  so  that  the  leak  from 

dC 
dx 


dC 
the  cable  between  the  points  x  and  x  +  dx  is  —  -j-  dx.    This  leak  is  a  current 
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dx 


which  flows  through  a  resistance  -5-  with  a  fall  of  potential  V.    Hence  by 


Ohm's  Law, 


V=-^dx(®-) 
dx       \dxj ' 


35  — iff (281)- 

dV 
Also,  the  fall  of  potential  along  the  cable  from  x  to  x  +  dx  is  —  -r—  dx,  the 

(too 

current  is  C,  and  the  resistance  is  Rdx.     Hence  by  Ohm's  Law, 

dV 

-(^~  =  RC (282). 

dx 

Eliminating  G  from  equations  (281)  and  (282),  we  find  as  the  differential 

equation  satisfied  by  V, 

d_(IdV\      V 
dx\R  dx)~  S' 

If  R  and  S  have  the  same  values  at  all  points  of  the  cable,  the  solution 
of  this  equation  is 

V  =  A  cosh  ^/  -<=  x  +  B  sinh  */  -5  x, 
which  is  easily  seen  to  be  the  limiting  form  assumed  by  equation  (280). 

Generation  of  Heat  in  Conductors. 
The  Joule  Effect. 

355.  Let  P,  Q  be  any  two  points  in  a  linear  conductor,  let  Vp,  Vq  be 
the  potentials  at  these  points,  R  the  resistance  between  them,  and  x  the 
current  flowing  from  P  to  Q.     Then,  by  Ohm's  Law, 

Vp-Vq  =  Rx '. (283). 

In  moving  a  single  unit  of  electricity  from  Q  to  P  an  amount  of  work  is 
done  against  the  electric  field  equal  to  Vp  —  Vq.  Hence  when  a  unit  of 
electricity  passes  from  P  to  Q,  there  is  work  done  on  it  by  the  electric  field 
of  amount  Vp  —  Vq.  The  energy  represented  by  the  work  shews  itself  in 
a  heating  of  the  conductor. 

The  electron  theory  gives  a  simple  explanation  of  the  mechanism  of  this  transforma- 
tion of  energy.  The  electric  forces  do  work  on  the  electrons  in  driving  them  through  the 
field.  The  total  kinetic  energy  of  the  electrons  can,  as  we  have  seen  (§  345  a),  be  regarded 
as  made  up  of  two  parts,  the  energy  of  random  motion  and  the  energy  of  forward  motion. 
The  work  done  by  the  electric  field  goes  directly  towards  increasing  this  second  part  of 
the  kinetic  energy  of  the  electrons.  But  after  a  number  of  collisions  the  direction  of  the 
velocity  of  forward  motion  is  completely  changed,  and  the  energy  of  this  motion  has 
become  indistinguishable  from  the  energy  of  the  random  motion  of  the  electrons.  Thus 
the  collisions  are  continually  transforming  forward  motion  into  random  motion,  or  what 
is  the  same  thing,  into  heat. 
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We  are  supposing  that  x  units  of  electricity  pass  per  unit  time  from 
P  to  Q.  Hence  the  work  done  by  the  electric  field  per  unit  time  within  the 
region  PQ  isx(Vp-  VQ),  and  this  again,  by  equation  (283),  is  equal  to  Rx2. 

Thus  in  unit  time,  the  heat  generated  in  the  section  PQ  of  the  con- 
ductor represents  Rx2  units  of  mechanical  energy.     Each  unit  of  energy  is 

equal  to  -j  units  of  heat,  where  J  is  the  "  mechanical  equivalent  of  heat." 

Thus  the  number  of  heat-units  developed  in  unit  time  in  the  conductor  PQ 
will  be 

Rx2 

-J- (284). 

It  is  important  to  notice  that  in  this  formula  x  and  R  are  measured  in 
electrostatic  units.  If  the  values  of  the  resistance  and  current  are  given  in 
practical  units,  we  must  transform  to  electrostatic  units  before  using  formula 
(284). 

Let  the  resistance  of  a  conductor  be  R'  ohms,  and  let  the  current  flowing  through  it 

be  xf  amperes.    Then,  in  electrostatic  units,  the  values  of  the  resistance  R  and  the  current 

x  are  given  by 

/?' 
R  =  x-^r-r.  and  x=3x  I09a/. 
Ox  1011 

Thus  the  number  of  heat-units  produced  per  unit  time  is 

R*       (3  x  103)2 
J  ~  9x10".  J         ' 

and  on  substituting  for  J  its  value  4-2  x  107  in  c.G.s.- centigrade  units,  this  becomes 

0-24  fi'A 


Generation  of  Heat  a  minimum. 

356.  In  general  the  solution  of  any  physical  problem  is  arrived  at  by  the 
solution  of  a  system  of  equations,  the  number  of  these  equations  being  equal 
to  the  number  of  unknown  quantities  in  the  problem.  The  condition  that 
any  function  in  which  these  unknown  quantities  enter  as  variables  shall  be  a 
maximum  or  a  minimum,  is  also  arrived  at  by  the  solution  of  an  equal 
number  of  equations.  If  it  is  possible  to  discover  a  function  of  the  unknown 
quantities  such  that  the  two  systems  of  equations  become  identical, — i.e.  if 
the  equations  which  express  that  the  function  is  a  maximum  or  a  minimum 
are  the  same  as  those  which  contain  the  solution  of  the  physical  problem — 
then  we  may  say  that  the  solution  of  the  problem  is  contained  in  the  single 
statement  that  the  function  in  question  is  a  maximum  or  a  minimum. 

Examples  of  functions  which  serve  this  purpose  are  not  hard  to  find.     In 

§  189,  we  proved  that  when  an  electrostatic  system  is  in  equilibrium,  its 

potential   energy  is  a  minimum.      Thus  the   solution  of  any  electrostatic 

problem   is   contained   in    the   single   statement   that   the    function   which 

j.  21 
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expresses  the  potential  energy  is  a  minimum.  Again,  the  solution  of  any 
dynamical  problem  is  contained  in  the  statement  that  the  "action"  is  a 
minimum,  while  in  thermodynamics  the  equilibrium  state  of  any  system 
can  be  expressed  by  the  condition  that  the  "  entropy  "  shall  be  a  maximum. 
It  will  now  be  shewn  that  the  function  which  expresses  the  total  rate  of 
generation  of  heat  plays  a  similar  r61e  in  the  theory  of  steady  electric 
currents. 

357.  Theorem.  When  a  steady  current  flows  through  a  network  of 
conductors  in  which  no  discontinuities  of  potential  occur  {and  which,  therefore, 
contains  no  batteries),  the  currents  are  distributed  in  such  a  way  that  the  rate  of 
generation  of  heat  in  the  network  is  a  minimum,  subject  only  to  the  conditions 
imposed  by  Kirchhoff's  first  law ;  and  conversely. 

To  prove  this,  let  us  select  any  closed  circuit  PQR  ...  P  in  the  network, 
and  let  the  currents  and  resistances  in  the  sections  PQ,  QR,  ...  be  xl,  x%,  ... 
and  R1}  R2, Let  the  currents  and  resistances  in  those  sections  of  the  net- 
work Avhich  are  not  included  in  this  closed  circuit  be  denoted  by  xa,  %i,  ... 
and  Ra,  Rf,,  ....     Then  the  total  rate  of  production  of  heat  is 

XRa^  +  tR^   (285). 

A  different  arrangement  of  currents,  and  one  moreover  which  does  not 
violate  Kirchhoff's  first  law,  can  be  obtained  in  imagination  by  supposing  all 
the  currents  in  the  circuit  PQR  ...  P  increased  by  the  same  amount  e.  The 
total  rate  of  production  of  heat  is  now 

XRaXa*  +  ^R1  Oz  +  *)V 

and  this  exceeds  the  actual  rate  of  production  of  heat,  as  given  by  expression 

(285),  by 

2R1(2x1e  +  e*)   (286). 

Now  if  the  original  distribution  of  currents  is  that  which  actually  occurs 
in  nature,  then 

XR.x,  =  0, 

by  Kirchhoff's  second  law.  Thus  the  rate  of  production  of  heat,  under  the 
new  imaginary  distribution  of  currents,  exceeds  that  in  the  actual  distribu- 
tion by  e'XRi,  an  essentially  positive  quantity. 

The  most  general  alteration  which  can  be  supposed  made  to  the  original 
system  of  currents,  consistently  with  Kirchhoff's  first  law  remaining  satisfied, 
will  consist  in  superposing  upon  this  system  a  number  of  currents  flowing 
in  closed  circuits  in  the  network.  One  such  current  is  typified  by  the 
current  e,  already  discussed.  If  we  have  any  number  of  such  currents,  the 
resulting  increase  in  the  rate  of  heat-production 

=  XR,  (^  +  e  +  e'  +  e"  +  . .  .)2  -  ^RlXl\ 
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where  e,  e',  e",  ...  are  the  additional  currents  flowing  through  the  resistance 
i2j.     As  before  this  expression 

=  2%R1x1  (e  +  e'+  e"  +  ...)  +  XR,  (e  +  /  +  e"  +  ...)2 
=  2^1(e  +  e/  +  e,/  +  ...)3, 

by  Kirchhoff's  second  law.  This  is  an  essentially  positive  quantity,  so  that 
any  alteration  in  the  distribution  of  the  currents  increases  the  rate  of  heat- 
production.  In  other  words,  the  original  distribution  was  that  in  which  the 
rate  was  a  minimum. 

To  prove  the  converse  it  is  sufficient  to  notice  that  if  the  rate  of  heat- 
production  is  given  to  be  a  minimum,  then  expression  (286)  must  vanish  as 
far  as  the  first  power  of  e,  so  that  we  have 

tR.x,  =  0, 

and  of  course  similar  equations  for  all  other  possible  closed  circuits.  These, 
however,  are  known  to  be  the  equations  which  determine  the  actual  dis- 
tribution. 

358.  Theorem.  When  a  system  of  steady  currents  flows  through  a  net- 
work of  conductors  of  resistances  RltR2, ...,  containing  batteries  of  electromotive 
forces  E1}  E2)  ...,  the  currents  x1}  x2,  ...  are  distributed  in  such  a  way  that  the 
function 

ZRx*-2'$Ex  (287) 

is  a  minimum,  subject  to  the  conditions  imposed  by  Kirchhoff's  first  law ;  and, 
conversely. 

As  before,  we  can  imagine  the  most  general  variation  possible  to  consist 
of  the  superposition  of  small  currents  e,  e,  e",  ...  flowing  in  closed  circuits. 
The  increase  in  the  function  (287)  produced  by  this  variation  is 

2i2  [(x  +  e  +  e'  +  ...)2  -  a2]  -  2XE  [(x  + e+ e' +...)- x] 

=  2e  .  (%Rx  -  IE)  +  2e'  (...)  +  ... 

+  XR(e  +  e'  +  ...y (288). 

If  the  system  of  currents  x,  x, ...  is  the  natural  system,  then  the  first  line 
of  this  expression  vanishes  by  Kirchhoff's  second  law  (cf.  equations  (270)), 
and  the  increase  in  heat-production  is  the  essentially  positive  quantity 

2E(e+e'+...)V 
shewing  that  the  original  value  of  function  (287)  must  have  been  a  minimum. 

Conversely,  if  the  original  value  of  function  (287)  was   given   to  be  a 

minimum,  then  expression  (288)  must  vanish  as  far  as  first  powers  of  e,  e, ..., 

so  that  we  must  have 

2ifo  =  E,  etc., 

shewing  that  the  currents  x,  x,  ...  must  be  the  natural  system  of  currents. 

21—2 
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359.  Theorem.  If  two  points  A ,  B  are  connected  by  a  network  of  con- 
ductors, a  decrease  in  the  resistance  of  any  one  of  these  conductors  will  decrease 
(or,  in  special  cases,  leave  unaltered)  the  equivalent  resistance  from  A  to  B. 

Let  x  be  the  current  flowing  from  A  to  B,  R  the  equivalent  resistance  of 
the  network,  and  VA  —  VB  the  fall  of  potential.  The  generation  of  heat  per 
unit  time  represents  the  energy  set  free  by  x  units  moving  through  a 
potential-difference  VA  -  V£.     Thus  the  rate  of  generation  of  heat  is 

*(VA-VS), 

or,  since  Vi  —  VB  =  Rx,  the  rate  of  generation  of  heat  will  be  Rx2. 

Let  the  resistance  of  any  single  conductor  in  the  network  be  supposed 
decreased  from  Rx  to  RJ,  and  let  x1  be  the  current  originally  flowing  through 
the  network.  If  we  imagine  the  currents  to  remain  unaltered  in  spite  of  the 
change  in  the  resistance  of  this  conductor,  then  there  will  be  a  decrease  in 
the  rate  of  heat-production  equal  to  (R1  —  R/)  xf.  The  currents  now  flowing 
are  not  the  natural  currents,  but  if  we  allow  the  current  entering  the  network 
to  distribute  itself  in  the  natural  way,  there  is,  by  §  357,  a  further  decrease 
in  the  rate  of  heat-production.  Thus  a  decrease  in  the  resistance  of  the 
single  conductor  has  resulted  in  a  decrease  in  the  natural  rate  of  heat- 
production. 

If  R,  R'  are  the  equivalent  resistances  before  and  after  the  change,  the 
two  rates  of  heat-production  are  Rx2  and  R'x2.  We  have  proved  that 
R'x2  <  Rx2,  so  that  R'  <  R,  proving  the  theorem. 


General  Theory  of  a  Network. 

360.  In  addition  to  depending  on  the  resistances  of  the  conductors,  the 
flow  of  currents  through  a  network  depends  on  the  order  in  which  the  con- 
ductors are  connected  together,  but  not  on  the  geometrical  shapes,  positions 
or  distances  of  the  conductors.  Thus  we  can  obtain  the  most  general  case  of 
flow  through  any  network  by  considering  a  number  of  points  1,  2,  ...  n,  con- 
nected in  pairs  by  conductors  of  general  resistances  which  may  be  denoted  by 

R12)  R23, If,  in  any  special  problem,  any  two  points  P,  Q  are  not  joined 

by  a  conductor,  we  must  simply  suppose  RPQ  to  be  infinite.  Discontinuities 
of  potential  must  not  be  excluded,  so  we  shall  suppose  that  in  passing  through 
the  conductor  FQ,  we  pass  over  discontinuities  of  algebraic  sum  Epq.  This 
is  the  same  as  supposing  that  there  are  batteries  in  the  arm  PQ  of  total 
electromotive  force  EPQ.  We  shall  suppose  that  the  current  flowing  in  PQ 
from  P  to  Q  is  xPQ)  and  shall  denote  the  potentials  at  the  points  1,  2,  ...  by 

The  total  fall  of  potential  from  P  to  Q  is  VP—  VQ,  but  of  this  an  amount 
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—  EPQ  is  contributed  by  discontinuities,  so  that  the  aggregate  fall  from  P  to 
Q  which  arises  from  the  steady  potential  gradient  in  conductors  will  be 

VP-VQ  +  EPQ. 
Hence,  by  Ohm's  Law, 

Vp—      Vq    +    HjpQ   =    KpqXpQ. 

If  we  introduce  a  symbol  KPQ  to  denote  the  conductivity  -p — ,  we  have 

the  current  given  by 

xPQ  =  Kpq(Vp-Vq  +  EpQ)  (289). 

Suppose  that  currents  Xx,  X2,  ...  enter  the  system  from  outside  at  the 
points  1,  2,  ...,  then  we  must  have 

4i  =  #12  T  #13  T  #14  T  •  •  •  t 

since  there  is  to  be  no  accumulation  of  electricity  at  the  point  1,  and  so  on 
for  the  points  2,  3,  ....  Substituting  from  equations  (289)  into  the  right 
hand  of  this  equation, 

Zi  -  Kn (K-  K+  El2)  +  K1S (K-  V3  +  E13)  +  ... 
=  V1(K12  +  K13  +  ...) 

-(K12V2  +  K13V3  +  ...)  +  K12E12  +  K13El3  + (290). 

The  symbol  KPP  has  so  far  had  no  meaning  assigned  to  it.  Let  us  use  it 
to  denote  —  (KP1  +  KP2  +  KP3  +  ...);  then  equation  (290)  may  be  written  in 
the  more  concise  form 

X1  =  -(K11V1  +  K12V3  +  ...)  +  K12EW  +  K13E19+ (291). 

There  are  n  equations  of  this  type,  but  it  is  easily  seen  that  they  are  not 
all  independent.     For  if  we  add  corresponding  members  we  obtain 

Zi  +  X2+  ...  +  Xn  =  -ZV1(KU  +  K12  + ...  +  Km)  +  22  (KPQEPQ  +  KQPEQP). 

i 

The  first  term  on  the  right  vanishes  on  account  of  the  meaning  which  has  been 
assigned  to  Ku,  etc.;  while  the  second  term  vanishes  because  EPQ  =  —  EQP, 
while  KPQ  =  Kqp.     Thus  the  equation  reduces  to 

X1  +  X2  +  ...+Xn  =  0, 

which  simply  expresses  that  the  total  flow  into  the  network  is  equal  to  the 
total  flow  out  of  it,  a  condition  which  must  be  satisfied  by  Xu  X2,  ...  Xn  at 
the  outset.  Thus  we  arrive  at  the  conclusion  that  the  equations  of  system 
(291)  are  not  independent. 

This  is  as  it  should  be,  for  if  the  equations  were  independent,  we  should  have 
n  equations  from  which  it  would  be  possible  to  determine  the  values  of  1^,  V2,  ...  in 
terms  of  X1}  X2,  ...;  whereas  clearly  from  a  knowledge  of  the  currents  entering  the 
network,  we  must  be  able  to  determine  differences  of  potential  only,  and  not  absolute 
values. 
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To  the  right-hand  side  of  equation  (291),  let  us  add  the  expression 

(Kn  +  Kls  +  ...  +  Km)Vn, 
of  which  the  value  is  zero  by  the  definition  of  Kn.     The  equation  becomes 

Kn(V1-Vn)  +  Kia(Vi-Vn)  +  ...  +  K1>n-1(Vn-1-Vn) 

=  —  XY  +  KnE12  +  Kl3E13  +  ...  +  KmEm. 

There  are  n  equations  of  this  type  in  all.     Of  these  the  first  (n  —  1)  may 
be  regarded  as  a  system  of  equations  determining 

V-V    V—  V  V     —V 

That  these  equations  are  independent  will  be  seen  a  posteriori  from  the  fact 

that   they   enable   us   to   determine  the  values  of  the  n  —  1  independent 

quantities 

V—  V    V-  V  V  ,-V 

'i        'n>     '2        'n>    ••'>     'n—l        'n- 

Solving  these  equations,  we  have 

—  X\      +  K\i  E\i  +  •  •  •  +  Km  Em , 

—  X2    +  K2l  E21  +  ...  +  Km  E2n , 


it  22  >  1 1  23  ) 


-"-i,n-i 

■*»  2,71—1 


—  -^n— l  *r"  -^ti— 1,1-^n— 1,1  +  •  ••  +  J^-n~z,n  ^Jn—\,ni    -**-n— i,a>  -l*-n— i,3j     •••>    -"-n— i,ti— l 


Km  Ki3> 


K 


13) 


••>       ■'M.n-i 


it2l>  -^22)  -^23)  •'•>         ^  2, 71—1 

-**-n— 1,1  j      J-^-n— 1,2>      i*  7i— 1,3>      •••>       1*- n—l, n—l 

The  current  flowing  in  conductor  In  follows  at  once  from  equation  (289), 
and  the  currents  in  the  other  conductors  can  be  written  down  from 
symmetry. 

If  we  denote  the  determinant  in  the  denominator  of  the  foregoing 
equation  by  A,  and  the  minor  of  the  term  Kpq  by  AP<2,  we  find  that  the 
value  of  Vy  —  V,x  can  be  expressed  in  the  form 

K-K=     (-X1  +  K12E12+...  +  KmEm)^ 

+  (-X2  +  K21E21+  ...  +  K2nE2n)^  + (292). 

361.  Suppose  first  that  the  whole  system  of  currents  in  the  network  is 
produced  by  a  current  X  entering  at  P  and  leaving  at  Q,  there  being  no 
batteries  in  the  network.  Then  all  the  E's  vanish,  and  all  the  X's  vanish 
except  XP  and  XQ,  these  being  given  by 

AP  =  —  2L  n  =  .A . 
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Equation  (292)  now  becomes 

V     V  —      Y    Api      Y    ^Q1 

"l—  Yn=  ~  Ap-^-  —  Ac  -£- 

=  ^  (\*  ~  APl)' 

so  that  K-  K  =  (X-  K)  -  0£-  K) 

=  ^  (AQ1  -  Ag2  -  AP1  +  Ap,) (293). 

Replacing  1,  2  by  P,  Q  and  P,  Q  by  1,  2,  we  find  that  if  a  current  X 
enters  the  network  at  1  and  leaves  it  at  2,  the  fall  of  potential  from  P 
to  Q  is 

VP-VQ  =  ^(A2P-  A2Q-  A1P  +  A1Q)    (294), 

and  since  Arg  =  Ag,.,  it  is  clear  that  the  right-hand  members  of  equations 
(293)  and  (294)  are  identical. 

From  this  we  have  the  theorem : 

The  potential-fall  from  A  to  B  when  unit  current  traverses  the  network 
from  G to  D  is  the  same  as  the  potential-fall  from  G  to  D  when  unit  current 
traverses  the  network  from  A  to  B. 


362.  Let  it  now  be  supposed  that  the  whole  flow  of  current  in  the 
network  is  produced  by  a  battery  of  electromotive  force  E  placed  in  the 
conductor  PQ.  We  now  take  all  the  Z's  equal  to  zero  in  equation  (292) 
and  all  the  E's  equal  to  zero  except  EPQ  which  we  put  equal  to  E,  and 
EQP  which  we  put  equal  to  —  E.     We  then  have 

Ap,     .      rr  „  AC 

A 


Vl-Vn  =  KPQEPQ  ~p  +  EQPEQP  - 


=  ^(AP1-Ayi). 

Hence  K- K=^%^(AP1- Ap,- AQ1  +  A^) (295), 

and,  by  equation  (289),  the  current  flowing  in  the  arm  12  is 

a12  =  K»K*E  (Api  -  Ap,  -  AQ1  +  AQ2) (296). 

This  expression  remains  unaltered  if  we  replace  1,  2  by  P,  Q  and  P,  Q  by 
1,  2.     From  this  we  deduce  the  theorem : 

The  current  which  flows  from  A  to  B  when  an  electromotive  force  E  is 
introduced  into  the  arm  GD  of  the  network,  is  equal  to  the  current  which  flows 
from  G  to  D  when  the  same  electromotive  force  is  introduced  into  the 
arm  AB. 
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Conjugate  Conductors. 

363.  The  same  expression  occurs  as  a  factor  in  the  right-hand  members 
of  each  of  the  equations  (293),  (294),  (295),  and  (296),  namely, 

Api+A^-A^-Apa (297). 

If  this  expression  vanishes,  the  two  conductors  12  and  PQ  are  said  to  be 
"  conjugate." 

By  examining  the  form  assumed  by  equations  (293)  to  (296),  when 
expression  (297)  vanishes,  we  obtain  the  following  theorems. 

Theorem  I.  If  the  conductors  AB  and  CD  are  conjugate,  a  current 
entering  at  A  and  leaving  at  B  will  produce  no  current  in  CD.  Similarly, 
a  current  entering  at  C  and  leaving  at  D  will  produce  no  current  in  AB. 

Theorem  II.  If  the  conductors  AB  and  CD  are  conjugate,  a  battery 
introduced  into  the  arm  AB  produces  no  current  in  CD.  Similarly,  a  battery 
introduced  into  the  arm  CD  produces  no  current  in  AB. 

As  an  illustration  of  two  conductors  which  are  conjugate,  it  may  be 
noticed  that  when  the  Wheatstone's  Bridge  (§  352)  is  in  adjustment,  the 
conductors  AD  and  BC  are  conjugate. 


Equations  expressed  in  Symmetrical  Form. 

364.  The  determinant  A  is  not  in  form  a  symmetric  function  of  the 
n  points  1,  2,  ...,  n,  so  that  equations  and  conditions  which  must  necessarily 
involve  these  n  points  symmetrically  have  not  yet  been  expressed  in 
symmetrical  form. 

We  have,  for  instance, 


A„  = 


M3 


li.  21 ,  ■"■&)  -*£  24 )  -"-  25  >  •  •  •  >    ■"■  2,  n— 1 

•"-31  >  "-32  J  -"-34  J  A35,  •••>    -^3,n— 1 


-"-n-i,i>      AM_ 1,2>      An-i,4)     -K-n—i.S)      •••>    &-n—\,n—\ 

in  which  the  points  which  enter  unsymmetrically  are  not  only  1  and  3,  but 
also  n.     Similarly,  we  have 


Au  =  - 


jfi2l)  -^22>  A23,  A25,  •••;     -"2,71— 1 

A31,  A32,  A  33,  A35,  •••>     **-3,n—l 


-tt-n-i,i>     An_i)2,     J^n-i,3>     An_i>6,     •••>   -K-n- l,n-l 

so  that,  on  subtraction, 


A13-A14  = 


A21,  A22,  ^23+^24, 

A31,  A32,  A  33  +  A34, 


#25, 

^35, 


. . . ,    IV  2>  n— 1 
•  •  •  >    **- 3,  n—i 


ii»_i,ij    An-l,2,      An-1,3  +  An_li4,    iln_ii5,     ...,    An_lin_i 
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From  the  relation 

KP1  +  KP2  +  ...  +  KPin_l  +  KPin  =  0 (298), 

it  follows  that  the  sum  of  all  the  terms  in  the  first  row  of  the  above  deter- 
minant is  equal  to  —  K2>n,  the  sum  of  all  the  terms  in  the  second  row  is  equal 
to  —  K3)n,  and  so  on.     Thus  the  equation  may  be  replaced  by 


AU-AM  «(-!)» 


-^21>  -»*22>  A%5> 

A-31)  -^32)  -*^3S> 


.  .  .  ,     A  2,  n— 1 ,  J^-2,Jl 

...  t    A  3>  jj,—!  ,  A  3>  n 


Am— i,D      -ft-n— i,2>      -"^n— 1,5)      •••>  -&n— i,n— 1>       -K-n—  i,n 

and  similarly, 

^28         A24=(—  ■•■)  -*Mli  -&12)  -^15)  »••>     A1>n 

-^31)  -"-32)  ^35>  •••>     -^3,n 


Aw— 1,1»      An— 1,2>      An— 1,5)      •••>    -^n-i,n 

These  two  determinants  differ  only  in  their  first  row,  so  that  on  sub- 
traction, 

(Au-A^-CA^-AaO 


=  (-!)» 


Kn  +  K^,    Kl2  +  K22,    K16  +  K2i,     ...,  Khn  +  K2>n 

K3i,  -»^32>  ^35)  •••)     -"-3,n 


-n-n-1,1) 

A3I)  ^32>  -A 


-n— 1,2> 


An— 1,5)  •••>    -^-n— l,n 


... ,    A; 


3,71 


-&n-i,i)      A«— 1,2j      -"-n— 1,5)      •••>    -K n— 1,1 
-^n,i>  ^n,2,  -&n,5>  •••>    &~n,n 


•(299), 


the  last  transformation  being  effected  by  the  use  of  relation  (298). 

The  relation  which  has  now  been  obtained  is  in  a  symmetrical  shape.     If 
D  is  a  symmetrical  determinant  given  by 


D  = 


-^lD       -*M2>       -"-13)       •••)    Ai.n 

A2i,        -&22>        -^-23)         •••)     -"-2,n 


■Z*-n,\>    -^n,2>    An,3)    »••)    A«,n 

then  the  determinant  on  the  right-hand  of  equation  (299)  is  obtained  from 
D  by  striking  out  the  lines  and  columns  which  contain  the  terms  Kn  and  K24. 
Thus  equation  (299)  may  be  written  in  the  form 


A13  +  A24  -  A^  -  A14  = 


dKlsdK 


13UJJ.24 
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Again  the  determinant  A  given  by 


[CH.  IX 


A  = 


•*^n>  -^12)  -^13>  •••>   -"-i,n— 1 

■^21)  -^22>  -^-23)  •••>    -^-2,n— 2 

-^n-i,i>      -"-n— 1,2>      -**n-i,3>      •••>    -^-n— i,n— l 


.(300) 


may  be  written  in  the  form 


A  = 


dD 

dKntn' 


This  is  not  of  symmetrical  form,  for  the  point  n  enters  unsymmetrically. 
We  can,  however,  easily  shew  that  the  value  of  A  is  symmetrical,  although  its 
form  is  unsymmetrical. 

By  application  of  relation  (298),  we  can  transform  equation  (300)  into 


A  = 


-**■  n,  l  >  -"■  n,  2  >  -**-  n,  3  >         •  •  •  >         -"-  n,  n— l 

■**■  21 >  ■"■  22  >  ■**■  23  J  "•  >  ■"■  2,  n— 1 


■"■n— i,i>        ■**-«— 1,2>         -ti-n— 1,3»      •••>        -"-n— i,n— l 
=  ( —  -I)  -^21)  -^22)  -&23)  •••>    l*-2,n— 1 

J-*-n— 1,1>      ■'in— 1,2)      -'i-n— 1,3)      •••)    -K-n— i,n— 1 
-&n,i)  -^-n, 2)  -^-n.S)         •••»    -^n,ra— 1 

-ft-22)  -"-23)  •••)      -"^2,n— 1)  -**-2,n 

-**-n— 1,2)      -**-n— 1,3)      •••»     -'i-n— i,n— l)       ^n-i,fl 


7f 


n,2) 


# 


n,3) 


• . .  ,     ii  7i,  n— l ) 


# 


«,n 


8Z) 
3^ii  * 


Thus  A  is  the  differential  coefficient  of  Z)  with  respect  to  either  ifu  or 
Kn>n,  or  of  course  with  respect  to  any  other  one  of  the  terms  in  the  leading 
diagonal  of  P.  Thus,  if  K  denote  any  term  in  the  leading  diagonal  of  P, 
we  have 

and  this  virtually  expresses  A  in  a  symmetrical  form. 

We  can  now  express  in  symmetrical  form  the  relations  which  have  been 
obtained  in  §§  360  to  362,  as  follows : 

I.     (§  362.)     The  conductors  1,  2  and  P,  Q  will  be  conjugate  if 

d-P 


dKhPdK.2tQ 


=  0. 
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II.  (Equation  293.)  If  the  conductors  1,  2  and  P,  Q  are  not  conjugate, 
a  current  X  entering  at  P  and  leaving  at  Q  produces  in  1,  2  a  fall  of 
potential  given  by 

*-*—-*  — a^— • 

dK 

III.  (Equation  295.)  If  the  conductors  1,  2  and  P,  Q  are  not  conjugate, 
a  battery  of  electromotive  force  E  placed  in  the  arm  PQ  produces  in  1,  2  a  fall 
of  potential  given  by 

d2D 
V-V—K     i?°KltpoK^q 

K,  y2  —  JlpqU — , 

dK 

and  a  current  from  1  to  2  given  by 


li  12  li-pQ 


All  these  results  and  formulae  obtain  illustration  in  the  results  already- 
obtained  for  the  Wheatstone's  Bridge  in  §§  351  and  352. 

Slowly-varying  Currents. 

365.  All  the  analysis  of  the  present  chapter  has  proceeded  upon  the 
assumption  that  the  currents  are  absolutely  steady,  shewing  no  variation 
with  the  time.  Changes  in  the  strength  of  electric  currents  are  in  general 
accompanied  by  a  series  of  phenomena,  which  may  be  spoken  of  as 
"  induction  phenomena,"  of  which  the  discussion  is  beyond  the  scope  of  the 
present  chapter.  If,  however,  the  rate  of  change  of  the  strength  of  the 
currents  is  very  small,  the  importance  of  the  induction  phenomena  also 
becomes  very  small,  so  that  if  the  variation  of  the  currents  is  slow,  the 
analysis  of  the  present  chapter  will  give  a  close  approximation  to  the  truth. 
This  method  of  dealing  with  slowly-varying  currents  will  be  illustrated  by 
two  examples. 

I.     Discharge  of  a  Condenser  through  a  high  Resistance. 

366.  Let  the  two  plates  A,  B  of  a  condenser  of  capacity  C  be  connected 
by  a  conductor  of  high  resistance  R,  and  let  the  condenser  be  discharged  by 
leakage  through  this  conductor.  At  any  instant  let  the  potentials  of  the  two 
plates  be  VA,  VB,  so  that  the  charges  on  these  plates  will  be  ±  G(VA  —  VB). 
Let  i  be  the  current  in  the  conductor,  measured  in  the  direction  from  A  to  B. 
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Then,  by  Ohm's  Law, 

VA-VB  =  Ri, 

whence  we  find  that  the  charges  on  plates  A  and  B  are  respectively  +  CRi 
and  —  CRi.     Since  i  units  leave  plate  A  per  unit  time,  we  must  have 

a  differential  equation  of  which  the  solution  is 

t 
i  =  i0e    CR , 

where  i0  is  the  current  at  time  t  =  0.  The  condition  that  the  strength  of 
the  current  shall  only  vary  slowly  is  now  seen  a  posteriori  to  be  that  OR 
shall  be  large. 

At  time  t  the  charge  on  the  plate  A  is  CRi  or 

t 
CRi0e~CR. 

This  may  be  written  as 

t 

where  Q0  is  the  charge  at  time  t  =  0.  Thus  both  the  charge  and  the  current 
are  seen  to  fall  off  exponentially  with  the  time,  both  having  the  same  modulus 
of  decay  CR. 

Later  (§  516)  we  shall  examine  the  same  problem  but  without  the  limita- 
tion that  the  current  only  varies  slowly. 


II.     Transmission  of  Signals  along  a  Cable. 

367.  It  has  already  been  mentioned  that  a  cable  acts  as  an  electrostatic 
condenser  of  considerable  capacity.  This  fact  retards  the  transmission  of 
signals,  and  in  a  cable  of  high-capacity,  the  rate  of  transmission  may  be  so 
slow  that  the  analysis  of  the  present  chapter  can  be  used  without  serious 
error. 

Let  x  be  a  coordinate  which  measures  distances  along  the  cable,  let  V,  i 
be  the  potential  at  x  and  the  current  in  the  direction  of  ^-increasing,  and  let 
K  and  R  be  the  capacity  and  resistance  of  the  cable  per  unit  length,  these 
latter  quantities  being  supposed  independent  of  x. 

The  section  of  the  cable  between  points  A  and  B  at  distances  x  and 
x  +  dx  is  a  condenser  of  capacity  Kdx,  and  is  at  the  same  time  a  conductor 
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of  resistance  R  dx.     The  potential  of  the  condenser  is  V,  so  that  its  charge  is 
VKdx.     The  fall  of  potential  in  the  conductor  is 

so  that  by  Ohm's  Law, 

dV 
—  ■=-  dx  =  iRdx  (301). 

The  current  enters  the  section  i£  at  a  rate  i  units  per  unit  time,  and 

dx 


di 
leaves  at  a  rate  of  i  +  ~-  dx  units  per  unit  time.     Hence  the  charge  in  this 


di 
section  decreases  at  a  rate  =-  dx  per  unit  time,  so  that  we  must  have 

I  (VKdx)  =  -^dx  (302). 

Eliminating  i  from  equations  (301)  and  (302),  we  obtain 

d2V  dV 

368.  This  equation,  being  a  partial  differential  equation  of  the  second 
order,  must  have  two  arbitrary  functions  in  its  complete  solution.  We  shall 
shew,  however,  that  there  is  a  particular  solution  in  which  V  is  a  function  of 
the  single  variable  x\\Jt,  and  this  solution  will  be  found  to  give  us  all  the 
information  we  require. 

Let  us  introduce  the  new  variable  u,  given  by  u  =  xf\ft,  and  let  us  assume 
provisionally  that  there  is  a  solution  V  of  equation  (303)  which  is  a  function 
of  u  only.     For  this  solution  we  must  have 

d*V=  1  d*V 
dx2     t  du2* 
dV^dVdu_      Lx_dV 
dt~  du  dt~     2  V*3  du ' 
so  that  equation  (303)  becomes 


du?  \    2  ^/ts  du) 

=  -lKRu~ (304). 

du 

The  fact  that  this  equation  involves  V  and  u  only,  shews  that  there  is  an 
integral  of  the  original  equation  for  which  V  is  a  function  of  u  only.  This 
integral  is  easily  obtained,  for  equation  (304)  can  be  put  in  the  form 


eO*S~w 


du 

whence  ^=Ce^KRn\ 

du 

in  which  C  is  a  constant  of  integration. 


334  Steady  Currents  in  Linear  Conductors  [ch.  ix 

Integrating  this,  we  find  that  the  solution  for  V  is 

V  =  cfUe-±KRu*du, 

in  which  the  lower  limit  to  the  integral  is  a  second  constant  of  integration. 
Introducing  a  new  variable  y  such  that  y2  =  \KRu2,  and  changing  the 
constants  of  integration,  we  may  write  the  solution  in  the  form 

V=V0  +  C  e-y2dy (305). 

J  OO 

369.  We  must  remember  that  this  is  not  the  general  solution  of  equa- 
tion (303),  but  is  simply  one  particular  solution.  Thus  the  solution  cannot 
be  adjusted  to  satisfy  any  initial  and  boundary  conditions  we  please,  but  will 
represent  only  the  solution  corresponding  to  one  definite  set  of  initial  and 
boundary  conditions.    We  now  proceed  to  examine  what  these  conditions  are. 

At  time  t  =  0,  the  value  of  x\*]t  is  infinite  except  at  the  point  x  =  0. 
Thus  except  at  this  point,  we  have  V=X  when  t  =  0.  At  this  point  the 
value  of  xjfjt  is  indeterminate  at  the  actual  instant  t  =  0,  but  immediately 
after  this  instant  assumes  the  value  zero,  which  it  retains  through  all  time. 
Thus  at  x  =  0,  the  potential  has  the  constant  value 

V^Vo  +  G'Te-y'dy, 

J  00 

or,  say,  V  =  Vu  where  0'  =  2^~^ . 

At  x  =oo,  the  value  of  V  is  V=V0  through  all  time. 

Thus  equation  (305)  expresses  the  solution  for  a  line  of  infinite  length 
which  is  initially  at  potential  V  —  T£,  and  of  which  the  end  x  —  oo  remains  at 
this  potential  all  the  time,  while  the  end  x  =  0  is  raised  to  potential  Tf  by 
being  suddenly  connected  to  a  battery-terminal  at  the  instant  t  =  0. 

The  current  at  any  instant  is  given  by 

1  dV 
i  =  —  -=  -~-  ,  from  equation  (301), 

C"l     /KR   _^!    ,  .      ,onKN 

=  — d  9  V  ~T~  e      4t    »  irorn  equation  (305), 

/~fF~       KRx* 

=  (^"T0V&rfe"" *" (306)- 

We  see  that  the  current  vanishes  only  when  t  —  0  and  when  t  =  oo . 
Thus  even  within  an  infinitesimal  time  of  making  contact,  there  will, 
according  to  equation  (306),  be  a  current  at  all  points  along  the  wire.  It 
must,  however,  be  remembered  that  equation  (306)  is  only  an  approxima- 
tion, holding  solely  for  slowly-varying  currents,  so  that  we  must  not  apply 
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the  solution  at  the  instant  t  =  0  at  which  the  currents,  as  given  by  equation 
(306),  vary  with  infinite  rapidity.  For  larger  values  of  t,  however,  we  may 
suppose  the  current  given  by  equation  (306). 

The  maximum  current  at  any  point  is  found,  on  differentiating  equation 
(306),  to  occur  at  the  instant  given  by 

t  =  \KRx>   (307), 

so  that  the  further  along  the  wire  we  go,  the  longer  it  takes  for  the  current 
to  attain  its  maximum  value.  The  maximum  value  of  this  current,  when  it 
occurs,  is 

<F->»\/s-/"! <308>' 

and  so  is  proportional  to  - .     Thus  the  further  we  go  from  the  end  x  =  0,  the 

CC 

smaller  the  maximum  current  will  be. 

We  notice  that  K  occurs  in  expression  (307)  but  not  in  (308).  Thus  the 
electrostatic  capacity  of  a  cable  will  not  interfere  with  the  strength  of  signals 
sent  along  a  cable,  but  will  interfere  with  the  rapidity  of  their  transmission. 

Equation  (307)  expresses  what  is  commonly  called  the  "KR  law" — the 
retarding  effect  is  proportional  to  the  product  of  K  and  R.  The  theory  just 
developed  is  commonly  spoken  of  as  the  Electrostatic  Theory  of  propagation 
of  signals.  It  was  first  given  by  Lord  Kelvin  in  1855  in  a  paper*  which  is 
notable  as  having  established  the  theoretical  feasibility  of  an  Atlantic  cable. 

We  shall  discuss  in  a  later  chapter  the  more  general  problem  of  the  trans- 
mission of  signals  along  a  wire  of  any  kind.  It  will  then  be  possible  to 
estimate  the  degree  of  error  involved  in  the  simple  assumptions  of  the 
Electrostatic  Theory. 

EXAMPLES. 

1.  A  length  4a  of  uniform  wire  is  bent  into  the  form  of  a  square,  and  the  opposite 
angular  points  are  joined  with  straight  pieces  of  the  same  wire,  which  are  in  contact 
at  their  intersection.  A  given  current  enters  at  the  intersection  of  the  diagonals  and 
leaves  at  an  angular  point :  find  the  current  strength  in  the  various  parts  of  the  network, 
and  shew  that  its  whole  resistance  is  equal  to  that  of  a  length 

a\l\ 

2^2  +  1 
of  the  wire. 

2.  A  network  is  formed  of  uniform  wire  in  the  shape  of  a  rectangle  of  sides  2a,  3a, 
with  parallel  wires  arranged  so  as  to  divide  the  internal  space  into  six  squares  of  sides  a, 
the  contact  at  points  of  intersection  being  perfect.  Shew  that  if  a  current  enter  the 
framework  by  one  corner  and  leave  it  by  the  opposite,  the  resistance  is  equivalent  to  that 
of  a  length  121a/69  of  the  wire. 

*  "On  the  Theory  of  the  Electrio  Telegraph,"  Proc.  Roy.  Soc.  1855. 
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3.  A  fault  of  given  earth-resistance  develops  in  a  telegraph  line.  Prove  that  the 
current  at  the  receiving  end,  generated  by  an  assigned  battery  at  the  signalling  end,  is 
least  when  the  fault  is  at  the  middle  of  the  line. 

4.  The  resistances  of  three  wires  BC,  CA,  AB,  of  the  same  uniform  section  and 
material,  are  a,  b,  c  respectively.  Another  wire  from  A  of  constant  resistance  d  can  make 
a  sliding  contact  with  BC.  If  a  current  enter  at  A  and  leave  at  the  point  of  contact 
with  BC,  shew  that  the  maximum  resistance  of  the  network  is 

(a  +  b  +  c)d 
a+b+c+4d' 

and  determine  the  least  resistance. 

5.  A  certain  kind  of  cell  has  a  resistance  of  10  ohms  and  an  electromotive  force  of 
■85  of  a  volt.  Shew  that  the  greatest  current  which  can  be  produced  in  a  wire  whose 
resistance  is  22*5  ohms,  by  a  battery  of  five  such  cells  arranged  in  a  single  series,  of 
which  any  element  is  either  one  cell  or  a  set  of  cells  in  parallel,  is  exactly  "06  of  an 
ampere. 

6.  Six  points  A,  A',  B,  B',  C,  C  are  connected  to  one  another  by  copper  wire  whose 
lengths  in  yards  are  as  follows:  A  A' =  16,  BC=B'C=l,  BC'  =  B'C'  =  2,  AB  =  A'B'  =  G, 
AC'=A'C'  =  8.  Also  B  and  B'  are  joined  by  wires,  each  a  yard  in  length,  to  the  terminals 
of  a  battery  whose  internal  resistance  is  equal  to  that  of  r  yards  of  the  wire,  and  all  the 
wires  are  of  the  same  thickness.  Shew  that  the  current  in  the  wire  AA'  is  equal  to  that 
which  the  battery  would  maintain  in  a  simple  circuit  consisting  of  31r  +  104  yards  of 
the  wire. 

7.  Two  places  A,  B  are  connected  by  a  telegraph  line  of  which  the  end  at  A  is 
connected  to  one  terminal  of  a  battery,  and  the  end  at  B  to  one  terminal  of  a  receiver, 
the  other  terminals  of  the  battery  and  receiver  being  connected  to  earth.  At  a  point  C 
of  the  line  a  fault  is  developed,  of  which  the  resistance  is  r.  If  the  resistances  of  AC,  CB 
be  p,  q  respectively,  shew  that  the  current  in  the  receiver  is  diminished  in  the  ratio 

r(p  +  q)  :  qr  +  rp+pq, 

the  resistances  of  the  battery,  receiver  and  earth  circuit  being  neglected. 

8.  Two  cells  of  electromotive  forces  ex,  e2  and  resistances  rx,  r2  are  connected  in 
parallel  to  the  ends  of  a  wire  of  resistance  B.     Shew  that  the  current  in  the  wire  is 

ei^  +  yi 
rxR  +  r2R-\-r1r2' 

and  find  the  rates  at  which  the  cells  are  working. 

9.  A  network  of  conductors  is  in  the  form  of  a  tetrahedron  PQRS ;  there  is  a  battery 
of  electromotive  force  E  in  PQ,  and  the  resistance  of  PQ,  including  the  battery,  is  R. 
If  the  resistances  in  QR,  RP  are  each  equal  to  r,  and  the  resistances  in  PS,  RS  are  each 
equal  to  Jr,  and  that  in  QS=§r,  find  the  current  in  each  branch. 

10.  A,  B,  C,  D  are  the  four  junction  points  of  a  Wheatstone's  Bridge,  and  the 
resistances  c,  /3,  b,  y  in  AB,  BD,  AC,  CD  respectively  are  such  that  the  battery  sends  no 
current  through  the  galvanometer  in  BC.  If  now  a  new  battery  of  electromotive  force  E 
be  introduced  into  the  galvanometer  circuit,  and  so  raise  the  total  resistance  in  that 
circuit  to  a,  find  the  current  that  will  flow  through  the  galvanometer. 

11.  A  cable  AB,  50  miles  in  length,  is  known  to  have  one  fault,  and  it  is  necessary  to 
localise  it.  If  the  end  A  is  attached  to  a  battery,  and  has  its  potential  maintained 
at  200  volts,  while  the  other  end  B  is  insulated,  it  is  found  that  the  potential  of  B  when 
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steady  is  40  volts.  Similarly  when  A  is  insulated  the  potential  to  which  B  must  be  raised 
to  give  A  a  steady  potential  of  40  volts  is  300  volts.  Shew  that  the  distance  of  the  fault 
from  A  is  19-05  miles. 

12.  A  wire  is  interpolated  in  a  circuit  of  given  resistance  and  electromotive  force. 
Find  the  resistance  of  the  interpolated  wire  in  order  that  the  rate  of  generation  of  heat 
may  he  a  maximum. 

13.  The  resistances  of  the  opposite  sides  of  a  TVheatstone's  Bridge  are  a,  a'  and  b,  b' 
respectively.  Shew  that  when  the  two  diagonals  which  contain  the  battery  and  galvano- 
meter are  interchanged, 

E     E  _(a-a')(b-b')(G-R) 

G     C  aa'-bb'  ' 

where  G  and  C  are  the  currents  through  the  galvanometer  in  the  two  cases,  G  and  R  are 
the  resistances  of  the  galvanometer  and  battery  conductors,  and  E  the  electromotive  force 
of  the  battery. 

14.  A  current  G  is  introduced  into  a  network  of  linear  conductors  at  A,  and  taken 
out  at  B,  the  heat  generated  being  IT1.  If  the  network  be  closed  by  joining  A,  B  by  a 
resistance  r  in  which  an  electromotive  force  E  is  inserted,  the  heat  generated  is  H2. 
Prove  that 

C2r      E* 

15.  A  number  N  of  incandescent  lamps,  each  of  resistance  r,  are  fed  by  a  machine  of 
resistance  R  (including  the  leads).  If  the  light  emitted  by  any  lamp  is  proportional  to 
the  square  of  the  heat  produced,  prove  that  the  most  economical  way  of  arranging  the 
lamps  is  to  place  them  in  parallel  arc,  each  arc  containing  n  lamps,  where  n  is  the  integer 
nearest  to  V 'JVR/r. 

16.  A  battery  of  electromotive  force  E  and  of  resistance  B  is  connected  with  the  two 
terminals  of  two  wires  arranged  in  parallel.  The  first  wire  includes  a  voltameter  which 
contains  discontinuities  of  potential  such  that  a  unit  current  passing  through  it  for  a 
unit  time  does  p  units  of  work  The  resistance  of  the  first  wire,  including  the  voltameter, 
is  R:  that  of  the  second  is  r.  Shew  that  if  E  is  greater  than  p(B  +  r)jr,  the  current 
through  the  battery  is 

E(R  +  r)-pr 
Rr  +  B(R+r)' 

17.  A  system  of  30  conductors  of  equal  resistance  are  connected  in  the  same  way  as 
the  edges  of  a  dodecahedron.  Shew  that  the  resistance  of  the  network  between  a  pair  of 
opposite  corners  is  £  of  the  resistance  of  a  single  conductor. 

18.  In  a  network  PA,  PB,  PG,  PD,  AB,  BC,  CD,  DA,  the  resistances  are  a,  ft  y,  8, 

y  +  8,  d  +  a,  a  +  /3,  /3+y  respectively.     Shew  that,  if  AD  contains  a  battery  of  electromotive 

force  E,  the  current  in  BC  is 

P(ap  +  y8).E 

2/>2<2  +  (/3S-ay)2' 
where  P=a  +  p  +  y  +  d,      §  =  /3y  +  ya  +  a/3  +  aS  +  /3S  +  yS. 

19.  A  wire  forms  a  regular  hexagon  and  the  angular  points  are  joined  to  the  centre 
by  wires  each  of  which  has  a  resistance  -  of  the  resistance  of  a  side  of  the  hexagon. 

Shew  that  the  resistance  to  a  current  entering  at  one  angular  point  of  the  hexagon  and 

leaving  it  by  the  opposite  point  is 

2(ra  +  3) 

(n  + 1)0  +  4) 

times  the  resistance  of  a  side  of  the  hexagon. 

J.  22 
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20.  Two  long  equal  parallel  wires  AB,  A'B',  of  length  I,  have  their  ends  B,  B'  joined 
by  a  wire  of  negligible  resistance,  while  A,  A'  are  joined  to  the  poles  of  a  cell  whose 
resistance  is  equal  to  that  of  a  length  r  of  the  wire.  A  similar  cell  is  placed  as  a  bridge 
across  the  wires  at  a  distance  x  from  A,  A'.  Shew  that  the  effect  of  the  second  cell  is  to 
increase  the  current  in  BB'  in  the  ratio 

2  (21 +r)  (x+r)l{r(4l+r)  +  2x(2l-r)-4:X2}. 

21.  There  are  n  points  1,  2, ...  n,  joined  in  pairs  by  linear  conductors.  On  introducing 
a  current  0  at  electrode  1  and  taking  it  out  at  2,  the  potentials  of  these  are  V\,  V2,  ...  Pn. 
If  x12  is  the  actual  current  in  the  direction  12,  and  xx2'  any  other  that  merely  satisfies  the 
conditions  of  introduction  at  1  and  abstraction  at  2,  shew  that 

2  (r12a?12a?i2')=(  Pi-  P2)  C=2  (r12x12-), 

and  interpret  the  result  physically. 

If  x  typify  the  actual  current  when  the  current  enters  at  1  and  leaves  at  2,  and  y 
typify  the  actual  current  when  the  current  enters  at  3  and  leaves  at  4,  shew  that 

2  (r12x12y12)  =  (Zs  - X4)  C=  ( l\  -  Y2)  C, 

where  the  X's  are  potentials  corresponding  to  currents  x,  and  the  Y's  are  potentials 
corresponding  to  currents  y. 

22.  A,  B,  C  are  three  stations  on  the  same  telegraph  wire.  An  operator  at  A  knows 
that  there  is  a  fault  between  A  and  B,  and  observes  that  the  current  at  A  when  he  uses  a 
given  battery  is  i,  i'  or  i",  according  as  B  is  insulated  and  C  to  earth,  B  to  earth,  or  B 
and  C  both  insulated.     Shew  that  the  distance  of  the  fault  from  A  is 

{ka  -  k'b  +  {b  -  aft  (ka  -  k'bft}j(k  -  k'), 

i"  i" 

where  AB  =  a,    BC=b-a,    k—-. — -n     k'  =  -l 


i  -i 


23.  Six  conductors  join  four  points  A,  B,  C,  D  in  pairs,  and  have  resistances 
a,  a,  b,  /3,  c,  y,  where  a,  a  refer  to  BC,  AD  respectively,  and  so  on.  If  this  network 
be  used  as  a  resistance  coil,  with  A,  B  as  electrodes,  shew  that  the  resistance  caunot 
lie  outside  the  limits 


[^^r-[MGnr+(H)T] 


-i 


24.  Two  equal  straight  pieces  of  wire  A0An,  B0Bn  are  each  divided  into  n  equal  parts 
at  the  points  At  ...  An_i  and  Bi...Bn_i  respectively,  the  resistance  of  each  part  and 
that  of  AnBn  being  R.  The  corresponding  points  of  each  wire  from  1  to  n  inclusive 
are  joined  by  cross  wires,  and  a  battery  is  placed  in  A0B0.  Shew  that,  if  the  current 
through  each  cross  wire  is  the  same,  the  resistance  of  the  cross  wire  AaBa  is 

{(n-sY  +  (n-s)  +  \}R 

25.  If  n  points  are  joined  two  and  two  by  wires  of  equal  resistance  r,  and  two  of 
them  are  connected  to  the  electrodes  of  a  battery  of  electromotive  force  E  and  resistance 
R,  shew  that  the  current  in  the  wire  joining  the  two  points  is 

2E 
2r  +  nR' 

26.  Six  points  A,  B,  C,  D,  P,  Q  are  joined  by  nine  conductors  AB,  AP,  BC,  BQ,  PQ, 
QC,  PD,  DC,  AD.  An  electromotive  force  is  inserted  in  the  conductor  AD,  and  a 
galvanometer  in  PQ.  Denoting  the  resistance  of  any  conductor  XY  by  rXY,  shew  that 
if  no  current  passes  through  the  galvanometer, 

(i'bo  +  rBQ  +  rCQ)  (rAB  rDP  -  rAP  rD0)  +  rBC  (rBQ  rDP  -  rAP rCQ)  =  0. 


Examples  339 

27.  A  network  is  made  by  joining  the  five  points  1,  2,  3,  4,  5  by  conductors  in  every 
possible  way.     Shew  that  the  condition  that  conductors  23  and  14  are  conjugate  is 

(A"15  +  ^  +  E3b  +  E&)  (E^E^  -  E13  E2i) 

=  Eb2  (EbiEls  -  EuE,b)  +  Eb3  (E2iEbl  -  E^E^), 

where  Er)  is  conductivity  of  conductor  rs. 

28.  Two  endless  wires  are  each  divided  into  mn  equal  parts  by  the  successive 
terminals  of  mn  connecting  wires,  the  resistance  of  each  part  being  R.  There  is  an 
identically  similar  battery  in  every  mth  connecting  wire,  the  total  resistance  of  each 
being  the  same,  and  the  resistance  of  each  of  the  other  mn  —  n  connecting  wires  is  h. 
Prove  that  the  current  through  a  connecting  wire  which  is  the  rth  from  the  nearest 
battery  is 

£C(l-tana)(tanra  +  tanm-ra)/(tana-tanma), 

where  C  is  the  current  through  each  battery,  and  sin  2a  =  hj(k+R). 

29.  A  long  line  of  telegraph  wire  AAXA2 ...  AnAn  +  1  is  supported  by  n  equidistant 
insulators  at  Alt  A2, ...  An.  The  end  A  is  connected  to  one  pole  of  a  battery  of  electro- 
motive force  E  and  resistance  B,  and  the  other  pole  of  this  battery  is  put  to  earth,  as 
also  the  other  end  An  +  X  of  the  wire.  The  resistance  of  each  portion  AAX,  AtA2,  ... 
AnAn+i  is  the  same,  R.  In  wet  weather  there  is  a  leakage  to  earth  at  each  insulator, 
whose  resistance  may  be  taken  equal  to  r.     Shew  that  the  current  strength  in  APAP  +  x  is 

Ecos\x(2n-2p  +  l)a 
B  cosh  (2/i  +  1)  a  +  \l~Rr  sinh  (2?i  +  2)  a ' 


where  2  sinh  a = \] R\r. 

30.  A  regular  polygon  A1A2...An  is  formed  of  n  pieces  of  uniform  wire,  each  of 
resistance  <r,  and  the  centre  0  is  joined  to  each  angular  point  by  a  straight  piece  of  the 
same  wire.  Shew  that,  if  the  point  0  is  maintained  at  zero  potential,  and  the  point  Ax 
at  potential  V,  the  current  that  flows  in  the  conductor  ArAr+1  is 

2  Fsinh  a  sinh  (n  -  2r  + 1)  a 
a  cosh  na  ' 

where  a  is  given  by  the  equation 


7r 


cosh  2a=l+  sin  — 
n 

31.  A  resistance  network  is  constructed  of  2n  rectangular  meshes  forming  a  truncated 
cylinder  of  2n  faces,  with  two  ends  each  in  the  form  of  a  regular  polygon  of  2n  sides. 
Each  of  these  sides  is  of  resistance  r,  and  the  other  edges  of  resistance  R.  If  the 
electrodes  be  two  opposite  corners,  then  the  resistance  is 

,         ,  ,.  tanh  6 

where  sinh2  6  =  ^. 

la 

32.  A  network  is  formed  by  a  system  of  conductors  joining  every  pair  of  a  set  of 
n  points,  the  resistances  of  the  conductors  being  all  equal,  and  there  is  an  electromotive 
force  in  the  conductor  joining  the  points  A1}  A2.  Shew  that  there  is  no  current  in  any 
conductor  except  those  which  pass  through  Ax  or  A2,  and  find  the  current  in  these 
conductors. 

22—2 
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33.  Each  member  of  the  series  of  n  points  Ax,  A<i,...An  is  united  to  its  successor 
by  a  wire  of  resistance  p,  and  similarly  for  the  series  of  n  points  Bx,  B2,...Bn.  Each 
pair  of  points  corresponding  in  the  two  series,  such  as  Ar  and  Br,  is  united  by  a  wire 
of  resistance  R.  A  steady  current  i  enters  the  network  at  Ai  and  leaves  it  at  Bn.  Shew 
that  the  current  at  A\  divides  itself  between  AxAi  and  A-J5X  in  the  ratio 

sinh  a + sinh  (n  —  1)  a + sinh  {n  -  2)  a  :  sinh  a  +  sinh  {n  —  1)  a  -  sinh  (n  —  2)  a, 
where  cosh  a  =     „  ■ . 

34.  An  underground  cable  of  length  a  is  badly  insulated  so  that  it  has  faults 
throughout  its  length  indefinitely  near  to  one  another  and  uniformly  distributed.  The 
conductivity  of  the  faults  is  1/p'  per  unit  length  of  cable,  and  the  resistance  of  the 
cable  is  p  per  unit  length.  One  pole  of  a  battery  is  connected  to  one  end  of  a  cable 
and  the  other  pole  is  earthed.  Prove  that  the  current  at  the  farther  end  is  the  same 
as  if  the  cable  were  free  from  faults  and  of  total  resistance 


\/pp'  smhTay'sj 


35.  Two  parallel  conducting  wires  at  unit  distance  are  connected  by  7i4 1  cross  pieces 
of  the  same  wire,  so  as  to  form  n  squares.  A  current  enters  by  an  outer  corner  of  the 
first  square,  and  leaves  by  the  diagonally  opposite  corner  of  the  last.  Shew  that,  if 
the  resistance  is  that  of  a  length  £?i  +  o„  of  the  wire, 


<*n  +  l: 


a„  +  2 


36.  A,  B  are  the  ends  of  a  long  telegraph  wire  with  a  number  of  faults,  and  C  is 
an  intermediate  point  on  the  wire.  The  resistance  to  a  current  sent  from  A  is  R  when 
C  is  earth  connected,  but  if  C  is  not  earth  connected  the  resistance  is  S  or  T  according 
as  the  end  B  is  to  earth  or  insulated.  If  R\  S',  T'  denote  the  resistances  under  similar 
circumstances  when  a  current  is  sent  from  B  towards  A,  shew  that 

T'(R-S)  =  R'(R-T). 

37.  The  inner  plates  of  two  condensers  of  capacities  C,  C  are  joined  by  wires  of 
resistances  R,  R'  to  a  point  P,  and  their  outer  plates  by  wires  of  negligible  resistance 
to  a  point  Q.  If  the  inner  plates  be  also  connected  through  a  galvanometer,  shew  that 
the  needle  will  suffer  no  sudden  deflection  on  joining  P,  Q  to  the  poles  of  a  battery, 
if  CR=C'R'. 

38.  An  infinite  cable  of  capacity  and  resistance  K  and  R  per  unit  length  is  at  zero 
potential.  At  the  instant  t—0  one  end  is  suddenly  connected  to  a  battery  for  an 
infinitesimal  interval  and  then  insulated.  Shew  that,  except  for  very  small  values  of  t, 
the  potential  at  any  instant  at  a  distance  x  from  this  end  of  the  cable  will  be  pro- 
portional to 

1     _^R^ 

7te~  «  • 


CHAPTEE  X 

STEADY  CURRENTS  IN  CONTINUOUS  MEDIA 

Components  of  Current. 

370.  In  the  present  chapter  we  shall  consider  steady  currents  of  elec- 
tricity flowing  through  continuous  two-  and  three-dimensional  conductors 
instead  of  through  systems  of  linear  conductors. 

We  can  find  the  direction  of  flow  at  any  point  P  in  a  conductor  by 
imagining  that  we  take  a  small  plane  of  area  dS  and  turn  it  about  at  the 
point  P  until  we  find  the  position  in  which  the  amount  of  electricity  crossing 
it  per  unit  time  is  a  maximum.  The  normal  to  the  plane  when  in  this 
position  will  give  the  direction  of  the  current  at  P,  and  if  the  total  amount 
of  electricity  crossing  this  plane  per  unit  time  when  in  this  position  is  CdS, 
then  C  may  be  defined  to  be  the  strength  of  the  current  at  P. 

If  I,  m,  n  are  the  direction-cosines  of  the  direction  of  the  current  at  P, 
then  the  current  C  may  be  treated  as  the  superposition  of  three  currents 
IC,  mC,  nC  parallel  to  the  axes.  To  prove  this  we  need  only  notice  that  the 
flow  across  an  area  dS  of  which  the  normal  makes  an  angle  6  with  the  direc- 
tion of  the  current,  and  has  direction-cosines  I',  m',  n',  must  be  CdS  cos  0,  or 

CdS  {IV  +  mm!  +  nn'). 

The  first  term  of  this  expression  may  be  regarded  as  the  contribution  from 
a  current  IC  parallel  to  the  axis  Ox,  and  so  on.  The  quantities  IC,  mC,  nC 
are  called  the  components  of  the  current  at  the  point  P. 

Lines  and  Tubes  of  Flow. 

371.  Definition.  A  line  of  flow  is  a  line  drawn  in  a  conductor  such 
that  at  every  point  its  tangent  is  in  the  direction  of  the  current  at  the  point. 

Definition.  A  tube  of  flow  is  a  tubular  region  of  infinitesimal  cross- 
section,  bounded  by  lines  of  flow. 
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It  is  clear  that  at  every  point  on  the  surface  of  a  tube  of  flow,  the  current 
is  tangential  to  the  surface.  Thus  no  current  crosses  the  boundary  of  a  tube 
of  flow,  from  which  it  follows  that  the  aggregate  current  flowing  across  all 
cross-sections  of  a  tube  of  flow  will  be  the  same. 

The  amount  of  this  current  will  be  called  the  strength  of  the  tube. 

Thus  if  G  is  the  current  at  any  point  of  a  tube  of  flow,  and  if  &>  is  the 
cross-section  of  the  tube  at  that  point,  then  Ceo  is  constant  throughout  the 
length  of  the  tube,  and  is  equal  to  the  strength  of  the  tube. 

There  is  an  obvious  analogy  between  tubes  of  flow  in  current  electricity  and  tubes 
of  force  in  statical  electricity,  the  current  C  corresponding  to  the  polarisation  P. 
In  current  electricity,  Ca>  is  constant  and  equal  to  the  strength  of  the  tube  of  flow, 
while  in  statical  electricity  Pa  is  constant  and  equal  to  the  strength  of  the  tube  of  force 
(§  129). 


Specific  Resistance. 

372.  The  specific  resistance  of  a  substance  is  defined  to  be  the  resistance 
of  a  cube  of  unit  edge  of  the  substance,  the  current  entering  by  a  perfectly 
conducting  electrode  which  extends  over  the  whole  of  one  face,  and  leaving 
by  a  similar  electrode  on  the  opposite  face. 

The  specific  resistances  of  some  substances  of  which  conductors  and  insulators  are 
frequently  made  are  given  in  the  following  table.  The  units  are  the  centimetre  and 
the  ohm. 

Dilute  sulphuric  acid  (^  acid  at  22°  C.)         33. 
„  „  „    (|  acid  at  22°  C.)  1-6. 

Glass  (at  200° C.)       2-27xl07. 

„      (at  400°  C.)       7-35x10*. 

Guttapercha,  about 3xl014. 

If  t  is  the  specific  resistance  of  any  substance,  the  resistance  of  a  wire 

It 
of  length  I  and  cross-section  s  will  clearly  be  — . 

s 


Silver  ... 

1-61  x  10-s. 

Copper 

1-64  x  10-6. 

Iron  (soft) 

9-83  x  lO-6. 

„     (hard) 

9-06  x  10~6. 

Mercury 

...       96-15  xlO"6. 

Ohm's  Law. 

373.  In  a  conductor  in  which  a  current  is  flowing,  different  points 
will,  in  general,  be  at  different  potentials.  Thus  there  will  be  a  system 
of  equipotentials  and  of  lines  of  force  inside  a  conductor  similar  to  those 
in  an  electrostatic  field.  It  is  found,  as  an  experimental  fact,  that  in  a 
homogeneous  conductor,  the  lines  of  flow  coincide  with  the  lines  of  force — 
or,  in  other  words,  the  electricity  at  every  point  moves  in  the  direction  of 
the  forces  acting  on  it. 

In  considering  the  motion  of  material  particles  in  general  it  is  not  usually  true  that  the 
motion  of  the  particles  is  in  the  direction  of  the  forces  acting  upon  them.     The  velocity 
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of  a  particle  at  the  end  of  any  small  interval  of  time  is  compounded  of  the  velocity  at 
the  beginning  of  the  interval  together  with  the  velocity  generated  during  the  interval. 
The  latter  velocity  is  in  the  direction  of  the  forces  acting  on  the  particle,  but  is  generally 
insignificant  in  comparison  with  the  original  velocity  of  the  particle.  In  the  particular 
case  in  which  the  original  velocity  of  the  particle  was  very  small,  the  direction  of  motion 
at  the  end  of  a  small  interval  will  be  that  of  the  force  acting  on  the  particle.  If  the 
particle  moves  in  a  resisting  medium,  it  may  be  that  the  velocity  of  the  particle  is  kept 
permanently  very  small  by  the  resistance  of  the  medium  :  in  this  case  the  direction  of 
motion  of  the  particle  at  every  instant,  relatively  to  the  medium,  may  be  that  of  the 
forces  acting  on  it. 

On  the  modern  view  of  electricity,  a  current  of  electricity  is  composed  of  electrons 
which  are  driven  through  a  conductor  by  the  electric  forces  acting  on  them,  and  in 
their  motion  experience  frequent  collisions  with  the  molecules  of  the  conductor.  The 
effect  of  these  collisions  is  continually  to  check  the  forward  velocity  of  the  electrons,  so 
that  this  forward  velocity  is  kept  small  just  as  if  they  were  moving  through  a  resisting 
medium  of  the  ordinary  kind,  and  so  it  comes  about  that  the  direction  of  flow  of  current 
is  in  the  direction  of  the  electric  intensity  (cf.  §  345  a). 

374.  Let  us  select  any  tube  of  force  of  small  cross-section  inside  a 
conductor,  and  let  P,  Q  be  any  two  points  on  this  tube  of  force,  at  which 
the  potentials  are  VP  and  VQ,  the  former  being  the  greater.  Let  these 
points  be  so  near  together  that  throughout  the  range  PQ  the  cross-section 
of  the  tube  of  force  may  be  supposed  to  have  a  constant  value  co,  while  the 
specific  resistance  of  the  material  of  the  conductor  may  be  supposed  to 
have  a  constant  value  t. 

From  what  has  been  said  in  §  373,  it  follows  that  the  tube  of  force  under 
consideration  is  also  a  tube  of  flow.  If  G  denotes  the  current,  then  the 
current  flowing  through  this  tube  of  flow  in  the  direction  from  P  to  Q 
will  be  Ceo.  This  current  may,  within  the  range  PQ,  be  regarded  as  flowing 
through  a  conductor  of  cross-section  co  and  of  specific  resistance  t.     The 

PQ.T 

resistance  of  this  conductor  from  P  to  Q  is  accordingly  — ,  while  the  fall 

of  potential  is  VF-  Vq.     Thus  by  Ohm's  Law 


CO 


so  that  PpQ  Q  —  Gr. 

If  ;r-  denotes  differentiation  along  the  tube  of  force,  the  fraction  on  the 
ds 

left  of  the  foregoing  equation  reduces,  when  P  and  Q  are  made  to  coincide, 

dV 
to  — — ,  so  that  the  equation  assumes  the  form 

-d-^=Gr    (309). 

OS 
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Let  I,  m,  7i  be  the  direction-cosines  of  the  line  of  flow  at  P,  and  let  u,  v,  w 
be  the  components  of  the  current  at  P,  so  that  u  =  IG,  etc.     Then 

—-  =  I  ^—  =  —  LUt  =  —  ut,  etc., 

ox  OS 

and  we  see  that  equation  (309)  is  equivalent  to  the  three  equations 


u  = 

ldV\ 

t  dx 

v  = 

ldV 

t  dy 

w  = 

ldV 

t  dz  , 

.(310). 


These  equations  express  Ohm's  Law  in  a  form  appropriate  to  flow  through 
a  solid  conductor. 


Equation  of  Continuity, 

375.  Since  we  are  supposing  the  currents  to  be  steady,  the  amount  of 
current  which  flows  into  any  closed  region  must  be  exactly  equal  to  the 
amount  which  flows  out.  This  can  be  expressed  by  saying  that  the  integral 
algebraic  flow  into  any  closed  region  must  be  nil. 

Let  any  closed  surface  S  be  taken  entirely  inside  a  conductor.  Let  I,  m,  n 
be  the  direction-cosines  of  the  inward  normal  to  any  element  dS  of  this 
surface,  and  let  u,  v,  w  be  the  components  of  current  at  this  point.  Then 
the  normal  component  of  flow  across  the  element  dS  is  lu  +  mv  +  nw,  and  the 
condition  that  the  integral  algebraic  flow  across  the  surface  S  shall  be  nil  is 
expressed  by  the  equation 


// 


(lu  +  mv  +  mv)  dS  =  0. 


By  Green's  Theorem  (§  176),  this  equation  may  be  transformed  into 

du     dv      dw\  _ 

dx     dy      dz  J       ' 

and  since  this  integral  has  to  vanish,  whatever  the  region  through  which  it  is 
taken,  each  integrand  must  vanish  separately.  Hence  at  every  point  inside 
the  conductor,  we  must  have 

du      dv      diu  _  . 

dx     dy      dz  '' 

This  is  the  so-called  "  equation  of  continuity,"  expressing  that  no  elec- 
tricity is  created  or  destroyed  or  allowed  to  accumulate  during  the  passage 
of  a  steady  current  through  a  conductor. 
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The  same  equation  can  be  obtained  at  once  on  considering  the  current- 
flow  across  the  different  faces  of  a  small  rectangular  parallelepiped  of  edges 
dx,  dy,  dz  (cf.  §  49). 

Equation  (310)  of  course  expresses  that  the  vector  C  of  which  the 
components  are  u,  v,  w,  must  be  solenoidal.  The  equation  of  continuity- 
can  accordingly  be  expressed  in  the  form 

div  C  =  0. 

Equation  satisfied  by  the  Potential. 

376.  On  substituting  in  equation  (311)  the  values  for  u,  v,  w  given  by 
equations  (310),  we  obtain 

dx\r  dx)      dy\rdy)      dz\r  dz )  

The  potential  must  accordingly  be  a  solution  of  this  differential  equation. 
The  equation  is  the  same  as  would  be  satisfied  by  the  potential  in  an 
uncharged  dielectric  in  an  electrostatic  field,  provided  the  inductive  capacity 

at  every  point  is  proportional  to  -.  If  the  specific  resistance  of  the  con- 
ductor is  the  same  throughout,  the  differential  equation  to  be  satisfied  by 
the  potential  reduces  to 

377.  We  may  for  convenience  suppose  that  the  current  enters  and  leaves 

by  perfectly  conducting  electrodes,  and  that  the  conductor  through  which  the 

current  flows  is  bounded,  except  at  the  electrodes,  by  perfect  insulators.    Then, 

over  the  surface  of  contact  between  the  conductor  and  the  electrodes,  the 

potential  will  be  constant.     Over  the  remaining  boundaries  of  the  conductor, 

the  condition  to  be  satisfied  is  that  there  shall  be  no  flow  of  current,  and  this 

dV 
is  expressed  mathematically  by  the  condition  that  -~-  shall  vanish. 

Thus  the  problem  of  determining  the  current-flow  in  a  conductor  amounts 

mathematically  to  determining  a  function  V  such  that  equation  (312)  is  satis- 

dV 
fied  throughout  the  volume  of  the  conductor,  while  either  —  =  0,  or  else  V  has 

a  specified  value,  at  each  point  on  the  boundary.  By  the  method  used  in  §  188, 
it  is  easily  shewn  that  the  solution  of  this  problem  is  unique. 

It  is  only  in  a  very  few  simple  cases  that  an  exact  solution  of  the  problem 
can  be  obtained.  There  are,  however,  various  artifices  by  which  approxima- 
tions can  be  reached,  and  various  ways  of  regarding  the  problem  from  which  it 
may  be  possible  to  form  some  ideas  of  the  physical  processes  which  determine 
the  nature  of  the  flow  in  a  conductor.  Some  of  these  will  be  discussed  later 
(§§  386—394).  At  present  we  consider  general  characteristics  of  the  flow  of 
currents  through  conductors. 
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Conditions  to  be  satisfied  at  the  Boundary  of  two 

Conducting  Media. 

378.  The  conditions  to  be  satisfied  at  a  boundary  at  which  the  current 
flows  from  one  conductor  to  another  are  as  follows: 

(i)  Since  there  must  be  no  accumulation  of  electricity  at  the  boundary, 
the  normal  flow  across  the  boundary  must  be  the  same  whether  calculated  in 
the  first  medium  or  the  second.     In  other  words 

-  ^—  must  be  continuous, 
r  dn 

where  5-  denotes  differentiation  along  the  normal  to  the  boundary. 
on 

(ii)  The  tangential  force  must  be  continuous,  or  else  the  potential  would 
not  be  continuous.     Thus 

-7—  must  be  continuous, 

OS 

where  =-  denotes  differentiation  along  any  line  in  the  boundary. 

These  boundary  conditions  are  just  the  same  as  would  be  satisfied  in  an 
electrostatical  problem  at  the  boundary  between  two  dielectrics  of  inductive 

capacities  equal  to  the  two  values  of  -.     Thus  the  equipotentials  in  this 

electrostatic  problem  coincide  with  the  equipotentials  in  the  actual  current 
problem,  and  the  lines  of  force  in  the  electrostatic  problem  correspond  with 
the  lines  of  flow  in  the  current  problem. 

Clearly  these  results  could  be  deduced  at  once  from  the  differential  equation  (312)  on 
passing  to  the  limit  and  making  r  become  discontinuous  on  crossing  a  boundary. 

Refraction  of  Lines  of  Flow. 

379.  Let  any  line  of  flow  cross  the  boundary  between  two  different 
conducting  media  of  specific  resistances  rlf  t2,  making  angles  e1}  e2  with  the 
normal  at  the  point  at  which  it  meets  the  boundary  in  the  two  media 
respectively.  The  lines  of  flow  satisfy  the  same  conditions  as  would  be 
satisfied  by  electrostatic  lines  of  force  crossing  the  boundary  between  two 

dielectrics  of  inductive  capacities  —  ,  — ,  so  that  we  must  have  (cf.  equa- 
tion (71)) 

—  cot  6j  =  —  cot  e2. 

Ti  T2 

Hence  rt  tan  e1  —  r2  tan  e2, 

expressing  the  law  of  refraction  of  lines  of  flow. 
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380.  As  an  example  of  refraction  of  lines  of  current  flow,  we  may 
consider  the  case  of  a  steady  uniform  current  in  a  conductor  being  dis- 
turbed by  the  presence  of  a  sphere  of  different  metal  inside  the  conductor. 
The  lines  shewn  in  fig.  78  will  represent  the  lines  of  flow  if  the  specific 
resistance  of  the  sphere  is  less  than  that  of  the  main  conductor.  The  lines 
of  flow  tend  to  crowd  into  the  sphere,  this  being  the  better  conductor — in 
the  language  of  popular  science,  the  current  tends  to  take  the  path  of  least 
resistance. 

Charge  on  a  Surface  of  Discontinuity. 

381.  If  u  is  the  normal  component  of  current  flowing  across  the 
boundary  between  two  different  conductors,  we  have  by  Ohm's  Law, 

tx  dn  t2  dn  ' 

where  =-  denotes  differentiation  along  the  normal  which  is  drawn  in  the 
dn 

direction  in  which  u  is  measured  (say  from  (1)  to  (2)),  and  Vlt  V2  are  the 
potentials  in  the  two  conductors. 

If  there  is  no  charge  on  the  boundary  between  the  two  conductors  we 
must,  from  equation  (70),  have  the  relation 

on  on 

where  Klt  K2  are  the  inductive  capacities  of  the  two  conductors.  This 
condition  will,  however,  in  general  be  inconsistent  with  the  condition  which, 
as  we  have  just  seen,  is  made  necessary  by  the  continuity  of  u.  Thus  there 
will  in  general  be  a  surface  charge  on  the  boundary  between  two  conductors 
of  different  materials. 

The  amount  of  this  charge  is  given  at  once  by  equation  (72),  p.  125.  If  a 
denotes  the  surface  density  at  any  point,  we  have 

on            on 
=  -(Klr1-R2r2)u (313). 

This  surface  charge  is  very  small  compared  with  the  charges  which  occur  in  statical 

electricity.     For  instance,  if  we  have  current  of  100  amperes  per  sq.  cm.  passing  from  one 

metallic  conductor  to  another,  we  take  in  formula  (313), 

u  =  !00  arnperes  =  3x  10u  electrostatic  units, 

10~6 
r=  10-6  ohms    =___  >} 

K=l, 

the  last  two  being  true  as  regards  order  of  magnitude  only.  The  value  of  Aircr  is  of  the 
order  of  magnitude  of  Ktu,  or  Jx  10-6  in  electrostatic  units.  As  has  been  said,  the  value 
of  4n-cr  at  the  surface  of  a  conductor  charged  as  highly  as  possible  in  air  is  of  the  order 
of  100. 
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382.  As  an  example  of  the  distribution  of  a  surface  charge,  we  may 

notice  that  the  surface-density  of  the  charge  on  the  surface  of  the  sphere 

dV 
considered  in  §  380  will  be  proportional  to  either  value  of  — ,  and  therefore 

to  cos  6,  where  6  is  the  angle  between  the  radius  through  the  point  and  the 
direction  of  flow  of  the  undisturbed  current. 

Generation  of  Heat. 

383.  Consider  any  small  element  of  a  tube  of  flow,  length  ds,  cross- 

1  dV 
section  &>.     The  current  per  unit  area  is,  by  equations  (310), — ,  so 

1  dV 
that  the  current  flowing  through  the  tube  is  —  —  co.    The  resistance  of 

tcIs 
the  element  of  the  tube  under  consideration  is  —  .     Hence,  as  in  5  355,  the 

w  >  a        > 

amount  of  heat  generated  per  unit  time  in  this  element  is 

<ldV    Vrds        1  fdVV 


(ldV    Vrds        1/dVy 
-  a-  o>     —   or  -    — 

\T    OS        j       ft)  T\OS  ) 


ft) 


ds. 


.    .  .  .  l  /dVy 

Thus  the  heat  generated  per  unit  time  per  unit  volume  is  —  f  -^ —  J  ,  and 
the  total  generation  of  heat  per  unit  time  will  be 

mm+(%hm^ ™ 

Thus  the  heat  generated  per  unit  time  is  87r  times  the  energy  of  the 
whole  field  in  the  analogous  electrostatic  problem  (§  169). 

Rate  of  generation  of  heat  a  minimum. 

384.  It  can  be  shewn  that  for  a  given  current  flowing  through  a  con- 
ductor, the  rate  of  heat  generation  is  a  minimum  when  the  current  distributes 
itself  as  directed  by  Ohm's  Law.  To  do  this  we  have  to  compare  the  rate  of 
heat  generation  just  obtained  with  the  rate  of  heat  generation  when  the 
current  distributes  itself  in  some  other  way. 

Let  us  suppose  that  the  components  of  current  at  any  point  have  no 
longer  the  values 

1  dV  1  dV_  ldV 

t  dx  '         t  dy  '        t  dz 

assigned  to  them  by  Ohm's  Law,  but  that  they  have  different  values 

ldV  ldV  ldV 

t  ox  t  dy  t  dz 
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In  order  that  there  may  be  no  accumulation  at  any  point  under  this  new 
distribution,  the  components  of  current  must  satisfy  the  equation  of  con- 
tinuity, so  that  we  must  have 

die  ,  dv     dw      _  ,„,.~ 

5-  +^r  + ;T  =  0 (315). 

ox     oy      oz  v       ' 

By  the  same  reasoning  as  in  §  383,  we  find  for  the  rate  at  which  heat  is 
generated  under  the  new  system  of  currents, 

///T  ((-  VTx  +  •)'  +  Hw  +  Vf+("rW+  <*)]  *** 
which,  on  expanding,  is  equal  to 

-~2!IKud^+v%+wd^)dxdydz 

+  [ffr(wi+v2  +  w2)dxdydz  (316). 

On  transforming  by  Green's  Theorem,  the  second  term 

=  2fjfvP£  +  ^+d^)dxdydz-2ffv  (lu  +  mv  +  nw)  dS. 

The  volume  integral  vanishes  by  equation  (315),  the  integrand  of  the 
surface  integral  vanishes  over  each  electrode  from  the  condition  that  the  total 
flow  of  current  across  the  electrode  is  to  remain  unaltered,  and  at  every  point 
of  the  insulating  boundary  from  the  condition  that  there  is  to  be  no  flow 
across  this  boundary.  Thus  the  new  rate  of  generation  of  heat  is  represented 
by  the  first  and  third  terms  of  expression  (316).  The  first  term  represents 
the  old  rate  of  generation  of  heat,  the  third  term  is  an  essentially  positive 
quantity.  Thus  the  rate  of  heat  generation  is  increased  by  any  deviation 
from  the  natural  distribution  of  currents,  proving  the  result. 

385.  An  immediate  result  of  this  is  that  any  increase  or  decrease  in  the 
specific  resistance  of  any  part  of  a  conductor  is  accompanied  by  an  increase 
or  decrease  of  the  resistance  of  the  conductor  as  a  whole.  For  on  decreasing 
the  value  of  t  at  any  point  and  keeping  the  distribution  of  currents 
unaltered,  the  rate  of  heat  production  will  obviously  decrease.  On  allow- 
ing the  currents  to  assume  their  natural  distribution,  the  rate  of  heat 
production  will  further  decrease.  Thus  the  rate  of  heat  production  with  a 
natural  distribution  of  currents  is  lessened  by  any  decrease  of  specific 
resistance.  But  if  /  is  the  total  current  transmitted  by  the  conductor,  and 
R  the  resistance  of  the  conductor,  this  rate  of  heat  production  is  RI-. 
Thus  R  decreases  when  t  is  decreased  at  any  point,  and  obviously  the 
converse  must  be  true  (cf.  §  359). 
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The  Solution  of  Special  Problems. 

Current-flow  in  an  Infinite  Conductor. 

386.  A  good  approximation  to  the  conditions  of  electric  flow  can 
occasionally  be  obtained  by  neglecting  the  restrictive  influence  of  the 
boundaries  of  a  conductor,  and  regarding  the  problem  as  one  of  flow  between 
two  electrodes  in  an  infinite  conductor.  For  simplicity,  we  shall  consider  only 
the  case  in  which  the  conductor  is  homogeneous. 

The  conditions  to  be  satisfied  by  the  potential  V  are  as  follows.     We 

must  have  V =  VX  over  one  electrode,  and  V=V2  over  the  second  electrode, 

dV  1 

while  —  must  vanish  at  infinity  to  a  higher  order  than  —  and  throughout 

the  conductor  we  must  have  V2F  =  0  (§  376).     We  can  easily  see  (cf.  §§  186, 
187)  that  these  conditions  determine  V  uniquely. 

Consider  now  an  analogous  electrostatic  problem.  Let  the  conducting 
medium  be  replaced  by  air,  while  the  electrodes  remain  conductors.  Let 
the  electrodes  receive  equal  and  opposite  charges  of  electricity  until  their 
difference  of  potential  is  Vx—V2.  At  this  stage  let  -\}r  denote  the  electro- 
static potential  at  any  point  in  the  field.  Let  yfr1}  ^2  be  the  values  of  \jr  over 
the  two  electrodes,  so  that  ^  —  ty2  =  Vi  —  V2.  Then  there  will  be  a  constant 
C  (namely  K  —  ^i)>  sucn  that  yjr  +  C  assumes  the  values  V1}  K  respectively 
over  the  two  electrodes.  Moreover  V2-^  =  0  throughout  the  field,  so  that 
V2(-v^  +  (7)  =  0  throughout  the  field,  and  \|r=0  at  infinity  except  for  terms 

-I  o 

in  —  (cf.  §  67),  so  that  ~-  (^  +  C)  vanishes  at  infinity  to  a  higher  order 

than  —  . 

Hence  -fy  +  C  satisfies  the  conditions  which,  as  we  have  seen,  must  be 
satisfied  by  the  potential  V  in  the  current  problem,  and  these  are  known  to 
suffice  to  determine  V  uniquely.  It  follows  that  the  value  of  V  must  be 
Tjr+C. 

Thus  the  lines  of  flow  in  the  current  problem  are  identical  with  the  lines 
of  force  when  the  two  electrodes  are  charged  to  different  potentials  in  air. 

The  normal  current-flow  at  any  point  on  the  surface  of  an  electrode  is 

ldV 

t  dn' 

so  that  the  total  flow  of  current  outwards  from  this  electrode 

iff|ZdS=_If(|fcdS. 

on  tJJ  on 
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If  E  is  the  charge  on  this  electrode  in  the  analogous  electrostatic  problem 
we  have,  by  Gauss'  Theorem, 


-11%  **-***> 


4<7rE 
so  that  the  total  flow  of  current  is  seen  to  be . 

T 

If  pn>  Pn>  P-a  are  the  coefficients  of  potential  in  the  electrostatic  problem 

f^PnE-puE, 

^=puE-p22E, 
so  that 

Yi-  V*=  fi~  ^2  =  (Pn  -  %2  +P22)  E. 

If  /  is  the  total  current,  and  R  the  equivalent  resistance  between  the 
electrodes,  we  have  just  seen  that 

T      ' 

so  that 

B-^^-j^CPu-apta+J?.)    (317). 

If  we  regard  the  two  electrodes  in  air  as  forming  a  condenser,  and  denote 
its  capacity  by  0,  we  have 

so  that 

B=E^=ss <318> 

387.  As  instances  of  the  applications  of  formulae  (317)  and  (318)  to 
special  problems,  we  have  the  following: 

I.  The  resistance  per  unit  length  between  two  concentric  cylinders  of 
radii  a,  b  (as,  for  instance,  the  resistance  between  the  core  of  a  submarine 
cable  and  the  sea),  is,  by  formula  (318), 

II.  The  resistance  per  unit  length  between  two  straight  parallel 
cylindrical  wires  of  radii  a,  b,  placed  with  their  centres  at  a  great  distance  r 
apart,  in  an  infinite  conducting  medium,  is,  by  formula  (317), 

rr 

—  y-  (log  a  —  2  log  r  +  log  b) 

r  ,       r2 
=  2il0S56- 
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III.  The  resistance  between  two  spherical  electrodes,  radii  a,  b,  at  a 
great  distance  r  apart,  in  an  infinite  conducting  medium,  is,  by  formula  (317), 

4>tt  \a      b 

388.  If  two  electrodes  of  any  shape  are  placed  in  an  infinite  medium  at 
a  distance  r  apart,  which  is  great  compared  with  their  linear  distances,  we 

may  take  p12  in  formula  (317)  equal,  to  a  first  approximation,  to  - .     This  is 

small  compared  with  pn  and  p&,  so  that,  to  a  first  approximation,  we  may 
replace  formula  (317)  by 

It  accordingly  appears  that  the  resistance  of  the  infinite  medium  may  be 
regarded  as  the  sum  of  two  resistances — a  resistance  -~  at  the  crossing  of 

TT) 

the  current  from  the  first  electrode  to  the  medium,  and  a  resistance  -f-=  at 

the  return  of  the  current  from  the  medium  to  the  second  electrode.  Thus 
we  may  legitimately  speak  of  the  resistance  of  a  single  junction  between  an 
electrode  and  the  conducting  medium  surrounding  it. 

For  instance,  suppose  a  circular  plate  of  radius  a  is  buried  deep  in  the  earth,  and  acts 
as  electrode  to  distribute  a  current  through  the  earth.     The  value  of  pn  for  a  disc  of 

radius  a  is  „- ,  so  that  the  resistance  of  the  junction  is  — .     So  also  if  a  disc  of  radius  a 

■7- 

is  placed  on  the  earth's  surface,  the  resistance  at  the  junction  is  — ,  and  clearly  this 

also  is  the  resistance  if  the  electrode  is  a  semicircle  of  radius  a  buried  vertically  in  the 
earth  with  its  diameter  in  the  surface. 

Flow  in  a  Plane  Sheet  of  Metal. 

389.  When  the  flow  takes  place  in  a  sheet  of  metal  of  uniform  thickness 
and  structure,  so  that  the  current  at  every  point  may  be  regarded  as  flowing 
in  a  plane  parallel  to  the  surface  of  the  sheet,  the  whole  problem  becomes 
two-dimensional.  If  x,  y  are  rectangular  coordinates,  the  problem  reduces  to 
that  of  finding  a  solution  of 

da?  +  df 

dV 
which  shall  be  such  that  either  V  has  a  given  value,  or  else  -^—  =  0,  at  every 

point  of  the  boundary.  The  methods  already  given  in  Chap,  vin  for  obtain- 
ing two-dimensional  solutions  of  Laplace's  equation  are  therefore  available 
for  the  present  problem.  The  method  of  greatest  value  is  that  of  Conjugate 
Functions. 
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If  the  conducting  medium  extends  to  infinity,  or  is  bounded  entirely  by 

the  two  electrodes,  the  transformations  will  be  identical  with  those  already 

discussed  for  two  conductors  at  different  potentials  (§  386).     If  the  medium 

dV 
has  also  boundaries  at  which  —  =  0,  the  procedure  must  be  slightly  different. 

We  must  try  to  transform  the  two  electrodes  into  lines  V=  constant,  and  the 
other  boundaries  into  lines  U=  constant,  so  that  the  whole  of  the  medium 
becomes  transformed  into  the  interior  of  a  rectangle  in  the  U,  V  plane. 

Let  U  +  iV=f(x  +  iy) 

be  a  transformation  which  gives  the  required  value  for  V  over  both  electrodes, 

O  XT 

and  gives  ■=—  =  0  over  the  boundary  of  a  conductor.     Then  V  will  be  the 

potential  at  any  point,  the  lines  V  =  constant  will  be  the  equipotentials,  and 
the  lines  U  =  constant,  being  the  orthogonal  trajectories  of  the  equipotentials, 
will  be  the  lines  of  flow. 

At  any  point  the  direction  of  the  current  is  normal  to  the  equipotential 
through  the  point,  and  the  amount  of  the  current  is  given  by 

t  on 

r\  IT  O  TT  O 

But  —  is  equal  to  -=- ,  where  ^-  denotes  differentiation  in  the  equipotential. 
on         ^  os  os 

Thus  the  current  flowing  across  any  piece  PQ  of  an  equipotential 

[Q 
=  1     Gds 

■QldU,      1 


i:v**-\<«-<* 


If  P,  Q  are  any  two  points  in  the  conductor,  a  path  from  P  to  Q  can  be 
regarded  as  made  up  of  a  piece  of  an  equipotential  PN,  and  a  piece  of  a  line 
of  flow  JSTQ.     The*  flow  across  JSfQ  is  zero,  that  across  PiY  is 

-(TJN-UP). 

T 

This  is  accordingly  the  total  flow  across  PQ,  and  since  UN=  UQ,  it  may 
be  written  as 

±(UQ-UP). 

390.  As  an  illustration,  let  us  suppose  that  the  conducting  plate  is  a 
polygon,  two  or  more  edges  being  the  electrodes.  We  can  transform  this 
into  the  real  axis  in  the  f-plane  by  a  transformation  of  the  type 

%=(s-<hY~\s-<hy~1 (3i9), 

23 
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and  this  real  axis  has  to  be  transformed  into  a  rectangle  formed  (say)  by  the 
lines  V=V0,  V '  =Vi,  £7=0,  U  =  G  in  the  TT-plane.  The  transformation 
for  this  will  be 

dW 


ar 


=  [a-<K£-aP)(?-<>a:-<>r* 


•(320), 


where  a0,  ap  and  aq,  ar  are  the  points  on  the  real  axis  of  £  which  determine 
the  ends  of  the  electrodes.  By  elimination  of  £  from  the  integrals  of  equa- 
tions (319)  and  (320)  we  obtain  the  transformation  required. 

391.     The  following  example  of  this  method  is  taken  from  a  paper  by 
H.  F.  Moulton  (Proc.  Lond.  Math.  Soc.  in.  p.  104). 


»       Q 

2 -plane. 
Fig.  101. 


B 


a 


TT-plano. 
Fig.  102. 


In  fig.  101,  let  A  BCD  be  a  rectangular  plate,  the  piece  PQ  of  one  or  more 
sides  being  one  electrode,  and  the  piece  RS  of  one  or  more  other  sides  being 
the  other  electrode.  Let  the  rectangle  PQRS  in  fig.  102  be  its  transforma- 
tion in  the  Tf-plane.  In  the  intermediate  £-plane,  let  the  points  A,  B,  G,  B 
transform  to  £=  a,  b,  c,  d  respectively,  and  let  the  points  P,  Q,  R,  S  transform 
to  £=£>,  q,  r,  s  respectively.     Then  the  transformations  are 

dz 


;«[(?-a)(£-&)(r-c)(r-d)]-*, 


If  we  write 


dt; 

(b  —  c)  (a  —  d) 


K, 


(q-r)(p-s) 


(a  -c)(b-  d) 
2m  =  V(a  -  c)  (6  -  d), 
the  integrals  are 


=  \ 


(p-r)(q-s) 

2m'  =  ^(p-r)(q-s), 


y _a  (b  —  d)  -  b(a  —  d)sni  mz (mod  k) 

'  h-d—(n-  d\  sn2  «j.*  frnnrl  „\        (321), 


b  —  d  —  (a  —  d)  sn2  mz  (mod  k) 

t>_P  (q  —  s)  —  q(p  —  s)sn2m'W  (mod  X) 
q  —  s  —  ( p  —  s)  sn2  m'  W  (mod  X) 


.(322). 


The  sides   AB,  AD  of  the  first  rectangle  are  the  periods  — .  of 

mm 
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sn  mz  (mod  k)  ;  the  sides  PQ,  PS  of  the  second  rectangle  are  the  periods  in 

T        '  T ' 

W,  say  — , ,  — 7 ,  of  sn  m'W (mod  X). 

jj 

In  the  TT-plane,  the  potential  difference  of  the  two  electrodes  is  PS,  or  — , , 

1  L' 

while  the  current  is  -  PQ,  or  —j- .     The  equivalent  resistance  of  the  plate 

t  niT  r 

is  accordingly  tL'/L,  so  that  the  quantity  we  are  trying  to  determine  is  L'JL. 

Let  the  coordinates  of  P,  Q,  R,  S  in  the  2-plane  be  zx,  z2,  z3>  z4.  In  the 
£-plane  the  coordinates  of  these  points  are  p,  q,  r,  s.  Hence  from  equations 
(321),  we  have 

_  a  (b  —  d)  —  b  (a  —  d)  sn2  mz1  (mod  k) 
^         (b  —  d)  —  {a  —  d)  sn2  mzx  (mod  k)     ' 

and  similar  equations  for  q,  r,  s.     The  ratio  L'jL  of  which  we  are  in  search 
is  now  given  by 

L'     (q  —r)(p  —  s)      (sn2  mz2  —  sn2  mz3)  (sn2  mzl  —  sn2  W24) 
L      (  p  —  r)  (q  —  s)      (sn2  mz1  —  sn2  mz3)  (sn2  mz2  —  sn2  m^4) ' 

the  whole  being  to  modulus  k.     The  values  of  sn  mz  can  be  obtained  from 
Legendre's  Tables. 

Moulton  has  calculated  the  resistance  of  a  square  sheet  with  electrodes, 
each  of  length  equal  to  one-fifth  of  a  side,  in  the  following  four  cases : 

(1)  Electrodes  at  middle  of  two  opposite  sides,  Resistance  =  1/745.R, 

(2)  Electrodes  at  ends  of  two  opposite  sides  and  facing  one  another, 

Resistance  =  2-408.K, 

(3)  Electrodes   at   ends   of  two  opposite  sides   and   not  facing  one 

another,  Resistance  =  2'589.R, 

(4)  Electrodes  bent  equally  round   two  opposite  corners  of  square, 

Resistance  =  3027  R, 

where  R  is  the  resistance  of  the  square  when  the  whole  of  two  opposite  sides 
form  the  electrodes.  A  comparison  of  the  results  in  cases  (2)  and  (3)  shews 
how  large  a  part  of  the  resistance  is  due  to  the  crowding  in  of  the  lines  of 
force  near  the  electrode,  and  how  small  a  part  arises  from  the  uncrowded 
part  of  the  path. 

Limits  to  the  Resistance  of  a  Conductor. 

392.  The  result  obtained  in  §  386  enables  us  to  assign  an  upper  and 
a  lower  limit  to  the  resistance  of  a  conductor,  when  this  resistance  cannot  be 
calculated  accurately.  For  if  any  parts  of  the  conductor  are  made  into 
perfect  conductors,  the  resistance  of  the  whole  will  be  lessened,  and  it  may 
be  possible  to  change  parts  of  the  conductor  into  perfect  conductors  in  such 

23—2 


356 


Steady  Currents  in  continuous  Media  [ch.  x 


a  way  that  the  resistance  of  the  new  conductor  can  be  calculated.  This 
resistance  will  then  be  a  lower  limit  to  the  resistance  of  the  original  con- 
ductor. 

As  an  illustration,  we  may  examine  the  case  of  a  straight  wire  of  variable 

cross-section  S.     Let  us  imagine  that  at  small  distances  along  its  length  we 

take  cross-sections  of  infinitely  small  thickness,  and  make  these  into  perfect 

conductors.     The  resistance  between  two  such  sections  at  distance  ds  apart, 

t  ds 
will  be  -77- ,  where  8  is  the  cross-section  of  either.     Thus  a  lower  limit  to 

the  resistance  is  supplied  by  the  formula 

'ds 


[ds 
IS' 


393.  Again,  if  we  replace  parts  of  the  conductor  by  insulators,  so  causing 
the  current  to  flow  in  given  channels,  the  resistance  of  the  whole  is  increased, 
and  in  this  way  we  may  be  able  to  assign  an  upper  limit  to  the  resistance 
of  a  conductor. 

394.  As  an  instance  of  a  conductor  to  the  resistance  of  which  both 
upper  and  lower  limits  can  be  assigned,  let  us  consider  the  case  of  a 
cylindrical  conductor  AB  terminating  in  an  infinite 

conductor  G  of  the  same  material.     This  example  is 

of  practical  importance  in  connection  with  mercury 

resistance  standards.     The  appropriate  analysis  was 

first  given  by  Lord  Rayleigh,  discussing  a  parallel 

problem  in  the  theory  of  sound. 

Let  I  be  the  length  and  a  the  radius  of  the  tube. 

To  obtain  a  lower  limit  to  the  resistance,  we  imagine 

a  perfectly  conducting  plane  inserted  at  B.     The  resistance  then  consists  of 

the  resistance  to  this  new  electrode  at  B,  plus  the  resistance  from  this  with 

It 
the  infinite  conductor  G.     The  former  resistance  is ,  the  latter,  bv  5  388 

TT/12  'JO  ' 


TTCL* 


nr 

is  t-  .  so  that  a  lower  limit  to  the  whole  resistance  is 
4a 


It         t 


ira' 


4a' 


ira 


which  is  the  resistance  of  a  length  I  +  —  -  of  the  tube. 

To  obtain  an  upper  limit  to  the  resistance,  we  imagine  non-conducting 
tubes  placed  inside  the  main  tube  AB,  so  that  the  current  is  constrained  to 
flow  in  a  uniform  stream  parallel  to  the  axis  of  the  main  tube  until  the 
end  B  is  reached.  After  this  the  current  flows  through  the  semi-infinite 
conductor  G  as  directed  by  Ohm's  Law. 
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The  resistance  of  the  tube  AB  is,  as  before,  — -.     To  obtain  the  resist- 

7TCL- 

ance  of  the  conductor  G,  we  must  examine  the  corresponding  electrostatic 
problem.  If  /  is  the  total  current,  the  flow  of  current  per  unit  area  over 
the  circular  mouth  at  B  is  IJTra2.  In  order  that  the  potentials  in  the 
electrostatic  problem  may  be  the  same,  we  must  have  a  uniform  surface 
density  of  electricity 

r  \  /  I  \  rl 


on  the  surface  of  the  disc. 

The  heat  generated  is  I2R,  where  R  is  the  resistance  of  the  conductor  C. 
It  is  also 

mm+Q+m^ <->■ 

taken  through  the  conductor  G.     Now  if  W  is  the  electrostatic  energy  of 

rl 

a  disc  of  radius  a,  having  a  uniform  surface  density  a  =  ,    „  „  on  each  side, 

we  have 

where  the  integral  is  taken  through  all  space,  or  again, 

where  the  integral  is  taken  through  the  semi-infinite  space  on  one  side  of 
the  disc,  i.e.  through  the  space  G,  if  the  disc  is  made  to  coincide  with  the 
mouth  B.     On  substituting  for  the  volume  integral  in  expression  (323),  we 

find  that 

4ttT7 
PR  =  HLlL   (324). 

Following  Maxwell,  we  shall  find  it  convenient  to  calculate  W  directly 
from  the  potential.  If  a  disc  of  radius  r  has  a  uniform  surface  density  a 
on  each  side,  the  potential  at  a  point  P  on  its  edge  will  be 

where  the  integral  is  taken  over  one  side  of  the  disc,  and  r  is  the  distance 
from  P  to  the  element  dxdy.  Taking  polar  coordinates,  with  P  as  origin, 
the  equation  of  the  circle  will  be  r  =  2b  cos  0 ;  we  may  replace  dxdy  by 
rdrdd,  and  obtain 


rr=25cos  9  re=- 

Vp  =  2a\  \     \drdd  =  8b<r. 
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On  increasing  the  radius  of  the  disc  to  b  +  db,  we  bring  up  a  charge 
kirbadb  from  infinity  to  potential  8bcr,  so  that  the  work  done  is 

dW  =  SMWdb, 

and  integrating  from  6  =  0  to  b  =  a,  we  find  for  the  potential  energy  of  the 
complete  disc  of  radius  a, 

Thus,  from  equation  (324), 

4ttTT     1287r2a3<7J 


R  = 


Ft  3Pr 

rl 


or,  smce  a-  = 

R  = 


47r2a2' 
8t 


3-7r2a 
Thus  an  upper  limit  to  the  whole  resistance  is 


It         8 


+ 


T 


Tra2     37r2a' 
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which  is  the  resistance  of  a  length  I  +  5—  a  of  the  tube. 

Thus  we  may  say  that  the  resistance  of  the  whole  is  that  of  a  length 

1  +  act  of  the  tube,  where  a  is  intermediate  between  T  and  ^— ,  i.e.  between 

4  Sir 

•785  and  -849.     Lord  Rayleigh*,  by  more  elaborate  analysis,  has  shewn  that 

the  upper  limit  for  a  must  be  less  than  '8242,  and  believes  that  the  true 

value  of  a  must  be  pretty  close  to  "82. 

The  passage  of  Electricity  through  Dielectrics. 

395.  Since  even  the  best  insulators  are  not  wholly  devoid  of  conducting 
power,  it  is  of  importance  to  consider  the  flow  of  electricity  in  dielectrics. 

Using  the  previous  notation,  we  shall  denote  the  potential  at  any  point 
in  the  dielectric  by  V,  the  specific  resistance  by  t,  and  the  inductive  capacity 
by  K.     We  shall  consider  steady  flow  first. 

If  the  flow  is  to  be  steady,  the  equation  of  continuity,  namely 

1  (I  d-Z^  +  1  (I  d-L\  +  1  (I  ?L\  =  0  (3^5) 

dx  \t  dx )      dy\r  oy )      dz\r  dz )        ^  " 

must  be  satisfied.     Also  if  there  is  a  volume  density  of  electrification  p,  the 
potential  must  satisfy  equation  (62),  namely 

!(*£K(*©-£(*$"*» <32e>- 

*  Theory  of  Sound,  Vol.  11.  Appendix  A. 
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From  a  comparison  of  equations  (325)  and  (326),  it  is  clear  that  steady- 
flow  will  not  generally  be  consistent  with  having  p  =  0.  Hence  if  currents 
are  started  flowing  through  an  uncharged  dielectric,  the  dielectric  will 
acquire  volume  charges  before  the  currents  become  steady.  When  the 
currents  have  become  steady,  the  value  of  V  will  be  determined  by 
equation  (325)  and  the  boundary  conditions,  and  the  value  of  p  is  then 
given  by  equation  (326). 

From  equations  (325)  and  (326),  we  obtain 

p  =  -^TT\d-Xd-x  (Kt)  +*ydy  {Kt)  +  -dldz  {Kr)\ -(327)- 

The  condition  that  p  shall  vanish,  whatever  the  value  of  V,  is  that  Kr  shall 
be  constant  throughout  the  dielectric :  if  this  condition  is  satisfied  the  value 
of  p  necessarily  vanishes  at  every  point  for  all  systems  of  steady  currents. 
The  most  important  case  of  this  condition  being  satisfied  occurs  when  the 
dielectric  is  homogeneous  throughout.  If  Kr  is  not  constant  throughout 
the  dielectric,  equation  (327)  shews  that  we  can  have  p  =  0  at  every  point 
provided  the  surfaces  F=cons.  and  Kr  =  cons,  cut  one  another  at  right 
angles  at  every  point,  i.e.  provided  Kr  is  constant  along  every  line  of  flow. 

We  have  already  had  an  illustration  (§  381)  of  the  accumulation  of 
charge  which  occurs  when  the  value  of  Kr  varies  in  passing  along  a  line 
of  flow 

Time  of  Relaxation  in  a  Homogeneous  Dielectric. 

396.  Let  a  homogeneous  dielectric  be  charged  so  that  the  volume 
density  at  any  point  is  p. 

If  any  closed  surface  is  taken  inside  the  dielectric,  the  total  charge 
inside  this  surface  must  be 

\\  \pdxdydz, 
while  the  rate  at  which  electricity  flows  into  the  surface  will,  as  in  §  375,  be 


1 1  (lu  +  mv  +  nw)  dS, 


where  u,  v,  w  are  the  components  of  current  and  I,  m,  n  are  the  direction 
cosines  of  the  normal  drawn  into  the  surface.  Since  this  rate  of  flow  into 
the  surface  must  be  equal  to  the  rate  at  which  the  charge  inside  the  surface 
increases,  we  must  have 


ll(lu+  mv  +  nw) dS  =  -r  \\  \pdxdydz 

=SSiddtdxdydz- 
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The  integral  on  the  left  may,  by  Green's  Theorem,  be  transformed  into 

-///(fs+S+lf)***' 

and  this  again  is  equal,  by  equations  (310),  to 

■d2V   d2V   d2V\  .  .  , 


m 


Thus  we  have 


ff[[i  fd2V   d*v   d*v\    dp)  ,  ,  ,     A 

and  since  this  is  true  whatever  surface  is  taken,  each  integrand  must  vanish 
separately,  and  we  must  have,  at  every  point  of  the  dielectric, 

d2V     d2V     d2V  =     dp 
dx2  +  By2  +  dz2  ~T  dt' 

We  have  also,  as  in  equation  (326), 

d2V     d2V     d2V=     4tt/j 
dx2  +  dy2  +  dz2~      K  ' 


so  that  Tt=-KTp- 


dp  _  47T 

The  integral  of  this  equation  is 


"IT* 

where  p0  is  the  value  of  p  at  time  £  =  0. 

Thus  the  charge  at  every  point  in  the  dielectric  falls  off  exponentially 

4>7T  Kt 

with  the  time,  the  modulus  of  decay  being  -^^ .     The  time  -r—  ,  in  which 

At  47r 

all  the  charges  in  the  dielectric  are  reduced   to  1/e  times  their  original 

value,  is  called  the  "time  of  relaxation,"  being  analogous  to  the  corresponding 

quantity  in  the  Dynamical  Theory  of  Gases*. 

The  relaxation-time  admits  of  experimental  determination,  and  as  t  is 
easily  determined,  this  gives  us  a  means  of  determining  K  experimentally 
for  conductors.  In  the  case  of  good  conductors,  the  relaxation-time  is  too 
small  to  be  observed  with  any  accuracy,  but  the  method  has  been  employed 
by  Cohn  and  Arons-f-  to  determine  the  inductive  capacity  of  water.  The 
value  obtained,  A~=73-6,  is  in  good  agreement  with  the  values  obtained  in 
other  ways  (cf.  §  84). 

*  Cf.  Maxwell,  Collected  Works,  n.  p.  681,  or  Jeans,  Dynamical  Theory  of  Gases,  p.  294. 
t  Wied.  Ann.  xxviii.  p.  454. 
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Discharge  of  a  Condenser. 

m 

397.  Let  us  suppose  that  a  condenser  is  charged  up  to  a  certain 
potential,  and  that  a  certain  amount  of  leakage  takes  place  through  the 
dielectric  between  the  two  plates.  Then,  as  we  have  just  seen,  the  dielectric 
will,  except  in  very  special  cases,  become  charged  with  electricity. 

Now  suppose  that  the  two  plates  are  connected  by  a  wire,  so  that,  in 
ordinary  language,  the  condenser  is  discharged.  Conduction  through  the 
wire  is  a  very  much  quicker  process  than  conduction  through  the  dielectric, 
so  that  we  may  suppose  that  the  plates  of  the  condenser  are  reduced  to  the 
same  potential  before  the  charges  imprisoned  in  the  dielectric  have  begun  to 
move.  For  simplicity,  let  us  suppose  that  the  plates  of  the  condenser  are 
both  reduced  to  potential  zero.  Then  the  surface  of  the  dielectric  may, 
with  fair  accuracy,  be  regarded  as  an  equipotential  surface,  the  potential 
being  zero  all  over  it.  It  follows  that  there  can  be  no  lines  of  force  outside 
this  equipotential :  all  lines  of  force  which  originate  on  the  charges  im- 
prisoned in  the  dielectric,  and  which  do  not  terminate  on  similar  charges, 
must  terminate  on  the  surface  of  the  dielectric.  Thus  we  shall  have  a 
system  of  charges  on  the  surface  of  the  dielectric,  these  charges  being  equal 
in  magnitude  but  opposite  in  sign  to  those  of  the  Green's  "equivalent 
stratum  "  corresponding  to  the  system  of  charges  imprisoned  in  the  dielectric. 
This  system  of  charges  on  the  surface  of  the  dielectric  is  of  the  kind  which 
Faraday  would  call  a  "  bound  "  charge  (cf.  §  141). 

Suppose  the  plates  of  the  condenser  to  be  again  insulated.  The  system 
of  charges  inside  the  dielectric  and  at  its  surface  is  not  an  equilibrium  dis- 
tribution, so  that  currents  will  be  set  up  in  the  dielectric,  and  a  general 
rearrangement  of  electricity  will  take  pkce.  The  potentials  throughout  the 
dielectric  will  change,  and  in  particular  the  potentials  of  the  condenser-plates 
at  the  surface  of  the  dielectric  will  change.  In  other  words,  the  charge  on 
these  plates  is  no  longer  a  "  bound  "  charge,  but  becomes,  at  least  partially,  a 
"free"  charge.  On  joining  the  two  plates  by  a  wire,  a  new  discharge  will 
take  place. 

This  is  Maxwell's  explanation  of  the  phenomenon  of  "residual  discharge." 
It  is  found  that,  some  time  after  a  condenser  has  been  discharged  and 
insulated,  a  second  and  smaller  discharge  can  be  obtained  on  joining  the 
plates,  after  this  a  third,  and  so  on,  almost  indefinitely.  It  should  be 
noticed  that,  on  the  explanation  which  has  been  given,  no  residual  discharge 
ought  to  take  place  if  the  dielectric  is  perfectly  homogeneous.  It  thus  becomes 
possible  to  test  the  theory  by  experiments  on  homogeneous  dielectrics. 

Rowland  and  Nichols*  tested  calcspar,  which  is  a  perfectly  homogeneous 
crystal,  and  found  no  trace  of  residual  discharge.    Hertz  -f-  found  traces  of  a 

*  Phil.  Mag.  [5]  vol.  n.  p.  414  (1881).  t  Wied.  Ann.  xx.  (18S3),  p.  279. 
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residual  discharge  in  a  homogeneous  fluid,  benzene,  but  found  that  these  dis- 
appeared as  impurities  were  removed  from  the  fluid;  Arons*  obtained  the 
same  result  with  paraffin.  Finally  Muraokaf  experimented  with  various 
oils,  paraffin,  resin,  turpentine  and  xylol.  Residual  discharges  were  not  found 
in  the  oils  singly,  but  appeared  as  soon  as  two  or  more  were  mixed  together. 
These  facts  are  in  agreement  with  Maxwell's  theory  of  residual  discharge 
and  afford  strong  confirmation  of  the  theory.  On  the  other  hand  there  are  a 
large  number  of  experimental  facts  which  are  difficult  to  explain  in  terms 
of  Maxwell's  theory  alone,  and  which  seem  to  suggest  that  the  theory  is 
incomplete. 

EXAMPLES. 

1.  The  ends  of  a  rectangular  conducting  lamina  of  breadth  c,  length  a,  and  uniform 
thickness  r,  are  maintained  at  different  potentials.  If  f(x,  y)  be  the  specific  resistance  p 
at  a  point  whose  distances  from  an  end  and  a  side  are  x,  y,  prove  that  the  resistance  of 


the  lamina  cannot  be  less  than 


■ ,  or  greater  than  ■ 


T 


1°    <fy' 

Jo   p 


dy 


/; 


a 
p  dx 
0J0r 


2.  Two  large  vessels  filled  with  mercury  are  connected  by  a  capillary  tube  of  uniform 
bore.     Find  superior  and  inferior  limits  to  the  conductivity. 

3.  A  cylindrical  cable  consists  of  a  conducting  core  of  copper  surrounded  by  a  thin 
insulating  sheath  of  material  of  given  specific  resistance.  Shew  that  if  the  sectional 
areas  of  the  core  and  sheath  are  given,  the  resistance  to  lateral  leakage  is  greatest  when 
the  surfaces  of  the  two  materials  are  coaxal  right  circular  cylinders. 

4.  Prove  that  the  product  of  the  resistance  to  leakage  per  unit  length  between  two 
practically  infinitely  long  parallel  wires  insulated  by  a  uniform  dielectric  and  at  different 
potentials,  and  the  capacity  per  unit  length,  is  EpjAir,  where  K  is  the  inductive  capacity 
and  p  the  specific  resistance  of  the  dielectric.  Prove  also  that  the  time  that  elapses  before 
the  potential  difference  sinks  to  a  given  fraction  of  its  original  value  is  independent  of  the 
sectional  dimensions  and  relative  positions  of  the  wires. 

5.  If  the  right  sections  of  the  wires  in  the  last  question  are  semicircles  described  on 
opposite  sides  of  a  square  as  diameters,  and  outside  the  square,  while  the  cylindrical  space 
whose  section  is  the  semicircles  similarly  described  on  the  other  two  sides  of  the  square  is 
filled  up  with  a  dielectric  of  infinite  specific  resistance,  and  all  the  neighbouring  space  is 
filled  up  with  a  dielectric  of  resistance  p,  prove  that  the  leakage  per  unit  length  in  unit 
time  is  2  Vjp,  where  V  is  the  potential  difference. 

6.  If  <p  +  fy=f{x-\-iy),  and  the  curves  for  which  $  =  cons.  bo  closed  curves,  shew  that 
the  insulation  resistance  between  lengths  I  of  the  surfaces  <p  =  <po,  <p  =  <pi,  is 

p  (<ftx  ~  (ftp) 

where  [^J  is  the  increment  of  \j/  on  passing  once  round  a  0-curve,  and  p  is  the  specific 
resistance  of  the  dielectric. 

*  Wied.  Ann.  xxxv.  (1888),  p.  291.  f  Wied.  Ann.  xl.  (1890),  p.  328. 


Examples  363 

7.  Current  enters  and  leaves  a  uniform  circular  disc  through  two  circular  wires  of 
small  radius  e  whose  central  lines  pass  through  the  edge  of  the  disc  at  the  extremities  of 
a  chord  of  length  d.     Shew  that  the  total  resistance  of  the  sheet  is 

(2tr/»r)  log  (d/e). 

8.  Using  the  transformation 

log  (x+iy)  =  i  +  ir], 

prove  that  the  resistance  of  an  infinite  strip  of  uniform  breadth  it  between  two  electrodes 
distant  2a  apart,  situated  on  the  middle  line  of  the  strip  and  having  equal  radii  8,  is 


|log(|tanh«)- 


9.     Shew  that  the  transformation 

x'  +  itj  =  cosh  it  (x + iy)\ 'a 
enables  us  to  obtain  the  potential  due  to  any  distribution  of  electrodes  upon  a  thin 
conductor  in  the  form  of  the  semi-infinite  strip  bounded  by  y=0,  y  =  a,  and  x=0. 

If  the  margin  be  uninsulated,  find  the  potential  and  flow  due  to  a  source  at  the  point 
x=c,  y  =  5 .     Shew  that  if  the  flows  across  the  three  edges  are  equal,  then  7rc=acosh-1  2. 


10.     Equal  and  opposite  electrodes  are  placed  at  the  extremities  of  the  base  of  an 
isosceles  triangular  lamina,  the  length  of  one  of  the  equal  sides  being  a,  and  the  vertical 

angle  —      Shew  that  the  lines  of  flow  and  equal  potential  are  given  by 


a 


smh^  -  +  1=^/3  - , 

2  ^    1  -  en  u 


where  35r  Q)  ua  =  T  C£\  T  Q  V  ze     «  -  a  V 

and  the  modulus  of  en  u  is  sin  75°,  the  origin  being  at  the  vertex. 

11.  A  circular  sheet  of  copper,  of  specific  resistance  o-j  per  unit  area,  is  inserted  in  a 
very  large  sheet  of  tinfoil  (<r0),  and  currents  flow  in  the  composite  sheet,  entering  and 
leaving  at  electrodes.  Prove  that  the  current-function  in  the  tinfoil  corresponding  to  an 
electrode  at  which  a  current  e  enters  the  tinfoil  is  the  coefficient  of  *  in  the  imaginary 
part  of 


2tt 


"log  (*-c)+^  log     «    1 


where  a  is  the  radius  of  the  copper  sheet,  2  is  a  complex  variable  with  its  origin  at  the 
centre  of  the  sheet,  and  c  is  the  distance  of  the  electrode  from  the  origin,  the  real  axis 
passing  through  the  electrode. 

Generalise  the  expression  for  any  position  of  the  electrode  in  the  copper  or  in  the 
tinfoil,  and  investigate  the  corresponding  expressions  determining  the  lines  of  flow  in  the 
copper. 

12.     A  uniform  conducting  sheet  has  the  form  of  the  catenary  of  revolution 

w2  +  z2  =  c2  cosh2  -  . 
c 

Prove  that  the  potential  at  any  point  due  to  an  electrode  at  Xq,  yo,  Zq,  introducing  a 
current  C,  is 

constant  -  ^  log  ( cosh  *  -*°  -  ^0+ZZ° 


^     °\  o         nV+^)W+^) 


f> 


CHAPTER  XI 

PERMANENT   MAGNETISM 

Physical  Phenomena. 

398.  It  is  found  that  certain  bodies,  known  as  magnets,  will  attract  or 
repel  one  another,  while  a  magnet  will  also  exert  forces  on  pieces  of  iron 
or  steel  which  are  not  themselves  magnets,  these  forces  being  invariably 
attractive.  The  most  familiar  fact  of  magnetism,  namely  the  tendency  of 
a  magnetic  needle  to  point  north  and  south,  is  simply  a  particular  instance 
of  the  first  of  the  sets  of  phenomena  just  mentioned,  it  being  found  that 
the  earth  itself  may  be  regarded  as  a  vast  aggregation  of  magnets. 

The  simplest  piece  of  apparatus  used  for  the  experimental  study  of 
magnetism  is  that  known  as  a  bar-magnet.  This  consists  of  a  bar  of  steel 
which  shews  the  property  of  attracting  to  itself  small  pieces  of  steel  or  iron. 
Usually  it  is  found  that  the  magnetic  properties  of  a  bar-magnet  reside 
largely  or  entirely  at  its  two  ends.  For  instance,  if  the  whole  bar  is  dipped 
into  a  collection  of  iron  filings,  it  is  found  that  the  filings  are  attracted  in 
great  numbers  to  its  two  ends,  while  there  is  hardly  any  attraction  to  the 
middle  parts,  so  that  on  lifting  the  bar  out  from  the  collection  of  filings,  we 
shall  find  that  filings  continue  to  cluster  round  the  ends  of  the  bar,  while 
the  middle  regions  will  be  comparatively  free. 

Poles  of  a  Magnet. 

399.  The  two  ends  of  a  magnet — or,  more  strictly,  the  two  regions 
in  which  the  magnetic  properties  are  concentrated — are  spoken  of  as  the 
"poles"  of  the  magnet.  If  the  magnet  is  freely  suspended,  it  will  turn 
so  that  the  line  joining  the  two  poles  points  approximately  north  and 
south.  The  pole  which  places  itself  so  as  to  point  towards  the  north  is 
called  the  "  north-seeking  pole,"  while  the  other  pole,  pointing  to  the  south, 
is  called  the  "  south-seeking  pole." 

By  experimenting  with  two  or  more  magnets,  it  is  found  to  be  a  general 
law  that  similar  poles  repel  one  another,  while  dissimilar  poles  attract  one 
another. 
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The  earth  may  roughly  be  regarded  as  a  single  magnet  of  which  the  two 
magnetic  poles  are  at  points  near  to  the  geographical  north  and  south  poles. 
Since  the  northern  magnetic  pole  of  the  earth  attracts  the  north-seeking 
pole  of  a  suspended  bar-magnet,  it  is  clear  that  this  northern  magnetic  pole 
must  be  a  south-seeking  pole ;  and  similarly  the  southern  pole  of  the  earth 
must  be  a  north-seeking  pole.  Lord  Kelvin  speaks  of  a  south-seeking  pole  as 
a  "  true  north  "  pole — i.e.  a  pole  of  which  the  magnetism  is  of  the  kind  found 
in  the  northerly  regions  of  the  earth.  But  for  purposes  of  mathematical 
theory  it  will  be  most  convenient  to  distinguish  the  two  kinds  of  pole  by 
the  entirely  neutral  terms,  positive  and  negative.  And,  as  a  matter  of 
convention,  we  agree  to  call  the  north-seeking  pole  positive.  Thus  we 
have  the  following  pairs  of  terms : 

North-seeking  =  True  South  =  Positive, 

South-seeking  =  True  North  =  Negative. 


Law  of  Force  betiveen  Magnetic  Poles. 

400.  By  experiments  with  his  torsion-balance,  Coulomb  established  that 
the  force  between  two  magnetic  poles  varies  inversely  as  the  square  of  the 
distance  between  them.  It  was  found  also  to  be  proportional  to  the  product 
of  two  quantities  spoken  of  as  the  "  strengths  "  of  the  poles.  Thus  if  F  is  the 
repulsion  between  two  poles  of  strengths  m,  w!  at  a  distance  r  apart,  we  have 

„     cmm' 

F=— (328). 

It  is  found  that  c  depends  on  the  medium  in  which  the  poles  are  placed, 
but  is  otherwise  constant.  Clearly  if  we  agree  that  the  strength  of  positive 
poles  is  to  be  reckoned  as  positive,  while  that  of  negative  poles  is  reckoned 
negative,  then  c  will  be  a  positive  quantity 

The  Unit  Magnetic  Pole. 

401.  Just  as  Coulomb's  electrostatic  law  of  force  supplied  a  convenient 
way  of  measuring  the  strength  of  an  electric  charge,  so  the  law  expressed 
by  equation  (328)  provides  a  convenient  way  of  measuring  the  strength  of  a 
magnetic  pole,  and  so  gives  a  system  of  magnetic  units.  A  system  of  units, 
analogous  to  the  electrostatic  system  (§§  17,  18)  is  obtained  by  defining  the 
unit  pole  to  be  such  as  to  make  c  =  1  in  equation  (328).  This  system  is 
called  the  Magnetic  (or,  more  generally,  Electromagnetic)  system  of  units. 
We  define  a  unit  pole,  in  this  system,  to  be  a  pole  of  strength  such  that 
when  placed  at  unit  distance  from  a  pole  of  equal  strength  the  repulsion 
between  the  two  poles  is  one  of  unit  force. 
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Thus  the  force  F  between  two  poles  of  strengths  m,  m',  measured  in  the 
Electromagnetic  system  of  units,  is  given  by 

F=—     (329). 

r2 

The  physical  dimensions  of  the  magnetic  unit  can  be  discussed  in  just 
the  same  way  in  which  the  physical  dimensions  of  the  electrostatic  unit 
have  already  been  discussed  in  §  18. 

Moment  of  a  Line-Magnet. 

402.  It  is  found  that  every  positive  pole  has  associated  with  it  a 
negative  pole  of  exactly  equal  strength,  and  that  these  two  poles  are 
always  in  the  same  piece  of  matter. 

Thus  not  only  are  positive  and  negative  magnetism  necessarily  brought 
into  existence  together  and  in  equal  quantities,  as  is  the  case  with  positive 
and  negative  electricity,  but,  further,  it  is  impossible  to  separate  the  positive 
and  negative  magnetism  after  they  have  been  brought  into  existence,  and  in 
this  respect  magnetism  is  unlike  electricity. 

It  follows  that  it  is  impossible  to  have  a  body  "  charged  with  magnetism  " 
in  the  way  in  which  we  can  have  a  body  charged  with  electricity.  A  mag- 
netised body  may  possess  any  number  of  poles,  and  at  each  pole  there  is,  in 
a  sense,  a  charge  of  magnetism ;  but  the  total  charge  of  magnetism  in  the 
body  will  always  be  zero. 

Hence  it  follows  that  the  simplest  and  most  fundamental  piece  of  matter 
we  can  imagine  which  is  of  interest  for  the  theory  of  magnetism,  is  not  a 
small  body  carrying  a  charge  of  magnetism,  but  a  small  body  carrying  (so 
to  speak)  two  equal  and  opposite  charges  at  a  certain  distance  apart. 

This  leads  us  to  introduce  the  conception  of  a  line-magnet.  A  line- 
magnet  is  an  ideal  bar-magnet  of  which  the  width  is  infinitesimal,  the 
length  finite,  and  the  poles  at  the  two  extreme  ends.  Thus  geometrically 
the  ideal  line-magnet  is  a  line,  while  its  poles  are  points. 

.  The  strengths  of  the  two  poles  of  a  line-magnet  are  necessarily  equal 
and  opposite.  The  product  of  the  numerical  strength  of  either  pole  and  the 
distance  between  the  poles  is  called  the  "  moment "  of  the  line-magnet. 

Magnetic  Particle. 

403.  If  we  imagine  the  distance  between  the  two  poles  of  a  line-magnet 
to  shrink  until  it  is  infinitesimal,  the  magnet  becomes  what  is  spoken  of  as  a 
magnetic  particle.  If  ±  m  are  the  strengths  of  its  poles  and  ds  is  the  distance 
between  the  two  poles,  the  moment  of  the  magnetic  particle  is  mds. 
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It  is  easily  shewn  that,  as  regards  all  phenomena  occurring  at  a  finite 
distance  away,  two  magnetic  particles  have  the  same  effect  if  their  moments 
are  equal ;  their  length  and  the  strengths  of  their  poles  separately  are  of  no 
importance.  To  see  this  we  need  only  consider  the  case  of  two  magnetic 
particles,  each  having  poles  +  m,  and  length  ds,  and  therefore  moment  mds. 
Clearly  these  will  produce  the  same  effect  at  finite  distances  whether  they 
are  placed  end  to  end  or  side  by  side.  In  the  latter  case,  we  have  a  magnet 
of  length  ds,  poles  +  2m,  while  in  the  former  case  the  two  contiguous  poles, 
being  of  opposite  sign,  neutralise  one  another,  and  the  arrangement  is  in 
effect  a  magnet  of  length  2ds  and  poles  +  m.  Thus  in  each  case  the  moment 
is  the  same,  namely  2mds,  while  the  strengths  of  the  poles  and  their  distances 
apart  are  different. 

If  we  place  a  large  number  n  of  similar  magnetic  particles  end  to  end, 
all  the  poles  will  neutralise  one  another  except  those  at  the  extreme  ends, 
so  that  the  arrangement  produces  the  same  effect  as  a  line-magnet  of  length 

nds.     By  taking  n  =  -r ,  where  I  is  a  finite  length,  we  see  that  the  effect  of 

a  line-magnet  of  length  I  can  be  produced  exactly  by  n  magnetic  particles 
of  length  ds. 

The  two  arrangements  will  be  indistinguishable  by  their  magnetic  effects 
at  all  external  points.  There  is,  however,  a  way  by  which  it  would  be  easy 
to  distinguish  them.  If  the  arrangement  were  simply  two  poles  +  m,  at  the 
ends  of  a  wire  of  length  I,  then  on  cutting  the  wire  into  two  pieces,  we  should 
have  one  pole  remaining  in  each  piece.     If,  however,  the  arrangement  were 


± — 
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Fig.  104. 

that  of  a  series  of  magnetic  particles,  we  should  be  able  to  divide  the  series 
between  two  particles,  and  should  in  this  way  obtain  two  complete  magnets. 
The  pair  of  poles  on  the  two  sides  of  the  point  of  division  which  have  so  far 
been  neutralising  one  another  now  figure  as  independent  poles. 

As  a  matter  of  experiment,  it  is  not  only  found  to  be  possible  to  produce 
two  complete  magnets  by  cutting  a  single  magnet  between  its  poles,  but  it 
is  found  that  two  new  magnets  are  produced,  no  matter  at  what  point  the 
cutting  takes  place.  The  inference  is  not  only  that  a  natural  magnet  must 
be  supposed  to  consist  of  magnetic  particles,  but  also  that  these  particles 
are  so  small  that  when  the  magnet  is  cut  in  two,  there  is  no  possibility  of 
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cutting  a  magnetic  particle  in  two,  so  that  one  pole  is  left  on  each  side  of 
the  division.  In  other  words,  we  must  suppose  the  magnetic  particles  either 
to  be  identical  with  the  molecules  of  which  the  matter  is  composed  or  else 
to  be  even  smaller  than  these  molecules.  At  the  same  time,  it  will  not 
be  necessary  to  limit  the  magnetic  particle  of  mathematical  analysis  by 
assigning  this  definite  meaning  to  it:  any  collection  of  molecules,  so  small 
that  the  whole  space  occupied  by  it  may  be  regarded  as  infinitesimal,  will 
be  spoken  of  as  a  magnetic  particle. 

404.  Axis  of  a  magnetic  particle.  The  axis  of  a  magnetic  particle  is 
defined  to  be  the  direction  of  a  line  drawn  from  the  negative  to  the  positive 
pole  of  the  particle. 

It  will  be  clear,  from  what  has  already  been  said,  that  the  effect  of 
a  magnetic  particle  at  all  external  points  is  known  when  we  know  its 
position,  axis  and  moment. 

Intensity  of  Magnetisation. 

405.  In  considering  a  bar-magnet,  which  must  be  supposed  to  have 
breadth  as  well  as  length,  we  have  to  consider  the  magnetic  particles  as 
being  stacked  side  by  side  as  well  as  placed  end  to  end.  For  clearness,  let 
us  suppose  that  the  magnet  is  a  rectangular  parallelepiped,  its  length  being 
parallel  to  the  axis  of  x,  while  its  height  and  breadth  are  parallel  to  the  two 
other  axes.  The  poles  of  this  bar-magnet  may  be  supposed  to  consist  of 
a  uniform  distribution  of  infinitesimal  magnetic  poles  over  each  of  the  two 
faces  parallel  to  the  plane  of  yz,  let  us  say  a  distribution  of  poles  of  aggregate 
strength  I  per  unit  area  at  the  positive  pole,  and  —  /  per  unit  area  at  the 
negative  pole,  so  that  if  A  is  the  area  of  each  of  these  faces,  the  poles  of 
the  magnet  are  of  strengths  +  I  A. 

As  a  first  step,  we  may  regard  the  magnet  as  made  up  of  an  infinite 
number  of  line-magnets  placed  side  by  side,  each  line-magnet  being  a 
rectangular  prism  parallel  to  the  length  of  the  magnet,  and  of  very  small 
cross-section.  Thus  a  prism  of  cross-section  dydz  may  be  regarded  as  a  line- 
magnet  having  poles  + 1  dydz.  This  again  may  be  regarded  as  made  up  of 
a  number  of  magnetic  particles.  As  a  type,  let  us  consider  a  particle  of 
length  dx,  so  that  the  volume  of  the  magnet  occupied  by  this  particle  is 
dxdydz.  The  poles  of  this  particle  are  of  strength  ±Idydz,  so  that  the 
moment  of  the  particle  is 

I  dxdydz. 

If  we  take  any  small  cluster  of  these  particles,  occupying  a  small  volume 
dv,  the  sum  of  their  moments  is  clearly  Idv,  and  these  produce  the  same 
magnetic  effects  at  external  points  as  a  single  particle  of  moment 

Idv. 
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The  quantity  /  is  called  the  "  intensity  of  magnetisation  "  of  the  magnet. 
The  magnetisation  has  direction  as  well  as  magnitude.  In  the  present 
instance  the  direction  is  that  of  the  axis  of  x. 

406.  In  general,  we  define  the  intensity  and  direction  of  magnetisation 
as  follows : 

The  intensity  of  magnetisation  at  any  point  of  a  magnetised  body  is  defined 
to  be  the  ratio  of  the  magnetic  moment  of  any  small  particle  at  this  point  to 
the  volume  of  the  particle. 

The  direction  of  magnetisation  at  any  point  of  a  magnetised  body  is  defined 
to  be  the  direction  of  the  magnetic  axis  of  a  small  particle  of  magnetic  matter 
at  the  point. 

Instead  of  specifying  the  magnetisation  of  a  body  in  terms  of  its  poles, 
it  is  both  more  convenient  from  the  mathematical  point  of  view,  and  more 
in  accordance  with  truth  from  the  physical  point  of  view,  to  specify  the 
intensity  at  every  point  in  magnitude  and  direction.  Thus  the  bar-magnet 
which  has  been  under  consideration  would  be  specified  by  the  statement 
that  its  intensity  of  magnetisation  at  every  point  is  /  parallel  to  the  axis 
of  x.  A  body  such  that  the  intensity  is  the  same  at  every  point,  both  in 
magnitude  and  direction,  is  said  to  be  uniformly  magnetised. 

The  Magnetic  Field  of  Force. 

407.  The  field  of  force  produced  by  a  collection  of  magnets  is  in  many 
respects  similar  to  an  electrostatic  field  of  force,  so  that  the  various  conceptions 
which  were  found  of  use  in  electrostatic  theory  will  again  be  employed. 

The  first  of  these  conceptions  was  that  of  electric  intensity  at  a  point. 
In  electrostatic  theory,  the  intensity  at  any  point  was  defined  to  be  the 
force  per  unit  charge  which  would  act  on  a  small  charged  particle  placed 
at  the  point.  It  was  necessary  to  suppose  the  charge  to  be  of  infinitesimal 
amount,  in  order  that  the  charges  on  the  conductors  in  the  field  might  not 
be  disturbed  by  induction. 

There  is,  as  we  shall  see  later,  a  phenomenon  of  magnetic  induction, 
which  is  in  many  respects  similar  to  that  of  electrostatic  induction,  so  that 
in  defining  magnetic  intensity  we  have  again  to  introduce  a  condition  to 
exclude  effects  of  induction. 

Also,  to  avoid  confusion  between  the  magnetic  intensity  and  the  intensity 
of  magnetisation  defined  in  §  406,  it  will  be  convenient  to  speak  of  magnetic 
force  at  a  point,  rather  than  of  magnetic  intensity.  We  accordingly  have  the 
following  definition,  analogous  to  that  given  in  §  30. 

j.  '24 
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The  magnetic  force  at  any  point  is  given,  in  magnitude  and  direction, 
by  the  force  per  unit  strength  of  pole,  which  would  act  on  a  magnetic  pole 
situated  at  this  point,  the  strength  of  the  pole  being  supposed  so  small  that 
the  magnetism  of  the  field  is  not  affected  by  its  presence. 

408.  The  other  quantities  and  conceptions  follow  in  order,  as  in 
Chapter  II.     Thus  we  have  the  following  definitions: 

A  line  of  force  is  a  curve  in  the  magnetic  field,  such  that  the  tangent  at 
every  point  is  in  the  direction  of  the  magnetic  force  at  that  point  (cf.  §  31). 

The  potential  at  any  point  in  the  field  is  the  work  per  unit  strength  of  pole 
which  has  to  be  done  on  a  magnetic  pole  to  bring  it  to  that  point  from  infinity, 
the  strength  of  the  pole  being  supposed  so  small  that  the  magnetism  of  the  field 
is  not  affected  by  its  presence  (cf.  §  33). 

Let  O  denote  the  magnetic  potential  and  a,  /3,  y  the  components  of 
magnetic  force  at  any  point  x,  y,  z,  then  we  have  from  this  definition 
(cf.  equation  (6)), 

a  =  -  r'V'\adx  +  ^dy  +  r/dz)   (330), 


and  the  relations  (cf.  equations  (9)), 

a  =  -^'       ^  =  -dy"       7  =  "^ (       }- 

A  surface  in  the  magnetic  field  such  that  at  every  point  on  it  the  potential 
has  the  same  value,  is  called  an  Equipotential  Surface  (cf.  §  35). 

From  this  definition,  as  in  §  35,  follows  the  theorem : 

Equipotential  Surfaces  cut  lines  of  force  at  right  angles. 

The  law  of  force  being  the  same  as  in  electrostatics,  we  have  as  the  value 
of  the  potential  (cf.  equation  (10)), 

V  =  2™ (332), 

where  m  is  the  strength  of  any  typical  pole,  and  r  is  the  distance  from  it 
to  the  point  at  which  the  potential  is  being  evaluated. 

As  in  §  42,  we  have  Gauss'  Theorem : 

fJ~dS=-4>7r^m    (333), 

where  the  integration  is  over  any  closed  surface,  and  %m  is  the  sum  of 
the  strengths  of  all  the  poles  inside  this  surface.  If  the  surface  is  drawn 
so  as  not  to  cut  through  any  magnetised  matter,  Sm  will  be  the  aggregate 
strength  of  the  poles  of  complete  magnetic  particles,  and  therefore  equal 
to  zero.     Thus  for  a  surface  drawn  in  this  way 

d^dS  =  0 (334). 


//; 
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If  the  position  of  the  surface  S  is  determined  by  geometrical  conditions — 
if,  for  instance,  it  is  the  boundary  of  a  small  rectangular  element  dxdydz — 
then  we  cannot  suppose  it  to  contain  only  complete  magnetic  particles,  and 
equation  (334)  will  not  in  general  be  true. 

If  there  is  no  magnetic  matter  present  in  a  certain  region,  equation  (334) 
is  true  for  any  surface  in  this  region,  and  on  applying  it  to  the  surface  of  the 
small  rectangular  element  dxdydz,  we  obtain,  as  in  §  50, 

82o    a2n    d2n    _  /oorN 

^+a^+^  =  °  ^' 

the  differential  equation  satisfied  by  the  magnetic  potential  at  every  point 
of  a  region  in  which  there  is  no  magnetic  matter  present. 

Tubes  of  Force. 

409.  A  tubular  surface  bounded  by  lines  of  force  is,  as  in  electrostatics, 
called  a  tube  of  force.  Let  wl,  tw2  be  the  areas  of  any  two  normal  cross- 
sections  of  a  thin  tube  of  force,  and  let  Hu  H2  be  the  values  of  the 
intensities  at  these  points.  By  applying  Gauss'  Theorem  to  the  closed 
surface  formed  by  the  two  cross-sections  and  the  portion  of  the  tube 
which  lies  between  them,  we  obtain,  as  in  §  56, 

H1  &>i  —  i72  o)2  =  0, 

provided  there  is  no  magnetic  matter  inside  this  closed  surface. 

Thus  in  free  space  the  product  Hco  remains  constant.  The  value  of  this 
product  is  called  the  strength  of  the  tube. 

In  electrostatics,  it  was  found  convenient  to  define  a  unit  tube  to  be  one  which  ended 
on  a  unit  charge,  so  that  the  product  of  intensity  and  cross-section  was  not  equal  to  unity 
but  to  4n- 

Potential  of  a  Magnetic  Particle. 

410.  Let  a  magnetic  particle  consist  of  a  pole  of  strength  —  m,  at  0,  and 
a  pole  of  strength  +mx  at  P,  the  distance   OP  being 
infinitesimal. 

The  potential  at  any  point  Q  will  be 

nQ  =  PQ~ot     (336)' 

If  we  put  OQ  =  r,  and  denote  the  angle  P0Q  by  0,      -»«;       +ml 
this  becomes  Flo-  1Q5. 

_m1  (0Q-PQ)_<nh  OP  cos  0  _fi  cos  0 
Uq~~   PQ.OQ    ~~    PQ.OQ     ~  ~1^~     {6°n' 

where  /x  =  ml.  OP,  the  moment  of  the  particle. 

24—2 


372 


Permanent  Magnetism 


[CH.  XI 


The  analysis  here  given  and  the  result  reached  are  exactly  similar  to 
those  already  given  for  an  electric  doublet  in  §  64.  The  same  result  can  also 
be  put  in  a  different  form. 

Let  us  put  OP  =  ds,  and  let  ^-  denote  differentiation  in  the  direction  of 

OP,  the  axis  of  the  particle.     Then  equation  (336)  admits  of  expression  in 
the  form 


°.-".*5©-*i(?) (338)- 


Let  I,  m,  n  be  the  direction-cosines  of  the  axis  of  the  particle,  then 
formula  (338)  can  also  be  written 

8m-       3/1N-         dlM  .(339), 


nQ  =  fj, 


dx  \r 


3  /1\ 

+  m„-    -    + 
oy  \rj 


3 


where,  in  differentiation,  x,  y,  z  are  supposed  to  be  the  coordinates  of  the 
particle,  and  not  of  the  point  Q. 

411.  Resolution  of  a  magnetic  particle.  Equation  (339)  shew*  that  the 
potential  of  the  single  particle  we  have  been  considering  is  the  same  as  the 
potential  of  three  separate  particles,  of  strengths  liI,  fim  and  fin,  and  axes  in 
the  directions  Ox,  Oy,  Oz  respectively  Thus  a  magnetic  particle  may  be 
resolved  into  components,  and  this  resolution  follows  the  usual  vector  law. 

The  same  result  can  be  seen  geometrically. 

Let  us  start  from  0  and  move  a  distance  Ids  parallel  to  the  axis  of  x,  then 
a  distance  mds  parallel  to  the  axis  of  y,  and  then 
a  distance  nds  parallel  to  the  axis  of  z.  This 
series  of  movements  brings  us  from  0  to  P,  a 
distance  ds  in  the  direction  I,  m,  n.  Let  the 
path  be  OqrP  in  fig.  106.  The  magnetic  particle 
under  consideration  has  poles  —  mx  at  0  and  +  m, 
at  P.  Without  altering  the  field,  we  can  super- 
pose two  equal  and  opposite  poles  ±  mx  at  q,  and 
also  two  equal  and  opposite  poles  +  ni^  at  r. 

The  six  poles  now  in  the  field  can  be  taken 
in  three  pairs  so  as  to  constitute  three  doublets 
of  strengths  m^ .  Oq,  m^ .  qr  and  m^  rP  respec- 
tively along  Oq,  qr  and  rP.  These,  however,  are 
doublets  of  strengths  fil,  fim  and  /xn  parallel  to  the  coordinate  axes. 

Potential  of  a  Magnetised  Body. 

412.  Let  I  be  the  intensity  of  magnetisation  at  any  point  of  a  mag- 
netised body,  and  let  I,  in,  n  be  the  direction-cosines  of  the  direction  of 
magnetisation  at  this  point. 
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The  matter  occupying  any  element  of  volume  dxdydz  at  this  point  will 
be  a  magnetic  particle  of  which  the  moment  is  I  dxdydz  and  the  axis  is  in 
direction  I,  m,  n.  By  formula  (339),  the  potential  of  this  particle  at  anv 
external  point  is 


1  dx  \r)      '    dy 


^{l)+nFz{l)}dx^det 


so  that,  by  integration,  we  obtain  as  the  potential  of  the  whole  body  at  any 
external  point  Q, 


nQ  = 


dx  \r)  dy 


4  ©♦"I©}*** <340> 


in  which  r  is  the  distance  from  Q  to  the  element  dxdydz,  and  the  integration 
extends  over  the  whole  of  the  magnetised  body. 


If  we  introduce  quantities  A,  B,  G  defined  by 

A=Il\ 
B  =  Im 
G=In 
then  equation  (340)  can  be  put  in  the  form 

9  /1\  .    „  3  t\\      „  d 


.(341), 


n«= 


A 


dx  \r 


dy  \r)         dz 


-)>  dxdydz. 


.(342). 


The  quantities  A,  B,  G  are  called  the  components  of  magnetisation  at  the 
point  x,  y,  z.  Equation  (342)  shews  that  the  potential  of  the  original  magnet, 
of  magnetisation  I,  is  the  same  as  the  potential  of  three  superposed  magnets, 
of  intensities  A,  B,  G  parallel  to  the  three  axes.  This  is  also  obvious  from 
the  fact  that  the  particle  of  strength  I  dxdydz,  which  occupies  the  element  of 
volume  dxdydz,  may  be  resolved  into  three  particles  parallel  to  the  axes,  of 
which  the  strengths  will  be  Adxdydz,  Bdxdydz  and  Gdxdydz,  if  J.,  B,  G  are 
given  by  equations  (341). 


Potential  of  a  uniformly  Magnetised  Body. 

413.     If  the  magnetisation  of  any  body  is  uniform,  the  values  of  A,  B,  G 
are  the  same  at  all  points  of  the  body. 

Let  the  coordinates  of  the  point  Q  in  equation  (342)  be  x',  y',  z',  so  that 
i  -  [(*  -  x'f  +  (y  -  y')'  +  (s  -  *')'] "  K 


Then,  clearly,  |  (I)  =-  1,  (J)  ,  etc. 
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Replacing  differentiation  with  respect  to  x,  y,  z  by  differentiation  with 
respect  to  x,  y',  z  in  this  way,  we  find  that  equation  (342)  assumes  the  form 

n^-{Al+Bh+cM\\dxd^ (343)- 

7)       ri       7) 
the  quantities  A,  B,  G  and  the  operators  r— ; ,  ~—, ,  =p ■,  being  taken  outside  the 

sign  of  integration,  since  they  are  not  affected  by  changes  in  x,  y,  z. 

If  V  denote  the  potential  of  a  uniform  distribution  of  electricity  of  volume 
density  unity  throughout  the  region  occupied  by  the  magnet,  we  have 

VQ=jji^dxdydz     (344), 

so  that  equation  (343)  becomes 

Q«=-^-#-<# (3«>. 

or  nQ  =  AX  +  BY+CZ, 

where  X,  Y,  Z  are  the  components  of  electric  intensity  at  Q  produced  by 
this  distribution. 

Or  again  if  ^-,  denotes  differentiation  with  respect  to  the  coordinates  of  Q 

in  a  direction  parallel  to  that  of  the  magnetisation  of  the  body,  namely  that 
of  direction-cosines  I,  m,  n,  equation  (345)  becomes 

"«  =  -  ^     (346).  ■ 

414.  Yet  another  expression  for  the  potential  of  a  uniformly  magnetised 
body  is  obtained  on  transforming  equation  (342)  by  Green's  Theorem.  If 
V,  m,  n'  are  the  direction-cosines  of  the  outward-drawn  normal  to  the  magnet 
at  any  element  dS  of  its  surface,  the  equation  obtained  after  transformation  is 


nQ  = 


Jf(Al'  +  Bm'+Cri)ldS. 


By  equations  (341), 

Al'  +  Bm'  +  On'  =  I  (W  +  mm'  +  nn') 

=  i"  cos  8, 

where  9  is  the  angle  between  the  direction  of  magnetisation  and  the  outward 
normal  to  the  element  dS  of  surface.     The  equation  now  becomes 

'/cos  6 


O,.//: 


dS (347), 


shewing  that  the  potential  at  any  external  point  is  the  same  as  that  of  a 
surface  distribution  of  magnetic  poles  of  density  /  cos  6  per  unit  area,  spread 
over  the  surface  of  the  magnet. 
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This  distribution  is  of  course  simply  the  "  Green's  Equivalent  Stratum  " 
(§  204)  which  is  necessary  to  produce  the  observed  external  field. 

The  bar-magnet  already  considered  in  §  405,  provides  an  obvious  illustra- 
tion of  these  results. 

415.  Uniformly  magnetised  sphere.  A  second  and  interesting  example 
of  a  uniformly  magnetised  body  is  a  sphere,  magnetised  with  uniform 
intensity  I.  This  acquires  its  interest  from  the  fact  that  the  earth  may,  to 
a  very  rough  approximation,  be  regarded  as  a  uniformly  magnetised  sphere. 

If  we  follow  the  method  of  §  313,  we  obtain  for  the  value  of  Vq,  defined 
by  equation  (344), 

where  a  is  the  radius  of  the  sphere.     If  we  suppose  the  magnetisation  to  be 
in  the  direction  of  the  axis  of  #,  we  have 

Thus  the  potential  at  any  external  point  is  the  same  as  that  of  a  magnetic 
particle  of  moment  %7ra3I  at  the  centre  of  the  sphere. 

To  treat  the  problem  by  the  method  of  §  414,  we  have  to  calculate  the 
potential  of  a  surface  density  7  cos  6  spread  over  the  surface  of  the  sphere. 
Regarding  cos  6  as  the  first  zonal  harmonic  Px  (cos  6),  the  result  follows  at 
once  from  §  257 


Poisson's  imaginary  Magnetic  Matter. 

416.  if  the  magnetisation  of  the  body  is  not  uniform,  the  value  of  QQ 
given  in  equation  (342)  cannot  be  transformed  into  a  surface  integral,  so 
that  the  potential  of  the  magnet  cannot  be  represented  as  being  due  to  a 
surface  charge  of  magnetic  matter.  If  we  apply  Green's  Theorem  to  the 
integral  which  occurs  in  equation  (342),  we  obtain 

-  -  lll\  (I + 1+  s)  ***+//;  <" + mB + ^ dS- 

where  I,  m,  n  are  the  direction-cosines  of  the  outward-drawn  normal  to  the 
element  dS  of  surface. 
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Thus  nQ=jjj^dxdydz  +  jj^dS    (348), 

where  p,  a  are  given  by 

fdA      dB     dC\  ,_,ft. 

r  =  -[te+^  +  ^) <349)' 

a=      LA+mB  +  nG    (350). 

Thus  the  potential  of  the  magnet  at  any  external  point  Q  is  the  same  as 
if  there  were  a  distribution  of  magnetic  charges  throughout  the  interior,  of 
volume-density  p  given  by  equation  (349),  together  with  a  distribution  over 
the  surface,  of  surface-density  a  given  by  equation  (350). 

Potential  of  a  Magnetic  Shell. 

417.  A  magnetised  body  which  is  so  thin  that  its  thickness  at  every  point 
may  be  treated  as  infinitesimal,  is  called  a  "  magnetic  shell."  Throughout 
the  small  thickness  of  a  shell  we  shall  suppose  the  magnetisation  to  remain 
constant  in  magnitude  and  direction,  so  that  to  specify  the  magnetisation  of 
a  shell  we  require  to  know  the  thickness  of  the  shell  and  the  intensity  and 
direction  of  the  magnetisation  at  every  point. 

Shells  in  which  the  magnetisation  is  in  the  direction  of  the  normal  to  the 
surface  of  the  shell  are  spoken  of  as  "normally-magnetised  shells."  These 
form  the  only  class  of  magnetic  shells  of  any  importance,  so  that  we  shall  deal 
only  with  normally-magnetised  shells,  and  it  will  be  unnecessary  to  repeat  in 
every  case  the  statement  that  normal  magnetisation  is  intended. 

If  I  is  the  intensity  of  magnetisation  at  any  point  inside  a  shell  of  this 
kind,  and  if  r  is  its  thickness  at  this  point,  the  product  It  is  spoken  of  as 
the  "  strength  "  of  the  shell  at  this  point.  Any  element  dS  of  the  shell  will 
behave  as  a  magnetic  particle  of  moment  IrdS,  so  that  the  strength  of  a 
shell  is  the  magnetic  moment  per  unit  area,  just  as  the  intensity  of  magneti- 
sation of  a  body  is  the  magnetic  moment  per  unit  volume. 

Any  element  dS  of  a  shell  of  strength  (/>  behaves  like  a  magnetic  particle  of 
strength  <fidS  of  which  the  axis  is  normal  to  dS. 

The  magnetisation  of  a  magnetic  shell  may  often  be  conveniently  pictured 
as  being  due  to  the  presence  of  layers  of  positive  and  negative  poles  on  its 
two  faces.     Clearly  if  <f>  is  the  strength  and  t  the  thickness  of  a  shell  at 

any  point,  the  surface-density  of  these  poles  must  be  taken  to  be  +  — , 

T 

418.  To  obtain  the  potential  of  a  shell  at  an  external  point,  we  regard 
any  element  dS  of  the  shell  as  a  magnetic  particle  of  moment  <f>dS  and  axis 
in  the  direction  of  the  normal  to  the  shell  at  this  point,  it  being  agreed  that 
this  normal  must  be  drawn  in  the  direction  of  magnetisation  of  the  shell. 
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The  potential  of  the  element  dS  Ox  the  shell  at  a  point  Q  distant  r  from  dS 
is  then 


*«4(;)- 


so  that  the  potential  of  the  whole  shell  at  Q  is  given  by 

-//♦^« 

where  0  is  the  angle  between  the  normal  at  dS  and  the  line  joining  dS  to  P. 
Clearly  dS  cos 6  is  the  projection  of  the  element  dS  on  a  plane  perpendicular 

to  the  line  joining  dS  to  P  so  that —  is  the  solid  angle  subtended  by 

dS  at  Q.     Denoting  this  by  dco,  we  have  the  potential  in  the  form 


nQ 


=  ffij)dto (351). 


419.  Uniform  shell.  If  the  shell  is  of  uniform  strength,  $  may  be  taken 
outside  che  sign  of  integration  in  equation  (351),  so  that  we  obtain 

£lQ  =  (j>  (!dw  =  (})£l    (352), 

where  11  is  the  total  solid  angle  subtended  by  the  shell  at  Q. 

Potential  Energy  of  a  Magnet  in  a  Field  of  Force. 

420.  The  potential  energy  of  a  magnet  in  an  external  field  of  force  is 
equal  to  the  work  done  in  bringing  up  the  magnet  from  infinity,  the  field  of 
force  being  supposed  to  remain  unaltered  during  the  process. 

Consider  first  the  potential  energy  of  a  single  particle,  consisting  of  a  pole 
of  strength  —  7nx  at  0  and  a  pole  of  strength  +  mx  at  P.  Let 
the  potential  of  the  field  of  force  at  0  be  H0  and  at  P  be  fLP. 
Then  the  amounts  of  work  done  on  the  two  poles  in  bringing 
up  this  particle  from  infinity  are  respectively  —  m^o  and 
mjfip,  so  that  the  potential  energy  of  the  particle  when  in 
the  position  OP 

=  raj  (HP  —  fi0) 

=  m1 .  OP  -zr- ,  in  the  notation  already  used, 

an      /7an       an      am  ,_s 
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The  potential  energy  of  any  magnetised  body  can  be  found  by  integration 
of  expression  (353),  the  body  being  regarded  as  an  aggregation  of  magnetic 
particles. 

421.  Equation  (353)  assumes  a  special  form  if  the  magnetic  field  is  due 
solely  to  the  presence  of  a  second  magnetic  particle.  Let  this  be  of  moment 
fi,  its  axis  having  direction  cosines  V,  m! ,  n',  and  its  centre  having  coordinates 
x ',  y ,  z'.     Then  we  have  as  the  value  of  X2,  from  §  410, 

°-'»£M'»+<£+4)(?): 

Substituting  these  values  for  O  in  the  formulae  just  obtained,  we  have  as 
the  mutual  potential  energy  of  the  two  magnets, 

32    (V 


dsds'  \r, 

1  1+     iA/V— +     '— +    '—  V- 

dx         dy        bzj  \    dx'  dy'         dz'J  \rj 

This  is  symmetrical  with  respect  to  the  two  magnets,  as  of  course  it  ought  to  be — it  is 
immaterial  whether  we  bring  the  first  magnet  into  the  field  of  the  second,  or  the  second 
into  the  field  of  the  first. 

If  we  now  put 


r      {(x-xy  +  (y-yj  +  (z-z'y}^ 
we  obtain  on  differentiation, 

3  /1\  _  x  —  x'  _x—x 

dx'  \r)  ~  {(a.  _  xy  +  (y  _  yy  +  (Z  _  zyfi  ~     r3 

82    /1\      1      S(x-x'Y 


so  that 


dx'dx'  \rj      r°  r 

^     /l^_      S(x-x')(y-y') 

r5 


dydx'  \r 
Hence  we  obtain  as  the  value  of  W, 

W=     ^{U'  +  mm'  +  nn') 


,  etc. 


fy*d 


2>fAIJL 


[l  (x  -  x')  +  m  (y  -  y')  +  n{z-  z')}  [V  (x  -  x')  +m'(y-y')+n'(z-z')}. 


Let  us  now  denote  the  angle  between  the  axes  of  the  two  magnets  by  e, 
and  the  angles  between  the  line  joining  the  two  magnets  and  the  axes  of  the 
first  and  second  magnets  respectively  by  8  and  6'.     Then 
cos  e   —ll'+  mm!  +  nn', 

cos  6  =  -  {I  (x  ~x')+m(y  —  y')  +  n(z-  z')}, 


cosd'  =  ^{l'(x-x')  +  m'(y-y')  +  n'(z-z')} 
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so  that  W  can  be  expressed  in  the  form 

F=^(cose-3cos0cos6>') (354). 

If  we  take  the  line  drawn  from  the  first  magnet  to  the  second  as  pole  in 
spherical  polar  coordinates,  and  denote  the  azimuths  of  the  axes  of  the  two 
magnets  by  yfr,  yjr',  then  the  polar  coordinates  of  the  directions  of  the  axes  of 
the  two  magnets  will  be  0,  y{r  and  0',  yfr'  respectively,  and  we  shall  have 

cos  e  =  cos  0  cos  &  +  sin  0  sin  0'  cos  (yjr  —  yjr'). 
On  substituting  this  value  for  cos  e  in  equation  (354),  we  obtain 

W=  &£  {sin  0  sin  ff  cos  (f  -f)-2  cos  0  cos  ff)  (355). 

422.  Knowing  the  mutual  potential  energy  W,  we  can  derive  a  know- 
ledge of  all  the  mechanical  forces  by  differentiation.  For  instance  the 
repulsion  between  the  two  magnets,  i.e.  the  force  tending  to  increase  r,  is 


-wor 


dW 
,  or 

r4 


{sin  0  sin  &  cos  (yjr  —  yjrf)  —  2  cos  0  cos  ff). 


Thus,  whatever  the  position  of  the  magnets,  the  force  between  them 
varies  as  the  inverse  fourth  power  of  the  distance. 

If  the  magnets  are  parallel  to  one  another,  0  =  0'  and  yjr  =  yjr',  so  that  the 
repulsion 


r* 


(sin2  0-2  cos2  0). 


Thus  when  #  =  0,  i.e.  when  the  magnets  lie  along  the  line  joining  them, 
the  force  is  an  attractive  force  -~- .     When  0  =  k,  so  that  the  magnets  are 

q  ' 

at  right  angles  to  the  line  joining  them,  the  force  is  a  repulsive  force  — —  . 

In  passing  from  the  one  position  to  the  other  the  force  changes  from  one  of 
attraction  to  one  of  repulsion  when  sin2  0  —  2  cos2  0  =  0,  i.e.  when  0  =  tan-1  *J2. 

The  couples  can  be  found  in  the  same  way.     If  ^  is  any  angle,  the  couple 
tending  to  increase  the  angle  %  is  —  -~ — ,  or 

-^-k-  {sin  0  sin  &  cos  (^  -  •«//)  -  2  cos  0  cos  0% 
so  that  all  the  couples  vary  inversely  as  the  cube  of  the  distance. 
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For  instance,  taking  x  *°  De  the  same  as  i/r,  we  find  that  the  couple 
tending  to  rotate  the  first  magnet  about  the  line  joining  it  to  the  second, 
in  the  direction  of  ty  increasing 

so  that  this  couple  vanishes  if  either  of  the  magnets  is  along  the  line  joining 
them,  or  if  they  are  in  the  same  plane,  results  which  are  obvious  enough 
geometrically. 


Potential  Energy  of  a  Shell  in  a  Field  of  Force. 

423.  Consider  a  shell  of  which  the  strength  at  any  point  is  cj),  placed 
in  a  field  of  potential  O.  The  element  dS  of  the  shell  is  a  magnetic  particle 
of  strength  <j>dS,  so  that  its  potential  energy  in  the  field  of  force  will,  by 
formula  (353),  be 

*<• 

where  »-  denotes  differentiation  along  the  normal  to  the  shell.  Thus  the 
potential  energy  of  the  whole  shell  will  be 

W^JJ^dS (356). 

If  the  shell  is  of  uniform  strength,  this  may  be  replaced  by 

^-♦//i <857>- 

Since  the  normal  component  of  force  at  a  point  just  outside  the  shell 

and  on  its  positive  face  is  —  ^— ,  it  is  clear  that  Ij-^-dS  is  equal  to  minus 

the  surface  integral  of  normal  force  taken  over  the  positive  face  of  the  shell, 
and  this  again  is  equal  to  minus  the  number  of  unit  tubes  of  force  which 
emerge  from  the  shell  on  its  positive  face.  Denoting  this  number  of  unit 
tubes  by  n,  equation  (357)  may  be  expressed  in  the  form 

W=-<f>n (358). 

Here  it  must  be  noticed  that  we  are  concerned  only  with  the  original 
field  before  the  shell  is  supposed  placed  in  position.  Or,  in  other  terms,  the 
number  n  is  the  number  of  tubes  which  would  cross  the  space  occupied  by 
the  shell,  if  the  shell  were  annihilated.  Since  the  tubes  are  counted  on  the 
positive  face  of  the  shell,  we  see  that  n  may  be  regarded  as  the  number  of 
unit  tubes  of  the  external  field  which  cross  the  shell  in  the  direction  of  its 
magnetisation. 


1 dxdydz  u  -^ — \-m-~-  +  n  ^-) 
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424.  Consider  a  field  consisting  only  of  two  shells,  each  of  unit  strength. 
Let  n^  be  the  number  of  tubes  from  shell  1  which  cross  the  area  occupied 
by  2,  and  let  n%  be  the  number  of  tubes  from  shell  2  which  cross  the  area 
occupied  by  1.  The  potential  energy  of  the  field  may  be  regarded  as  being 
either  the  energy  of  shell  1  in  the  field  set  up  by  2,  or  as  the  energy  of 
shell  2  in  the  field  set  up  by  1.  Regarded  in  the  first  manner,  the  energy 
of  the  field  is  found  to  be  —  n2 ;  regarded  in  the  second  manner,  the  energy 
is  found  to  be  —  Jij.  Hence  we  see  that  ni  =  n2.  This  result,  which  is 
of  great  importance,  will  be  obtained  again  later  (§  446)  by  a  purely 
geometrical  method. 

Potential  Energy  of  any  Magnetised  Body  in  a  Magnetic  Field  of  Force. 

425.  Let  /  be  the  intensity  of  magnetisation  and  I,  m,  n  the  direction- 
cosines  of  the  direction  of  magnetisation  at  any  point  x,  y,  z  of  a  magnetised 
body,  and  let  12  be  the  potential,  at  this  point,  of  an  external  field  of  magnetic 
force.  The  element  dxdydz  of  the  magnetised  body  is  a  magnetic  particle 
of  strength  I  dxdydz,  of  which  the  axis  is  in  the  direction  I,  m,  n.  Thus  its 
potential  energy  in  the  field  of  force  is,  by  formula  (353), 

dy 
and  by  integration  the  potential  of  the  whole  magnet  is 

Force  inside  a  Magnetised  Body. 

426  So  far  the  magnetic  force  has  been  defined  and  discussed  only  in 
regions  not  occupied  by  magnetised  matter :  it  is  now  necessary  to  consider 
the  more  difficult  question  of  the  measurement  of  force  at  points  inside  a 
magnetised  body. 

At  the  outset  we  are  confronted  with  a  difficulty  of  the  same  kind  as 
that  encountered  in  discussing  the  measurement  of  electric  force  inside  a 
dielectric,  on  the  molecular  hypothesis  explained  in  §  143.  We  found  that 
the  molecules  of  a  dielectric  could  be  regarded  as  each  possessing  two  equal 
and  opposite  charges  of  electricity  on  two  opposite  faces.  If  we  replace 
"  electricity "  by  "  magnetism  "  the  state  is  very  similar  to  what  we  believe 
to  be  the  state  of  the  ultimate  magnetic  particles.  In  the  electric  problem 
a  difficulty  arose  from  the  fact  that  the  electric  force  inside  matter  varied 
rapidly  as  we  passed  from  one  molecule  to  another,  because  the  intensity  of 
the  field  set  up  by  the  charges  on  the  molecules  nearest  to  any  point  was 
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comparable  with  the  whole  field.  A  similar  difficulty  arises  in  the  magnetic 
problem,  but  will  be  handled  in  a  way  slightly  different  from  that  previously 
adopted.  There  are  two  reasons  for  this  difference  of  treatment — in  the  first 
place,  we  are  not  willing  to  identify  the  ultimate  magnetic  particles  with 
the  molecules  of  the  matter,  and  in  the  second  place,  we  are  not  willing  to 
assume  that  the  magnetism  of  an  ultimate  particle  may  be  localised  in  the 
form  of  charges  on  the  two  opposite  faces.  We  shall  follow  a  method  which 
rests  on  no  assumptions  as  to  the  connection  between  molecular  structure 
and  magnetic  properties,  beyond  the  well-established  fact  that  on  cutting 
a  magnet  new  magnetic  poles  appear  on  the  surfaces  created  by  cutting. 

427.  One  way  of  measuring  the  force  at  a  point  Q  inside  a  magnet  will 
be  to  imagine  a  cavity  scooped  out  of  the  magnetic  matter  so  as  to  enclose 
the  point  Q,  and  then  to  imagine  the  force  measured  on  a  pole  of  unit 
strength  placed  at  Q.  This  method  of  measurement  will  only  determine 
a  definite  force  at  Q  if  it  can  be  shewn  that  the  force  is  independent  of 
the  position,  shape  and  size  of  the  cavity,  and  this,  as  will  be  obvious  from 
what  follows,  is  not  generally  the  case. 

428.  Let  us  suppose  that,  in  order  to  form  a  cavity  in  which  to  place 
the  imaginary  unit  pole,  we  remove  a  small  cylinder  of  magnetic  matter,  the 
axis  of  this  cylinder  being  in  the  direction  of  magnetisation  at  the  point. 
Let  this  cylinder  be  of  length  I  and  cross-section  S,  and  let  the  intensity  of 
magnetisation  at  the  point  be  /.  Let  the  size  of  the  cylinder  be  supposed  to 
be  very  great  in  comparison  with  the  scale  of  molecular  structure,  although 
very  small  in  comparison  with  the  scale  of  variation  in  the  magnetisation 
of  the  body. 

In  steel  or  iron  there  are  roughly  1023  molecules  to  the  cubic  centimetre,  so  that  a 
length  of  1  millimetre  may  be  regarded  as  large  when  measured  by  the  molecular  scale, 
although  in  most  magnets  the  magnetisation  may  be  treated  as  constant  within  a  length 
of  a  millimetre. 

At  a  point  near  the  centre  of  this  cavity  we  are  at  a  distance  from  the 
nearest  magnetic  particles,  which  is,  by  hypothesis,  great  compared  with 
molecular  dimensions.  Hence,  by  §  416,  we  may  regard  the  potential  at 
points  near  the  centre  of  the  cavity  as  being  that  due  to  the  following 
distributions  of  imaginary  magnetic  matter. — 

I.  A  distribution  of  surface-density  IA  +  mB  +  nC,  spread  over  the 
surface  of  every  magnet. 

II.  A  distribution  of  volume-density 

fdA     dB     do 


dB     dC\ 
dy  +  dzj' 


\dx      dy 

spread  throughout  the  whole  space  which  is  occupied  by  magnetic  matter 
after  the  cavity  has  been  scooped  out. 
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III.  A  distribution  of  surface-density  IA  +  mB  +  nO,  spread  over  the 
walls  of  the  cavity. 

From  the  way  in  which  the  cavity  has  been  chosen,  it  follows  that 
IA  +  mB  +  nC  vanishes  over  the  side-walls,  and  is  equal  to  + 1  on  the 
two  ends. 

The  force  acting  on  an  imaginary  unit  pole  placed  at  or  near  the 
centre  of  the  cavity  may  be  regarded  as  the  force  arising  from  these 
three  distributions. 

429.  The  force  from  distribution  III  can  be  made  to  vanish  by  taking 
the  length  of  the  cavity  to  be  very  great  in  comparison  with  the  linear 
dimensions  of  its  ends.  For  the  ends  of  the  cavity  may  then  be  treated  as 
points,  and  the  force  exerted  by  either  end  upon  a  unit  pole  placed  at  the 
centre  of  the  cavity  will  be 

SI 

and  this  will  vanish  if  S  is  small  compared  with  I2.  The  resultant  force  will 
therefore  arise  solely  from  distributions  I  and  II. 

The  force  arising  from  distribution  II  may  be  regarded  as  the  force 
arising  from  a  distribution  of  volume-density 

fd_A      dB     dC 
V  dx      dy      dz , 

spread  throughout  the  whole  of  the  magnetised  matter,  regardless  of  the 
existence  of  the  cavity,  together  with  a  distribution  of  volume-density 

\dx      dy      dz 

spread  through  the  space  occupied  by  the  cavity.  The  force  from  this 
latter  distribution  vanishes  in  the  limit  when  the  size  of  the  cavity  is 
infinitesimal,  so  that  the  force  from  distribution  II  may  be  regarded  as 
that  from  a  volume-density 

fd_A     d_B     d_G 
\  dx      dy      dz 

spread  through  all  the  original  magnetised  matter. 

We  have  now  arrived  at  a  force  which  is  independent  of  the  shape,  size 
and  position  of  the  cavity,  provided  only  that  these  satisfy  the  conditions 
which  have  already  been  laid  down.  This  force  we  define  to  be  the  magnetic 
force,  at  the  point  under  discussion,  inside  the  magnetised  body. 

430.  In  the  notation  of  §  416,  the  force  which  has  just  been  defined  is 
due  to  a  distribution  of  surface-density  a,  and  a  distribution  of  volume-density 
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p  throughout  the  whole  magnetised  matter.     The  potential  of  these  distribu- 
tions is 


jj'dS  +  jjfP-dxdych, 


or  ClQ  if  we  regard  this  as  defined  by  equation  (348).  Thus,  with  this 
meaning  assigned  to  £Iq,  the  components  of  force  at  a  point  Q  inside  a 
magnetic  body  will  be 

_d^Q      _BJIq         dnQ 

dx  '         dy  *  dz 

At  the  same  time  it  must  be  remembered  that  Qq  has  not  been  shewn  to 
be  the  true  value  of  the  potential  except  when  the  point  Q  is  outside  the 
magnetic  matter.  The  true  potential  inside  magnetised  matter  will  vary 
rapidly  as  we  pass  from  one  magnetic  particle  to  another. 

431.  Let  us  next  suppose  that  the  length  I  of  the  cylindrical  cavity  is 
very  small  compared  with  the  linear  dimensions  of  an 
end.  The  force,  as  before,  is  that  due  to  the  distributions 
I,  II  and  III  of  §  428.  The  force  from  distribution  III, 
however,  will  no  longer  vanish,  for  this  distribution  con- 
sists of  distributions  +  /  over  the  ends  of  the  cavity, 

Fid     1  OR 

and  the  force  from  these  is  not  now  negligible.  From 
analogy  with  the  distribution  of  electricity  on  a  parallel  plate  condenser,  it 
is  clear  that  the  force  arising  from  distribution  III  is  a  force  4>7rl  in  the 
direction  of  magnetisation.  The  forces  from  distributions  I  and  II  are 
easily  seen  to  be  the  same  as  in  the  former  case.  Thus  the  force  on  a  unit 
pole  placed  at  a  point  Q  inside  a  cavity  of  the  kind  we  are  now  considering 
is  the  resultant  of 

(i)    the  magnetic  force  at  Q,  as  defined  in  §  429, 

(ii)    a  force  4nrl  in  the  direction  of  the  intensity  of  magnetisation  at  Q. 

The  resultant  of  these  forces  is  called  the  magnetic  induction  at  Q. 

432.  The  magnetic  force  will  be  denoted  by  H,  and  its  components 
by  a,  /3,  7. 

The  induction  will  be  denoted  by  B,  and  its  components  by  a,  b,  c. 

We  have  seen  that  the  force  B  is  the  resultant  of  a  force  H  and  a  force 
47r/.  The  components  of  this  latter  force  are  \irA,  4nrB,  4nrG.  Hence  we 
have  the  equations 

a=  a  +  4>7tA' 

6  =  /3+  4tt5J-    (359). 

c  =  <y  +  4<7rG 
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Fig.  109. 


433.     Let  us  next  consider  the  force  on  a  unit  pole  inside  a  cylindrical 
cavity  when  the  cavity  is  disc-shaped,  as  in  §  431,  but  its 
axis  is  not  in  the  direction  of  magnetisation.    The  force  can, 
as  in  §  428,  be  regarded  as  arising  from  three  distributions. 

Distributions  I  and  II  are  the  same  as  before,  but 
distribution  III  will  now  consist  of  charges  both  on  the 
end  and  on  the  side- walls  of  the  cylinder.  By  making  the 
length  of  the  cylinder  small  in  comparison  with  the  linear 
dimensions  of  its  cross-section,  the  force  from  the  distri- 
bution in  the  side-walls  can  be  made  to  vanish.  And  if  0  is  the  angle 
between  the  axis  of  the  cavity  and  the  direction  of  magnetisation,  the 
distribution  on  the  ends  is  one  of  density  +  I  cos  0.  Thus  the  force  arising 
from  distribution  III  is  a  force  4nrl  cos  0  in  the  direction  of  the  axis  of 
the  cavity. 

Thus  the  force  on  a  pole  placed  inside  this  cavity  may  be  regarded  as 
compounded  of  the  force  H  (arising  from  distributions  I  and  II),  and  a  force 
4<7rl  cos  0  in  the  direction  of  magnetisation,  arising  from  distribution  III. 

Let  e  be  the  angle  between  the  direction  of  the  force  H  and  the  axis  of 
the  cavity,  then  the  component  force  in  the  direction  of  the  axis  of  the  cavity 

=  H  cos  e  +  4s7rl  cos  0. 

If  I,  m,  n  are  the  direction-cosines  of  this  last  direction, 

H  cos  e  =  la.  +  m/3  +  ny, 
4-77-7  cos  0  =  4nr(lA+  mB  +  nO), 
so  that,  by  equations  (395), 

H  cos  e  +  477- 1  cos  0  =  la  +  mb  +  nc. 

Thus  the  component  of  the  force  in  the  direction  of  the  axis  of  the  cavity 
is  the  same  as  the  component,  in  the  same  direction,  of  the  magnetic  induc- 
tion, namely  la  +  mb  +  nc. 


434.  We  are  now  in  a  position  to  understand  the  importance  of  the 
vector  which  has  been  called  the  induction.  This  arises  entirely  from  the 
property  of  the  induction  which  is  expressed  in  the  following  theorem  : 

Theorem.  The  surface-integral  of  the  normal  component  of  induction, 
taken  over  any  surface  whatever,  vanishes, 

or  in  other  words  (cf.  §  177), 


field. 


The  induction  is  a  soleuoidal  vector  throughout  the  whole  of  the  magnetic 
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To  prove  this  let  us  take  any  closed  surface  S  in  the  field,  this  surface 
cutting  any  number  of  magnetised  bodies.  Along  those  parts  of  the  surface 
which  are  inside  magnetic  bodies,  let  us  remove  a  layer  of  matter,  so  that  the 
surface  no  longer  actually  passes  through  any  magnetic  matter. 


Fig.  110. 
Then  by  Gauss'  Theorem  (§  409), 

ms=o 


.(360), 


where  JSf  is  the  component  of  force  in  the  direction  of  the  outward  normal  to 
S,  acting  on  a  unit  pole  placed  at  any  point  of  the  surface  S.  This  force, 
however,  is  exactly  identical  with  that  considered  in  §  433,  and  its  normal 
component  has  been  seen  to  be  identical  with  the  normal  component  of  the 
induction.  Thus  iV,  in  equation  (360),  will  be  the  normal  component  of 
induction,  so  that  this  equation  proves  the  theorem. 

Analytically,  the  theorem  may  be  stated  in  the  form 

lf(la  +  mb  +  nc)dS  =  0 (361), 

and  this,  by  Green's  Theorem  (§  179),  is  identical  with 

(362). 


II 


da     db      dc 
dx     By     dz 


0 


435.  Definition.  By  a  line  of  induction  is  meant  a  curve  in  the 
magnetic  field  such  that  the  tangent  at  every  point  is  in  the  direction  of 
the  magnetic  induction  at  that  point. 

Definition.  A  tube  of  induction  is  a  tubular  surface  of  small  cross- 
section,  which  is  bounded  entirely  by  lines  of  induction. 

By  a  proof  exactly  similar  to  that  of  §  409,  it  can  be  shewn  that  the 
product  of  the  induction  and  cross-section  of  a  tube  retains  a  constant  value 
along  the  tube.     This  constant  value  is  called  the  strength  of  the  tube. 
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In  free  space  the  lines  and  tubes  of  induction  become  identical  with  the 
lines  and  tubes  of  force,  and  the  foregoing  definition  of  the  strength  of  a  tube 
of  induction  is  such  as  to  make  the  strengths  of  the  tubes  also  become 
identical. 

436.  At  any  point  of  a  surface  let  B  be  the  induction,  and  let  e  be  the 
angle  between  the  direction  of  the  induction  and  the  normal  to  the  surface. 
The  aggregate  cross-section  of  all  the  tubes  which  pass  through  an  element 
dS  of  this  surface  is  dS  cos  e,  so  that  the  aggregate  strength  of  all  these  tubes 
is  B  cos  edS.  Since  Bcose  =  N,  where  N  is  the  normal  induction,  this  may 
be  written  in  the  form  N  dS.  Thus  the  aggregate  strength  of  the  tubes  of 
induction  which  cross  any  area  is  equal  to 

NdS. 

This,  we  may  say,  is  the  number  of  unit-tubes  of  induction  which  cross 
this  area. 


The  theorem  that  fjNdS=0, 


where  the  integration  extends  over  a  closed  surface,  may  now  be  stated  in 
the  form  that  the  number  of  tubes  which  enter  any  closed  surface  is  equal 
to  the  number  which  leave  it.  This  is  true  no  matter  where  the  surface 
is  situated,  so  that  we  see  that  tubes  of  induction  can  have  no  beginning 
or  ending. 

437.     Let  us  take  any  closed  circuit  s  in  space,  and  let  n  be  the  number 
of  tubes  of  induction  which  pass  through  this  circuit  in  a  specified  direction. 

Then  n  will  also  be  the  number  <3f  tubes  which  cut  any  area  whatever 
which  is  bounded  by  the  circuit  s.     If  S  is  any  such  area,  this  number  is 

known  to  be  lllfdS,  where  the  integration  is  taken  over  the  area  S,  so  that 


"*-// 


NdS. 


The  number  n,  however,  depends  only  on  the  position  of  the  curve  s  by 
which  the  area  S  is  bounded,  so  that  it  must  be  possible  to  express  n  in  a 
form  which  depends  only  on  the  position  of  the  curve  s,  and  not  on  the  area  S. 

In  other  words,  it  must  be  possible  to  replace  1 1  N  dS  by  an  expression  which 

depends  only  on  the  boundary  of  the  area  s.     This  we  are  enabled  to  do  by 
a  theorem  due  to  Stokes. 


25—2 
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Stokes'  Theorem. 
438.     Theorem.    If  X,  Y,  Z  are  continuous  functions  of  position  in  space, 


then 


[(X^+Y^  +  Zplds 

J  \     as         as        as/ 


'fdZ     3F\ 


dX 
dz 


D+- £-£)**  •••<** 


where  the  line  integral  is  taken  round  any  closed  curve  in  space,  and  the  surface 
integral  is  taken  over  any  area  (or  shell)  bounded  by  the  contour. 

Here  I,  m,  n  are  the  direction-cosines  of  the  normal  to  the  surface.  A 
rule  is  needed  to  fix  the  direction  in  which  the  normal  is  to  be  drawn.  The 
following  is  perhaps  the  simplest.  Imagine  the  shell  turned  about  in  space 
so  that  the  tangent  plane  at  any  point  P  is  parallel  to  the  plane  of  xy,  and 
so  that  the  direction  in  which  the  line  integral  is  taken  round  the  contour 
is  the  same  as  that  of  turning  from  the  axis  of  cc  to  the  axis  of  y.  Then 
the  normal  at  P  must  be  supposed  drawn  in  the  direction  of  the  positive 
axis  of  z. 

439.  To  prove  the  theorem,  let  us  select  any  two  points  A,  B  on  the 
contour,  and  let  us  introduce  a  quantity  /  defined  by 

IX/O  U/o  too  / 


/  = 


B 


the  path  from  A  to  B  being  the  same  as  that  followed  in  the  integral  of 
equation  (363).     Let  us  also  introduce   a   quantity  J  equal  to  the  same 


Fig.  ill. 


integral  taken  from  A  to  B,  but  along  the  opposite  edge  of  the  shell.     Th 
the  whole  integral  on  the  left  of  equation  (363)  is  equal  to  I  —  J. 


en 
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It  will  be  possible  to  connect  A  and  B  by  a  series  of  non-intersecting 
lines  drawn  in  the  shell  in  such  a  way  as  to  divide  the  whole  shell  into 
narrow  strips.  Let  us  denote  these  lines  by  the  letters  a,  b,  ...  n,  the  lines 
being  taken  in  order  across  the  shell,  starting  with  the  line  nearest  to  that 
along  which  we  integrate  in  calculating  /.     Let  us  denote  the  value  of 


B  f„dx     „dy     „dz\  T 
1  X-j'  +  Y-f  +  Z-j-ids 
as         ds        dsj 


/;( 


taken  along  the  line  a  by  Ia. 

Then  the  left-hand  member  of  equation  (363) 
=  I-J 
=  (I-Ia)+(Tm-Ib)  +  (Ib-Ie)  +  .  ..  +  (/„- J> 

Let  us  consider  the  value  of  any  term  of  this  series,  say  Ia  —  Ib. 

Let  us  take  each  point  on  the  line  a  and  cause  it  to  undergo  a  slight 
displacement,  so  that  the  coordinates  of  any  point  x,  y,  z  are  changed  to 
x  +  8x,  y  +  8y,  z  +  8z.  If  8x,  8y,  8z  are  continuous  functions  of  x,  y,  z  the 
result  will  be  to  displace  the  line  a  into  some  adjacent  position,  and  by  a 
suitable  choice  of  the  values  of  8x,  8y,  8z  this  displaced  position  of  line  a  can 
be  made  to  coincide  with  line  b.  If  this  is  done,  it  is  clear  that  the  value  of 
I a,  after  replacing  x,  y,  z  by  x+8x,y  +  8y,  z+  8z,  will  be  Ib.  Hence  if  we 
denote  this  new  value  of  Ia  by  Ia  +  81,  we  shall  have 

Ia+8I  =  Ib, 

so  that  Ia  —  Ib  =  —  81 

J  a  \     ds         ds         ds) 

and  the  value  of  this  quantity  can  be  obtained  by  the  ordinary  rules  of  the 
calculus  of  variations. 

"We  have 


rB      fjT  rB        (jr  rB       rj 

8      X^ds=      8XCpds+      X~{8x)ds 
JA      ds         J  A        ds         JA      dsx 

(B/dx      ax      dx  s  \  dx  ,  , 

=]AteSx+dtBy+te8Vds-ds+ 


X8x 


X  8x 


B       rB  jx 
—  I     —r—8xds, 

A       J  A     ds 


B 

may  be  omitted, 


and  since  8x  vanishes  both  at  A  and  B,  the  term 
and  the  whole  expression  put  equal  to 

[B\(dAs       —8       dX-8zy\  —  -(——      —  ^+—  — )Sx\ds 

J  a  \\dx  dy    y      dz      J  ds      \dx  ds      dy  ds      dz  ds)      j 
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/. 


A 


M  (S,j  *>  -  sM  -  d*  fa  *  -  S,  p)\  els. 

\dy  \  J  ds  dsj      dz  \     ds  dsj) 


This  may  De  written  in  the  form 

\jr~  (tydx  "~  Bxdy)  —  -x—  (&ccfo  —  &3cfcc)L 


/; 


.(364). 


Fig.  112. 

Now  in  fig.  112,  let  P,  Q,  P'  be  the  points  x,  y,  z;  x  +  dx,  y  +  dy,  z  +  dz ; 
and  x  +  Sx,  y  +  By,  z+  Bz.  Let  dS  denote  the  area  of  the  parallelogram 
PQQ'P',  and  let  I,  m,  n  be  the  direction-cosines  of  the  normal  to  its  plane. 
Then  the  projection  of  the  parallelogram  on  the  plane  of  xy  will  be  of  area 
ndS,  while  the  coordinates  of  three  of  its  angular  points  will  be  x,  y\  x  +  dx, 
y  +  dy;  and  x  +  8x,  y  +  By.     Using  the  usual  formula  for  the  area,  we  obtain 

ndS  =  (Bydx  —  Bxdy), 

and  using  this  relation  in  expression  (364),  we  obtain 


8JBX^ds  =  j(^ndS-^mdS) (365), 


Jy 

the  integral  denoting  summation  over  all  those  elements  of  area  of  the  shell 
which  lie  between  lines  a  and  b. 
type  of  (365),  we  obtain 

"B      dx 


By  summation  of  three  equations  of  the 


[B      dx 
Ia  —  Ib  =  —  8  I     X  -Y~ds  —  B 
J  a      ds 


ds  i 


+  hr 


A 
dX 

dz 


B       d? 

ZT-ds 
ds 


~)^dS  + 


dx 


d4)ndS 


where  the  integration  has  the  same  meaning  as  before.  If  we  add  a  system 
of  equations  of  this  type,  one  for  each  strip,  the  left-hand,  as  already  seen, 
becomes  I  —  J,  which  is  equal  to  the  left-hand  member  of  equation  (363), 
while  the  right-hand  member  of  the  new  equation  is  also  the  right-hand 
member  of  equation  (363).     This  proves  the  theorem. 
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440.  Stokes'  Theorem  can  be  readily  expressed  in  a  vector  notation.  If 
X,  Y,  Z  are  the  components  of  any  vector  F,  it  is  usual  to  denote  by  curl  P 
the  vector  of  which  the  components  are 

dZ_dY       dX_dZ       d_Y_dX 

dy      dz  '       dz      d%'      da      dy  ' 

Hence  Stokes'  Theorem  assumes  the  form 


J' 


(component  of  F  along  ds)  ds 

=  /(components  of  curl  P  along  normal  to  dS)  dS. 

The  theorem  enables  us  to  transform  any  line  integral  taken  round  a 
closed  circuit  into  a  surface  integral  taken  over  any  area  by  which  the  circuit 
can  be  filled  up.  The  converse  operation  of  changing  a  surface  integral  into 
a  line  integral  may  or  may  not  be  possible. 

441.     Theorem.     It  will  be  possible  to  transform  the  surface  integral 

\(lu  +  mv  +  niv)dS (366) 


//< 


into  a  line  integral  taken  round  the  contour  of  the  area  S  if,  and  only  if, 

du     dv      div 

ai  +  ^  +  ^  =  0 (367) 

at  every  point  of  the  area  S. 

It  is  easy  to  see  that  this  condition  is  a  necessary  one.  Let  S'  denote  any 
area  having  the  same  boundary  as  S,  and  being  adjacent  to  it,  but  not 
coinciding  with  it.  Then  if  I  is  the  line  integral  into  which  the  surface 
integral  can  be  transformed,  we  must  have 

I=jj(lu  +  mv  +  nw)dS (368), 

and  also  I  =  (((I'u  +  m'v  +  n'w)  dS' (369). 

On  equating  these  two  values  for  i"  we  obtain  an  equation  which  may  be 
expressed  in  the  form 

ff(lu  +  mv  +  niv)dS  =  0 (370), 

where  the  integration  is  over  a  closed  surface  bounded  by  S  and  S',  and 
I,  m,  n  are  the  direction-cosines  of  the  outward  normal  to  the  surface  at  any 
point.     From  equation  (370),  the  necessity  of  condition  (367)  follows  at  once. 

Condition  (367)  is  most  easily  proved  to  be  sufficient  by  exhibiting  an 
actual  solution  of  the  problem  when  this  condition  is  satisfied.     We  have  to 
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shew  that,  subject  to  condition  (367)  being  satisfied,  there  are  functions 

X,  Y,  Z  such  that 

d_Z_d7=     \ 

dy      dz 


dX_d_Z 
dz      dx 

dY_d_X 

dx       dy  j 


=  v  V 


=  w 


•(371), 


for  if  this  is  so,  the  required  line  integral  is    (IX  +  mY+  nZ)  dS. 
By  inspection  a  solution  of  equations  (371)  is  seen  to  be 

X=fvdz,      Y=-fudz,      Z  =  0   (372), 


du     dv\  7        fdw  7 

7T-  )  dz  =     -^dz  =  w, 

dx     dy!  J  dz 


for  it  is  obvious  that  the  first  two  equations  are  satisfied,  and  on  substituting 
in  the  third,  we  obtain 

d_Y_d_X_ 
dx      dy 

shewing  that  the  proposed  solution  satisfies  all  the  conditions. 

442.  The  absence  of  symmetry  from  solution  (372)  suggests  that  this 
solution  is  not  the  most  general  solution.  The  most  general  solution  can, 
however,  be  easily  found.     If  we  assume  it  to  be 


X=jvdz+X',      Y=-judz  +  Y',     Z=Z'  

then  we  find,  on  substitution  in  equations  (371),  that  we  must  have 

ar_aF     az;  =  az'     dY'  _dxr 

*   dz  ' 


.(373), 


.(374), 


dy       dz  '        dz       dx  '       dx        dy 
and  if  we  introduce  a  new  variable  %  defined  by  %=  jX'dx,  we  find  at  once 
that 

dx'  dy'  dz' 

so  that  the  most  general  solution  of  equations  (371)  is 

*~h+&    Y=~h^y   zJi <375>- 

Substituting  these  values,  the  line  integral  is  found  to  be 


dy 


ds+f^ds, 


![{hz)-£-(hz)ds_ 

and  the  condition  that  this  shall  be  equal  to  the  surface  integral  is  that 
or  that  x  shall  be  single-valued. 
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Thus  if  x  is  any  single-valued  function,  equations  (375)  represent  a  solu- 
tion, and  the  most  general  solution,  of  equations  (371). 


Vector-Potential. 
443.     The  discussion  as  to  the  transformation  from  surface  to  line  inte- 
grals arose  in  connection  with  the  integral  jjJ^dS  or  I J  (la  +  mb  +  nc)  dS,  in 

which  a,  b,  c  are  the  components  of  magnetic  induction.     Since  the  condition 

da     db      dc  _  „ 

dx     dy      dz 

is  satisfied  throughout  all  space,  it  must  always  be  possible  (cf.  §  441)  to 
transform  the  surface  integral  into  a  line  integral  by  a  relation  of  the  form 

Jfoa  +  mb  +  nc)  dS=f(F^  +  G^  +  H^jds. 

The  vector  of  which  the  components  are  F,  G,  H  is  known  as  the  magnetic 
vector- -potential. 

From  what  has  been  said  in  §  442,  it  is  clear  that  the  vector-potential  is 

not  fully  determined  when  the  magnetic  field  is  given.     On  the  other  hand, 

if  the  vector-potential  is  given  the  magnetic  field  is  fully  determined",  being 

given  by  the  equations 

=  d_H_dG\ 

dy      dz 

dF     dH 


dz       dx 

_dG_dF 

dx      dy 


>  (376). 


We  shall  calculate  some  possible  values  of  the  components  of  vector- 
potential  in  a  few  simple  cases.  It  must  be  remembered  that  the  values 
obtained,  although  solutions  of  equations  (376),  will  not  be  the  most  general 
solutions. 

Magnetic  Particle. 

444.  Let  us  first  suppose  that  the  field  is  produced  by  a  single  magnetic 
particle  at  the  point  x',  y',  z  in  free  space,  parallel  to  the  axis  of  z.     Then, 

7)    /I  \ 
by  equation  (338),  Q,  =  fx  ^->  ( -  ] ,  so  that  at  any  point  x,  y,  z, 

dn  a2   /i\        aj  /i 

a  =  a  =  — 
and  similarly 


dx  dxdz'WJ  dxdz\7' 


b  =  ^dyTz[-r)'        C  =  ^aT2lr 
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The  equations  to  be  solved  (equations  (376))  are 

dH_dG  =     J!_/1N 
dy       dz  dxdz  \r. 

dF_d_H=      _8*_  /1> 

dz      dx  dydz  \r, 

dG_  dF_       &_   (V 

dx       dy  dz2   \rj 

and  the  simplest  solution,  similar  to  that  given  by  equations  (372),  is 


F=fi 


G  =  - 


f* 


dx 


H  =  0. 


"'  dy  [r. 

The  components  of  vector-potential  for  a  magnet  parallel  to  the  axes  of 
x  or  y  can  be  written  down  from  symmetry.  In  terms  of  the  coordinates 
x',  y,  z'  of  the  magnetic  particle,  this  solution  may  be  expressed  as 


F=- 


dy 


4)- 


G  =  /i 


dx' 


H  =  0. 


445.  Let  us  superpose  the  fields  of  a  magnetic  particle  of  strength  l\i 
parallel  to  the  axis  of  x,  one  of  strength  mp  parallel  to  the  axis  of  y,  and 
one  of  strength  n/j,  parallel  to  the  axis  of  z.  Then  we  obtain  the  vector- 
potential  at  x,  y,  z  due  to  a  magnetic  particle  of  strength  fi  and  axis  (I,  m,  n) 
at  x ,  y\  z'  in  the  forms 

1  _     JL^  1 «  .   f     —  -n  — 

dz        dy)  r         \    dz'        dy' 

d_  d 

dx 


F=  —  fx(m 


dz  )  r 


1/9  d\ 


H= 


H* 


7  d       d\ i      /,  a        a 

dy         dx]  r         \    oy 


dx 


1  \ 

r 

i> 

r 

1 

r  I 


....(377). 


The  number  of  lines  of  induction  which  cross  the  circuit  from  a  magnetic 
particle  is  (§  437) 


/( 


F^  +  G^  +  H^ds, 


ds 


which  may  be  written  in  the  form 

dx 
ds' 

I, 


ds 


dy 
ds3 

m, 


d_ 

dx 


\r)'     dy\r)' 


ds) 


dz 
ds 

n 
dz  \r 


ds, 


the  integral  being  taken  round  the  circuit  in  the  direction  determined  by  the 
rule  given  in  §  438  (p.  388). 


444-446]  Vector- Potential  395 

Uniform  Magnetic  Shell. 

446.  Next  let  us  suppose  that  the  lines  of  force  proceed  from  a  uniform 
magnetic  shell,  supposed  for  simplicity  to  be  of  unit  strength.  Let  V,  m,  n' 
be  the  direction-cosines  of  the  normal  to  any  element  dS'  of  this  shell. 
Then  the  element  dS'  will  be  a  magnetic  particle  of  moment  dS'  and  of 
direction-cosines  I',  m',  n.  The  element  accordingly  contributes  to  F  a  term 
which,  by  equations  (377),  is  seen  to  be 


K-4)(£K 


dy'. 

where  x,  y',  z  are  the  coordinates  of  the  element  dS'.     Thus  the  whole  value 
of  F  is 

*=//K4-4)(>'- 

This  surface  integral  satisfies  the  condition  of  §  441,  so  that  it  must  be 
possible  to  transform  it  into  a  line  integral  of  the  form 

The  equations  giving  /,  g,  h  are 


Clearly  a  solution  is 


dh 
dy'' 

dz'     U' 

df 
dz'' 

dh  _  d  n\ 

dx      dz  \r) ' 

dx' 

dy'        dy'  \r 

f=-r,     #=0,     h  =  0, 


so  that  on  substitution  the  value  of  F  is 

F=  finds'. 

J  r  ds 

Similarly  G  =  /  -  -^  ds', 

J  r  ds 

Thus  the  number  of  tubes  of  induction  crossing  the  circuit  s  from  a 
magnetic  shell  of  unit  strength  bounded  by  the  circuit  s',  is  given  by 

~J('l+»3f+*5)* 


or 


—  ([(—  ^x'  4.  dy  dy'     dz  dz'\  1  t  j  / 
JJ\ds  ds'      ds  ds       ds  ds  J  r 


396  Permanent  Magnetism  [ch.  xi 

If  e  is  the  angle  between  the  two  elements  ds,  ds',  the  direction  of  these 
elements  being  taken  to  be  that  in  which  the  integration  takes  place,  then 

dx  dx      dy  dy'     dz  dz  _ 

ds  ds       ds  ds'      ds  ds'  ' 

f  f COS  6 

so  that  n  =  1 1 dsds'. 

From  the  rule  as  to  directions  given  on  p.  388,  it  will  be  clear  that  if  the 
integration  is  taken  in  the  same  direction  round  both  circuits,  then  the 
direction  in  which  the  n  lines  cross  the  circuit  will  be  that  of  the  direction 
of  magnetisation  of  the  shell. 

Clearly  n  is  symmetrical  ao  regards  the  two  circuits  s  and  s',  so  that  we 
have  the  important  result : 

The  number  of  tubes  of  induction  crossing  the  circuit  s  from  a  shell  of  unit 
strength  bounded  by  the  circuit  s'  is  equal  to  the  number  of  tubes  of  induction 
crossing  the  circuit  s'  from  a  shell  of  unit  strength  bounded  by  the  circuit  s. 

Here  we  have  arrived  at  a  purely  geometrical  proof  of  the  theorem 
already  obtained  from  dynamical  principles  in  §  424. 

Energy  of  a  Magnetic  Field. 

447.  Let  a,  b,  c, . . .  n  be  a  system  of  magnetised  bodies,  the  magnetisation 
of  each  being  permanent,  and  let  us  suppose  that  the  total  magnetic  field 
arises  solely  from  these  bodies.  Let  us  suppose  that  the  potential  fl  at  any 
point  is  regarded  as  the  sum  of  the  potentials  due  to  the  separate  magnets. 
Denoting  these  by  I2a,  H&,  ...  fln,  we  shall  have 

Let  us  denote  the  potential  energy  of  magnet  a,  when  placed  in  the  field 
of  force  of  potential  H,  by  £2  (a) ;  if  placed  in  the  field  of  force  arising  from 
magnet  b  alone,  by  H&  (a),  etc. 

Let  us  imagine  that  we  construct  the  magnetic  field  by  bringing  up  the 
magnets  a,  b,  c, ...  n  in  this  order,  from  infinity  to  their  final  positions. 

We  do  no  work  in  bringing  magnet  a  into  position,  for  there  are  no 
forces  against  which  work  can  be  done.  After  the  operation  of  placing  a  in 
position,  the  potential  of  the  field  is  f!a.  The  operation  of  bringing  magnet 
a  from  infinity  has  of  course  been  simply  that  of  moving  a  field  of  force  of 
potential  fla  from  infinity,  where  this  same  field  of  force  had  previously 
existed. 

On  bringing  up  magnet  b,  the  work  done  is  that  of  placing  magnet  b  in 
a  field  of  force  of  potential  I2a.     The  work  done  is  accordingly  Qa  (b). 
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The  work  done  in  bringing  up  magnet  c  is  that  of  placing  magnet  c  in  a 
field  of  force  of  potential  £la  +  n6.     It  is  therefore  fla  (c)  +  n6  (c). 

Continuing  this  process  we  find  that  the  total  work  done,  W,  is  given  by 

w=    na(b) 
+  na  (C)  +  n6  (C) 

+  aa  (d)  +  nb  (d)  +  nc  (d)  +  etc. 

If,  however,  the  magnets  had  been  brought  up  in  the  reverse  order,  we 
should  have  had 

W=  nb  (a)  +  Hc  (a)  +Qd(a)  +  ...  +  nn  (a) 

+  nc{b)  +  nd(b)  +  ...+nn(b) 
+£id(c)  +  ...+nn(c) 

+  etc. 
so  that  by  addition  of  these  two  values  for  W,  we  have 

2W=  nb(a)  +  nc(a)+£ld(a)  +  ...  +  nn(a) 

+  aa(b)  +  nc  (b)  +  nd(b)  + ...  +nn  (b) 

+  na(c)  +  n6(c)  +nd(c)  +  ...  +  n„(c) 

+  na(d)  +  nb  (d)  +  nc(d)  +...  +  nn  (d) 

+  etc. 

The  first  line  is  equal  to  Q  (a)  except  for  the  absence  of  the  term  Q,a  (a), 
and  so  on  for  the  other  lines.     Thus  we  have 

2W=     ft(a)-nB(a) 

+  H  (6)  -  nb  (b)  +  etc. 
=  2f2(a)-2na(a)    (378). 

The  quantity  Qa(a),  the  potential  energy  of  the  magnet  a  in  its  own 
field  of  force,  is  purely  a  constant  of  the  magnet  a,  being  entirely  independent 
of  the  properties  or  positions  of  the  other  magnets  b,  c,  d,  ....  Thus  in 
equation  (378),  we  may  regard  the  term  XHa(a)  as  a  constant,  and  may 
replace  the  equation  by 

W-^tCl  (a)  +  constant (379). 

448.  If  we  take  the  magnets  a,  b,  c,  ...  n  to  be  the  ultimate  magnetic 
particles,  the  values  of  Oa(a),  H6(6),  ...  etc.  all  vanish,  and  their  sum  also 
vanishes.     Thus  equation  (379)  assumes  the  form 

W=\%£l{a) (380), 

where  the  standard  configuration  from  which  W  is  measured  is  one  in  which 
the  ultimate  particles  are  scattered  at  infinity.  The  value  of  H  (a)  for  a 
single  particle  is  (cf.  §  420) 

an      an      an> 


/7ai2       an      en\ 


398  Permanent  Magnetism  [ch.  xi 

On  replacing  /u,  by  Idxdydz,  we  find  for  the  energy  of  a  system  of 
magnetised  bodies 

-*£+J,f+a£)*** <381>- 

the  integration  being  taken  throughout  all  magnetised  matter. 

449.  An  alternative  proof  can  be  given  of  equations  (380)  and  (381), 
following  the  method  of  §  106,  in  which  we  obtained  the  energy  of  a  system 
of  electric  charges. 

Out  of  the  magnetic  materials  scattered  at  infinity,  it  will  be  possible  to 
construct  n  systems,  each  exactly  similar  as  regards  arrangement  in  space  to 
the  final  system,  but  of  only  one-nth  the  strength  of  the  final  system.  If  n 
is  made  very  great,  it  is  easily  seen  that  the  work  done  in  constructing  a 

single  system  vanishes  to  the  order  of  —  ,  so  that,  in  the  limit  when  n  is  very 

great,  the  work  done  in  constructing  the  series  of  n  systems  is  infinitesimal. 
Thus  the  energy  of  the  final  system  may  be  regarded  as  the  work  done  in 
superposing  this  series  of  n  systems. 

Let  us  suppose  so  many  of  the  component  systems  to  have  been  super- 
posed, that  the  system  in  position  is  k  times  its  final  strength,  where  k 
is  a  positive  quantity  less  than  unity.  The  potential  of  the  field  at  any 
point  will  be  /eft.  On  bringing  up  a  new  system  let  us  suppose  that  k  is 
increased  to  k  +  die,  so  that  the  strength  of  the  new  system  is  d/c  times  that 
of  the  final  system.  In  bringing  up  the  new  system,  we  place  a  magnet  of 
d/c  times  the  strength  of  a  in  a  field  of  force  of  potential  /eft,  and  so  on  with 
the  other  magnets.     Thus  the  work  done  is 

die .  «ft  (a)  +  die .  kCI  (b)  +  ..., 
and  on  integration  of  the  work  performed,  we  obtain 

W=f  /td*  {fl (a)  +  ft  (&)  +  ...} 

Jo 

=  iSft  (a), 
agreeing  with  equation  (380),  and  leading  as  before  to  equation  (381). 

450.  If  the  magnetic  matter  consists  solely  of  normally  magnetised 
shells,  we  may  replace  equation  (381)  by 

where  ds  denotes  thickness  and  dS  an  element  of  area  of  a  shell.  Replacing 
Ids  by  <j>,  so  that  </>  is  the  strength  of  a  shell,  we  have 

w=^lhd£ds- 
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For  uniform  shells,  </>  may  be  taken  outside  the  sign  of  integration,  and 
the  equation  becomes 

(cf.  §  423),  where  n  is  the  number  of  lines  of  induction  which  cross  the  shell. 

This  calculation  measures  the  energy  from  a  standard  configuration  in 
which  the  magnetic  materials  are  all  scattered  at  infinity.  To  calculate 
the  energy  measured  from  a  standard  configuration  in  which  the  shells  have 
already  been  constructed  and  are  scattered  at  infinity  as  complete  shells,  we 
use  equation  (378),  namely 

W=±X{n(a)-na(a)}, 


from  which  we  obtain  TT  =  iS 


//*£<*■ 


where  — —  denotes  the  values  - —  at  the  surface  of  any  shell  if  the  shell  itself 
on  dn 

is  supposed  annihilated. 

If  all  the  shells  are  uniform,  this  may  again  be  written 

W=-%S<f>n' (382), 

where  n'  is  the  number  of  tubes  of  force  from  the  remaining  shells,  which 
cross  the  shell  of  strength  <£.     An  example  of  this  has  already  occurred  in 

§424. 

Energy  in  the  Medium. 

451.     We  have  seen  that  the  energy  of  a  magnetic  field  is  given  by 
(cf.  equation  (381)) 

*"*1I  +  *S  +  0*)*** (383>- 

the  integration  being  taken  over  all  magnetic  matter.  As  a  preliminary  to 
transforming  this  into  an  integral  taken  through  all  space,  we  shall  prove 
that 

flf(aGL  +  b/3  +  cy)dxdydz  =  0    (384), 

the  integration  being  through  all  space. 

The  integral  on  the  left  can  be  written  as 

and  this,  by  Green's  Theorem,  may  be  transformed  into 

1 1 1  H  hp  +  =-  +  ^-\  dxdydz  -  j  I  O  (la  +  mb  +  nc)  dS, 


400  Permanent  Magnetism  [ch.  xi 

the  latter  integral  being  taken  over  a  sphere  at  infinity.     Now  at  infinity  O 

is  of  the  order  of  —  (cf.  §  67),  while  la  +  mb  +  nc  vanishes,  and  dS  is  of 

the  order  of  r2,  so  that  the  surface  integral  vanishes  on  passing  to  the  limit 
r  =  oo  .     Also  the  volume  integral  vanishes  since 

da      db     do  _ 
dx     dy     dz       ' 

and  hence  the  theorem  is  proved. 

Replacing  a,  b,  c  by  their  values,  as  given  by  equations  (359),  we  find  that 
equation  (384)  becomes 

ff  [ (a2  +  /32  +  72)  dxdydz  +  4tt     j  (Act  +  B/3  +  Cy)  dxdydz  =  0  . .  .(385). 

Both  integrals  are  taken  through  all  space,  but  since  A—B  =  G=0 
except  in  magnetic  matter,  we  can  regard  the  latter  integral  as  being  taken 
only  over  the  space  occupied  by  magnetic  matter.  This  integral  is  therefore 
equal,  by  equation  (383),  to  —  2  W,  so  that  equation  (385)  becomes 

W  =  -^jf!(a?  +  /32  +  ^)dxdydz (386), 

the  integral  being  taken  through  all  space. 

This  expression  is  exactly  analogous  to  that  which  has  been  obtained  for 
the  energy  of  an  electrostatic  system,  namely, 


W=^rjfj(X2+Y2  +  Z2)dxdydz. 


And,  as  in  the  case  of  an  electrostatic  system,  equation  (386)  may  be 
interpreted  as  meaning  that  the  energy  may  be  regarded  as  spread  through 

the  medium  at  a  rate  5—  (a2  +  /32  +  y2)  per  unit  volume. 

07T 

Terrestrial  Magnetism. 

452.     The  magnetism  of  the  earth  is  very  irregularly  distributed  and  is 

constantly  changing.     The  simplest  and  roughest  approximation  of  all  to  the 

state  of  the  earth's  magnetism  is  obtained  by  regarding  it  as  a  bar  magnet, 

possessing  two  poles  near  to  its  surface,  the  position  of  these  in  1906  being 

as  follows : 

North  Pole     70°30'N.,      97°40'W. 

South  Pole*  73°39'S.,     146°  15' E. 

Another  approximation,  which  is  better  in  many  ways  although  still 
very  rough,  is  obtained  by  regarding  the  earth  as  a  uniformly  magnetised 
sphere. 

*  Sir  E.  Shackleton  gives  the  position  of  the  South  Pole  in  1909  as  72°  25'  S.,  155°  10'  E. 
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With  the  help  of  a  compass-needle,  it  will  be  possible  to  find  the 
direction  of  the  lines  of  force  of  the  earth's  field  at  any  point.  It  will 
also  be  possible  to  measure  the  intensity  of  this  field,  by  comparing  it  with 
known  magnetic  fields,  or  by  measuring  the  force  with  which  it  acts  on 
a  magnet  of  known  strength. 

453.  At  any  point  on  the  earth,  let  us  suppose  that  the  angle  between 
the  line  of  magnetic  force  and  the  horizontal  is  0,  this  being  reckoned 
positive  if  the  line  of  force  points  down  into  the  earth,  and  let  the  horizontal 
projection  of  the  line  of  force  make  an  angle  8  with  the  geographical 
meridian  through  the  point,  this  being  reckoned  positive  if  this  line  points 
west  of  north.  The  angle  fr  is  called  the  dip  at  the  point,  the  angle  8  is 
called  the  declination. 

Let  H  be  the  horizontal  component  of  force,  then  the  total  force  may  be 
regarded  as  made  up  of  three  components  : 

X  =  H  cos  8,  towards  the  north, 
Y  =  H  sin  8,  towards  the  west, 
Z  =  H  tan  6,  vertically  downwards. 
If  fl  is  the  potential  due  to  the  earth's  field  at  a  point  ot  latitude  I, 
longitude  X,  and  at  distance  r  from  the  centre,  we  have  (cf.  equations  (331)) 

y-_I»        r=-     l     a",     Z  =  f (387). 

r  oi  r  cos  I  dX  or  7 

Analysis  of  Potential  of  Earth's  field. 

454.  Since  O  is  the  potential  of  a  magnetic  system,  the  value  of  H  in 
regions  in  which  there  is  no  magnetisation  must  (by  §  408)  be  a  solution  of 
Laplace's  equation,  and  must  therefore  (by  §  233)  be  capable  of  expansion  in 
the  form 

12=  (^1  +  ^  +...)  +  (£/  +  &V  +  £,V  +  ...)    (388), 

in  which  Slt  S2,  ...  S0',  $/>  &/>  •••  are  surface  harmonics,  of  degrees  indicated 
by  the  subscripts. 

At  the  earth's  surface,  the  first  term  is  the  part  of  the  potential  which 
arises  from  magnetism  inside  the  earth,  while  the  second  term  arises  from 
magnetism  outside. 

The  surface  harmonic  Sn  can,  as  in  §  275,  be  expanded  in  the  form 


m=n 


Sn=   S   P%  (sin  I)  (AniTn  cos  m\  +  Bn<m  sin  m\), 

m  =  0 

so  that  XI  can  be  put  in  the  form 

«  =  oo  m  =  n  (JPm  (sin  Z) 

n=  S      2  ]    n  )l+1       (Anim  cos  m\  +  Bn<m  sin  mX) 

+  rnP%  (sin  I)  (A'n>m  cos  m\  +  B'nt7nsin  m\)[ . 
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Hence  from  equations  (387)  we  obtain  the  values  of  X,  Y,  Z  at  any  point 
in  terms  of  the  longitude  and  latitude  of  the  point  and  the  constants  such 

as  xi. T^Tn}  -Dji.wij  -£«•  n,m>  ■&  n,m,' 

By  observing  the  values  of  X,  Y,  Z  at  a  great  number  of  points,  we 
obtain  a  system  of  equations  between  the  constants  An<m,  etc.,  and  on 
solving  these  we  obtain  the  actual  values  of  the  constants,  and  therefore 
a  knowledge  of  the  potential  as  expressed  by  equation  (388). 

If  the  magnetic  field  arose  entirely  from  magnetism  inside  the  earth, 
we  should  of  course  expect  to  find  #/  =  82'  =  •  • .  =  0,  while  if  the  magnetic 
field  arose  from  magnetism  entirely  outside  the  earth,  we  should  find 
Sl  =  S2=...  =  0. 

455.  The  results  actually  obtained  are  of  extreme  interest.  The  mag- 
netic field  of  the  earth,  as  we  have  said,  is  constantly  changing.  In  addition 
to  a  slow,  irregular,  and  so-called  "secular"  change,  it  is  found  that  there 
are  periodic  changes  of  which  the  periods  are,  in  general,  recognisable  as 
the  periods  of  astronomical  phenomena.  For  instance  there  is  a  daily 
period,  a  yearly  period,  a  period  equal  to  the  lunar  month,  a  period  of 
about  26 g  days  (the  period  of  rotation  of  the  inner  core  of  the  sun*), 
a  period  of  about  11  years  (the  period  of  sun-spot  variations),  a  period  of 
19  years  (the  period  of  the  motion  of  the  lunar  nodes),  and  so  on.  Thus 
the  potential  can  be  divided  up  into  a  number  of  periodic  parts  and  a 
residual  constant,  or  slowly  and  irregularly  changing,  part.  All  the  periodic 
parts  are  extremely  small  in  comparison  with  the  latter.  It  is  found,  on 
analysing  the  potentials  of  these  different  parts  of  the  field,  that  the  constant 
field  arises  from  magnetisation  inside  the  earth,  while  the  daily  variation 
arises  mainly  from  magnetisation  outside  the  earth.  The  former  result 
might  have  been  anticipated,  but  the  latter  could  not  have  been  predicted 
with  any  confidence.  For  the  variation  might  have  represented  nothing 
more  than  a  change  in  the  permanent  magnetism  of  the  earth  due  to  the 
cooling  and  heating  of  the  earth's  mass,  or  to  the  tides  in  the  solid  matter  of 
the  earth  produced  by  the  sun's  attraction. 

This  daily  variation  is  not  such  as  could  be  explained  by  the  magnetism 
of  the  sun  itself;  Chreef  has  found  that  it  cannot  be  explained  by  the 
cooling  and  heating  either  of  the  earth's  mass,  or  of  the  atmosphere  as 
suggested  by  Faraday.  Balfour  Stewart  J  put  forward  the  hypothesis  that  the 
daily  variation  was  due  mainly  to  electric  currents  circulating  in  the  upper 
atmosphere  as  a  result  of  the  electromotive  forces  induced  by  the  connective 

*  The  outer  surface  of  the  sun  is  not  rigid,  and  rotates  at  different  rates  in  different  latitudes. 
Thus  it  is  impossible  to  discover  the  actual  rate  of  rotation  of  the  inner  core  except  by  such 
indirect  methods  as  that  of  observing  periods  of  magnetic  variation. 

f  Roy.  Soc.  Phil.  Trans.,  202,  p.  335. 

J  Art.  "Terrestrial  Magnetism,"  in  the  9th  Edn.  of  the  Encyc.  Brit.  (1882). 
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motion  of  the  atmosphere  across  the  earth's  magnetic  field.  This  hypothesis 
was  examined  and  developed  by  Schuster*,  who  examined  the  daily  varia- 
tions by  the  method  of  harmonic  analysis,  already  explained.  Schuster  found 
the  origin  of  the  magnetic  field  to  be  mainly  external ;  he  suggested  also  that 
the  convection  currents  indicated  by  the  diurnal  barometric  changes  were  ulti- 
mately responsible  for  the  phenomenon,  and  further  found  that  a  small  part 
of  the  field  must  be  attributed  to  origins  inside  the  earth :  these  it  was 
suggested  might  be  a  system  of  currents  induced  in  the  earth  by  the  atmo- 
spheric currents  above. 

Chapmanf  has  recently  reexamined  the  question,  and  obtains  results  in 
substantial  agreement  with  Schuster's  theory.  He  finds  that  the  contribution 
from  inside  the  earth  is  about  28  per  cent,  of  the  total  diurnal  variation.  It 
is  supposed  that  the  conducting  layer  in  the  upper  atmosphere  in  which  the 
induced  currents  flow  is  that  of  which  we  already  have  evidence  in  the  pheno- 
menon of  the  bending  of  electromagnetic  waves  round  the  earth;  this  layer  is 
also  the  seat  of  the  aurora  borealis.  Chapman  finds  that  the  internal  magnetic 
field  of  induced  currents  would  be  explained  by  assuming  that,  beneath  an 
upper  non-conductive  layer  of  150  or  200  miles  depth,  the  earth  has  a  specific 
resistance  of  about  4  x  10~n  C.G.s.  units. 

Besides  the  variation  just  considered,  there  is  found  to  be  a  lunar  diurnal 
variation,  of  period  equal  to  the  apparent  period  of  motion  of  the  moon.  This 
appears  to  be  the  result  of  a  semi-diurnal  tidal  oscillation  of  the  atmosphere 
the  mechanism  being  otherwise  similar  to  that  already  explained. 

456.  The  non-periodic  part  of  the  earth's  field  is  found  to  arise  entirely 
from  magnetism  inside  the  earth,  having  a  potential  of  the  form 

«9 


This  method  of  analysing  the  earth's  field  is  due  to  Gauss,  who  calculated 
the  coefficients,  with  such  accuracy  as  was  then  possible,  for  the  year  1830. 
The  most  complete  analysis  of  the  field  which  now  exists  has  been  calculated 
by  Neumayer  for  the  year  1885,  using  observations  of  the  field  at  1800 
points  on  the  earth's  surface. 

The  first  few  coefficients  obtained  by  Neumayer  are  as  follows : 

(Ahl=     -0248, 


41|D--3157     {Bhi  =  _.060S} 


A2<0  =  -0079     -I"2'1"    ".™?     t2>2 


[42fl  =  --0498,     ^l2i2  =  --0057, 
[B2A  =     -0130,     J52>2=--0126, 
=  --0<H4     {^,i  =  -039G,     ^3,2  =  --0279,     ^3>3=  --0033, 


U?3,i  =  -0074,     B3>2  =  -  -0004,     £3i3  =  --0055, 
A  --0344    j^4,i=  - -0306,    ^4>2  =  -:01983    Aii3  =  -0068,    ^l4>4  =  --0008, 

4,0  l#4,i  =--0119,    J94>2=     -0071,    £4)3  =  -0051,    Bi>4  =     -0010. 

*  Phil.  Trans.  A,  180  (1889),  p.  467,  aud  A,  203  (1907),  p.  163. 
t  Phil.  Trans.  A,  213  (1913),  p.  279,  and  A,  218  (1919),  p.  1. 
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457.  The  simplest  approximation  is  of  course  obtained  by  ignoring  all 
harmonics  beyond  the  first.    This  gives  as  the  magnetic  potential 

XI  =  —  -UMPi  (sin  I)  +  iY  (sin  I)  (Ahl  cos X  +  2?M  sin  X)[ 
=- 1*3157  sin  I  +  cos  I  (-0248  cos  \  -  -0603  sin  X)l . 

The  expression  in  brackets  is  necessarily  a  biaxial  harmonic  of  order  unity 
(cf.  §  276) ;  it  is  easily  found  to  be  equal  to  *3224  cos  7,  where  7  is  the 
angular  distance  of  the  point  (I,  X)  from  the  point 

lat.  78°  20' N.,  long.  67°  17' W (389). 

The  potential  is  now  £1  =  -3224  52i2 , 

which  is  the  potential  of  a  uniformly  magnetised  sphere,  having  as  direction 
of  magnetisation  the  radius  through  the  point  (§  415).  Or  again,  it  is  the 
potential  of  a  single  magnetic  particle  at  the  centre  of  the  earth,  pointing 
in  this  same  direction.  It  is  naturally  impossible  to  distinguish  between 
these  two  possibilities  by  a  survey  of  the  field  outside  the  earth.  Green's 
theorem  has  already  shewn  that  we  cannot  locate  the  sources  of  a  field 
inside  a  closed  surface  by  a  study  of  the  field  outside  the  surface. 


EXAMPLES. 

1.  Two  small  magnets  float  horizontally  on  the  surface  of  water,  one  along  the 
direction  of  the  straight  line  joining  their  centres,  and  the  other  at  right  angles  to  it. 
Prove  that  the  action  of  each  magnet  on  the  other  reduces  to  a  single  force  at  right  angles 
to  the  straight  line  joining  the  centres,  and  meeting  that  line  at  one-third  of  its  length 
from  the  longitudinal  magnet. 

2.  A  small  magnet  A  CB,  free  to  turn  about  its  centre  C,  is  acted  on  by  a  small  fixed 
magnet  PQ.  Prove  that  in  equilibrium  the  axis  ACB  lies  in  the  plane  PQC,  and  that 
tan#  =  —  i  tan  6',  where  6,  &  are  the  angles  which  the  two  magnets  make  with  the  line 
joining  them. 

3.  Three  small  magnets  having  their  centres  at  the  angular  points  of  an  equilateral 
triangle  ABC,  and  being  free  to  move  about  their  centres,  can  rest  in  equilibrium  with 
the  magnet  at  A  parallel  to  BC,  and  those  at  B  and  C  respectively  at  right  angles  to  AB 
and  AC.     Prove  that  the  magnetic  moments  are  in  the  ratios 

V3  :  4  :  4. 

4.  The  axis  of  a  small  magnet  makes  an  angle  <£  with  the  normal  to  a  plane.  Prove 
that  the  line  from  the  magnet  to  the  point  in  the  plane  where  the  number  of  lines  of 
force  crossing  it  per  unit  area  is  a  maximum  makes  an  angle  6  with  the  axis  of  the 
magnet,  such  that 

2  tan  <9  =  3  tan  2  ($-0). 
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5.  Two  small  magnets  lie  in  the  same  plane,  and  make  angles  6,  ff  with  the  line 
joining  their  centres.  Shew  that  the  line  of  action  of  the  resultant  force  between  them 
divides  the  line  of  centres  in  the  ratio 

tan  ff  +  2  tan  6  :  tan  8  +  2  tan  ff 

6.  Two  small  magnets  have  their  centres  at  distance  r  apart,  make  angles  8,  ff  with 
the  line  joining  them,  and  an  angle  e  with  each  other.  Shew  that  the  force  on  the  first 
magnet  in  its  own  direction  is 

3mm'  ,„       „  . 

— —  (5  cos2  6  cos  8  -  cos  ff  -  2  cos  e  cos  8). 

Shew  that  the  couple  about  the  line  joining  them  which  the  magnets  exert  on  one 
another  is 

mm' 


o?sini 
where  d  is  the  shortest  distance  between  their  axes  produced. 

7.  Two  magnetic  needles  of  moments  M.  M'  are  soldered  together  so  that  their 
directions  include  an  angle  a.  Shew  that  when  they  are  suspended  so  as  to  swing  freely 
in  a  uniform  horizontal  magnetic  field,  their  directions  will  make  angles  8,  &  with  the 
lines  of  force,  given  by 

sin  6  _  sin  6'  _  sin  a 

M'         M       (i/2  +  M>2  +  2MM'  cos  a)* ' 

8.  Prove  that  if  there  are  two  magnetic  molecules,  of  moments  M  and  M',  with  their 
centres  fixed  at  A  and  B,  where  AB=r,  and  one  of  the  molecules  swings  freely,  while  the 
other  is  acted  on  by  a  given  couple,  so  that  when  the  system  is  in  equilibrium  this 
molecule  makes  an  angle  8  with  AB,  then  the  moment  of  the  couple  is 

f  MM'  sin  28  jr3  (3  cos2  5  +  1)*, 
where  there  is  no  external  field. 

9.  Two  small  equal  magnets  have  their  centres  fixed,  and  can  turn  about  them  in  a 
magnetic  field  of  uniform  intensity  H,  whose  direction  is  perpendicular  to  the  line  r 
joining  the  centres.  Shew  that  the  position  in  which  the  magnets  both  point  in  the 
direction  of  the  lines  of  force  of  the  uniform  field  is  stable  only  if 

H  >  3M/r*. 

10.  Two  magnetic  particles  of  equal  moment  are  fixed  with  their  axes  parallel  to  the 
axis  of  2,  and  in  the  same  direction,  and  with  their  centres  at  the  points  +  a,  0,  0.  Shew 
that  if  another  magnetic  molecule  is  free  to  turn  about  its  centre,  which  is  fixed  at  the 
point  (0,  y,  z),  its  axis  will  rest  in  the  plane  x  =  0,  and  will  make  with  the  axis  of  z  the 
angle 

,                Svz 
tan-1— = — ■— 5. 

2zi-az  —  yi 

Examine  which  of  the  two  positions  of  equilibrium  is  stable. 

11.  Prove  that  there  are  four  positions  in  which  a  given  bar  magnet  may  be  placed 
so  as  to  destroy  the  earth's  control  of  a  compass-needle,  so  that  the  needle  can  point 
indifferently  in  all  directions.  If  the  bar  is  short  compared  with  its  distance  from  the 
needle,  shew  that  one  pair  of  these  positions  are  about  1^  times  more  distant  than  the 
other  pair. 
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12.  Three  small  magnets,  each  of  magnetic  moment  ju,  are  fixed  at  the  angular  points 
of  an  equilateral  triangle  ABC,  so  that  their  north  poles  lie  in  the  directions  AC,  AB,  BC 
respectively.  Another  small  magnet,  moment  //,  is  placed  at  the  centre  of  the  triangle, 
and  is  free  to  move  about  its  centre.  Prove  that  the  period  of  a  small  oscillation  is  the 
same  as  that  of  a  pendulum  of  length  Ibzgj\l^blp.yL,  where  b  is  the  length  of  a  side  of  the 
triangle,  and  /  the  moment  of  inertia  of  the  movable  magnet  about  its  centre. 

13.  Three  magnetic  particles  of  equal  moments  are  placed  at  the  corners  of  an 
equilateral  triangle,  and  can  turn  about  those  points  so  as  to  point  in  any  direction  in  the 
plane  of  the  triangle.  Prove  that  there  are  four  and  only  four  positions  of  equilibrium 
such  that  the  angles,  measured  in  the  same  sense  of  rotation,  between  the  axes  of  the 
magnets  and  the  bisectors  of  the  corresponding  angles  of  the  triangle  are  equal.  Also 
prove  that  the  two  symmetrical  positions  are  unstable. 

14.  Four  small  equal  magnets  are  placed  at  the  corners  of  a  square,  and  oscillate 
under  the  actions  they  exert  on  each  other.  Prove  that  the  times  of  vibration  of  the 
principal  oscillations  are 

Mk2cP        )  2 
|m23(2  +  l/2v/2)J 

f       Mk*-d?        }  h 
(m2  (3 -1/2^/2)/    ' 

.     (Mk2d32  v/21  * 

277  \— 3^— r  • 

where  m  is  the  magnetic  moment,  and  M&2  the  moment  of  inertia,  of  a  magnet,  and  d  is  a 
side  of  the  square. 

15.  A  system  of  magnets  lies  entirely  in  one  plane  and  it  is  found  that  when  the 
axis  of  a  small  needle  travels  round  a  contour  in  the  plane  that  contains  no  magnetic 
poles,  the  needle  turns  completely  round.  Prove  that  the  contour  contains  at  least  one 
equilibrium  point. 

16.  Prove  that  the  potential  of  a  body  uniformly  magnetised  with  intensity  I  is,  at 
any  external  point,  the  same  as  that  due  to  a  complex  magnetic  shell  coinciding  with  the 
surface  of  the  body  and  of  strength  Ix,  where  x  is  a  coordinate  measured  parallel  to  the 
direction  of  masrnetisation. 

17.  A  sphere  of  hard  steel  is  magnetised  uniformly  in  a  constant  direction  and  a 
magnetic  particle  is  held  at  an  external  point  with  the  axis  of  the  particle  parallel  to  the 
direction  of  magnetisation  of  the  sphere.  Find  the  couples  acting  on  the  sphere  and  on 
the  particle. 

18.  A  spherical  magnetic  shell  of  radius  a  is  normally  magnetised  so  that  its  strength 
at  any  point  is  Si,  where  Si  is  a  spherical  surface  harmonic  of  positive  order  i.  Shew 
that  the  potential  at  a  distance  r  from  the  centre  is 


-47rfirK«y    when>-<«, 


2i  +  l 


i  +  1 

Si(-)       when  r>a. 


19.     If  a  small  spherical  cavity  be  made  within  a  magnetised  body,  prove  that  the 
components  of  magnetic  force  within  the  cavity  are 

a+$A,     (3  +  ±B,     y+£C/. 
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20.  If  the  earth  were  a  uniformly  magnetised  sphere,  shew  that  the  tangent  of  the 
dip  at  any  point  would  be  equal  to  twice  the  tangent  at  the  magnetic  latitude. 

21.  Prove  that  if  the  horizontal  component,  in  the  direction  of  the  meridian,  of  the 
earth's  magnetic  force  were  known  all  over  its  surface,  all  the  other  elements  of  its 
magnetic  force  might  be  theoretically  deduced. 

22.  From  the  principle  that  the  line  integral  of  the  magnetic  force  round  any  circuit 
ordinarily  vanishes,  shew  that  the  two  horizontal  components  of  the  magnetic  force  at  any 
station  may  be  deduced  approximately  from  the  known  values  for  three  other  stations 
which  lie  around  it.  Shew  that  these  sis  known  elements  are  not  independent,  but  must 
satisfy  one  equation  of  condition. 

23.  If  the  earth  were  a  sphere,  and  its  magnetism  due  to  two  small  straight  bar 
magnets  of  the  same  strength  situated  at  the  poles,  with  their  axes  in  the  same  direction 
along  the  earth's  axis,  prove  that  the  dip  8  in  latitude  X  would  be  given  by 

/\    x\       ,X    „,     X    „,     cx 
< 


8  cot  I  8  +  -  j  =  cot  -  -  6  tan  -  -  3  tan2  - . 

24.     Assuming  that  the  earth  is  a  sphere  of  radius  a,  and  that  the  magnetic  potential 
Q  is  represented  by 


-*©+*©'+*  ©'+*©'■ 


shew  that  12  is  completely  determined  by  observations  of  horizontal  intensity,  declination 
and  dip  at  four  stations,  and  of  dip  at  four  more. 

25.  Assuming  that  in  the  expansion  of  the  earth's  magnetic  potential  the  fifth  and 
higher  harmonics  may  be  neglected,  shew  that  observations  of  the  resultant  magnetic 
force  at  eight  points  are  sufficient  to  determine  the  potential  everywhere. 

26.  Assuming  that  the  earth's  magnetism  is  entirely  due  to  internal  causes,  and  that 
in  latitude  X  the  northerly  component  of  the  horizontal  force  is  A  cos  X  +  B  cos3  X,  prove 
that  in  this  latitude  the  vertical  component  reckoned  downwards  is 

2(,4+fS)sinX-§flsin3X, 


CHAPTER  XII 

INDUCED  MAGNETISM 

Physical  Phenomena. 

458.  Reference  has  already  been  made  to  the  well-known  fact  that 
a  magnet  will  attract  small  pieces  of  iron  or  steel  which  are  not  themselves 
magnets.  Here  we  have  a  phenomenon  which  at  first  sight  does  not  seem 
to  be  explained  by  the  law  of  the  attractions  and  repulsions  of  magnetic 
poles.  It  is  found,  however,  that  the  phenomenon  is  due  to  a  magnetic 
"  induction  "  of  a  kind  almost  exactly  similar  to  the  electrostatic  induction 
already  discussed.  It  can  be  shewn  that  a  piece  of  iron  or  steel,  placed  in 
the  presence  of  a  magnet,  will  itself  become  magnetised.  Temporarily,  this 
piece  of  iron  or  steel  will  be  possessed  of  magnetic  poles  of  its  own,  and  the 
system  of  attractions  and  repulsions  between  these  and  the  poles  of  the 
original  permanent  magnet  will  account  for  the  forces  which  are  observed 
to  act  on  the  metal. 

It  has,  however,  been  seen  that  pairs  of  corresponding  positive  and 
negative  poles  cannot  be  separated  by  more  than  molecular  distances,  so 
that  we  are  led  to  suppose  that  each  particle  of  the  body  in  which  magnetism 
is  induced  must  become  magnetised,  the  adjacent  poles  neutralising  one 
another  as  in  a  permanent  magnet. 

Taking  this  view,  it  will  be  seen  that  the  attraction  of  a  magnet  for  an 
unmagnetised  body  is  analogous  to  the  attraction  of  an  electrified  body  for 
a  piece  of  dielectric  (§  197),  rather  than  to  its  attraction  for  an  uncharged 
conductor.  The  attraction  of  a  charged  body  for  a  fragment  of  a  dielectric 
has  been  seen  to  depend  upon  a  molecular  phenomenon  taking  place  in  the 
dielectric.  Each  molecule  becomes  itself  electrified  on  its  opposite  faces,  with 
charges  of  opposite  sign,  these  charges  being  equal  and  opposite  so  that  the 
total  charge  on  any  molecule  is  nil.  In  the  same  way,  when  magnetism  is 
induced  in  any  substance,  each  molecule  of  the  substance  must  be  supposed  to 
become  a  magnetic  particle,  the  total  charge  of  magnetism  on  each  particle 
being  nil.  It  follows  that  the  attraction  of  a  magnet  for  a  non-magnetic 
body  is  merely  the  aggregate  of  the  attractive  forces  acting  on  the  different 
individual  particles  of  the  body. 

459.  Confirmation  of  this  view  is  found  in  the  fact  that  the  intensity 
of  the  attraction  exerted  by  a  magnet  on  a  non-magnetised  body  depends  on 
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the  material  of  the  latter.  The  significance  of  this  fact  will,  perhaps,  best  be 
realised  by  comparing  it  with  the  corresponding  fact  of  electrostatics.  When 
an  uncharged  conductor  is  attracted  by  a  charged  body,  the  phenomena  in 
the  former  body  which  lead  to  this  attraction  are  mass-phenomena :  currents 
of  electricity  flow  through  the  mass  of  the  body  until  its  surface  becomes 
an  equipotential.  Thus  the  attraction  depends  solely  upon  the  shape  of 
the  body  and  not  upon  its  structure.  On  the  other  hand,  the  phenomena 
which  lead  to  the  attraction  of  a  fragment  of  dielectric  are,  as  we  have  seen, 
molecular  phenomena.  They  are  conditioned  by  the  shape  and  arrangement 
of  the  molecules,  with  the  result  that  the  total  force  depends  on  the  nature 
of  the  dielectric  material. 

All  magnetic  phenomena  occurring  in  material  bodies  must  be  molecular, 
as  a  consequence  of  the  fact  that  corresponding  positive  and  negative  poles 
cannot  be  separated  by  more  than  molecular  distances.  Hence  we  should 
naturally  expect  to  find,  as  we  do  find,  that  all  magnetic  phenomena  in 
material  bodies,  and  in  particular  the  attraction  of  unmagnetised  matter 
by  a  magnet,  would  depend  on  the  nature  of  the  matter.  There  would  be 
a  real  difficulty  if  the  attraction  were  found  to  depend  only  on  the  shape 
of  the  bodies. 

460.  The  amount  of  the  action  due  to  magnetic  induction  varies 
enormously  more  with  the  nature  of  the  matter  than  is  the  case  with  the 
corresponding  electric  action.  Among  common  substances  the  phenomenon 
of  magnetic  induction  is  not  at  all  well-marked  except  in  iron  and  steel. 
These  substances  shew  the  phenomenon  to  a  degree  which  appears  very 
surprising  when  compared  with  the  corresponding  electrostatic  phenomenon. 
After  these  substances,  the  next  best  for  shewing  the  phenomena  of  induction 
are  nickel  and  cobalt,  although  these  are  very  inferior  to  iron  and  steel.  It 
is  worth  noticing  that  the  atomic  weights  of  iron,  nickel  and  cobalt  are  very 
close  together*,  and  that  the  three  elements  hold  corresponding  positions  in 
the  table  of  elements  arranged  according  to  the  periodic  law. 

It  has  recently  been  found  that  certain  rare  metals  shew  magnetic 
induction  to  an  extent  comparable  with  iron,  and  that  alloys  can  be  formed 
to  shew  great  powers  of  induction  although  the  elements  of  which  these 
alloys  are  formed  are  almost  entirely  non-magneticf. 

It  appears  probable  that  all  substances  possess  some  power  of  magnetic 
induction,  although  this  is  generally  extremely  feeble  in  comparison  with 
that  of  the  substances  already  mentioned.  In  some  substances,  the  effect 
is  of  the  opposite  sign  from  that  in  iron,  so  that  a  fragment  of  such  matter 
is  repelled  from  a  magnetic  pole.     Substances  in  which  the  effect  is  of  the 

*  Iron  =  55-5,  nickel  =  58-3,  cobalt  =  58-56. 

t  For  an  account  of  the  composition  and  properties  of  Heusler's  alloys,  see  a  paper  by 
J.  C.  McLennan,  Phijs.  Review,  Vol.  24,  p.  449. 
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same  kind  as  in  iron  are  called  'paramagnetic,  while  substances  in  which  the 
effect  is  of  the  opposite  kind  are  called  diamagnetic. 

The  phenomenon  of  magnetic  induction  is  much  more  marked  in  para- 
magnetic, than  in  diamagnetic,  substances.  The  most  diamagnetic  substance 
known  is  bismuth,  and  its  coefficient  of  susceptibility  (§  461,  below)  is  only 

about  77T-  of  that  of  the  most  paramagnetic  samples  of  iron. 
109 

Coefficients  of  Susceptibility  and  Permeability. 

461.  When  a  body  which  possesses  no  permanent  magnetism  of  its  own 
is  placed  in  a  magnetic  field,  each  element  of  its  volume  will,  for  the  time  it 
remains  under  the  influence  of  the  magnetic  field,  be  a  magnetic  particle. 
If  the  body  is  non-crystalline  the  direction  of  the  induced  magnetisation  at 
any  point  will  be  that  of  the  magnetic  force  at  the  point.  Thus  if  H  denote 
the  magnetic  force  at  any  poinf,  we  can  suppose  that  the  induced  magnetism, 
of  an  intensity  /,  has  its  direction  the  same  as  that  of  H. 

Thus  if  a,  /?,  <y  are  the  components  of  magnetic  force,  and  A,  B,  C  the 
components  of  induced  magnetisation,  we  shall  have  equations  of  the  form 

A  =/ca  \ 

B  =  kJ3\    (390), 

C=*7J 

the  quantity  k  being  the  same  in  each  equation  because  the  directions  of  I 
and  H  are  the  same. 

The  quantity  k  is  called  the  magnetic  susceptibility. 

If  the  body  has  no  permanent  magnetisation,  the  whole  components  of 
magnetisation  are  the  quantities  A,  B,  G  given  by  equations  (390),  and  the 
components  of  induction  are  given  (cf.  equations  (359))  by 

a  =  a  +  4nrA  =  a  (1  +  4>7tk), 

&  =  /3  +  47t£  =  /3(1  +  47™), 

c  =  7  +  4nrC  =  7(1+  47J7C). 

If  we  put  ^  =  1  +  4™  (391), 

we  have  a  =  fiot  ' 

b  =  fx/3  >     (392), 

c  =  fx<y  , 
and  fi  is  called  the  magnetic  permeability. 

462.  The  quantities  k  and  fi  are  by  no  means  constant  for  a  given 
substance.  Their  value  depends  largely  upon  the  physical  conditions, 
particularly  the  temperature,  of  the  substance,  upon  the  strength  of  the 
magnetic  field  in  which  the  substance  is  placed,  and  upon  the  previous 
magnetic  experiences  of  the  substance  m  question. 
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We  pass  to  the  consideration  of  the  way  in  which  the  magnetic  coefficients 
vary  with  some  of  these  circumstances.  As  k  and  /u,  are  connected  by  a  simple 
relation  (equation  (391)),  it  will  be  sufficient  to  discuss  the  variations  of  one 
of  these  quantities  only,  and  the  quantity  /m  will  be  the  most  convenient  for 
this  purpose.  Moreover,  as  the  phenomenon  of  induced  magnetisation  is 
almost  insignificant  in  all  substances  except  iron  and  steel,  it  will  be  sufficient 
to  consider  the  magnetic  phenomena  of  these  substances  only. 

463.  Dependence  of  p  on  H.  The  way  in  which  the  value  of  //,  depends 
on  H  is,  in  its  main  features,  the  same  for  all  kinds  of  iron.  For  small  forces, 
fi  is  a  constant,  for  larger  forces  fx  increases,  finally  it  reaches  a  maximum, 
and  after  this  decreases  in  such  a  way  that  ultimately  fiH  approximates  to 
a  constant  value,  known  as  the  "saturation"  value.  This  is  represented 
graphically  in  a  typical  case  in  fig.  113,  which  represents  the  results  obtained 
by  Ewing  from  experiments  on  a  piece  of  iron  wire. 
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The  abscissae  represent  values  of  H,  the  ordinate  of  the  thick  curve  the 
value  of  fxH,  and  the  ordinate  of  the  thin  curve  the  value  of  //,.  The  corre- 
sponding numerical  values  are  as  follows : 
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464.  Retentiveness  and  Hysteresis.  It  is  found  that  after  the  magnetising 
force  is  removed  from  a  sample  of  iron,  the  iron  still  retains  some  of  its  mag- 
netism. Here  we  have  a  phenomenon  similar  to  the  electrostatic  phenomenon 
of  residual  charge  already  described  in  §  397. 

Fig.  114  is  taken  from  a  paper  by  Prof.  Ewing  (Phil.  Trans.  Roy.  Soc. 
1885).  The  abscissae  represent  values  of  H,  and  ordinates  values  of  B, 
the  induction.  The  magnetic  field  was  increased  from  H  =  0  to  H=22, 
and  as  H  increased  the  value  of  B  increased  in  the  manner  shewn  by  the 
curve  OP  of  the  graph.  On  again  diminishing  H  from  H  =  22  to  H=0,  the 
graph  for  B  was  found  to  be  that  given  by  the  curve  PE.  Thus  during  this 
operation  there  was  always  more  magnetisation  than  at  the  corresponding 
stage  of  the  original  operation,  and  finally  when  the  inducing  field  was 
entirely  removed,  there  was  magnetisation  left,  of  intensity  represented  by 
OE.  The  field  was  then  further  decreased  from  H  =  0  to  H  =  —  20,  and 
then  increased  again  from  H  =  —  20  to  H  =  22.  The  changes  in  B  are 
shewn  in  the  graph. 


>H 


465.  Dependence  of  fi  on  temperature.  As  has  already  been  said,  the 
value  of  /j,  depends  to  a  large  extent  on  the  temperature  of  the  metal.  In 
general,  the  value  of  fju  continually  increases  as  the  temperature  is  raised,  this 
increase  being  slow  at  first  but  afterwards  more  rapid,  until  a  temperature 
known  as  the  "  temperature  of  recalescence  "  is  reached.  This  temperature 
has  values  ranging  from  600°  to  700°  for  steel  and  from  700°  to  800°  for  iron. 
This  temperature  takes  its  name  from  the  circumstance  that  a  piece  of  metal 
cooling  through  this  temperature  will  sink  to  a  dull  glow  before  reaching  it, 
and  will  then  become  brighter  again  on  passing  through  it. 

After  passing  the  temperature  of  recalescence,  the  value  of  fi  falls  with 
extreme  rapidity,  and  at  a  temperature  only  a  few  degrees  above  this 
temperature,  iron  appears  to  be  almost  completely  non-magnetic. 
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For  paramagnetic  substances,  it  appears  to  be  a  general  law  that  the 
susceptibility  k  varies  inversely  as  the  absolute  temperature  (Curie's  Law). 

Mathematical  Theory. 

466.     If  £1  is  the  magnetic  potential,  supposed  to  be  defined  at  points 
inside  magnetic  matter  by  equation  (348),  we  have,  as  in  equations  (341) 

(cf.  §  430),  a  =  —  -=-  etc.,  so  that 

an     ,         ao  an 

The  quantities  a,  b,  c,  as  we  have  seen  (§  434),  satisfy 

da     db      dc      _  /«««* 

S  +  *+»-°    <393> 

at  every  point,  and 

r\(la  +  mb  +  nc)dS  =  0 (394), 


//< 


where  the  integration  is  taken  over  any  closed  surface.      In  terms  of  the 
potential,  equation  (393)  becomes 

^^J+tyl^J+9l^fcJ  =  0    (39o)' 

while  equation  (394)  becomes 


//■ 


nd^dS  =  0    (396). 


If  fx,  is  constant  throughout  any  volume,  equation  (395)  becomes 

V2D  =  0. 

Thus  inside  a  mass  of  homogeneous  non- magnetised  matter,  the  magnetic 
potential  satisfies  Laplace's  Equation. 

467.  At  a  surface  at  which  the  value  of  /j,  changes  abruptly  we  may 
take  a  closed  surface  formed  of  two  areas  fitting  closely  about  an  element  dS 
of  the  boundary,  these  two  areas  being  on  opposite  sides  of  the  boundary. 
On  applying  equation  (396),  we  obtain 

fi1~-  +  fi2~-  =  0 (397), 

where  a1}  u2  are  the  permeabilities  on  the  two  sides,  and  =— .  =-  denote 

OVx     ov2 

differentiations  with  respect  to  normals  to  the  surface  drawn  into  the  two 

media  respectively. 

Equations  (397)  and  (395)  (or  (396)),  combined  with  the  condition  that 
fl  must  be  continuous,  suffice  to  determine   12  uniquely.     The    equations 
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satisfied  by  O,  the  magnetic  potential,  are  exactly  the  same  as  those  which 
would  be  satisfied  by  V,  the  electrostatic  potential,  if  ja  were  the  Inductive 
Capacity  of  a  dielectric.  Thus  the  law  of  refraction  of  lines  of  magnetic 
induction  is  exactly  identical  with  the  law  of  refraction  of  lines  of  electric 
force  investigated  in  §  138,  and  figures  (43)  and  (78)  may  equally  well  be 
taken  to  represent  lines  of  magnetic  induction  passing  from  one  medium  to 
a  second  medium  of  different  permeability. 

468.  At  any  external  point  Q,  the  magnetic  potential  of  the  magnetisation 
induced  in  a  body  in  which  fj,  and  k  have  constant  values  is,  by  equation  (342), 

Transforming  by  Green's  Theorem, 

y  JJJ  r  JJ\    Ox  cy  dzj  r 

-.«//©> (399)' 

shewing  that  the  potential  is  the  same  if  there  were  a  layer  of  magnetic 
matter  of  surface  density  —  k  -=-  spread  over  the  surface  of  the  body.     This 
is  Poisson's  expression  for  the  potential  due  to  induced  magnetism. 
We  can  also  transform  equation  (398)  into 

—/K©*9 (400)- 

shewing  that  the  potential  at  any  external  point  Q  of  the  induced  magnetism 
is  the  same  as  if  there  were  a  magnetic  shell  of  strength  —  fcfl  coinciding 
with  the  surface  of  the  body. 

Body  in  which  permanent  and  induced  magnetism  coexist. 

469.  If  a  permanent  magnet  has  a  permeability  different  from  unity,  we 
shall  have  a  magnetisation  arising  partly  from  permanent  and  partly  from 
induced  magnetism.  If  k  is  the  susceptibility  and  /  the  intensity  of  the 
permanent  magnetisation  at  any  point,  the  components  of  the  total  magnet- 
isation at  any  point  will  be 

A  =  II  +  ko,  etc (401), 
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and  the  components  of  induction  are 

a  =  a  +  4<7rA  =  4>ttII  +  fia,  etc. (402). 

For  such  a  substance,  it  is  clear  that  equations  (395)  and  (396)  will  not 
in  general  be  satisfied. 

Energy  of  a  Magnetic  Field. 

470.  To  obtain  the  energy  of  a  magnetic  field  in  which  both  permanent 
and  induced  magnetism  may  be  present,  we  return  to  the  general  equation 
obtained  in  §  451, 

I     (aa +  b/3  +  cy)  dxdydz  =  0    (403). 

On  substituting  for  a,  b,  c  from  equations  (402),  this  becomes 

4tt  \\\I  (la  +  m&  +  ny)  dxdydz  +  1 1 J  /x  (a2  +  /32  +  y*)  dxdydz  =  0  . .  .(404). 

Whether  or  not  induced  magnetism  is  present,  it  is  proved,  in  §  448,  that  the 
energy  of  the  field  is 

w=kISSt  <?i§+ m^+ n!r)  dxdydz> 

where  the  integral  is  taken  through  all  space.     This  is  equal  to  —  3—  times  the 
first  term  in  equation  (404).     Thus 

W=^rjff p (tf  +  /32+r) dxdydz    (405). 

This  could  have  been  foreseen  from  analogy  with  the  formula 

W=  i-  f  I  f  K(X2+  Y*  +  Z2)  dxdydz, 

which  gives  the  energy  of  an  electrostatic  field. 

From  formula  (405)  we  see  that  the  energy  of  a  magnetic  field  may  be 

LlH2 

supposed  spread  throughout  the  medium,  at  a  rate  ^ —  per  unit  volume. 

Mechanical  Forces  in  the  Field. 

471.  The  mechanical  forces  acting  on  a  piece  of  matter  in  a  magnetic 
field  can  be  regarded  as  the  superposition  of  two  systems — first,  the  forces  acting 
on  the  matter  in  virtue  of  its  permanent  magnetism  (if  any),  and,  secondly, 
the  forces  acting  on  the  matter  in  virtue  of  its  induced  magnetism  (if  any). 

The  problem  of  finding  expressions  for  the  mechanical  forces  in  a  magnetic 
field  is  mathematically  identical  with  that  of  finding  the  forces  in  an  electro- 
static field.     This  is  the  problem  of  which  the  solution  has  already  been 
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given  in  §  196.     The  result  of  the  analysis  there  given  may  at  once  be 
applied  to  the  magnetic  problem. 

In  equation  (117),  p.  175,  we  found  the  value  of  2,  the  ^-component  of 
the  mechanical  force  per  unit  volume,  in  the  form 

dV     R*dK      d   {R*    dK\ 


dx      87r  dec      dec  \87r     8t  /  * 

To  translate  this  result  to  the  magnetic  problem,  we  must  regard  p  as 
specifying  the  density  of  magnetic  poles,  R  must  be  replaced  by  H,  the 
magnetic  intensity,  and  K  by  /*,  the  magnetic  permeability.  Also  the 
electrostatic  potential  V  must  be  replaced  by  the  magnetic  potential  X2.  We 
then  have,  as  the  value  of  5  in  a  magnetic  field, 

a  =  -PTx-^r^+dx\MTd-r)    (406)' 

Clearly  the  first  term  in  the  value  of  H  is  that  arising  from  the  per- 
manent magnetism  of  the  body,  while  the  second  and  third  terms  arise  from 
the  induced  magnetism.  The  first  term  can  be  transformed  in  the  manner 
already  explained  in  the  last  chapter.  It  is  with  the  remaining  terms  that 
we  are  at  present  concerned.  These  will  represent  the  forces  when  no  per- 
manent magnetism  is  present.  Denoting  the  components  of  this  force  by 
2',  H',  Z\  we  have 

.    ~=-^£+dx{^T£)  <407> 

472.  This  general  formula  assumes  a  special  form  in  a  case  which  is  of 
great  importance,  namely  when  the  magnetic  medium  is  a  fluid. 

All  liquid  magnetic  media  in  which  the  susceptibility  is  at  all  marked 
consist  of  solutions  of  salts  of  iron,  and  the  magnetic  properties  of  the  liquid 
arise  from  the  presence  of  the  salts  in  solution.  According  to  Quincke,  the 
solution  having  the  greatest  susceptibility  is  a  solution  of  chloride  of  iron  in 
methyl  alcohol,  and  for  this  the  value  of  fi  —  1  is  about  toW*.  In  such  a 
liquid,  the  field  arising  from  the  induced  magnetism  will  be  small  compared 
with  that  arising  from  the  original  field,  so  that  the  magnetisation  of  any 
single  particle  of  the  salt  in  the  solution  may  be  regarded  as  produced 
entirely  by  the  original  field.  Hence  we  have  conditions  similar  to  those 
which  obtain  electrostatically  in  a  gas.  The  induced  field  may  be  regarded 
simply  as  the  aggregate  of  the  fields  arising  from  the  different  particles  of 
the  magnetic  medium,  and  is  therefore  jointly  proportional  to  the  density  of 
these  particles  and  to  the  strength  of  the  inducing  field.  The  latter  fact 
shews  that,  for  a  given  density  of  the  medium,  fi  ought  to  be  independent  of 
H,  a  result  to  which  we  shall  return  later.     The  former  fact  shews  that,  as 

*  Cf.  G.  T.  Walker,  "  Aberration  "  (Cambridge  Univ.  Press,  1900),  p.  7G. 
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the  density  t  changes,  /j,  —  1  ought  to  be  proportional  to  t — a  result  analogous 
to  the  result  that  K  —  1  is  proportional  to  the  density  in  a  gas.  It  has  been 
found  experimentally  by  Quincke*  that  p  —  1  is  approximately  proportional 
to  T. 

In  gases  we  have  conditions  precisely  similar  to  those  which  obtain  when 
a  gas  is  placed  in  an  electrostatic  field.  Hence  /j,  —  1  must,  for  a  gas,  be 
proportional  to  r,  for  exactly  the  same  reason  for  which  K  —  1  is  proportional 
to  t      This  result  also  has  been  verified  by  Quincke  f. 

Thus  we  may  say  that  for  fluid  media,  whether  liquid  or  gaseous,  /a  —  1 
is,  in  general,  proportional  to  r,  where  t  is  the  density  of  the  magnetic  liquid, 
in  the  case  of  a  liquid  in  solution,  or  of  the  gas  itself,  in  the  case  of  a  gas. 

473.     If  we  assume  the  relation 

fi~l  =  cr     (408), 

where  c  is  a  constant,  we  find  that  expression  (407)  may  be  put  in  the 
simpler  form 


h-,     a—  l   d 

a  =~ — r- 


87r    dx 


m, 


shewing  that  the  whole  mechanical  force  is  the  same  as  would  be  set  up  by  a 


hydrostatic  pressure  at  every  point  of  the  medium  of  amount 


8 


H* 


7T 


If  H  varies  from  point  to  point  of  the  field,  the  effect  of  this  pressure  will 
clearly  be  to  urge  the  medium  to  congregate  in  the  more  intense  parts  of  the 
field.  This  has  been  observed  by  MatteucciJ  for  a  medium  consisting  of 
drops  of  chloride  of  iron  dissolved  in  alcohol  placed  in  a  medium  of  olive  oil. 
The  drops  of  solution  were  observed  to  move  towards  the  strongest  parts  of 
the  field. 


Magnetostriction. 

474.  If  a  liquid  is  placed  in  a  magnetic  field,  it  yields  under  the 
influence  of  the  mechanical  forces  acting  upon  it,  so  that  we  have  a 
phenomenon  of  magnetostriction,  analogous  to  the  phenomenon  of  electro- 
striction  already  explained  (§  203).     Clearly  the  liquid  will  expand  until  the 

pressure  is  decreased  by  an  amount  ^ —  H2  at  each  point,  the  new  pressure 

and  the  mechanical  forces  resulting  from  the  magnetic  field  now  producing 
equilibrium  in  the  fluid.  By  measuring  the  expansion  of  a  liquid  placed  in 
a  magnetic  field  Quincke  has  been  able  to  verify  the  agreement  between 
theory  and  experiment. 


*  Wied.  Ann.  24,  p.  347. 

X  Comptes  Rendus,  36,  p.  917. 


+  Wied.  Ann.  34,  p.  401. 


J. 
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Molecular  Theories. 

Poisson  s  Molecular  Theory  of  Induced  Magnetism. 

475.  In  Chapter  V  it  was  found  possible  to  account  for  all  the  electro- 
static properties  of  a  dielectric  by  supposing  it  to  consist  of  a  number  of 
perfectly  conducting  molecules.  Poisson  attempted  to  apply  a  similar 
explanation  to  the  phenomenon  of  magnetic  induction. 

Poisson's  theory  can,  however,  be  disproved  at  once,  by  a  consideration  of 
the  numerical  values  obtained  for  the  permeability  /a.  This  quantity  is 
analogous  to  the  quantity  K  of  Chapter  V,  so  that  its  value  may  be  estimated 
in  terms  of  the  molecular  structure  of  the  magnetic  matter.  The  fact  with 
respect  to  which  Poisson's  theory  breaks  down  is  the  existence  of  substances 
(namely,  different  kinds  of  soft  iron)  for  which  the  value  of  fi  is  very  large. 
To  understand  the  significance  of  the  existence  of  such  substances,  let  us 
consider  the  field  produced  when  a  uniform  infinite  slab  of  such  a  substance 
is  placed  in  a  uniform  field  of  magnetic  force,  so  that  the  face  of  the  slab  is 
at  right  angles  to  the  lines  of  force.  If  the  value  of  /*  is  very  large,  the  fall 
of  potential  in  crossing  the  slab  is  very  small.  Throughout  the  supposed 
perfectly-conducting  magnetic  molecules  the  potential  would,  on  Poisson's 
theory,  be  constant,  so  that  the  fall  of  potential  could  occur  only  in  the 
interstices  between  the  molecules.  In  these  interstices  (cf.  fig.  46),  the  fall  of 
potential  per  unit  length  would  be  comparable  with  that  outside  the  slab. 
Hence  a  very  large  value  of  /a  could  be  accounted  for  only  by  supposing  the 
molecules  to  be  packed  together  so  closely  as  to  leave  hardly  any  interstices. 
Samples  of  iron  can  be  obtained  for  which  ^  is  as  large  as  4000 ;  it  is  known, 
from  other  evidence,  that  the  molecules  of  iron  are  not  so  close  together  that 
such  a  value  of  fi  could  be  accounted  for  in  the  manner  proposed  by  Poisson. 

It  is  worth  noticing,  too,  that  Poisson's  theory  does  not  seem  able,  without 
modification,  to  give  any  reasonable  account  of  the  phenomena  of  saturation, 
hysteresis,  etc. 

Weber's  Molecular  Theory  of  Induced  Magnetism. 

476.  A  theory  put  forward  by  Weber  shews  much  more  ability  than 
the  theory  of  Poisson  to  explain  the  facts  of  induced  magnetism. 

Weber  supposes  that,  even  in  a  substance  which  shews  no  magnetisation, 
every  molecule  is  a  permanent  magnet,  but  that  the  effects  of  these  different 
magnets  counteract  one  another,  owing  to  their  axes  being  scattered  at 
random  in  all  directions.  When  the  matter  is  placed  in  a  magnetic  field 
each  molecule  tends,  under  the  influence  of  the  field,  to  set  itself  so  that 
its  axis  is  along  the  lines  of  force,  just  as  a  compass-needle  tends  to  set 
itself  along  the  lines  of  force  of  the  earth's  magnetic  field.     The  axes  of  the 
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molecules  no  longer  point  in  all  directions  indifferently,  so  that  the  magnetic 
fields  of  the  different  molecules  no  longer  destroy  one  another,  and  the  body 
as  a  whole  shews  magnetisation.  This,  on  Weber's  theory,  is  the  magnetisa- 
tion induced  by  the  external  field  of  force. 

Weber  supposes  that  each  molecule,  in  its  normal  state,  is  in  a  position 
of  equilibrium  under  the  influence  of  the  forces  from  all  the  neighbouring 
molecules,  and  that  when  it  is  moved  out  of  this  position  by  the  action  of 
an  external  magnetic  field,  the  forces  from  the  other  molecules  tend  to 
restore  it  to  its  old  position.  It  is,  therefore,  clear  that  so  long  as  the 
external  field  is  small,  the  angle  through  which  each  axis  is  turned  by  the 
action  of  the  field  will  be  exactly  proportional  to  the  intensity  of  the  field, 
so  that  the  magnetisation  induced  in  the  body  will  be  just  proportional  to 
the  strength  of  the  inducing  field.  In  other  words,  for  small  values  of  H, 
[X  must  be  independent  of  H. 

There  is,  however,  a  natural  limit  imposed  upon  the  intensity  of  the 
induced  magnetisation.  Under  the  influence  of  a  very  intense  field  all  the 
molecules  will  set  themselves  so  that  their  axes  are  along  the  lines  of  force. 
The  magnetisation  induced  in  the  body  is  now  of  a  quite  definite  intensity, 
and  no  increase  of  the  inducing  field  can  increase  the  intensity  of  the 
induced  magnetisation  beyond  this  limit.  Thus  Weber's  theory  accounts 
quite  satisfactorily  for  the  phenomenon  of  saturation,  a  phenomenon  which 
Poisson's  theory  was  unable  to  explain. 

477.  In  connection  with  this  aspect  of  Weber's  theory,  some  experi- 
ments of  Beetz  are  of  great  importance.  A  narrow  line  was  scratched  in 
a  coat  of  varnish  covering  a  silver  wire  The  wire  was  placed  in  a  solution 
of  a  salt  of  iron,  arranged  so  that  iron  could  be  deposited  electrolytically 
on  the  wire  at  the  points  at  which  the  varnish  had  been  scratched  away. 
The  effect  was  of  course  to  deposit  a  long  thin  filament  of  iron  along  the 
scratch.  If,  however,  the  experiment  was  performed  in  a  magnetic  field 
whose  lines  of  force  were  in  the  direction  of  the  scratch,  it  was  found  not 
only  that  the  filament  of  iron  deposited  on  the  wire  was  magnetised,  but 
that  its  magnetisation  was  very  intense.  Moreover,  on  causing  a  powerful 
magnetising  force  to  act  in  the  same  direction  as  the  original  field,  it  was 
found  that  the  increase  in  the  intensity  of  the  induced  magnetisation  was 
very  small,  shewing  that  the  magnetisation  had  previously  been  nearly  at 
the  point  of  saturation. 

Now  if,  as  Weber  supposed,  the  molecules  of  iron  were  already  magnets 
before  being  deposited  on  the  silver  wire,  then  any  magnetic  force  sufficient 
to  arrange  them  in  order  on  the  wire  ought  to  have  produced  a  filament  in 
a  state  of  magnetic  saturation,  while  if,  as  Poisson  supposed,  the  magnetism 
in  the  molecules  was  merely  induced  by  the  external  magnetic  field,  then 
the  magnetisation  of  the  filament  ought  to  have  been  proportional  to  the 
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original  field,  and  ought  to  have  disappeared  when  the  field  was  destroyed. 
Thus,  as  between  these  two  hypotheses,  the  experiments  decide  conclusively 
for  the  former. 

478.     Weber's  theory  is  illustrated  by  the  following  analysis. 

Consider  a  molecule  which,  in  the  normal  state  of  the  matter,  has 
its  axis  in  the  direction  OP,  and  let 
the  field  of  force  from  the  neigh- 
bouring molecules  be  a  field  of  in- 
tensity D,  the  direction  of  the  lines 
of  force  being  of  course  parallel  to 
OP  Now  let  an  external  field  of 
intensity  H  be  applied,  its  direction 
being  a  direction  OA  making  an 
angle   a  with    OP.     The   total   field 

acting  on  the  molecule  is  now  com- 
es 

pounded    of    D    along    OP    and    H 
along  OA. 


Fig.  115. 


In  fig.  115,  let  SO,  OP  represent  H  and  D  in  magnitude  and  direction, 
then  SP  will  represent  the  resultant  field,  so  that  the  new  direction  of  the 
axis  of  the  molecule  will  be  SP.  Suppose  that  there  are  n  molecules  per 
unit  volume,  each  of  moment  m.  Originally,  when  the  axes  of  the  molecules 
were  scattered  indifferently  in  all  directions,  the  number  for  which  the 
angle  a  had  a  value  between  a  and  a  4-  da  was  hn  sin  ada.  These  molecules 
now  have  their  axes  pointing  in  the  direction  SP,  and  therefore  making  an 
angle  PSA  (=  6,  say)  with  the  direction  of  the  external  magnetic  field.  The 
aggregate  moment  of  all  these  molecules  resolved  in  the  direction  of  OA  is 
accordingly 

hmn  sin  a  cos  6  da, 

and  on  integration  the  aggregate  moment  of  all  the  molecules  per  unit 
volume,  which  is  the  same  as  the  intensity  of  the  induced  magnetisation  I, 
is  given  by 


ro=7r 
1=1       ^mn  sin  a  cos  dda  (409). 

J  <x=0 


If  R  is  the  value  of  SP,  measured  on  the  same  scale  on  which  SO  and  OP 
represent  H  and  D  respectively,  then 

B?=H*  +  Dn--2HD  cos  a. 

so  that,  on  changing  the  variable  from  a  to  R,  we  must  have  the  relation, 
obtained  by  differentiation  of  the  above  equation, 

RdR  =  HD  sin  ada. 
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We  also  have  cos  6  = 

so  that  equation  (409)  becomes 

I  =  ^mn  I 
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2RH 

R*  +  H*-  Z)2 
2H*D 


dR. 


In  fig.  115  the  limits  of  integration  for  R  are  R  =  D  +  H  and  R  =  D  —  H. 
If,  however,  H  >  I),  then  the  point  8  falls  outside  the  circle  APR  and  the 
limits  for  R  are  R  =  D  +  H  and  R  =  H-D. 


On  integrating, 

we 

find 

as  the  values  of  /, 

len  X  <  D, 

l  =  %mn^t 

„    X  =  D, 

I  =  %mn, 

„    X>D, 

I  =  ran  (l  -  j{j  , 

„    X  =  qo  , 

I  =  mn. 

Fig.  116. 

In  fig.  116,  the  abscissae  represent  values  of  H,  the  ordinates  of  the 
thick  curve  the  values  of  I,  and  the  ordinates  of  the  dotted  curve  the 
values  of  B  or  pH,  drawn  on  one-tenth  of  the  vertical  scale  of  the  graph 
for  I 

Maxwell's  Molecular  Theory  of  Induced  Magnetism. 

479.  It  will  be  seen  that  Weber's  theory  fails  to  account  for  the 
increase  in  the  value  of  /j,  before  i"  reaches  its  maximum,  and  also  that 
it  gives  no  account  of  the  phenomenon  of  retentiveness.  Maxwell  has 
shewn  how  the  theory  may  be  modified  so  as  to  take  account  of  these 
two  phenomena.  He  supposes  that,  so  long  as  the  forces  acting  on  the 
molecules  are  small,  the  molecules  experience  small  deflexions  as  imagined 
by  Weber,  but  that  as  soon  as  these  deflexions  exceed  a  certain  amount, 
the  molecules  are  wrenched  away  entirely  from  their  original  positions 
of  equilibrium,  and   take    up  positions    relative    to    some   new   position  of 
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equilibrium.     It  might  be,  for  instance,  that  originally  the  molecule  had  two 

possible   positions  of  equilibrium,  OP  and  OQ  in  fig.    117.      Suppose    the 

molecule  to  be   in   position  OP  and  to  be 

acted   upon  by  a  gradually  increasing  force 

in  some  direction  OA.     At  first  the  molecule 

will  turn  from  the  position  OP  towards  OA. 

But  it  may  be  that,  as  soon  as  the  molecule 

passes  some  position  OR,  it  suddenly  swings 

round  and  takes  up  a  position  in  which  it  FlG-  117# 

must  be  regarded  as  being  deflected  from  the  position  of  equilibrium  OQ  and 

not  from  OP.     Let  its  new  position  be  OS,  then  the  deflexion  produced  is 

the  angle  SOP  instead  of  the  angle  ROP  which  would  be  given  by  Weber's 
theory. 

In  Maxwell's  original  discussion,  no  distinction  was  made  between  the 
position  OR,  at  which  the  magnet  broke  away  from  its  old  position  of  equi- 
librium, and  OS,  the  new  position  of  equilibrium.  Maxwell  accordingly  had  to 
assume  that  in  some  unknown  way,  the  force  of  restitution  broke  down  as 
soon  as  the  magnet  reached  the  position  OR. 

The  improvement  of  distinguishing  between  the  position  OR,  the  limit  of 
stability  under  the  old  position  of  equilibrium,  and  OS,  the  new  position  of 
equilibrium,  was  introduced  by  Ewing.  In  Ewing's  form  of  the  theory,  no 
forces  are  needed  beyond  those  provided  by  the  mutual  action  of  the  magnets 
upon  one  another. 

On  either  form  of  the  theory,  it  is  clear  that  the  ratio  of  /  to  H  will 
remain  approximately  constant  until  the  molecules  begin  to  break  away  from 
their  original  positions  of  equilibrium.  As  soon  as  this  happens,  the  induced 
magnetism  will  increase  more  rapidly  than  the  inducing  force — i.e.  /u,  will 
increase  with  H,  in  agreement  with  observation. 

If  the  magnetising  force  is  now  removed,  the  molecule  in  the  position 
OS  will  not  return  to  its  original  position  OP,  but  to  the  position  OQ.  It 
will  therefore  still  have  a  deflexion  QOP,  called  by  Maxwell  its  "permanent 
set,"  and  this  will  account  for  the  "  retentiveness  "  of  the  substance. 

No  molecular  theory  of  this  kind  can,  however,  be  regarded  as  at  all 
complete.  We  shall  return  to  the  discussion  of  molecular  theories  of  magne- 
tism in  Chapter  xvi. 

EXAMPLES. 

1.  A  small  magnet  is  placed  at  the  centre  of  a  spherical  shell  of  radii  a  and  b. 
Determine  the  magnetic  force  at  any  point  outside  the  shell. 

2.  A  system  of  permanent  magnets  is  such  that  the  distribution  in  all  planes  parallel 
to  a  certain  plane  is  the  same.  Prove  that  if  a  right  circular  solid  cylinder  be  placed  in 
the  field  with  its  axis  perpendicular  to  these  planes,  the  strength  of  the  field  at  any  point 
inside  the  cylinder  is  thereby  altered  in  a  constant  ratio. 
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3.  A  magnetic  particle  of  moment  m  lies  at  a  distance  a  in  front  of  an  infinite  block 
of  soft  iron  bounded  by  a  plane  face,  to  which  the  axis  of  the  particle  is  perpendicular. 
Find  the  force  acting  on  the  magnet,  and  shew  that  the  potential  energy  of  the  system  is 

-m2(^-l)/8a3(/x  +  l). 

4.  The  whole  of  the  space  on  the  negative  side  of  the  yz  plane  is  filled  with  soft  iron, 
and  a  magnetic  particle  of  moment  m  at  the  point  (a,  0,  0)  points  in  the  direction 
(cos  a,  0,  sin  a).     Prove  that  the  magnetic  potential  at  the  point  x,  y,  z  inside  the  iron  is 

2m   z  sin  a  -  (a  —  x)  cos  a 

1+^   {(a-xf+y^  +  z^i  • 

5.  A  small  magnet  of  moment  M  is  held  in  the  presence  of  a  very  large  fixed  mass  of 
soft  iron  of  permeability  p  with  a  very  large  plane  face  :  the  magnet  is  at  a  distance  a 
from  the  plane  face  and  makes  an  angle  6  with  the  shortest  distance  from  it  to  the  plane. 
Shew  that  a  certain  force,  and  a  couple 

0  -  1 )  J/2  sin  6  cos  (9/8  (/*  + 1)  a\ 

are  required  to  keep  the  magnet  in  position. 

6.  A  small  sphere  of  radius  b  is  placed  near  a  circuit  which,  when  carrying  unit 
current,  would  produce  a  field  of  strength  IT  at  the  point  where  the  centre  of  the  sphere  is 
placed.  Shew  that  if  <  is  the  coefficient  of  magnetic  induction  for  the  sphere,  the  presence 
of  the  sphere  increases  the  self-induction  of  the  wire  by,  approximately, 

87r63K(3  +  27r*)7Z2 
(3  +  4tt/c)2 

7.  If  the  magnetic  field  within  a  body  of  permeability  /x  be  uniform,  shew  that  any 
spherical  portion  can  be  removed  and  the  cavity  filled  up  with  a  concentric  spherical 
nucleus  of  permeability  /xx  and  a  concentric  shell  of  permeability  /x2  without  affecting  the 
external  field,  provided  fi  lies  between  /xx  and  n2,  and  the  ratio  of  the  volume  of  the  nucleus 
to  that  of  the  shell  is  properly  chosen.  Prove  also  that  the  field  inside  the  nucleus  is 
uniform,  and  that  its  intensity  is  greater  or  less  than  that  outside  according  as  p.  is  greater 
or  less  than  pv 

8  A  sphere  of  radius  a  has  at  any  point  (x,  y,  z)  components  of  permanent  magneti- 
sation (Px,  Qy,  0),  the  origin  of  coordinates  being  at  its  centre.  It  is  surrounded  by  a 
spherical  shell  of  uniform  permeability  p,  the  bounding  radii  being  a  and  b.  Determine 
the  vector  potential  at  an  outside  point. 

9.  A  sphere  of  soft  iron  of  radius  a  is  placed  in  a  field  of  uniform  magnetic  force 
parallel  to  the  axis  of  z.  Shew  that  the  lines  of  force  external  to  the  sphere  lie  on  surfaces 
of  revolution,  the  equation  of  which  is  of  the  form 

{*+2-£#(")>^>=—. 

r  being  the  distance  from  the  centre  of  the  sphere. 

10.  A  sphere  of  soft  iron  of  permeability  p.  is  introduced  into  a  field  of  force  in  which 
the  potential  is  a  homogeneous  polynomial  of  degree  n  in  x,  y,  z.  Shew  that  the  potential 
inside  the  sphere  is  reduced  to  its  original  value  multiplied  by 

2»  +  l 
rip  +  n  + 1 " 

11.  If  a  shell  of  radii  a,  b  is  introduced  in  place  of  the  sphere  in  the  last  question, 
shew  that  the  force  inside  the  cavity  is  altered  in  the  ratio 

(2»+l)2/x  :  (%/*+ra+l)(w/x+ra+/i)-»(»  +  J)(/i-l)2(r) 
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12.  An  infinitely  long  hollow  iron  cylinder  of  permeability  fx,  the  cross-section  being 
concentric  circles  of  radii  a,  b,  is  placed  in  a  uniform  field  of  magnetic  force  the  direction 
of  which  is  perpendicular  to  the  generators  of  the  cylinder.  Shew  that  the  number  of 
lines  of  induction  through  the  space  occupied  by  the  cylinder  is  changed  by  inserting  the 
cylinder  in  the  field,  in  the  ratio 

6»0»+l)«-o^0*-l)«:2/i{6«G»+l)-a^0*-l)}. 

13.  A  cylinder  of  iron  of  permeability  fi  has  for  cross-section  the  curve 

r  =  a(l+ecos2<9), 

where  e2  may  be  neglected.     Find  the  distribution  of  potential  when  the  cylinder  is  placed 
in  a  field  of  force  of  which  the  potential  before  the  introduction  of  the  cylinder  was 

Q.  =  Axy 

14.  An  infinite  elliptic  cylinder  of  soft  iron  is  placed  in  a  uniform  field  of  potential 
—  (Xx+Yy),  the  equation  of  the  cylinder  being  — 2  +  T2  =  l.  Shew  that  the  potential  of 
the  induced  magnetism  at  any  internal  point  is 

-  (u  -  1)  f-r^—  Xx  +  — ?—r  Yy 

15.  A  solid  elliptic  cylinder  whose  equation  is  |  =  a  given  by 

x  +  ty  =  c  cosh  (£ + irj) 
is  placed  in  a  field  of  magnetic  force  whose  potential  is  A  (x2  —  y2).     Shew  that  in  the 
space  external  to  the  cylinder  the  potential  of  the  induced  magnetism  is 

-^c2cosech2(a+i3)sin4ae2(a~^~f)cos27?, 
where  coth  2/3  is  the  permeability. 

16.  A  solid  ellipsoid  of  soft  iron,  semi-axes  a,  b,  c  and  permeability  p,  is  placed  in  a 
uniform  field  of  force  X  parallel  to  the  axis  of  x,  which  is  the  major  axis.  Verify  that  the 
internal  and  external  potentials  of  the  induced  magnetisation  are 

Q1  =  PA1x,     Q0  =  PAox, 


where 


!    r  <**  a  =  T- 

1     Jo    (at  +  ylrfiW  +  yl,)*  (<?  +  &)¥  °     J  *(a2 


d^r 


(a2  +  ^  (b2  +  f)i  (c2  +  ^'  J  ^(a2  +  yl,)§(b2+yl,)h(c2 +  ,},)$' 

P=(^-l)X/{(F-l)A1  +  2(abc)-^ 
ana  X  is  the  parameter  of  the  confocal  through  the  point  considered. 

17.  A  unit  magnetic  pole  is  placed  on  the  axis  of  z  at  a  distance  /  from  the  centre  of 
a  sphere  of  soft  iron  of  radius  a.  Shew  that  the  potential  of  the  induced  magnetism  at 
anv  external  point  is 

n  -i- 

f+xdtd6 


1  fx-l  a? 

TT^+1/2 


OJ 


Z  +  luZ  cos  6  — 


dH^ 2 ' 


where  z,  w  are  the  cylindrical  coordinates  of  the  point.     Find  also  the  potential  at  an 
internal  point. 

18.     A  magnetic  pole  of  strength  m  is  placed  in  front  of  an  iron  plate  of  permeability 

/*  and  thickness  c.     If  this  pole  be  the  origin  of  rectangular  coordinates  x,  y,  and  if  x  be 

perpendicular  and  y  parallel  to  the  plate,  shew  that  the  potential  behind  the  plate  is 

given  by 

a-1 


O  =  m(l-p2)jo     l_°p^Jtct    ,    where   p  = 


fi+1' 


CHAPTEE  XIII 


THE  MAGNETIC  FIELD   PRODUCED   BY  ELECTRIC   CURRENTS 


(1) 


Experimental  Basis. 

480.  So  far  the  subjects  of  electricity  and  magnetism  have  been  developed 
as  entirely  separate  groups  of  physical  phenomena.  Although  the  mathe- 
matical treatment  in  the  two  cases  has  been  on  parallel  lines,  we  have  not 
had  occasion  to  deal  with  any  physical  links  connecting  the  two  series  of 
phenomena. 

The  first  definite  link  of  the  kind  was  discovered  by  Oersted  in  1820. 
Oersted's  discovery  was  the  fact  that  a  current  of  electricity  produced  a 
magnetic  field  in  its  neighbourhood. 

The  nature  of  this  field  can  be  investigated  in  a  simple  manner.     We 

first  double  back  on  itself  a  wire  in  which  ^ 

a  current  is  flowing  (fig.  118,  1).      It  is 
found  that  no  magnetic  field  is  produced. 

Next  we  open  the  end  into  a  small 
plane  loop  PQRS  (fig.  118,  2).  It  is  found 
that  at  distances  from  the  loop  which  are 
great  compared  with  its  linear  dimensions, 
such  a  loop  exercises  the  same  magnetic 
forces  as  a  magnetic  particle  of  which  the 
axis  is  perpendicular  to  the  plane  PQRS, 

and  the  moment  is  jointly  proportional  to  the  strength  of  the  current  and 
to  the  area  PQRS  The  single  current  flowing  in  the  circuit  OPQRST  is 
obviously  equivalent  to  two  currents  of  equal  strength,  the  one  flowing  in 
the  circuit  OP  ST  obtained  by  joining  the  points  P  and  S,  and  the  other 
flowing  in  the  closed  circuit  PQRSP.  The  former  current  is  shewn,  by 
the  preliminary  experiment,  to  have  no  magnetic  effects,  so  that  the  whole 
magnetic  field  may  be  ascribed  to  the  small  closed  circuit  PQRS. 


Q 


i 
R 


(2) 


Fig.  118. 


Fig.  119. 
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481.  Instead  of  regarding  this  field  as  due  to  a  particle  of  moment  jointly 
proportional  to  the  area  PQRS  and  to  the  current-strength,  we  may  regard 
it  as  due  to  a  small  magnetic  shell,  coinciding  with  the  area  PQRS,  and  of 
strength  simply  proportional  to  the  current  flowing  in  PQRS. 

482.  Next,  let  us  consider  the  current  flowing  in  a  closed  circuit  of  any 
shape  we  please,  and  not  necessarily  in 
one  plane.  Let  us  cover  in  the  closed 
circuit  by  an  area  of  any  kind  having  the 
circuit  for  its  boundary,  and  let  us  cut 
up  this  area  into  infinitely  small  meshes 
by  two  systems  of  lines.  A  current  of 
strength  i  flowing  round  the  boundary 
circuit,  is  exactly  equivalent  to  a  current 
of  strength  i  flowing  round  each  mesh  in 
the  same  direction  as  the  current  in  the 
boundary.  For,  if  we  imagine  this  latter 
system  of  currents  in  existence,  any  line 
such  as  AB  in  the  interior  will  have  two  currents  flowing  through  it,  one 
from  each  of  the  two  meshes  which  it  separates,  and  these  currents  will 
be  equal  but  in  opposite  directions.  Thus  all  the  currents  in  the  lines 
which  have  been  introduced  in  the  interior  of  the  circuit  annihilate  one 
another  as  regards  total  effect,  while  the  currents  in  those  parts  of  the 
meshes  which  coincide  with  the  original  circuit  just  combine  to  reproduce 
the  original  current  flowing  in  this  circuit. 

Thus  the  original  circuit  is  equivalent,  as  regards  magnetic  effect,  to  a 
system  of  currents,  one  in  each  mesh.  By  taking  the  meshes  sufficiently 
small,  we  may  regard  each  mesh  as  plane,  so  that  the  magnetic  effect  of  a 
current  circulating  in  it  is  known :  the  magnetic  effect  of  the  current  in  a 
single  mesh  is  that  of  a  magnetic  shell  of  strength  proportional  to  the  current 
and  coinciding  in  position  with  the  mesh.  Thus,  by  addition,  we  find  that 
the  whole  system  of  currents  produces  the  same  magnetic  effects  as  a  single 
magnetic  shell  coinciding  with  the  surface  of  which  the  original  current- 
circuit  is  the  boundary,  and  of  strength  proportional  to  the  current.  This 
shell,  then,  produces  the  same  magnetic  effect  as  the  original  single  current. 
The  magnetic  shell  is  spoken  of  as  the  "  equivalent  magnetic  shell." 

Thus  we  have  obtained  the  following  result : 

"  A  current  floiving  in  any  closed  circuit  produces  the  same  magnetic  field 
as  a  certain  magnetic  shell,  known  as  the  '  equivalent  magnetic  shell.'  This 
shell  mag  be  taken  to  be  any  shell  having  the  circuit  for  its  boundary,  its 
strength  being  uniform  and  proportional  to  that  of  the  current" 
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Law  of  Signs.  If  an  observer  is  imagined  to  stand  on  that  side  of  the 
"equivalent  magnetic  shell"  which  contains  the  negative  poles,  the  current 
flows  round  him  in  the  same  direction  as  that  in  which  the  sun  moves  round 
an  observer  standing  on  the  earth's  surface  in  the  northern  hemisphere. 

We  can  also  state  the  law  by  saying  that  to  drive  an  ordinary  right- 
handed  screw  {e.g.  a  cork-screw)  in  the  direction 
of  magnetisation  of  the  shell,  the  screw  would 
have    to    be    turned    in    the    direction    of    the 


current.  c      < <_^. 


Current 
The  law  of  signs  expresses  a  fact  of  nature,  not  a  -J-     +  -f-     + 

mathematical  convention.     At  the  same  time,  it  must  be 

noticed  that  the  law  does  not  express  that  nature  shews 

any  preference  in  this  respect  for  right-handed  over  left-  .         ' 

i-ij  m  i-iiii  i  Direction  of  Magnetisation 

nancled  screws.     1  wo  conventions  have  already  been  made  f       .     ,        ,  77 

in  deciding  which  are  to  be  called  the  positive  directions 

of  current  and  of  magnetisation,  and  if  either  of  these 

conventions  had  been  different,  the  word  "  right-handed  "  in  the  law  of  signs  would  have 

had  to  be  replaced  by  "  left-handed. n 

483.  Since,  by  §  346,  any  system  of  currents  can  be  regarded  as  the 
superposition  of  a  number  of  simple  closed  currents,  it  follows  that  the 
magnetic  field  produced  by  any  system  of  currents  can  always  be  regarded  as 
that  produced  by  a  number  of  magnetic  shells,  each  of  uniform  strength. 

Electromagnetic   Unit  of  Current. 

484.  If  i  is  the  strength  of  the  current  flowing  in  a  circuit,  and  <£  the 
strength  of  the  equivalent  magnetic  shell,  then 

<f>  =  ki, 

where  k  is  a  constant,  which  is  positive  if  the  law  of  signs  just  stated  has 
been  obeyed  in  determining  the  signs  of  c/>  and  i. 

In  the  system  of  units  known  as  Electromagnetic,  we  take  k=l,  and 
define  a  unit  current  as  one  such  that  the  equivalent  magnetic  shell  is  of 
unit  strength.  The  strength  of  a  current,  in  these  units,  is  therefore 
measured  by  its  magnetic  effects.  Obviously  the  strength  measured  in  this 
way  will  be  entirely  different  from  the  strength  measured  by  the  number  of 
electrostatic  units  of  electricity  which  pass  a  given  point.  This  latter  method 
of  measurement  is  the  electrostatic  method.  A  full  discussion  of  systems  of 
units  will  be  given  later  (§  585);  at  present  it  may  be  stated  that  a  current 
which  is  of  unit  strength  when  measured  electromagnetically  in  c.G.s.  units  is 
of  strength  3  x  1010  (very  approximately)  when  measured  electrostatically.  The 
practical  unit  of  current,  the  ampere,  is,  as  already  stated,  equal  to  3  x  109 
electrostatic  units  of  current,  so  that  the  electromagnetic  unit  of  current  is 
equal  to  10  amperes. 
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A  unit  charge  of  electricity  in  electromagnetic  units  will  be  the  amount 
of  electricity  that  passes  a  fixed  point  per  unit  time  in  a  circuit  in  which  an 
electromagnetic  unit  of  current  is  flowing.  It  is  therefore  equal  to  3  x  10 
electrostatic  units. 


10 


Fig.  121. 
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Work  done  in  threading  a  Circuit. 

485.     In  fig.  121  let  the  thick  line  represent  a  circuit  in  which  a  current 

is  flowing,  and  let  the  thin  line  through  ^ ._ 

the  point  P  represent  the  outline  of  /'  'x 

any    equivalent    magnetic    shell,    P 

being  any  point  in  the  shell.     Let  us 

imagine  that  we  thread  the  circuit  by      ( 

any  closed  path  beginning  and  ending      \ 

at  P,  this  path  being  represented  by 

the  dotted  line  in  the  figure.    At  every         \^ 

point  of  this  path  except  P,  we  have  a  "***--. 

full  knowledge  of  the  magnetic  forces. 

It  will  be  convenient  to  regard  the  shell  as  having  a  definite,  although 
infinitesimal,  thickness  at  P.     Let  P+,  P.  denote  the  points  in 
which  the  path  intersects  the  positive  and  negative  faces  of  the 
shell.     Then  we  may  say  that  the  forces  are  known  at  all  points  of 
the  path,  except  over  the  small  range  i+P. 

The  original  current  can,  however,  be  represented  by  any 
number  of  equivalent  magnetic  shells,  for  any  shell  is  capable  of 
representing  the  current,  provided  only  it  has  as  boundary  the 
circuit  in  which  the  current  is  flowing. 

Let  any  other  equivalent  shell  cut  the  path  in  the  points  Q+Q-.  From 
our  knowledge  of  the  forces  exerted  by  this  shell,  we  can  determine  the 
forces  exerted  by  the  current  at  all  points  of  the  path  except  those  within 
the  range  of  Q+Q_.  In  particular  we  can  determine  the  forces  over  the  range 
P+FL,  and  it  is  at  once  obvious  that  on  passing  to  the  limit  and  making  the 
range  P+P-  infinitesimal,  the  forces  at  the  points  P+,  P.,  and  at  all  points  on  the 
infinitesimal  range  P^R.  must  be  equal.     Obviously  the  forces  are  also  finite. 

The  work  done  on  a  unit  pole  in  taking  it  round  the  complete  circuit 
from  P.  back  to  P.,  is  accordingly  the  same  as  that  done  in  taking  it  from  P. 
round  the  path  to  P+.  This  can  be  calculated  by  supposing  the  forces  to  be 
exerted  by  the  first  equivalent  shell,  for  the  path  is  entirely  outside  this 
shell.  If  the  potential  due  to  the  shell  is  ClP  at  P+  and  is  HP_  at  P,  the 
work  done  is  flP   —  flP_ . 

Now  n,  the  potential  of  the  shell  at  any  point,  is,  as  we  know  (§  419), 
equal  to  ia>,  Avhere  <o  is  the  solid  angle  subtended  by  the  shell  and  i  is  the 


Fig.  122. 
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current,  measured  in  electromagnetic  units.  The  change  in  the  solid  angle 
as  we  pass  from  P_  to  P+  is,  as  a  matter  of  geometry,  equal  to  4>ir.     Thus 

ftp  -fiP_  =  47Ti  (410). 

The  work  done  in  taking  a  unit  pole  round  the  path  described  is  accord- 
ingly 4nri. 

Magnetic  Potential  of  a  Field  due  to  Currents. 

486.     Let  us  fix  upon  a  definite  equivalent  shell  to  represent  a  current  of 
strength  i.     Let  us  bring  a  unit  pole  from  in- 
finity to  any  point  A%  by  a  path  which  cuts 
the  equivalent  shell  in  points  P,  Q,  ...  Z.    For 
simplicity,  let  us  at  first  suppose  that  at  each 

of  these   points   the   path   passes   from    the  ^V— — ^//^*^^:>^>^L 

positive  to  the  negative  side  of  the  shell,  and 
let  the  points  on  the  two  sides  of  the  shell  be 
denoted,  as  before,  by  P+>  P_;  Q+,  Q_;  and  FlG-  123- 

so  on. 

Then,  if  il  denotes  the  magnetic  potential  due  to  the  equivalent  shell, 

the  work  done  in  bringing  the  unit  pole  from  infinity  to  P+  will  be  ftp  .     In 

+ 

the  limit  i+  and  R.  are  coincident,  so  that  the  work  in  taking  the  unit  pole 
on  from  i+  to  P_  is  infinitesimal.  In  taking  it  from  P_  to  Q+  work  is  done  of 
amount  £lQ  —  ftP_,  from  Q+  to  Q_,  the  work  is  infinitesimal,  and  so  on,  until 

ultimately  we  arrive  at  A.  Thus  the  total  work  done  in  bringing  the  unit 
pole  to  A  is 

aP  +(nQ  -Op  )  +  (nR  -nQ  )+...  +  (ciA-nz  ), 

"T"  +  ~"  +"  — 

or,  rearranging,  is 

&A  +  (^+  ~  ^P_)  +  (fy>+  -  &Q_)  +  •  •  •  • 

Now  each  of  the  terms  0,P+—  £lP_>  £lQ  —£lQ_,  etc.  is  equal  by  equation 

(410)  to  4>iri,  so  that  if  n  is  the  number  of  these  terms,  the  whole  expression 
is  equal  to 

£lA  +  4<7rni. 

Replacing  QA  by  iw,  where  w  is  the  solid  angle  subtended  by  the  shell  at 
A,  we  find  for  the  potential  at  A  due  to  the  electric  current 

(co  +  4>7rn)i    (411). 

If  the  path  cuts  the  equivalent  shell  n  times  in  the  direction  from  +  to  — , 
and  m  times  in  the  opposite  direction,  the  quantity  n  must  be  replaced  by 
n  —  m. 

Expression  (411)  shews  that  the  potential  at  a  point  is  not  a  single- valued 
function  of  the  coordinates  of  the  point.  The  forces,  which  are  obtained  by 
differentiation  of  this  potential,  are,  however,  single-valued. 
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Fig.  124. 


Current  in  infinite  straight  wire. 

487.  As  an  illustration  of  the  results  obtained,  let  us  consider  the 
magnetic  field  produced  by  a  current  flowing  in  a  straight  wire  which  is  of 
such  great  length  that  it  may  be  regarded  as  infinite,  the  return  current 
being  entirely  at  infinity. 

Let  us  take  the  line  itself  for  axis  of  z.  Any  semi-infinite  plane  termi- 
nated by  this  line  may  be  regarded  as  an  equivalent  magnetic  shell.  Let  us 
fix  on  any  plane  and  take  it  as  the  plane  of  xz. 

Consider  any  point  P  such  that  OP,  the  shortest  distance  from  P  to 
the  axis  of  z,  makes  an  angle  6  with  Ox.  The  cone 
through  P  which  is  subtended  by  the  semi-infinite 
plane  Ox,  is  bounded  by  two  planes — one  a  plane 
through  P  and  the  axis  of  z ;  the  other  a  plane  through 
P  parallel  to  the  plane  zOx.  These  contain  an  angle 
7r  —  6,  so  that  the  solid  angle  subtended  by  the  plane 
zOx  at  P  is  2  (-7T  —  9).  Giving  this  value  to  co  in 
formula  (411),  we  obtain  as  the  magnetic  potential  at  P 

a  =  {2  (tt  -  6)  +  4wtt}  i. 

rsry 

Since  -^—  =  0  it  is  clear  that  there  is  no  radial  magnetic  force,  and  the 
dr  & 

force  at  any  point  in  the  direction  of  6  increasing 

d£l  _2i 

rdd      r  ' 

This  result  is  otherwise  obvious.  If  the  work  done  in  taking  a  unit  pole 
round  a  circle   of  circumference   27rr  is  to  be  4nri,  the  tangential  force  at 

every  point  must  be  — . 

488-     This  result  admits  of  a  simple  experimental  confirmation. 

Let  PQR  be  a  disc  suspended  in  such  a  way  that  the  only  motion  of 
which  it  is  capable  is  one  of  pure  rotation  about  a 
long  straight  wire  in  which  a  current  is  flowing. 
On  this  disc  let  us  suppose  that  an  imaginary  unit 
pole  is  placed  at  a  distance  r  from  the  wire.  There 
will   be   a   couple   tending   to   turn   the   disc,   the 

2i 

moment  of  this  couple  being  —  xr  ov  2i.    Similarly 

if  we  place  a  unit  negative  pole  on  the  disc  there  is 
a  couple  —  2i. 

On  placing  a  magnetised  body  on  the  disc,  there 
will  be  a  system  of  couples  consisting  of  one  of 
moment  2i  for  every  positive  pole  and  one  of  moment 
—  2i  for  every  negative  pole.    Since  the  total  charge 


Fig.  125. 
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in  any  magnet  is  nil,  it  appears  that  the  resultant  couple  must  vanish,  so 
that  the  disc  will  shew  no  tendency  to  rotate.     This  can  easily  be  verified. 

Circular  Current. 

489.  Let  us  find  the  potential  due  to  a  current  of  strength  i  flowing  in  a 
circle  of  radius  a.  The  equivalent  magnetic  shell  may  be  supposed  to  be  a 
hemisphere  of  radius  a  bounded  by  this  circle. 

The  potential  at  any  point  on  the  axis  of  the  circle  can  readily  be  found. 
For  at  a  point  on  the  axis  distant  r  from  the  centre 
of  the  circle,  the  solid  angle  w  subtended  by  the 
circle  is  given  by 


<y 


=  27r(l-cosa)  =  27r(l- 


r 


Va2  + 


so  that  the  potential  at  this  point  is 
Q  =  2ni ( 1  - 


sfaF+r'- 

This  expression  can  be  expanded  in  powers  of  r 
by  the  binomial  theorem.  We  obtain  the  following 
expansions : 

if  r  <  a. 

(        a      2  a3  v  2.4...  2n     \aj 

if  r  >  a, 
_     ft    .  fl  a2  .    .  w+1 1 . 3  ...  2n- 1  fa\2n 


Fig.  126. 


2r 


2.4...  2n 


.(412), 


.(413). 


From  this  it  is  possible  to  deduce  the  potential  at  any  point  in  space. 
Let  us  take  spherical  polar  coordinates,  taking  the  centre  of  the  circle  as 
origin,  and  the  axis  of  the  circle  as  the  initial  line  6  =  0.  Inside  the  sphere 
r  =  a,  the  potential  is  a  solution  of  V2f2  =  0  which  is  symmetrical  about  the 
axis  6  =  0,  and  remains  finite  at  the  origin.  It  is  therefore  capable  of 
expansion  in  the  form 

O  =  XAnrnPn  (cos  6). 
o 

Along  the  axis  we  have  6  =  0,  so  that  this  assumed  value  of  H  becomes 


n  =  ZAnrn, 

o 


and  the  coefficients  may  be  determined  by  comparison  with  equation  (412). 
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Thus  we  obtain  for  the  potentials, 


H  =  2m  \  1  -  -  P,  (cos  6)  +  \  -  P3  (cos  0)  -  . . . 


+  (-  l)n+1 


-)       Pm+1(cos0)  +  .. .\  ...(414), 


when  r  <  a,  and 

[1  a2 


2.4...2w     Va 


3  a4 


^^i?(cos6>)-g-^(cos^)-... 


■f  (-  1)^  1  ;3  •;•  2n~  1  (ff  Pm  (cos  0)  +  ...}  ...(415), 


2.4 


when  r  >a. 


ml 


At  points  so  near  to  the  origin  that  —  may  be  neglected,  the  potential  is 


a* 


Q  =  2iri  (1 cos 

a 


»)-«(!-£). 


where  2;  =  r  cos  ^,  and   the    magnetic   force    is  a  uniform  force  —  -~-  =■ 


dz        a 


parallel  to  the  axis. 


Fig.  127. 


Solenoids. 

490  A  cylinder,  wound  uniformly  with  wire  through  which  a  current 
can  be  sent,  is  called  a  "solenoid." 

Consider  first  a  circular  cylinder  ot  radius  a  and 
height  h,  having  a  wire  coiled  round  it  at  the  uniform 
rate  of  n  turns  per  unit  length,  the  wire  carrying  a 
current  i  Let  z  be  a  coordinate  measuring  the 
distance  of  any  cross-section  from  the  base  of  the 

solenoid.    Then  the  small  layer  between  z  and  z  +  dz,      

being  of  thickness  dz,  will  contain  ndz  turns  of  wire. 
The  currents  flowing  in  all  these  turns  may  be  re- 
garded as  a  single  current  nidz  flowing  in  a  circle,  this  circle  being  of  radius 
a  and  at  distance  z  from  the  base  of  the  solenoid.  The  magnetic  potential 
of  this  current  may  be  written  down  from  the  formula  of  the  last  section,  and 
the  potential  of  the  whole  solenoid  follows  by  integration. 

491.  Endless  Solenoid.  In  the  limiting  case  in  which  the  solenoid  is  of 
infinite  length  (or  in  which  the  ends  are  so  far  away  that  the  solenoid  may 
be  treated  as  though  it  were  of  infinite  length),  the  field  can  be  determined 
in  a  simpler  manner. 

Consider  first  the  field  outside  the  solenoid.  In  taking  a  unit  pole  round 
any  path  outside  the  solenoid  which  completely  surrounds  the  solenoid,  the 
work  done  is,  by  §  485,  4nri.     The  current  flowing  per  unit  length  of  the 


Faf 


Q 


R' 


F3 


R 


489-492]  Galvanometers  433 

solenoid  is  ni.  In  general  we  are  concerned  with  cases  in  which  this  is  finite 
n  being  very  large  and  i  being  very  small.  The  quantity  im  may  accordingly 
be  neglected,  and  we  can  suppose  that  the  work  done  in  taking  unit  pole 
round  the  solenoid  is  zero. 

It  follows  that  the  force  outside  the  solenoid  can  have  no  component  at 
right  angles  to  planes  through  the  axis,  and  clearly,  by  a  similar  argument, 
the  same  must  be  true  inside  the  solenoid.     Hence  the  lines  of  induction 
must  lie  entirely  in  the  planes  through  the  axis  of  the 
solenoid.     From  symmetry,  there  is   no  reason  why 
the  lines  of  induction  at  any  point  should  converge 
towards,  rather  than  diverge  from,  the  axis,  or  vice 
versa.     Hence  the  lines  of  induction  will  be  parallel 
to  the  axis,  and  the  force  at  every  point  will  be  entirely      p 
parallel  to  the  axis. 

Let  the  lines  PQR,  P'Q'R'  in  fig.  128  be  radii 
meeting  the  axis,  the  lines  PF,  QQ',  RR'  being 
parallel  to  the  axis  and  each  of  length  e.     Let  the  FlG   ^3 

magnetic   forces  along  these  lines  be  Flt  F2  and  F3 
respectively. 

In  taking  unit  pole  round  the  closed  path  PP'Q'QP  the  work  done  is 

i?e  -  F26, 

and  since  this  must  vanish,  we  must  have  F1  =  F2.  Hence  the  force  at  all 
points  outside  the  solenoid  must  be  the  same ;  it  must  be  the  same  as  the 
force  at  infinity  and  must  consequently  vanish.  Thus  there  is  no  force  at  all 
outside  the  solenoid. 

In  taking  unit  pole  round  the  closed  path  PP'R'RP,  the  work  done  is 
F3e,  and  this  must  be  equal  to  4nrnie,  so  that  we  must  have  F3e  =  4tirni.  Thus 
the  force  at  any  point  inside  the  solenoid  is  a  force  4nrni  parallel  to  the  axis. 

Thus  the  field  of  force  arising  from  an  infinite  solenoid  consists  of  a 
uniform  field  of  strength  4nrni  inside  the  solenoid,  there  being  no  field  at  all 
outside.  The  construction  of  a  solenoid  accordingly  supplies  a  simple  way  of 
obtaining  a  uniform  magnetic  field  of  any  required  strength. 

Galvanometers, 

492.  A  galvanometer  is  an  instrument  for  measuring  the  strength  of  an 
electric  current,  the  method  of  measurement  usually  being  to  observe  the 
strength  of  the  magnetic  field  produced  by  the  current  by  noting  its  action 
on  a  small  movable  magnet. 

There  are  naturally  various  classes  and  types  of  galvanometers  designed 
to  fulfil  various  special  purposes. 

j.  23 
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The  Tangent  Galvanometer, 

493.  In  the  tangent  galvanometer  the  current  flows  in  a  vertical 
circular  coil,  at  the  centre  of  which  a  small  magnetic  needle  is  pivoted 
so  as  to  be  free  to  turn  in  a  horizontal  plane. 

Before  use,  the  instrument  is  placed  so  that  the  plane  of  the  coil  contains 
the  lines  of  magnetic  force  of  the  earth's  field.  The  needle  accordingly  rests 
in  the  plane  of  the  coil.  When  the  current  is  allowed  to  flow  in  the  coil 
a  new  field  is  originated,  the  lines  of  force  being  at  right  angles  to  the 
plane  of  the  coil  and  the  needle  will  now  place  itself  so  as  to  be  in  equi- 
librium under  the  field  produced  by  the  superposition  of  the  two  fields — the 
earth's  field  and  the  field  produced  by  the  current. 

As  the  needle  can  only  move  in  a  horizontal  plane,  we  need  consider 
only  the  horizontal  components  of  the  two  fields.  Let  H,  as  usual,  denote 
the  horizontal  component  of  the  earth's  field.  Let  i  be  the  current  flowing 
in  the  coil,  measured  in  electromagnetic  units,  let  a  be  the  radius  and  let  n 
be  the  number  of  turns  of  wire.  Near  the  centre  of  the  coil  the  field 
produced  by  the  current  is,  by  §  489,  a  uniform  field  at  right  angles  to 

the  plane  of  the  coil,  of  intensity   .     The  total 

horizontal  field  is  therefore  compounded  of  a  field  of 
strength  H  in  the  plane  of  the  coil,   and  a  field  of 

strength  at  right  angles  to  it. 

The  resultant  will  make  an  angle  6  with  the  plane 
of  the  coil,  where 

/2-rrin\ 

tanfl=      %  '    (416), 

xz 

and  the  needle  will  set  itself  along  the  lines  of  force  of  the  field.  Thus  the 
needle  will,  Avhen  in  equilibrium,  make  an  angle  6  with  the  plane  of  the 
coil,  where  6  is  given  by  equation  (416).  If  we  observe  6  we  can  determine 
i  from  equation  (416).     We  have 

i  =  ?tan0   (417), 

where  G  is  a  constant,  known  as  the  galvanometer  constant,  its  value 
being  

The  instrument  is  called  the  tangent  galvanometer  from  the  circum- 
stance that  the  current  is  proportional  to  the  tangent  of  the  angle  6. 
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The  tangent  galvanometer  has  the  advantage  that  all  currents,  no  matter 
how  small  or  how  great,  can  be  measured  without  altering  the  adjustment 
of  the  instrument.  A  disadvantage  is  that  the  readings  are  not  very  sensi- 
tive when  the  currents  to  be  measured  are  large — only  a  very  small  change 
in  the  reading  is  produced  by  a  considerable  change  in  the  current.  Let 
the  current  be  increased  by  an  amount  di,  and  let  the  corresponding  change 
in  6  be  dd,  then  from  equation  (417), 

d0 
so  that  if  i  is  large,  -p  is  small.     Thus,  although  the  instrument  may  be 

used  for  the  measurement  of  large  currents,  the  measurements  cannot  be 
effected  with  much  accuracy. 

A  second  defect  of  the  instrument  is  caused  by  the  circumstance  that 
the  field  produced  by  the  current  is  not  absolutely  uniform  near  the  centre 
of  the  coil.  If  a  is  the  radius  of  the  coil,  and  b  the  distance  of  either  pole 
of  the  magnet  from  its  centre,  the  poles  will  be  in  a  part  of  the  field  in 
which  the  intensity  differs  from  that  at  the  centre  of  the  coil  by  terms  of 

b3 

the  order  of  — .     For  instance,  if  the  magnet  is  one  inch  long,  while  the 

Cb 

coil  has  a  diameter  of  10  inches,  the  intensity  of  the  field  will  be  different 
from  that  assumed,  by  terms  of  the  order  of  (yV)3>  so  that  the  reading  will  be 
subject  to  an  error  of  about  one  part  in  a  thousand. 

By  replacing  the  single  coil  of  the  tangent  galvanometer  by  two  or  more 
parallel  coils,  it  is  possible  to  make  the  field  in  the  region  in  which  the 
magnet  moves,  as  uniform  as  we  please.  It  is  therefore  possible,  although 
at  the  expense  of  great  complication,  to  make  a  tangent  galvanometer  which 
shall  read  to  any  required  degree  of  accuracy 

The  Sine  Galvanometer. 

494.  The  sine  galvanometer  differs  from  the  tangent  galvanometer  in 
having  its  coil  adjusted  so  that  it  can  be  turned  about  a  vertical  axis. 
Before  the  current  is  sent  through  the  coil,  the  instrument  is  turned  until 
the  needle  is  at  rest  in  the  plane  of  the  coil.  The  coil  is  then  in  the  direc- 
tion of  the  earth's  field  at  the  point. 

As  soon  as  a  current  is  sent  through  the  coil,  the  needle  is  deflected,  as 
in  the  tangent  galvanometer.  The  coil  is  now  slowly  turned  in  the  direction 
in  which  the  needle  has  moved,  until  it  overtakes  the  needle,  and  as  soon 
as  the  needle  is  again  at  rest  in  the  plane  of  the  coil,  a  reading  is  taken, 
giving  the  angle  through  which  the  coil  has  been  turned.  Let  6  be  this 
angle,  then  the  earth's  field  may  be  resolved  into  components,  H  cos  6  in 

28—2 


436    The  Magnetic  Field  produced  by  Electric  Currents   [ch.  xiii 

the  plane  of  the  coil  and  H  sin  6  at  right  angles  to  this  plane.  Since  the 
needle  rests  in  the  plane  of  the  coil,  the  latter  component  must  be  just 
neutralized  by  the  field  set  up  by  the  current,  this  being,  as  we  have  seen, 
entirely  at  right  angles  to  the  plane  of  the  coil.     We  accordingly  have 

.  2irin 

H  sin  Q  = , 

a 

so  that  we  must  have 

FT" 
i=g-sm0 (418), 

where  G,  the  galvanometer  constant,  has  the  same  meaning  as  before. 

This  instrument  has  the  disadvantage  that  it  cannot  be  used  to  measure 

TT 

currents  greater  than  -~  •     ^  is>   however,  sensitive  over  the  whole  range 

through  which  it  can  be  used :  if  d6  is  the  increase  in  6  caused  by  a  change 
di  in  i,  we  have 

d6  =  -^  sec  6  di, 
11 

so  that  the  greater  the  current  the  more  sensitive  the  instrument. 

The  great  advantage  of  this  form  of  galvanometer,  however,  is  that  when 
the  reading  is  taken  the  magnet  is  always  in  the  same  position  relative 
to  the  field  set  up  by  the  current  in  the  coil.  Thus  the  deviations  from 
uniformity  of  intensity  at  the  centre  of  the  field  do  not  produce  any  error 
in  the  readings  obtained :  they  result  only  in  the  galvanometer  constant 
having  a  value  different  from  that  which  it  has  so  far  been  supposed  to 
have.  But  when  once  the  right  value  has  been  assigned  to  the  constant  G, 
equation  (418)  will  be  true  absolutely,  no  matter  how  large  the  movable 
needle  may  be  in  comparison  with  the  coil. 

Other  galvanometers. 

495.  There  are  various  other  types  of  galvanometers  in  use  to  serve 
various  purposes  other  than  the  exact  measurement  of  a  current.  For  full 
descriptions  of  these  the  reader  may  be  referred  to  books  treating  the 
theory  of  electricity  and  magnetism  from  the  more  experimental  side.  The 
following  may  be  briefly  mentioned  here  • 

I.  The  D'Arsonval  Galvanometer.  This  instrument  is  typical  of  a  class 
of  galvanometer  in  which  there  is  no  moving  needle,  the  moving  part  being 
the  coil  itself,  which  is  free  to  turn  in  a  strong  magnetic  field.  The  coil 
is  suspended  by  a  torsion  fibre  between  the  poles  of  a  powerful  horseshoe 
magnet.  When  a  current  is  sent  through  the  coil,  the  coil  itself  produces 
the  same  field  as  a  magnetic  shell,  and  so  tends   to  set  itself  across  the 
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lines  of  force  of  the  permanent  magnet,  this  motion  being  resisted  by  no 
forces  except  the  torsion  of  the  fibre. 

II.  The  Mirror  Galvanometer.  This  is  a  galvanometer  originally  designed 
by  Lord  Kelvin  for  the  measurement  of  the  small  currents  used  in  the  trans- 
mission of  signals  by  submarine  cables.  The  design  is,  in  its  main  outlines, 
identical  with  that  of  the  tangent  galvanometer,  but,  to  make  the  instrument 
as  sensitive  as  possible,  the  coil  is  made  of  a  great  number  of  turns  of  fine 
wire,  wound  as  closely  as  possible  round  the  space  in  which  the  needle 
moves,  and  the  needle  is  suspended  as  delicately  as  possible  by  a  fine 
torsion-thread.  To  make  the  instrument  still  more  sensitive,  permanent 
magnets  can  be  arranged  so  as  to  neutralize  part  of  the  intensity  of  the 
earth's  field.  The  instrument  is  read  by  observing  the  motion  of  a  ray  of 
light  reflected  from  a  small  mirror  which  moves  with  the  needle :  it  is  from 
this  that  the  instrument  takes  its  name.  In  the  most  sensitive  form  of  this 
instrument  a  visible  motion  of  the  spot  of  light  can  be  produced  by  a  current 
of  10~10  amperes. 

III.  The  Ballistic  Galvanometer.  This  instrument  does  not  measure 
the  current  passing  at  a  given  instant,  but  the  total  flow  of  electricity 
which  passes  during  an  infinitesimal  interval.  If  the  needle  is  at  rest  in 
the  plane  of  the  coil,  a  current  sent  through  the  coil  will  establish  a 
magnetic  field  tending  to  turn  the  needle  out  of  this  plane.  So  long  as 
the  needle  is  approximately  in  the  plane  of  the  coil,  the  couple  acting  on 
the  needle  will  be  proportional  to  the  current  in  the  coil :  let  it  be  denoted 
by  ci,  where  i  is  the  current. 

Then  if  a>  is  the  angular  velocity  of  the  needle  at  any  instant,  we  shall 
have  an  equation  of  the  form 

ink-  -j-  =  ci, 
at 

where  mk*  is  the  moment  of  inertia  of  the  needle.  Integrating  through  the 
small  interval  of  time  during  which  the  current  may  be  supposed  to  flow, 
we  obtain 

mk2Q  =c  I  idt. 

Here  O  is  the  angular  velocity  with  which  the  needle  starts  into  motion, 
and   J  idt  is  the  total  current  which  passes  through  the  coil.     Thus  the  total 

flow  I  idt  can  be  obtained  by  measuring  O,  and  this  again  can  be  obtained  by 


observing  the  angle  through  which  the  needle  swings  before  coming  to  rest 
at  the  end  of  its  oscillation. 
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Vector-potential  of  a  Field  due  to  Currents. 

496.  From  the  formulae  obtained  in  §  446  for  the  vector-potential  of  a 
uniform  magnetic  shell,  we  can  at  once  write  down  expressions  for  the  vector- 
potential  of  a  field  due  to  currents. 

For,  by  §  483,  the  field  due  to  any  system  of  currents  may  be  regarded  as 
the  field  due  to  a  number  of  shells  of  uniform  strength,  so  that  the  vector- 
potential  at  any  point  will  be  the  sum  of  the  vector-potentials  due  to  these 
different  shells.  Hence  if  <£,  cf>',  ...  are  the  strengths  of  the  various  shells, 
the  vector-potential  at  any  point  P  has  components  (cf.  §  446) 

where  the  summation  is  over  all  the  shells,  and  dx,  ds'  refer  to  an  element  of 
the  edge  of  a  shell  of  strength  <p,  this  element  being  at  a  distance  r  from  the 
point  P. 

The  equations  just  found  may  clearly  be  replaced  by 

F=(i-pds 
J  r  as 


.(419), 


J  r  ds 

J  7'  ds      ) 

where  ds  is  now  an  element  of  any  wire  or  linear  conductor  in  which  a 
current  of  strength  i  is  flowing,  and  the  integration  is  now  along  all  the 
conductors  in  the  field. 

By  the  use  of  equations  (376),  we  may  at  once  obtain  the  components  of 
magnetic  force  or  induction  at  any  point  x,  y,  z'  in  the  forms 

_d_H_dG 

a  "  dij      dz' 


/'£'©=-£©$** (420)- 


=     i 


Mechanical  Action  in  the  Field. 

Ampere's  rule  for  the  force  from  a  circuit. 

497.  Let  0  (x,  y,  z)  be  the  position  of  any  element  ds  of  a  circuit,  and 
let  P  be  any  point  {x,  y',  z')  in  free  space. 

From  equations  (420)  it  follows  that  the  magnetic  force  at  P  may  be 
regarded  as  made  up  of  contributions  from  each  element  of  the  circuit  such 
that  the  contribution  from  the  element  ds  at  0  has  components 

l'{a7®£-aT'0)l}^etc-'etc- 
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On   putting  r2  =  (x  -  a/)2  +  (y  —  y'f  +  (z-  z'f,   and   differentiating,  these 
components  become 

ids  \y  —  y'dz     z  —  z'  dy]       ids  [z  —  z'  dx     x  —  x  dz) 
r     ds 


dy)       ids  (z  —  z'  dx     x  —  x  dz) 


Let  us  denote 


x  —  x    y  —  y    z  —  z 


by  h>  whi  fht  these  being  the  direction- 


cosines  of  the  line  OP,  and  let  ~ ,  -~ ,  -r- 

ds    ds    ds 

be  denoted  by  l2,  m2,  n2,  these  being  the 
direction-cosines  of  ds.  Then  the  com- 
ponents of  force  (421)  become 

ids 


ids  .  . 


(nJt-nJJ, 


-^(^m2-4mi)  ...(422). 

Clearly  the  resultant  is  a  force  at  right  angles  both  to  OP  and  to  ds,  and 
of  amount 

^      ■ (423), 

where  6  is  the  angle  between  OP  and  ds. 

Thus  the  total  force  at  P  may  be  regarded  as  made  up  of  contributions 
such  as  (423)  from  each  element  of  the  circuit.  This  is  known  as  Ampere's 
law. 

Mechanical  action  on  a  circuit. 

498.  We  are  at  present  assuming  the  currents  to  be  steady,  so  that 
action  and  reaction  may  be  supposed  to  be  equal  and  opposite.  It  follows 
that  the  force  exerted  at  a  unit  pole  at  P  upon  the  circuit  of  which  the 
element  ds  is  part,  may  be  regarded  as  made  up  of  forces  of  amount 

i  sin  0 

per  unit  length,  acting  at  right  angles  to  OP  and  to  ds.  If  we  have  poles  of 
strength  m  at  P,  m'  at  P',  etc.,  the  resultant  force  on  the  circuit  may  be 
regarded  as  made  up  of  contributions 

im  sin  6      im'sinO' 


per  unit  length.     The  resultant  of  these  forces  may  be  put  in  the  form 

iH  sin  x 
where  H  is  the  resultant  magnetic  intensity  at  0  of  all  the  poles  m,  m ,  etc., 
and  x  is  the  angle  between  the  direction  of  this  intensity  and  ds.     This 
resultant  force  acts  at  right  angles  to  the  directions  of  H  and  of  ds. 
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499.  We  have  found  that  the  force  from  a  whole  circuit  is  the  same  as  if 
each  element  ids  contributed  a  force  ids  sin  d/r2,  and  the  force  on  a  whole 
circuit  is  the  same  as  if  each  element  were  acted  on  by  a  force  iH  sin  %.  But 
so  long  as  we  are  dealing  only  with  complete  closed  currents,  it  is  impossible 
to  discover  what  the  actual  force  from  or  on  a  single  element  of  the  current 
will  be.  In  a  later  chapter  we  shall  regard  a  current  as  a  stream  of  electrons 
in  motion.  The  element  ids  will  then  be  treated  as  a  small  number  of  moving 
electrons,  and  we  shall  be  able  to  shew  that  the  actual  forces  associated  with 
the  single  element  ids  are  exactly  identical  with  those  just  found. 

Energy  of  a  System  of  Circuits  carrying  Currents. 

500.  The  energy  of  a  magnetic  field,  as  we  have  seen  (§  470),  is 

g^jjf fi(cc  +  /32  +  ry*)dxdydz    (424). 

If  the  energy  resides  in  the  medium,  this  expression  may  be  regarded  as 
the  energy  of  the  field,  no  matter  how  this  field  is  produced.  If  the  field  is 
produced  wholly  by  currents,  expression  (424)  may  be  regarded  as  the  energy 
of  the  system  of  currents.  As  we  shall  now  see,  it  can  be  transformed  in  a 
simple  way,  so  as  to  express  the  energy  of  the  field  in  terms  of  the  currents 
by  which  the  field  is  produced. 

The  integral  through  all  space,  as  given  by  expression  (424),  may  be 
regarded  as  the  sum  of  the  integrals  taken  over  all  the  tubes  of  induction  by 
which  space  is  filled.  The  lines  of  induction,  as  we  have  seen,  will  be  closed 
curves,  so  that  the  tubes  are  closed  tubular  spaces. 

If  ds  is  an  element  of  length,  and  dS  the  cross-section  at  any  point,  of  a 
tube  of  unit  strength,  we  may  replace  dxdydz  by  dSds,  and  instead  of  inte- 
grating with  respect  to  dS  we  may  sum  over  all  tubes.  Thus  expression  (424) 
becomes 

^XJV(a!  +  /32-f-72)d£}tfs, 

where  the  summation  is  over  all  unit  tubes  of  induction.  If  H2  =  a.-  +  /32  +  72, 
we  have,  by  the  definition  of  a  unit  tube,  fiHdS  =  1,  so  that 

li  (a2  +  /3°-  +  r)  dS  =  fiH'dS  =  H, 
and  the  integral  becomes 

Now  I  Hds  is  the  work  performed  on  a  unit  pole  in  taking  it  once  round 

the  tube  of  induction,  and  this  we  know  is  equal  to  4nr1'i,  where  Ifi  is  the 
sum  of  all  the  currents  threaded  by  the  tube,  taken  each  with  its  proper 
sign.     Thus  the  energy  becomes  £2(2't). 
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This  indicates  that  for  every  time  that  a  unit  tube  threads  a  current  i, 
a  contribution  ^i  is  added  to  the  energy      Thus  the  whole  energy  is 

h^iN (425), 

where  the  summation  is  over  all  the  currents  in  the  field,  and  N  is  the 
number  of  unit  tubes  which  thread  the  current  i. 


501.  We  have  seen  that  a  shell  of  strength  <j)  is  equivalent,  as  regards 
the  field  produced  at  all  external  points,  to  a  current  i,  if  <f>  =  i.  The  energy 
of  a  system  of  currents  has  however  been  found  to  be  ^ZiN,  whereas  the 
energy  of  a  system  of  shells  was  found  (§  450)  to  be 

-it<j)N  (426). 

The  difference  of  sign  can  readily  be  accounted  for.  Let  us  consider  a 
single  shell  of  strength  </>,  and  let  dS  be  an  element  of  area,  and  dn  an  element 
of  length  inside  the  shell  measured  normally  to  the  shell.  At  any  point  just 
outside  the  shell,  let  the  three  components  of  magnetic  force  be  a,  j3,  y,  the 
first  being  a  component  normal  to  the  shell,  and  the  others  being  components 
in  directions  which  lie  in  the  shell.  On  passing  to  the  inside  of  the  shell,  the 
normal  induction  is  discontinuous  owing  to  the  permanent  magnetism  which 
must  be  supposed  to  reside  on  the  surface  of  the  shell.    Thus  inside  the  shell, 

we  may  suppose  the  components  of  force  to  be  S  +  -,  ft,  y,  where  fx,  is  the 

permeability  of  the  matter  of  which  the  shell  is  composed,  and  S  is  the 
force  originating  from  the  permanent  magnetism  of  the  shell. 

The  contribution  to  the  energy  of  the  field  which  is  made  by  the  space 
inside  the  shell  is 

where  the  integral  is  taken  throughout  the  interior  of  the  shell ;  or 

This  can  be  regarded  as  the  sum  of  three  integrals, 

(i)       ^rl\\'lStdndS  \ 

1    f[[faU-^  +  ^dnaK-   (427). 


(fi)      8^111  (T  +  ^  +  A^JdndS 


<iii>     ~  \ 
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On  reducing  the  thickness  of  the  shell  indefinitely,  S  becomes  infinite,  for 
at  any  point  of  the  shell, 


Sdn  =  —  (difference  of  potential  between  the  two  forces  of  shell) 

=  —  4>TT(j), 

so  that  S  becomes  infinite  when  the  thickness  vanishes. 
Thus  on  passing  to  the  limit,  the  first  integral 

becomes  infinite.  This  quantity  is,  however,  a  constant,  for  it  represents  the 
energy  required  to  separate  the  shell  into  infinitesimal  poles  scattered  at 
infinity. 

The  second  integral  vanishes  on  passing  to  the  limit,  and  so  need  not  be 
further  considered. 

The  third  integral  can  be  simplified.     We  have 

M!SttdndS=UNSdn)dS- 

Now  I  Sdn=  —  47r<£,  while  1 1  adS  is  the  integral  of  normal  induction  over 

the  shell,  and  may  therefore  be  replaced  by  N,  the  number  of  unit  tubes  of 
induction  from  the  external  field,  which  pass  through  the  shell.  Thus  the 
third  integral  is  seen  to  be  equal  to 

In  calculating  expression  (424)  when  the  energy  is  that  of  a  system  of 
currents,  the  contribution  from  the  space  occupied  by  the  equivalent  mag- 
netic shells  is  infinitesimal.  Thus  all  the  terms  which  we  have  discussed 
represent  differences  between  the  energies  of  shells  and  of  circuits. 

Terms  such  as  the  first  integrals  of  scheme  (427)  represent  merely  that 
the  energies  are  measured  from  different  standard  positions.  In  the  case  of 
the  shells,  we  suppose  the  shells  to  have  a  permanent  existence,  and  merely 
to  be  brought  into  position.  The  currents,  on  the  other  hand,  have  to  be 
created,  as  well  as  placed  in  position.  Beyond  this  difference,  there  is  an 
outstanding  difference  of  amount  <£iV  for  each  circuit,  and  this  exactly 
accounts  for  the  difference  between  expressions  (425)  and  (426). 

502.  Let  us  suppose  that  we  have  a  system  of  circuits,  which  we  shall 
denote  by  the  numbers  1,  2,  ....  Let  us  suppose  that  when  a  unit  current 
flows  through  1,  all  the  other  circuits  being  devoid  of  currents,  a  magnetic 
field  is  produced  such  that  the  numbers  of  tubes  of  induction  which  cross 
circuits  1,  2,  3,  ...  are 

■"11 J     -"12  >     -"13  >      •••• 
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Similarly,  when  a  unit  current  flows  through  2,  let  the  numbers  of  tubes 
of  induction  be 

-"21  >     -"22  >    -"23 )     •  •  •  • 

The  theorem  of  §  446  shews  at  once  that 


'12 


cose 


L21  =  \\  —  dsds,  etc (428). 


r 


If  currents  i1,  i2,  ...  flow  through  the  circuits  simultaneously,  and  if  the 

numbers  of  tubes  of  induction  which  cut  the  circuits  are  Nu  N2,  N3,  ...,  we 

have 

Nx  =  Luix  +  L12i2  +  L13i3  +...         } 

r      ■•• \~hJiU  )• 

N2  =  L2lix  +  Z^  +  ^23*3  +  •  •■>  etc. J 
The  energy  of  the  system  of  currents  is 

=  iXh  (Zut'i  +  L12i2  +...), 

=  i  £n  Vs  +  £12^2  +  %L22i22  + (430). 

Coefficients  of  Induction. 

503.  The  coefficient  Ln  is  commonly  called  the  coefficient  of  self-induc- 
tion (or,  more  briefly,  the  self-inductance)  of  circuit  1,  while  L12  is  called 
the  coefficient  of  mutual  induction  of  the  two  circuits  1  and  2.  The  value 
of  L12  for  any  pair  of  circuits  can  be  calculated  from  formula  (428). 

As  an  example,  consider  the  important  case  of  two  circular  wires,  radii 
a,  a'  in  parallel  planes,  the  line  joining  their  centres  being  perpendicular  to 
the  planes  and  of  length  d,  b.    Formula  (428)  gives 

^f2*  aa'  cos  (d-e')ddde' 


JV2 


o  J  o  [a2  +  a'2  +  b2-  2aa'  cos  (6  -  6')f 

=  2tt 


2n  aa'  cos  ijr  dty 

o  [a2  +  a'2  +  b2  -  2aa  cos  \jr]% ' 

Aiflff 

Put  °°=(«  +  ay  +  b»   *-*(—+) 

and  we  readily  find 

t        t    t     >\k    fhlT    2sin2(£-l     ,, 
Ll2  =  ^ir  (aa  )*  c =  deb 

Jo  (l-c2sin2<^    Y 
=  4>ir(aa'^l(^-c)K(o)-^E(c)   , 

where  K  (c),  E  (c)  are  the  complete  elliptic  functions  to  modulus  c. 

When  the  circles  nearly  coincide,  b  is  small  and  a  and  a'  are  nearly  equal. 
Thus  c  is  nearly  equal  to  unity,  and  E(c)  approximates  to  unity.    Put 

c'  -  (1  -  c2)K 
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so  that  c'  is  small,  then 

Kic)^' £— r-/1* & j, 

-'o  (l-c2sin2</>)*     Jo  (cos2</>  +  c'2sin2(/>)i 

of  which  the  approximate  value  is  found  to  be  log  (4/c'). 

If  r  is  the  nearest  distance  apart  of  the  two  circles,  we  have,  when  r  is 
small,  c  =  r/2a,  so  that 

K(c)  =  \og(8a/r), 

L12  =  4<7ra(\og—-2\    (430a). 


and 


504.  It  might  be  expected  that  we  could  obtain  the  value  of  Ln  in  any 
problem  by  making  the  two  circuits  1  and  2  coincide,  but  this  proves  not  to 
be  the  case;  the  value  of  the  integral  in  equation  (428),  where  the  integral  is 
taken  twice  round  the  same  circuit,  is  always  infinite.  As  an  instance,  we 
may  notice  that  on  putting  r  =  0  in  the  formula  just  obtained,  we  find  L12  =  oo  . 

We  can  readily  see  why  this  must  be.  When  there  is  only  one  current 
flowing,  we  have 

iZfch"  =  g£  (//(«*  +  P2  +  Y2)  dxdydz, 

each  side  of  this  equation  representing  the  energy  of  the  current.    Near  to 

the  wire,  at  a  small  distance  r  from  it,  the  magnetic  force  is  2i\r  so  that 

a2  +  /S2  +  72  =  4di/r2.    Thus  the  energy  contained  within  a  thin  ring  formed  of 

coaxal  cylinders  of  radii  ru  r2,  bent  so  as  to  follow  the  wire  conveying  the 

current,  will  be 

/*  fff  419 


„  rdrddds, 
ottJ  J  J   r2 

where  the  integration  with  respect  to  r  is  from  rx  to  r2,  that  with  respect  to 

6  is  from  0  to  27r,  and  that  with  respect  to  s  is  along  the  wire.    Integrating, 

we  find  energy 

fii2  log  {r^n) 

per  unit  length,  and  on  taking  rx  =  0,  the  energy  is  seen  to  be  infinite. 

Suppose  that  the  wire  has  a  circular  cross-section  of  radius  a,  and  that 
the  current  is  uniformly  distributed  over  this  cross-section.  A  circle  of  radius 
r  inside  the  wire  will  enclose  a  current  ir2/a2,  so  that  the  magnetic  force  at 
distance  r  from  the  centre  will  be  2ir/a2,  and 

(aj 

On  integrating  this  from  r  =  0  to  r  =  a  we  find  that  there  is  magnetic 
energy  inside  the  wire  of  amount  £/A'2  per  unit  length,  where  p!  is  the 
magnetic  permeability  of  the  material  of  the  wire.  Hence  the  total  energy 
per  unit  length  inside  a  cylinder  of  radius  r2  enclosing  the  wire  is 

^'t'2  +  /u'2log(r2/a)  (4306). 
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Even  when  a  is  finite  this  still  becomes  infinite  when  r2  is  made  infinite — 
i.e.  when  the  magnetic  field  extends  to  infinity.  Thus  the  self-induction  per 
unit  length  of  a  straight  wire  in  free  space  is  infinite  except  when  the 
magnetic  field  is  limited  by  the  presence  of  other  conductors. 

Suppose  that  the  return  current  is  carried  by  .a  concentric  cylinder  of 
radius  b  surrounding  the  wire.  The  total  flow  of  current  through  a  circle  of 
radius  greater  than  b  is  zero,  so  that  there  will  be  no  magnetic  force  outside 
the  cylindrical  conductor,  and  the  magnetic  field  will  be  limited  by  the  cylinder 
r  =  b.  The  energy  per  unit  length  is  now  given  by  formula  (4306)  with  r2  put 
equal  to  b,  so  that  the  coefficient  of  self-induction  per  unit  length  is 

L=%fi+2filog(b/a)     (430c), 

and  this  is  finite  for  all  finite  values  of  b  and  a. 

505.  The  energy  of  the  magnetic  field  produced  by  a  current  i  in  a  wire 
will  always  be  the  sum  of  the  energies  of  the  magnetic  field  in  the  wire  and 
of  the  magnetic  field  outside  the  wire.  If  the  current  is  uniformly  distributed 
in  the  wire,  the  former  energy  will  always  be  ^fi'i2  as  in  §  504.  Thus  L,  the 
self-induction  of  a  wire  of  length  I,  will  always  be  of  the  form 

L  =  Wl  +  L'  (430d), 

where  the  term  \\xl  arises  from  the  field  inside  the  wire,  and  L'  arises  from 
the  field  outside  the  wire. 

When  the  circuit  lies  entirely  in  one  plane  and  the  radius  of  cross-section 
of  the  wire  is  small  a  simple  value  can  be  obtained  for  L'.  Let  8  denote  the 
curve  formed  by  the  centres  of  the  cross-sections  of  the  wire,  and  let  S'  denote 
the  curve  formed  by  the  inner  edge  of  the  wire  in  the  plane  in  which 
the  circuit  lies.  Then  it  will  be  easily  verified  that  the  magnetic  force  at  any 
point  inside  S'  is  the  same  as  if  the  whole  current  %  flowed  along  the  curve  8. 
Hence  the  number  of  tubes  of  induction  which  flow  through  S'  when  the 
current  flows  in  the  wire  is  the  same  as  if  a  current  i  flowed  in  8,  and  so  is 
equal  to  i  times  L\2  where  L'K  is  the  coefficient  of  mutual  induction  between 
8  and  8'.  Thus  in  formula  (430 d),  L'  will  be  the  coefficient  of  mutual  induc- 
tion between  the  circuits  S  and  S'. 

As  an  example,  let  us  find  the  coefficient  of  self-induction  in  a  wire  of 
length  lira  whose  cross-section  is  a  circle  of  radius  r,  bent  into  a  circle  of 
radius  a.  The  curve  S  is  a  circle  of  radius  a,  the  curve  8'  is  a  concentric 
circle  of  radius  a  —  r.    By  formula  (430  a), 

Z' =  4™  (log  — -2 

8a 


so  that  L  =  ira/jL  +  47ra  f  log 2  j . 
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As  a  second  example,  let  us  find  the  coefficient  of  self-induction  of  a  rect- 
angular circuit  of  sides  a,  b  made  of  wire  of  circular  cross-section  of  radius  r. 
In  this  case  the  circuit  S  will  be  a  rectangle  of  sides  a,  b,  while  the  circuit  S' 
is  a  coplanar  concentric  rectangle  of  sides  a  —  r,b  —  r.  We  evaluate  L'  the 
coefficient  of  mutual  induction  of  S  and  S'  from  formula  (428).  There  is  no 
contribution  from  pairs  of  elements  on  sides  perpendicular  to  one  another, 
since  for  these  cose  =  0;  the  whole  value  of  L'  is  contributed  by  parallel  pairs 
of  elements. 

For  two  parallel  lines  of  lengths  I,  V  at  distance  h  apart,  we  find 

"dsds'      [&    ft1'  dxdx 


hi  J  -V'[(ac'-ocY  +  h*$ 


hi 
-hi 


•        i  00     ""~   Jb 

smn-1  - 


dx 
af=-W 


h 

=  (I  +  V)  sinh-1  l-±l-{l-  V)  sinh-1  ^  -  [4A2  +  (l  +  Ijf 

+  [4A*+(J_Z')»]1. 

On  making  I  —  I'  small,  and  replacing  sinh-1  by  its  logarithmic  value,  this 


becomes 


21  log  *  +  (ft  +  A')*  _  2  (Ji  +  &■)*  +  2A. 

By  repeated  use  of  this  formula  we  find 

U  =  -  8  (a  +  b)  +  8  (a2  +  62)^  -  4a  log  [a  +  (a2  +  62)*] 

-  46  log  [6  +  (a2  +  t2)-]  +  4  (a  +  6)  log  — , 

and  the  coefficient  of  self-induction  is  now  given  by 

L  =  (a  +  b)p,  +  L'. 

505  a.    Formula  (430  c),  expressing  the  self-induction  per  unit  length  of  a 

circular  wire  with  a  concentric  return,  can  be  put  in  the  form  L  =  h/uf  +  L', 

where 

L'  =  2fi  log  (b/a). 

If  K  is  the  electrostatic  capacity  per  unit  length  of  the  condenser  formed 
by  the  wire  and  its  surrounding  cylinder,  we  have,  from  §  82, 

K 


K  = 


2  log  (b/a) ' 


where  k  is  the  inductive  capacity  of  the  insulating  material  surrounding  the 
wire.    Thus 

L'=^    (430*). 

It  is  not  a  mere  accident  that  this  simple  relation  holds.    Suppose  we 
solve  the  electrostatic  problem  by  the  method  of  conjugate  functions  (§  312). 


505,  505  a]  Examples  447 

The  appropriate  transformation  is  readily  found  to  be  (cf.  §  318) 

U+iV=  Cons.  +  2  log  r  +  1i0, 

where  x  =  r  cos  6,  y  =  r  sin  6.  In  this  transformation  U  may  be  taken  to  be  the 
electrostatic  potential  due  to  unit  charge  per  unit  length,  and  V  will  clearly  be 
the  magnetic  potential  due  to  unit  current.  It  follows  at  once  that  the  value  of 
X2  +  Y2  at  any  point  when  there  is  unit  charge  per  unit  length  is  the  same 
as  the  value  of  a2  +  /32  at  the  same  point  when  there  is  unit  current  flowing, 
and  relation  (430  e)  is  at  once  seen  to  be  true. 

The  argument  can  be  applied  equally  well  to  any  conjugate-function  trans- 
formation whatever.  Thus  relation  (430  a)  is  seen  to  be  universally  true  for 
any  straight  conductor  accompanied  by  a  parallel  return. 


EXAMPLES. 

1.     A  current  i  flows  in  a  very  long  straight  wire.     Find  the  forces  and  couples  it 
exerts  upon  a  small  magnet. 

Shew  that  if  the  centre  of  the  small  magnet  is  fixed  at  a  distance  c  from  the  wire,  it 
has  two  free  small  oscillations  about  its  position  of  equilibrium,  of  equal  period 


'-A/ 


where  Mk2  is  the  moment  of  inertia,  and  /u  the  magnetic  moment,  of  the  magnet. 

2.  Two  parallel  straight  infinite  wires  convey  equal  currents  of  strength  i  in  opposite 
directions,  their  distance  apart  being  2a.  A  magnetic  particle  of  strength  p  and  moment 
of  inertia  ink"1  is  free  to  turn  about  a  pivot  at  its  centre,  distant  c  from  each  of  the  wires. 
Shew  that  the  time  of  a  small  oscillation  is  that  of  a  pendulum  of  length  I  given  by 

4:ialjx  =  mgk'icl. 

3.  Two  equal  magnetic  poles  are  observed  to  repel  each  other  with  a  force  of  40  dynes 
when  at  a  decimetre  apart.  A  current  is  then  sent  through  100  metres  of  thin  wire 
wound  into  a  circular  ring  eight  decimetres  in  diameter  and  the  force  on  one  of  the  poles 
placed  at  the  centre  is  25  dynes.     Find  the  strength  of  the  current  in  amperes. 

4.  Regarding  the  earth  as  a  uniformly  and  rigidly  magnetised  sphere  of  radius  a, 

and  denoting  the  intensity  of  the  magnetic  field  on  the  equator  by  H,  shew  that  a  wire 

surrounding  the  earth  along  the  parallel  of  south  latitude  A,  and  carrying  a  current  i 

from  west  to  east,  would  experience  a  resultant  force  towards  the  south  pole  of  the 

heavens  of  amount 

QnaiH  sin  X  cos2  X. 

5.  Shew  that  at  any  point  along  a  line  of  force,  the  vector  potential  due  to  a  current 
in  a  circle  is  inversely  proportional  to  the  distance  between  the  centre  of  the  circle  and 
the  foot  of  the  perpendicular  from  the  point  on  to  the  plane  of  the  circle.  Hence  trace 
the  lines  of  constant  vector  potential. 

6.  A  current  i  flows  in  a  circuit  in  the  shape  of  an  ellipse  of  area  A  and  length  I. 
Shew  that  the  force  at  the  centre  is  nil/ A. 
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7.  A  current  i  flows  round  a  circle  of  radius  a,  and  a  current  i'  flows  in  a  very  long 
straight  wire  in  the  same  plane.  Shew  that  the  mutual  attraction  is  47m'  (sec  a  - 1),  where 
a  is  the  angle  subtended  by  the  circle  at  the  nearest  point  of  the  straight  wire. 

8.  If,  in  the  last  question,  the  circle  is  placed  perpendicular  to  the  straight  wire  with 
its  centre  at  distance  c  from  it,  shew  that  there  is  a  couple  tending  to  set  the  two  wires  in 
the  same  plane,  of  moment  2irii'a2lc  or  2nii'c,  according  as  c>  or  <a. 

9.  A  long  straight  current  intersects  at  right  angles  a  diameter  of  a  circular  current, 
and  the  plane  of  the  circle  makes  an  acute  angle  a  with  the  plane  through  this  diameter 
and  the  straight  current.     Shew  that  the  coefficient  of  mutual  induction  is 

4it  {c  sec  a -(c2  sec2  a -a2)  2}   or   47rctan  (  -  -  -  ) , 

according  as  the  straight  current  passes  within  or  without  the  circle,  a  being  the  radius  of 
the  circle,  and  c  the  distance  of  the  straight  current  from  its  centre. 

10.  Prove  that  the  coefficient  of  mutual  induction  between  a  pair  of  infinitely  long 
straight  wires  and  a  circular  one  of  radius  a  in  the  same  plane  and  with  its  centre  at  a 
distance  b  (>  a)  from  each  of  the  straight  wires,  is 


87r(6-V62-a2). 

11.  A  circuit  contains  a  straight  wire  of  length  2a  conveying  a  current.  A  second 
straight  wire,  infinite  in  both  directions,  makes  an  angle  a  with  the  first,  and  their 
common  perpendicular  is  of  length  c  and  meets  the  first  wire  in  its  middle  point.  Prove 
that  the  additional  electromagnetic  forces  on  the  first  straight  wire,  due  to  the  presence 
of  a  current  in  the  second  wire,  constitute  a  wrench  of  pitch 

„  /      .                      ,  a  sin  a\  /  .     _             ,  a  sin  a 
2    a  sin  a  -  c  tan  ~ 1 /  sin  2a  tan  ~ 1 . 


/      .                  _   asincA  / 
(  a  sin  a  -  c  tan    1 J  /  s 


12.  Two  circular  wires  of  radii  a,  b  have  a  common  centre,  and  are  free  to  turn  on  an 
insulating  axis  which  is  a  diameter  of  both.  Shew  that  when  the  wires  carry  currents 
i,  i',  a  couple  of  magnitude 

*?('-*5)* 

is  required  to  hold  them  with  their  planes  at  right  angles,  it  being  assumed  that  b\a  is  so 
small  that  its  fifth  power  may  be  neglected. 

13.  Two  circular  circuits  are  in  planes  at  right  angles  to  the  line  joining  their  centres. 
Shew  that  the  coefficient  of  induction 


=  27r(a2-c2)  P 


cos  26  d6 


\/a2  sin2  6  +  c2  cos2  6 


where  a,  c  are  the  longest  and  shortest  lines  which  can  be  drawn  from  one  circuit  to  the 
other.     Find  the  force  between  the  circuits. 

14.  Two  currents  i,  V  flow  round  two  squares  each  of  side  a,  placed  with  their  edges 
parallel  to  one  another  and  at  right  angles  to  the  distance  c  between  their  centres.  Shew 
that  they  attract  with  a  force 

,j\/2a2  +  c2      ,       a2  +  2c2 

ow 


..,  |W2a2  +  c2      ,       a2  +  2c2  ) 
1     a2  +  c-  cVa2 +  c2J 


V«2 + < 

15.  A  current  i  flows  in  a  rectangular  circuit  whose  sides  are  of  lengths  2a,  2b,  and 
the  circuit  is  free  to  rotate  about  an  axis  through  its  centre  parallel  to  the  sides  of  length 
2a.     Another  current  i'  flows  in  a  long  straight  wire  parallel  to  the  axis  and  at  a  distance 
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d  from  it.     Prove  that  the  couple  required  to  keep  the  plane  of  the  rectangle  inclined  at 
an  angle  <£  to  the  plane  through  its  centre  and  the  straight  current  is 

%ii'abd(b2  +  cP)sm(f> 
bi  +  di-2b2d2cos2cf>' 

16.  Two  circular  wires  lie  with  their  planes  parallel  on  the  same  sphere,  and  carry 
opposite  currents  inversely  proportional  to  the  areas  of  the  circuits.  A  small  magnet  has 
its  centre  fixed  at  the  centre  of  the  sphere,  and  moves  freely  ahout  it.  Shew  that  it  will 
be  in  equilibrium  when  its  axis  either  is  at  right  angles  to  the  planes  of  the  circuits,  or 
makes  an  angle  tan-1^  with  them. 

17.  An  infinitely  long  straight  wire  conveys  a  current  and  lies  in  front  of  and  parallel 
to  an  infinite  block  of  soft  iron  bounded  by  a  plane  face.  Find  the  magnetic  potential  at 
all  points,  and  the  force  which  tends  to  displace  the  wire. 

18.  A  small  sphere  of  radius  b  is  placed  in  the  neighbourhood  of  a  circuit,  which 
when  carrying  a  current  of  unit  strength  would  produce  magnetic  force  H  at  the  point 
where  the  centre  of  the  sphere  is  placed.  Shew  that,  if  k  is  the  coefficient  of  induced 
magnetization  for  the  sphere,  the  presence  of  the  sphere  increases  the  coefficient  of  self- 
induction  of  the  wire  by  an  amount  approximately  equal  to 

87rb\(3  +  27rK)E2 

19.  A  circular  wire  of  radius  a  is  concentric  with  a  spherical  shell  of  soft  iron  of  radii 
6  and  c  If  a  steady  unit  current  flow  round  the  wire,  shew  that  the  presence  of  the  iron 
increases  the  number  of  lines  of  induction  through  the  wire  by 

2ff2a4  (c3  _  &3)  (^  _  !)  (M  +  2) 


63  {(2M  + 1)  Qx  +  2)  Cs  -  2  0*  - 1)2  62} 
approximately,  where  a  is  small  compared  with  6  and  c. 

20.  A  right  circular  cylindrical  cavity  is  made  in  an  infinite  mass  of  iron  of  perme- 
ability n  In  this  cavity  a  wire  runs  parallel  to  the  axis  of  the  cylinder  carrying  a  steady 
current  of  strength  /.  Prove  that  the  wire  is  attracted  towards  the  nearest  part  of  the 
surface  of  the  cavity  with  a  force  per  unit  length  equal  to 

2(,*-l)/2 

0*+i)rf  ' 

where  d  is  the  distance  of  the  wire  from  its  electrostatic  image  in  the  cylinder. 

21.  A  steady  current  C  flows  along  one  wire  and  back  along  another  one,  inside  a 
long  cylindrical  tube  of  soft  iron  of  permeability  p,  whose  internal  and  external  radii  are 
ax  and  a2,  the  wires  being  parallel  to  the  axis  of  the  cylinder  and  at  equal  distance  a  on 
opposite  sides  of  it.     Shew  that  the  magnetic  potential  outside  the  tube  will  be 

F=^  sin  6+  -|  sin  38+  ^sin50  +  ..., 

Hence  shew  that  a  tube  of  soft  iron,  of  150  cm.  radius  and  5  cm.  thickness,  for  which  the 
effective  value  of  n  is  1200  c.G.s.,  will  reduce  the  magnetic  field  at  a  distance,  due  to  the 
current,  to  less  than  one-twentieth  of  its  natural  strength. 

9Q 
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22.  A  wire  is  wound  in  a  spiral  of  angle  a  on  the  surface  of  an  insulating  cylinder  of 
radius  a,  so  that  it  makes  n  complete  turns  on  the  cylinder.  A  current  i  flows  through 
the  wire.     Prove  that  the  resultant  magnetic  force  at  the  centre  of  the  cylinder  is 

27rm 

a(l  +  7r2»2tan2a)i 
along  the  axis. 

23.  A  current  of  strength  i  flows  along  an  infinitely  long  straight  wire,  and  returns  in 
a  parallel  wire.  These  wires  are  insulated  and  touch  along  generators  the  surface  of  an 
infinite  uniform  circular  cylinder  of  material  whose  coefficient  of  induction  is  h.  Prove  that 
the  cylinder  becomes  magnetized  as  a  lamellar  magnet  whose  strength  is  2irkiJ{l  +  2Trk). 

24.  A  fine  wire  covered  with  insulating  material  is  wound  in  the  form  of  a  circular 
disc,  the  ends  being  at  the  centre  and  the  circumference.  A  current  is  sent  through  the 
wire  such  that  /  is  the  quantity  of  electricity  that  flows  per  unit  time  across  unit  length 
of  any  radius  of  the  disc.  Shew  that  the  magnetic  force  at  any  point  on  the  axis  of  the 
disc  is 

27r/{cosh-1  (sec  a)  — sin  a}, 

where  a  is  the  angle  subtended  at  the  point  by  any  radius  of  the  disc. 

25.  Coils  of  wire  in  the  form  of  circles  of  latitude  are  wound  upon  a  sphere  and 
produce  a  magnetic  potential  ArnPn  at  internal  points  when  a  current  is  sent  through 
them.     Find  the  mode  of  winding  and  the  potential  at  external  points. 


26.  A  tangent  galvanometer  is  to  have  five  turns  of  copper  wire,  and  is  to  be  made  so 
that  the  tangent  of  the  angle  of  deflection  is  to  be  equal  to  the  number  of  amperes  flowing 
in  the  coil.  If  the  earth's  horizontal  force  is  -18  dynes,  shew  that  the  radius  of  the  coil 
must  be  about  17  "45  cms. 

27.  A  given  current  sent  through  a  tangent  galvanometer  deflects  the  magnet  through 
an  angle  6.  The  plane  of  the  coil  is  slowly  rotated  round  the  vertical  axis  through  the 
centre  of  the  magnet.  Prove  that  if  6  >  \iv,  the  magnet  will  describe  complete  revolu- 
tions, but  if  6<  j7r,  the  magnot  will  oscillate  through  an  angle  sin-1(tan#)  on  each  side  of 
the  meridian. 

28.  Prove  that,  if  a  slight  error  is  made  in  reading  the  angle  of  deflection  of  a  tangent 
galvanometer,  the  percentage  error  in  the  deduced  value  of  the  current  is  a  minimum  if  the 
angle  of  deflection  is  j7r. 

29.  The  circumference  of  a  sine  galvanometer  is  1  metre :  the  earth's  horizontal 
magnetic  force  is  "18  c.G.s.  units.  Shew  that  the  greatest  current  which  can  be  measured 
by  the  galvanometer  is  4-56  amperes  approximately. 

30.  The  poles  of  a  battery  (of  electromotive  force  2-9  volts  and  internal  resistance 
4  ohms)  are  joined  to  those  of  a  tangent  galvanometer  whose  coil  has  20  turns  of  wire  and 
is  of  mean  radius  10  cms.  :  shew  that  the  deflection  of  the  galvanometer  is  approximately 
45°.  The  horizontal  intensity  of  the  earth's  magnetic  force  is  1*8  and  the  resistance  of 
the  galvanometer  is  16  ohms. 

31.  A  tangent  galvanometer  is  incorrectly  fixed,  so  that  equal  and  opposite  currents 
give  angular  readings  a  and  /3  measured  in  the  same  sense.  Shew  that  the  plane  of  the 
coil,  supposed  vertical,  makes  an  angle  e  with  its  proper  position  such  that 

2  tan  e  =  tan  a + tan  /3. 

32.  If  there  be  an  error  a  in  the  determination  of  the  magnetic  meridian,  find  the 
true  strength  of  a  current  which  is  i  as  ascertained  by  means  of  a  sine  galvanometer. 
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33.  In  a  tangent  galvanometer,  the  sensibility  is  measured  by  the  ratio  of  the  incre- 
ment of  deflection  to  the  increment  of  current,  estimated  per  unit  current.     Shew  that 

the  galvanometer  will  be  most  sensitive  when  the  deflection  is  — ,  and  that  in  measuring 

the  current  given  by  a  generator  whose  electromotive  force  is  E,  and  internal  resistance 
B,  the  galvanometer  will  be  most  sensitive  if  there  be  placed  across  the  terminals  a  shunt 
of  resistance 

_BRr_ 
E-H(R+rY 

where  r  is  the  resistance  of  the  galvanometer,  and  H  is  the  constant  of  the  instrument. 
What  is  the  meaning  of  the  result  if  the  denominator  vanishes  or  is  negative  ? 

34.  A  tangent  galvanometer  consists  of  two  equal  circles  of  radius  3  cms.  placed  on  a 
common  axis  8  cms.  apart.  A  steady  current  sent  in  opposite  directions  through  the  two 
circles  deflects  a  small  needle  placed  on  the  axis  midway  between  the  two  circles  through 
an  angle  a.  Shew  that  if  the  earth's  horizontal  magnetic  force  be  R  in  c.G.s.  units,  then 
the  strength  of  the  current  in  c.G.s.  units  will  be  125.£ftana/367r. 

35.  A  galvanometer  coil  of  n  turns  is  in  the  form  of  an  anchor-ring  described  by  the 
revolution  of  a  circle  of  radius  b  about  an  axis  in  its  plane  distant  a  from  its  centre. 
Shew  that  the  constant  of  the  galvanometer 


~  a  J 
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CHAPTEE  XIV 

INDUCTION  OF  CURRENTS  IN  LINEAR   CIRCUITS 

Physical  Principles. 

506.  It  has  been  seen  that,  on  moving  a  magnetic  pole  about  in  the 
presence  of  electric  currents,  there  is  a  certain  amount  of  work  done  on  the 
pole  by  the  forces  of  the  field.  If  the  conservation  of  energy  is  to  be  true  of 
a  field  of  this  kind,  the  work  done  on  the  magnetic  pole  must  be  represented 
by  the  disappearance  of  an  equal  amount  of  energy  in  some  other  part  of  the 
field.  If  all  the  currents  in  the  field  remain  steady,  there  is  only  one  store 
of  energy  from  which  this  amount  of  work  can  be  drawn,  namely  the  energy 
of  the  batteries  which  maintain  the  currents,  so  that  these  batteries  must, 
during  the  motion  of  the  magnetic  poles,  give  up  more  than  sufficient  energy 
to  maintain  the  currents,  the  excess  amount  of  energy  representing  work 
performed  on  the  poles.  Or  again,  if  the  batteries  supply  energy  at  a 
uniform  rate,  part  of  this  energy  must  be  used  in  performing  work  on  the 
moving  poles,  so  that  the  currents  maintained  in  the  circuits  will  be  less 
than  they  would  be  if  the  moving  poles  were  at  rest. 

Let  us  suppose  that  we  have  an  imaginary  arrangement  by  which  addi- 
tional electromotive  forces  can  be  inserted  into,  or  removed  from,  each  circuit 
as  required,  and  let  us  suppose  that  this  arrangement  is  manipulated  so  as  to 
keep  each  current  constant. 

Consider  first  the  case  of  a  single  movable  pole  of  strength  m  and  a  single 
circuit  in  which  the  current  is  maintained  at  a  uniform  strength  i.  If  a>  is 
the  solid  angle  subtended  by  the  circuit  at  the  position  of  the  pole  at  any 
instant,  the  potential  energy  of  the  pole  in  the  field  of  the  current  is  miw,  so 
that  in  an  infinitesimal  interval  dt  of  the  motion  of  the  pole,  the  work  per- 
formed on  the  pole  by  the  forces  of  the  field  is  mi  -=-  dt.  The  current  which 
has  flowed  in  this  time  is  idt,  so  that  the  extra  work  done  by  the  additional 

batteries  is  the  same  as  that  of  an  additional  electromotive  force  m  -r- . 

at 


506,  507]  Physical  Principles  453 

Thus  the  motion  of  the  pole  must  have  set  up  an  additional  electromotive 
force  in  the  circuit  of  amount  —  m-57  ,  to  counteract  which  the  additional 

electromotive  forces    are   needed.     The    electromotive    force    —  m  -7-    which 

at 

appears  to  be  set  up  by  the  motion  of  the  magnets  is  called  the  electromotive 

force  due  to  induction. 

The  number  of  tubes  of  induction  which  start  from  the  pole  of  strength  m 
is  47rm,  and  of  these  a  number  mm  pass  through  the  circuit.  Thus  if  n  is  the 
number  of  tubes  of  induction  which  pass  through  the  circuit  at  any  instant, 

the  electromotive  force  may  be  expressed  in  the  form  —  -=- . 

So  also  if  we  have  any  number  of  magnetic  poles,  or  any  magnetic  system 

of  any  kind,  we  find,  by  addition  of  effects  such  as  that  just  considered,  that 

dN 
there  will  be  an  electromotive  force 7—  arising  from  the  motion  of  the 

whole  system,  where  N  is  the  total  number  of  tubes  of  induction  which  cut 
the  circuit. 

It  will  be  noticed  that  the  argument  we  have  given  supplies  no  reason  for  taking  N  to 
be  the  number  of  tubes  of  induction  rather  than  tubes  of  force.  But  if  the  number  of 
tubes  crossing  the  circuit  is  to  depend  only  on  the  boundary  of  the  circuit  we  must  take 
tubes  of  induction  and  not  tubes  of  force,  for  the  induction  is  a  solenoidal  vector  while 
the  force,  in  general,  is  not. 

dN 
507.     The  electromotive  force  of  induction  — -5—  has  been  supposed  to 

be  measured  in  the  same  direction  as  the  current,  and  on  comparing  this 
with  the  law  of  signs  previously  given  in  §  483,  we  obtain  the  relation 
between  the  directions  of  the  electromotive  force  round  the  circuit,  and  of 
the  lines  of  induction  across  the  circuit.  The  magnitude  and  direction  of 
the  electromotive  force  are  given  in  the  two  following  laws: 

Neumann's  Law.  Whenever  the  number  of  tubes  of  magnetic  induction 
which  are  enclosed  by  a  circuit  is  changing,  there  is  an  electromotive  force 
acting  round  the  circuit,  in  addition  to  the  electromotive  force  of  any  batteries 
which  may  be  in  the  circuit,  the  amount  of  this  additional  electromotive  force 
being  equal  to  the  rate  of  diminution  of  the  number  of  tubes  of  induction 
enclosed  by  the  circuit. 

Lenz's  Law.     The  'positive  direction  of  the  electromotive  force  f j—j  and 

the  direction  in  which  a  tube  of  force  must  pass  through  the  circuit  in  order  to 
be  counted  as  positive,  are  related  in  the  same  way  as  the  forward  motion  and 
rotation  of  a  right-handed  screw. 
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If  there  is  no  battery  in  the  circuit,  the  total  electromotive  force  will  be 

dN 
— ,  and  the  current  originated  by  this  electromotive  force  is  spoken  of  as 

CLZ 

an  "  induced  "  current. 

508.  In  order  that  the  phenomena  of  induced  currents  may  be  consistent 
with  the  conservation  of  energy,  it  must  obviously  be  a  matter  of  indifference 
whether  we  cause  the  magnetic  lines  of  induction  to  move  across  the  circuit, 
or  cause  the  circuit  to  move  across  the  lines  of  induction.  Thus  Neumann's 
Law  must  apply  equally  to  a  circuit  at  rest  and  a  circuit  in  motion.  So  also 
if  the  circuit  is  flexible,  and  is  twisted  about  so  as  to  change  the  number  of 
lines  of  induction  which  pass  through  it,  there  will  be  an  induced  current  of 
which  the  amount  will  be  given  by  Neumann's  Law. 

509.  For  instance  if  a  metal  ring  is  spun  about  a  diameter,  the  number 
of  lines  of  induction  from  the  earth's  field  which  pass  through  it  will  change 
continuously,  so  that  currents  will  flow  in  it.  Furthermore,  energy  will  be 
consumed  by  these  currents  so  that  work  must  be  expended  to  keep  the  ring 
in  rotation.  Again  the  wheels  and  axles  of  two  cars  in  motion  on  the  same 
line  of  rails,  together  with  the  rails  themselves,  may  be  regarded  as  forming 
a  closed  circuit  of  continually  changing  dimensions  in  the  earth's  magnetic 
field.  Thus  there  will  be  currents  flowing  in  the  circuit,  and  there  will  be 
electromagnetic  forces  tending  to  retard  or  accelerate  the  motions  of  the  cars. 

510.  If,  as  we  have  been  led  to  believe,  electromagnetic  phenomena  are 
the  effect  of  the  action  of  the  medium  itself,  and  not  of  action  at  a  distance, 
it  is  clear  that  the  induced  current  must  depend  on  the  motion  of  the  lines  of 
force,  and  cannot  depend  on  the  manner  in  which  these  lines  of  force  are  pro- 
duced. Thus  induction  must  occur  just  the  same  whether  the  magnetic  field 
originates  in  actual  magnets  or  in  electric  currents  in  other  parts  of  the  field. 
This  consequence  of  the  hypothesis  that  the  action  is  propagated  through  the 
medium  is  confirmed  by  experiment — indeed  in  Faraday's  original  investiga- 
tions on  induction,  the  field  was  produced  by  a  second  current. 

511.  Let  us  suppose  that  we  have  two  circuits  1,  2,  of  which  1  contains 
a  battery  and  a  key  by  which  the  circuit 
can  be  closed  and  broken,  while  circuit  2 
remains  permanently  closed,  and  contains  a 
galvanometer  but  no  battery.  On  closing 
the  circuit  1,  a  current  flows  through  circuit 
1,  setting  up  a  magnetic  field.  Some  of  the 
tubes  of  induction  of  this  field  pass  through 

circuit  2,  so  that  the  number  of  these  tubes  Key 

changes  as  the  current  establishes  itself  in  a  ery 

circuit  1,  and  the  galvanometer  in  2  will  •       " 

accordingly  shew  a  current.     When  the  current  in  1  has  reached  its  steady 
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value,  as  given  by  Ohm's  Law,  the  number  of  tubes  through  circuit  2  will  no 
longer  vary  with  the  time,  so  that  there  will  be  no  electromotive  force  in 
circuit  2,  and  the  galvanometer  will  shew  no  current.  If  we  break  the 
circuit  1,  there  is  again  a  change  in  the  number  of  tubes  of  induction  passing 
through  the  second  circuit,  so  that  the  galvanometer  will  again  shew  a 
momentary  current. 

General  Equations  of  Induction  in  Linear  Circuits. 

512.  Let  us  suppose  that  we   have  any  number  of  circuits   1,   2,    

Let  their  resistances  be  Ru  R2,  ...,  let  them  contain  batteries  of  electro- 
motive forces  Elf  E2,  ...,  and  let  the  currents  flowing  in  them  at  any  instant 

DO  tj,  12)  •  •  • . 

The  numbers  of  tubes  of  induction  N1}  J¥2,  ...  which  cross  these  circuits 
are  given  by  (cf.  equations  (429)) 

J^j  =  Zuij.  +  L12i2  +  L13i3  +  . . .,  etc. 

In  circuit  1  there  is  an  electromotive  force  Ex  due  to  the  batteries,  and  an 

dN 

electromotive  force r-1  due  to  induction.     Thus  the  total  electromotive 

at 

force  at  any  instant  is  E-^ — -7—1,  and  this,  by  Ohm's  Law,  must  be  equal  to 

Riix.     Thus  we  have  the  equation 

Ei--r  (LnH  +  Ll2i2  +  L13i3  +  ...)  =  Rih    (431). 

Similarly  for  the  second  circuit, 

E2  -  jt  (Lnh.  +  L,2i2  +  L23iz  +...)  =  R2i2    (432), 

and  so  on  for  the  other  circuits. 

Equations  (431),  (432),  ...  may  be  regarded  as  differential  equations  from 
which  we  can  derive  the  currents  i1}  i2,  ...  in  terms  of  the  time  and  the 
initial  conditions.     We  shall  consider  various  special  cases  of  this  problem. 

Induction  in  a  Single  Circuit. 

513.  If  there  is  only  a  single  circuit,  of  resistance  R  and  self-induction  L, 
equation  (431)  becomes 

E-jt(Li1)  =  Ri1 (433). 

Let  us  use  this  equation  first  to  find  the  effect  of  closing  a  circuit  pre- 
viously broken.  Suppose  that  before  the  time  t  =  0  the  circuit  has  been 
open,  but  that  at  this  instant  it  is  suddenly  closed  with  a  key,  so  that  the 
current  is  free  to  flow  under  the  action  of  the  electromotive  force  E. 
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The  first  step  will  be  to  determine  the  conditions  immediately  after  the 

d 
circuit  is  closed.     Since  -n(Lii)  is,  by  equation  (433),  a  finite  quantity,  it 

follows  that  Lix  must  increase  or  decrease  continuously,  so  that  immediately 
after  closing  the  circuit  the  value  of  Lix  must  be  zero. 

To  find  the  way  in  which  ix  increases,  we  have  now  to  solve  equation  (433), 
in  which  E,  L  and  R  are  all  constants,  subject  to  the  initial  condition  that 
ix  =  0  when  t  =  0.     Writing  the  equation  in  the  form 


we  see  that  the  general  solution  is 


-5* 


E-Ri1  =  Ce  L 

where  G  is  a  constant,  and  in  order  that  ix  may  vanish  when  t  —  0,  we  must 
have  G  =  E,  so  that  the  solution  is 


;,=|(i-e-z<) 


.(434). 


It  will  be  seen 


Fm.  131. 


The  graph  of  ix  as  a  function  of  t  is  shewn  in  fig.  131. 
that  the  current  rises  gradually  to  its  final 
value  EjR  given  by  Ohm's  Law,  this  rise 
being  rapid  if  L  is  small,  but  slow  if  L  is 
great.  Thus  we  may  say  that  the  increase  in 
the  current  is  retarded  by  its  self-induction. 
We  can  see  why  this  should  be.  The  energy 
of  the  current  i±  is  ^Lif,  and  this  is  large  when 
L  is  large.  This  energy  represents  work  per- 
formed by  the  electric  forces:  when  the  current 
is  i1}  the  rate  at  which  these  forces  perform  work  is  E\,  a  quantity  which 
does  not  depend  on  L.  Thus  when  L  is  large,  a  great  time  is  required  for 
the  electric  forces  to  establish  the  great  amount  of  energy  Li*. 

A  simple  analogy  may  make  the  effect  of  this  self-induction  clearer.  Let  the  flow  of 
the  current  be  represented  by  the  turning  of  a  mill-wheel,  the  action  of  the  electric  forces 
being  represented  by  the  falling  of  the  water  by  which  the  mill-wheel  is  turned.  A  large 
value  of  L  means  large  energy  for  a  finite  current,  and  must  therefore  be  represented  by 
supposing  the  mill-wheel  to  have  a  large  moment  of  inertia.  Clearly  a  wheel  with  a  small 
moment  of  inertia  will  increase  its  speed  up  to  its  maximum  speed  with  great  rapidity, 
while  for  a  wheel  with  a  large  moment  of  inertia  the  speed  will  only  increase  slowly. 

Alternating  Current. 

514.  Let  us  next  suppose  that  the  electromotive  force  in  the  circuit  is 
not  produced  by  batteries,  but  by  moving  the  circuit,  or  part  of  the  circuit, 
in  a  magnetic  field.     If  N  is  the  number  of  tubes  of  induction  of  the 
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external   magnetic  field  which  are  enclosed   by  the  circuit  at  any  instant, 
the  equation  is 

-jt(Li1  +  N)  =  Ri1   (435). 

The  simplest  case  arises  when  iV  is  a  simple-harmonic  function  of  the 
time,  proportional  let  us  say  to  cos pt.  We  can  simplify  the  problem  by  sup- 
posing that  N  is  of  the  form  C  (cos  pt  +  i  sin  pt).  The  real  part  of  N  will 
give  rise  to  a  real  value  of  i1}  and  the  imaginary  part  of  N  to  an  imaginary 
value  of  v  Thus  if  we  take  N=  Geipt  we  shall  obtain  a  value  for  i,  of  which 
the  real  part  will  be  the  true  value  required  for  ilt 

Assuming  N=  G  (cos  pt  +  i  sin  pt)  =  Geipt,  the  equation  becomes 

^jt{IA1^G^)  =  Riu 

and  clearly  the  solution  will  be  proportional  to  eipt.     Thus  the  differential 

operator  -=r  will  act  only  on  a  factor  eipt,  and  will  accordingly  be  equivalent  to 

multiplication  by  ip.     We  may  accordingly  write  the  equation  as 

-ip(Li1+Ceipt)  =  Ril, 
a  simple  algebraic  equation  of  which  the  solution  is 

.  _-piGeipt 
h~  R  +  Lip  ' 

Let  the  modulus  and  argument  of  this  expression  be  denoted  by  p  and  %, 
so  that  the  value  of  the  whole  expression  is  p  (cos  %  +  *  sin  %).  The  value  of 
p,  the  modulus,  is  equal  (§  311)  to  the  product  of  the  moduli  of  the  factors,  so 
that 

pG 
P  ~  V.R8  +  Ly ' 

while  the  argument  x>  being  equal  (§  311)  to  the  sum  of  the  arguments  of 
the  factors,  is  given  by 

*= p*  -\~  tan_1(^)- 

The  solution  required  for  i,  is  the  real  term  p  cos  %,  so  that 
h.  =  pcosX 

=  —j£-^sinf^-tan-f^[  (436). 

The  electromotive  force  produced  by  the  change  in  the  number  of  tubes 
of  the  external  field  is 

~~^  =  - jt(0  cos  pt)=pG  sin  pt 
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Thus,  if  self-induction  were  neglected,  the  current,  as  given  by  Ohm's 

Law,  would  be 

pG  . 

and  this  of  course  would  agree  with  that  which  would  be  given  by  equation 
(436)  if  L  were  zero. 

The  modifications  produced  by  the  existence  of  self-induction  are  repre- 
sented by  the  presence  of  L  in  expression  (436),  and  are  two  in  number.  In 
the  first  place  the  phase  of  the  current  lags  behind  that  of  the  impressed 

electromotive  force  by  tan-1  -~ ,  and  in  the  second  place  the  apparent  resist- 
ance is  increased  from  R  to  *JR2  -f-  Dp1. 

515.  The  conditions  assumed  in  this  problem  are  sufficiently  close  to 
those  which  occur  in  the  working  of  a  dynamo  to  illustrate  this  working.  A 
coil  which  forms  part  of  a  complete  circuit  is  caused  to  rotate  rapidly  in  a 
magnetic  field  in  such  a  way  as  to  cut  a  varying  number  of  lines  of  induction. 

The  quantity  ■£-  may  be  supposed  to  represent  the  number  of  alterna- 

tions  per  second.  In  the  simple  case  of  a  two-pole  alternator  this  will  be 
equal  to  the  number  of  revolutions  of  the  engine  by  which  the  dynamo  is 
driven,  so  that  the  current  sent  through  the  circuit  will  be  an  "  alternating  " 
current  of  frequency  equal  to  that  of  the  engine.  In  the  example  given,  the 
rate  at  which  heat  is  generated  is  (p  cos  %)2  R,  and  the  average  rate,  averaged 
over  a  large  number  of  alternations,  is  \p~R  or 

1     p*C*R 

2  R*+iy 

This,  then,  would  be  the  rate  at  which  the  engine  driving  the  dynamo 
would  have  to  perform  the  work. 

Discharge  of  a  Condenser. 

516.  A  further  example  of  the  effect  of  induction  in  a  single  circuit  which 
is  of  extreme  interest  is  supplied  by  the  phenomenon  of  the  discharge  of  a 
condenser. 

Let  us  suppose  that  the  charges  on  the  two  plates  at  any  instant  are  Q 
and  —  Q,  the  plates  being  connected  by  a  wire  of  resistance  R  and  of  self- 
induction  L.     If  G  is  the  capacity  of  the  condenser,  the  difference  of  potential 

of  the  two  plates  will  be  ^,  and  this  will  now  play  the  same  part  as  the 
electromotive  force  of  a  battery.     The  equation  is  accordingly 

§-|(2*)-JK  (437). 
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The  quantities  Q  and  i  are  not  independent,  for  i  measures  the  rate  of 
flow  of  electricity  to  or  from  either  plate,  and  therefore  the  rate  of  diminution 

of  Q.    We  accordingly  have  %—-—-,  and  on  substituting  this  expression  for 

i,  equation  (437)  becomes 

d*Q         dQ     Q 

L-dF  +  R-dt+c  =  °- 

The  solution  is  known  to  be 

Q^Ae-^t  +  Be-^*    (438), 

where  A,  B  are  arbitrary  constants,  and  \lt  X2  are  the  roots  of 

Lx*-Rx  +  ^  =  0 (439). 

If  the  circuit  is  completed  at  time  t  =  0,  the  charge  on  each  plate  being 
initially  Q0,  we  must  have,  at  time  t  =  0, 

and  these  conditions   determine  the  constants  A   and   B.     The   equations 
giving  these  quantities  are 

A+B  =  Q0,        A\  +  B\2  =  0. 

If  the  roots  of  equation  (439)  are  real,  it  is  clear,  since  both  their  sum 
and  their  product  are  positive,  that  they  must  themselves  be  positive  quanti- 
ties. Thus  the  value  of  Q  given  by  equation  (438)  will  gradually  sink  from 
Q0  to  zero.     The  current  at  any  instant  is 

dQ 
dt 


i=-^  =  A\1e-^t  +  B\2e-^ 


=  A\e-^t(l-e-^-^t), 

and  this  starts  by  being  zero,  rises  to  a  maximum  and  then  falls  again  to 
zero.  The  current  is  always  in  the  same  direction,  so  that  Q  is  always  of  the 
same  sign. 

It  is,  however,  possible  for  equation  (439)  to  have  imaginary  roots.     This 
will  be  the  case  if 

it       G 

4<L 

is  negative.     Denoting  R2  — ~- ,  when  negative,  by  —  *8,  the  roots  will  be 

R  ±  XK 

Xl'    2=     2L    ' 
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so  that  the  solution  (438)  becomes 

_RtL  vet  _M 

Q  =  e  *L(Ae°L  +  Be  *L) 


=  e  2L  D  cos  ( ^y 


-«>■ 


where  D,  e  are  new  constants.    In  this  case  the  discharge  is  oscillatory.     The 

charge  Q  changes  sign  at  intervals ,  so  that  the  charges  surge  backwards 

and  forwards  from  one  plate  to  the  other.     The  presence  of  the  exponential 


m 


e  2L  shews  that  each  charge  is  less  than  the  preceding  one,  so  that  the 
charges  ultimately  die  away.     The  graphs  for  Q  and  i  in  the  two  cases  of 

4X 
(i)      R2  >  -77-  (discharge  continuous), 

4X 

(ii)     R2  <  -77-  (discharge  oscillatory), 

are  given  in  figs.  132  and  133. 


Fig.  132. 
(i)    discharge  continuous. 


Fig.  133. 
(ii)     discharge  oscillatory. 


The  existence  of  the  oscillatory  discharge  is  of  interest,  as  the  possibility 
of  a  discharge  of  this  type  was  predicted  on  purely  theoretical  grounds  by 
Lord  Kelvin  in  1853.  Four  years  later  the  actual  oscillations  were  observed 
by  Feddersen. 
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517.  It  is  of  value  to  compare  the  physical  processes  in  the  two  kinds  of 
discharge. 

Let  us  consider  first  the  continuous  discharge  of  which  the  graphs  are 
shewn  in  fig.  132.  The  first  part  of  the  discharge  is  similar  to  the  flow 
already  considered  in  §  513.     At  first  we  can  imagine  that  the  condenser  is 

exactly  equivalent  to  a  battery  of  electromotive  force  E  =  -~>  and  the  act  of 

discharging  is  equivalent  to  completing  a  circuit  containing  this  battery. 
After  a  time  the  difference  between  the  two  cases  comes  into  effect.  The 
battery  would  maintain  a  constant  electromotive  force,  so  that  the  current 

E 

would  reach  a  constant  final  value  -^ ,  whereas  the  condenser  does  not  supply 

a  constant  electromotive  force.  As  the  discharge  occurs,  the  potential  differ- 
ence between  the  plates  of  the  condenser  diminishes,  and  so  the  electromotive 
force,  and  consequently  the  current,  also  diminish.  Thus  the  graph  for  i  in 
fig.  132,  can  be  regarded  as  shewing  a  gradual  increase  towards  the  value 

p  [where  E  =  -~\  in  the  earlier  stages,  combined  with  a  gradual  falling  off  of 

the  current,  consequent  on  the  diminution  of  E,  in  the  later  stages. 

For  the  oscillatory  discharge  to  occur,  the  value  of  L  must  be  greater  than 
for  the  continuous  discharge.  The  energy  of  a  current  of  given  amount  is 
accordingly  greater,  while  the  rate  at  which  this  is  dissipated  by  the  genera- 
tion of  heat,  namely  Hi2,  remains  unaltered  by  the  greater  value  of  L.  Thus 
for  sufficiently  great  values  of  L  the  current  may  persist  even  after  the  con- 
denser is  fully  discharged,  a  continuation  of  the  current  meaning  that  the 
condenser  again  becomes  charged,  but  with  electricity  of  different  signs  from 
the  original  charges.     In  this  way  we  get  the  oscillatory  discharge. 

Induction  in  a  Pair  of  Circuits. 

518.  If  L,  M,  N  are  the  coefficients  ot  induction  (Ln,  L12,  X22)  of  a  pair  of 
circuits  of  resistances  R,  S,  in  which  batteries  of  electromotive  forces  Elt  E2 
are  placed,  the  general  equations  become 

Ei-^iLh  +  MiJ^Bix    (440), 

E2-jt(Mi1  +  Ni2)  =  Si2    (441). 

Sudden  Completing  of  Circuit. 

519.  Let  us  consider  the  conditions  which  must  hold  when  one  of  the 
circuits  is  suddenly  completed,  the  process  occupying  the  infinitesimal  inter- 
val from  t  =  0  to  t  =  t.     Let  the  changes  which  occur  in  ^  and  i2  during  this 


462 


Induction  of  Currents  in  Linear  Circuits      [ch.  xiv 


interval  be  denoted  by  At\  and  Ai2.     Equations  (440)  and  (441)  shew  that 
during  the  interval  from  t  =  Q  to  t  =  r  the  values  of  -r  (Lix  +  Mi2)  and  of 

-j-  (Mix  +  Ni2)  are  finite,  so   that  when  r  is   infinitesimal,  the   changes  in 

Guv 

Lix  +  Mi2  and  Mix  +  Ni2  must  vanish.     Thus  we  must  have 

LM,  +  MAi2  =  0, 

M  Ati  +  NM2  =  0. 

Except  in  the  special  case  in  which  LN  —  Mz  =  0  (a  case  of  importance, 
which  will  be  considered  later),  these  equations  can  be  satisfied  only  by 
Ai'x  =  At2  =  0.  Thus  the  currents  remain  unaltered  by  suddenly  making  a 
circuit,  and  the  change  in  the  currents  is  gradual  and  not  instantaneous. 

520.  Suppose,  for  instance,  that  before  the  instant  t  =  0  circuit  2  is 
closed  but  contains  no  battery,  while  circuit  1,  containing  a  battery,  is  broken. 
Let  circuit  1  be  closed  at  the  instant  t  =  0,  then  the  initial  conditions  are 
that  at  time  t  =  0,  ix  =  i2  =  0.     The  equations  to  be  solved  are 


[R+Li^+Mit^E- 


.(442), 


Ti/r  d 
Mdt^ 


^(s  +  N-^i^O  (443). 


The  solution  is  known  to  be 

i2  =  Be~Kt  +  B'e-yt, 

where  A,  A\  B,  B'  are  constants,  and  X,  \'  are  the  roots  of 

(R  -  L\)  (S  -  N\)  -  if2\2  =  0, 

or  of  RS-(RN  +  SL)\  +  (LN-M2)Xi  =  0    (444). 

The  energy  of  the  currents,  namely 

%(Li1*  +  2Mi1i2  +  m2*), 

being  positive  for  all  values  of  ix  and  i2,  it  follows  that  LN '  —  M2  is  necessarily 
positive.  Since  RS  and  RN  +  SL  are  also  necessarily  positive,  we  see  that  all 
the  coefficients  in  equation  (444)  are  positive,  so  that  the  roots  \,  \'  are  both 
positive. 

When  t  =  0,  we  must  have 


(i2)(,0  =  B  +  B'  =  0 


•(445), 
.(446), 
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and  in  order  that  equation  (443)  may  be  satisfied  at  every  instant,  we  must 
have 

-  MAXe~Kt  -  MA'Xer™  +  (S-  NX)  Be~M  +  (S  -  NX)  B'e^'1  =  0, 

for  all  values  of  t,  and  for  this  to  be  satisfied  the  coefficients  of  e~Kt  and  e~yt 
must  vanish  separately.     Thus  we  must  have 

(S-NX)B  =  MAX    (447), 

(S-NX)B'  =  MA'X  (448), 

and  if  these  relations  are  satisfied,  and  X,  X  are  the  roots  of  equation  (444), 
then  equation  (442)  will  be  satisfied  identically.  From  equations  (445),  (446), 
(447)  and  (448),  we  obtain 

B=-F        AX         -A'X    _         -E, 

M       M      S-N\~~S-NX~RS(\-i-X-*y 

and  the  solution  is  found  to  be 

(S-Nx)E,  (S-NX)E, 

h     BSX(X-i-X'-^L     e     )  +  RXX'(X'-i-X-ij{1-e     >> 

ME,  u  ME, 

RSiX-i-X-1)  RS(x'~i-x-i)e     * 

E 

We  notice  that  the  current  in  1  rises  to  its  steady  value  ^ ,  the  rise  being 

similar  in  nature  to  that  when  only  a  single  circuit  is  concerned  (§  513).  The 
rise  is  quick  if  X  and  V  are  large — i.e.  if  the  coefficients  of  induction  are 
small,  and  conversely.  The  current  in  2  is  initially  zero,  rises  to  a  maximum 
and  then  sinks  again  to  zero.  The  changes  in  this  current  are  quick  or  slow 
according  as  those  of  current  1  are  quick  or  slow. 


Sudden  Breaking  of  Circuit 

521.  The  breaking  of  a  circuit  may  be  represented  mathematically  by 
supposing  the  resistance  to  become  infinite.  Thus  if  circuit  1  is  broken,  the 
process  occurring  in  the  interval  from  t  =  0  to  t  =  r,  the  value  of  R  will 
become  infinite  during  this  interval,  while  the  value  of  \  becomes  zero.  The 
changes  in  i,  and  i2  are  still  determined  by  equations  (440)  and  (441),  but  we 
can  no  longer  treat  iJasa  constant,  and  we  cannot  assert  that  in  the  interval 
from  0  to  t  the  value  of  Rix  is  always  finite. 

It  follows,  however,  from  equation  (441)  that  -j- (Mi,  +  Ni2)  remains  finite 

throughout  the  short  interval,  so  that  we  have,  with  the  same  notation  as 
before, 

MM,  +  NAi2  =  0. 


464 
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Suppose  for  instance  that  before  the  circuit  1  was  broken  we  had  a  steady 

E 

current  -^  in  circuit  1,  and  no  current  in  circuit  2.     We  shall  then  have 


so  that 


Lix  =  - 


El 

R* 

ME, 


NR* 


and  therefore  immediately  after  the  break,  the  initial  current  in  circuit  2  is 

.      ME, 
%2-~NR' 

This  current  simply  decays  under  the  influence  of  the  resistance  of  the 
circuit.     Putting  E%  =  0  and  i,  =  0  in  equation  (441)  we  obtain 

du  _       S  . 
dt~~Nh> 

and  the  solution  which  gives  i2  =  -^~  initially  is 

h~ NRe       ' 

The  changes  in  the  current  i,  during  the  infinitesimal  interval  t  are  of 
interest.  These  are  governed  by  equation  (440),  the  value  of  R  not  being 
constant. 

The  value  of  Ex  is  finite,  and  may  accordingly  be  neglected  in  comparison 
with  the  other  terms  of  equation  (440),  which  are  very  great  during  the 
interval  of  transition.     Thus  the  equation  becomes,  approximately, 


d 


d 

r-  (Li,  +  Mi,)  =  -  Ri, 


.(449). 


The  value  of  -j-  (Mi,  -f  ,ZW2)  is,  as  we  have  already  seen,  finite,  so  that  we 


M 


may  subtract  -^  times  this  quantity  from  the  left-hand  member  of  equation 

(449)  and  the  equation  remains  true      By  doing  this  we  eliminate  i2>  and 
obtain 

/        M\di, 
(L-Njdt=-Rh- 
The  solution  which  gives  to  i,  the  initial  value  (i,\  is 


N 


■!> 


dt 


giving  the  way  in  Avhich  the  current  falls  to  zero.  We  notice  that  if 
LN  —  M2  is  very  small,  the  current  falls  off  at  once,  while  if  LN  —  Mn-  is  large, 
the  current  will  persist  for  a  longer  time.  In  the  former  case  the  breaking 
of  the  circuit  is  accompanied  only  by  a  very  slight  spark,  in  the  latter  case 
by  a  stronger  spark. 
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One  Circuit  containing  a  Periodic  Electromotive  Force. 

522.  Let  us  suppose  next  that  the  circuits  contain  no  batteries,  but  that 
circuit  1  is  acted  upon  by  a  periodic  electromotive  force,  say  E  cos pt,  such  as 
might  arise  if  this  circuit  contained  a  dynamo. 

As  in  §  514,  it  is  simplest  to  assume  an  electromotive  force  Eeipt :  the 
solution  actually  required  will  be  obtained  by  ultimately  rejecting  the 
imaginary  terms  in  the  solution  obtained. 

The  equations  to  be  solved  are  now 

EeW-jiLh  +  M^Rix (450), 

-jt(Mi1  +  Ni2)  =  iSi2  (451). 


As  before  both  it  and  i2,  as  given  by  these  equations,  will  involve  the 

dt 


d 
time  only  through  a  factor  eipt,  so  that  we  may  replace  -j-  by  ip,  and  the 


equations  become 


from  which  we  obtain 


Rh.  +  Lipi-t  +  Mipi2  =  Eeipt, 
Si2  +  Mipi!  +  Nipi2  =  0, 

L  Eeipt 


S  +  Nip     -  Mip     (R  +  Lip)  (S  +  Nip)  +  My- ' 
The  current  ix  in  the  primary  is  given,  from  these  equations,  by 

Eeipt 


ii  = 


n      T .  M-p1 

K  +  Lip  +  -rz ~rr- 

F     S+Nip 

Eeipt 

~Z      ~       My  {S- Nip) 

Eeipt 


R'  +  L'ip' 


SMy  NMy 


-here  jy_B  +  B_j^.,         V-L-^j^. 

The  case  of  no  secondary  circuit  being  present  is  obtained  at  once  by 
putting  S  =  oo ,  and  the  solution  for  \  is  seen  to  be  the  same  as  if  no 
secondary  circuit  were  present,  except  that  R',  L'  are  replaced  by  R  and  L. 
Thus  the  current  in  the  primary  circuit  is  affected  by  the  presence  of  the 
secondary  in  just  the  same  way  as  if  its  resistance  were  increased  from 
R  to  R',  and  its  coefficient  of  self-induction  decreased  from  L'  to  L. 
j.  30 
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The  amplitudes  of  the  two  currents  are  |t2|  and  |t2|,  so  that  the  ratio  of 
the  amplitude  of  the  current  in  the  secondary  to  that  in  the  primary  is 

|  i2 1        -  Mip 


v 


(452). 


The  difference  of  phase  of  the  two  currents 

=  arg  i2  —  arg  ix 
=  arg  (h/h) 

-  Mip  \ 


=  arg 


8  + Nip) 


=  7r-tan_1(i|) (453)- 

523.  The  analysis  is  of  practical  importance  in  connection  with  the 
theory  of  transformers.  In  such  applications,  the  current  usually  is  of  very 
high  frequency,  so  that  p  is  large,  and  we  find  that  approximately  the  ratio 

.    M        . 

of  the  amplitudes  (cf.  expression  (452))  is  -^,  while  the  difference  of  phase 

(cf.  expression  (453))  is  ir.  These  limiting  results,  for  the  case  of  p  infinite, 
can  be  obtained  at  a  glance  from  equation  (451).     The  right-hand  member, 

Si2,  is  finite,  so  that  *■ ■(Mi1  +  Ni2)  is  finite  in  spite  of  the  infinitely  rapid 

variations  in  it  and  i2  separately.  In  other  words,  we  must  have  approxi- 
mately Mix  +  Ni2  constant,  and  clearly  the  value  of  this  constant  must  be 
zero,  giving  at  once  the  two  results  just  obtained. 

524.  Whatever  the  value  of  p,  the  result  expressed  in  equation  (452)  can 
be  deduced  at  once  from  the  principle  of  energy.  The  current  in  the  primary 
is  the  same  as  it  would  be  if  the  secondary  circuit  were  removed  and  R,  L 
changed  to  R',  U.  Thus  the  rate  at  which  the  generator  performs  work  is 
R'ix2,  or  averaged  over  a  great  number  of  periods  (since  ta  is  a  simple-harmonic 
function  of  the  time)  is  ^R'  \  ix  |2.  Of  this  an  amount  \R\ix  |2  is  consumed  in 
the  primary,  so  that  the  rate  at  which  work  is  performed  in  the  secondary  is 
\{R!-R)\h\\ox 

i   SMy  . . 

This  rate  of  performing  work  is  also  known  to  be  -^It^l2,  and  on 
equating  these  two  expressions  we  obtain  at  once  the  result  expressed 
by  equation  (452). 
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Case  in  which  LN  —  M2  is  small. 

525.  The  energy  of  currents  ilt  i2  in  the  two  circuits  is 

1(^  +  21^+^)  (454), 

and  since  this  must  always  be  positive,  it  follows  that  LN  —  M2  must  neces- 
sarily be  positive.  The  results  obtained  in  the  special  case  in  which  LN  —  M2 
is  so  small  as  to  be  negligible  in  comparison  with  the  other  quantities 
involved  are  of  special  interest,  so  that  we  shall  now  examine  what  special 
features  are  introduced  into  the  problems  when  LN  —  M2  is  very  small. 

Expression  (454)  can  be  transformed  into 

,  /r.      „,..,     LN-M2 ., 
$(Lil  +  Mia)*  + — 2J — •»"» 

so  that  when  LN  —  M2  is  neglected  the  energy  becomes 

^{Lh+Mi^y, 

and  this  vanishes  for  the  special  case  in  which  the  currents  are  in  the  ratio 
h/*a  =  —  MjL.  This  enables  us  to  find  the  geometrical  meaning  of  the  relation 
LN  —  M2=  0.     For  since  the  energy  of  the  currents,  as  in  §  501,  is 

we  see  that  this  energy  can  only  vanish  if  the  magnetic  force  vanishes  at 
every  point.  This  requires  that  the  equivalent  magnetic  shells  must  coincide 
and  be  of  strengths  which  are  equal  and  opposite.  Thus  the  two  circuits 
must  coincide  geometrically.  The  number  of  turns  of  wire  in  the  circuits 
may  of  course  be  different :  if  we  have  r  turns  in  the  primary  and  s  in  the 
secondary,  we  must  have 

L      M_r 

M~  N~s' 

and  when  the  currents  are  such  as  to  give  a  field  of  zero  energy,  each  fraction 
is  equal  to  —  i2Jii> 

526.  Let  us  next  examine  the  modifications  introduced  into  the  analysis 
by  the  neglect  of  LN  —  M2  in  problems  in  which  the  value  of  this  quantity  is 
small.     We  have  the  general  equations  (§  518), 

Ex-j(Lh  +  Mij)  =  mi (455), 

E2-jt(Mi1  +  Ni2)  =  Sl (45G). 

If  we  multiply  equation  (455)  by  M  and  equation  (456)  by  L  and  sub- 
tract, we  obtain 

ME.-LE^RMn-SLi,  (457), 

an  equation  which  contains  no  differentials. 

30—2 
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527.  To  illustrate,  let  us  consider  the  sudden  making  of  one  circuit, 
discussed  in  the  general  case  in  §  519.  The  general  equations  there  obtained, 
namely 

L  M,  +  M. Ai8  =  0, 

MAi,  +  NAi2  =  0, 

now  become  identical.     We  no  longer  can  deduce  the  relations  At\  =  At2  =  0, 
but  have  only  the  single  initial  conditions 

£$—£    (458). 

At2         L  v       ' 

But  by  supposing  equations  (455)  and  (456)  replaced  by  equations  (455) 
and  (457)  we  have  only  one  differential  coefficient  and  therefore  only  one 
constant  of  integration  in  the  solution,  and  this  can  be  determined  from 
the  one  initial  condition  expressed  by  equation  (458). 

Let  us,  for  instance,  consider  the  definite  problem  discussed  (for  the 
general  case)  in  §  520.  Circuit  2  contains  no  battery  so  that  E2  =  0,  and  at 
time  t  =  0  circuit  1  is  suddenly  closed,  so  that  the  electromotive  force  Ex 
comes  into  play  in  the  first  circuit.     The  initial  currents  are  given  by 

(from  equation  (458)),  L^  +  Mi^O (459), 

(from  equation  (457)),  MEX  =  RMix  -  SLi2    (460),   . 

i,       %  ME,  ME, 


so  that 


M     -L     RM*  +  8L*     L(RN  +  SL)^ 


Thus  finite  currents  come  into  existence  at  once,  but  the  system  of 
currents  is  one  of  zero  energy,  since  equation  (459)  is  satisfied.     To  find  the 

subsequent  changes,  we  multiply  equation  (455)  by  -^  and  equation  (456)  by 

M 

-~  (putting  E2  =  0),  and  find  on  addition 


LE, 


~{R  +  ~s)di  (Lil  +  Mi^  =  Lil  +  Mii' 


R 

of  which  the  solution,  subject  to  the  initial  condition  Lix  +  Mi2  =  0,  is 

T  7?     /  -B-Sf      ,N 

■L'&i  /i  ~-»y-ur..g^ 


Li,  +  M^  =  ^r  (l  -  e'^^A 


From  this  and  equation  (460)  we  obtain 

h.  -  4  E, 


to,         _    &x     A         -     ™    t      RM  +  LS* 
and  these  equations  give  the  currents  at  any  time. 
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These  results  can  of  course  be  deduced  also  by  examining  the  limiting 
form  assumed  by  the  solution  of  §  520,  when  LN '—  if2  vanishes. 

The  problem  of  the  breaking  of  a  circuit,  discussed  in  §  521,  can  be 
examined  in  a  similar  way  in  the  special  case  in  which  LN  —  if2  =  0.  The 
current  £,  in  the  broken  circuit  is  found  to  disappear  instantaneously,  its 
energy  immediately  reappearing  as  that  of  a  current  Lix\M  in  circuit  (2) ; 
this  latter  current  then  decays  under  the  resistance  of  the  circuit. 


EXAMPLES. 

1.  A  coil  is  rotated  with  constant  angular  velocity  a>  about  an  axis  in  its  plane  in  a 
uniform  field  of  force  perpendicular  to  the  axis  of  rotation.  Find  the  current  in  the  coil 
at  any  time,  and  shew  that  it  is  greatest  when  the  plane  of  the  coil  makes  an  angle 

tan_1(-o-j  with  the  lines  of  magnetic  force. 

2.  The  resistance  and  self-induction  of  a  coil  are  R  and  L,  and  its  ends  A  and  B  are 
connected  with  the  electrodes  of  a  condenser  of  capacity  C  by  wires  of  negligible  resistance. 
There  is  a  current  I  cos  pt  in  a  circuit  connecting  A  and  B,  and  the  charge  of  the  con- 
denser is  in  the  same  phase  as  this  current.      Shew  that  the  charge  at  any  time  is 

-^  cos  pt,  and  that  G(R2+p2L2)  =  L.     Obtain  also  the  current  in  the  coil. 

3.  The  ends  B,  D  of  a  wire  (R,  L)  are  connected  with  the  plates  of  a  condenser  of 

capacity  C.     The  wire  rotates  about  BD  which  is  vertical  with  angular  velocity  o>,  the 

area  between  the  wire  and  BD  being  A.     If  H  is  the  horizontal  component  of  the  earth's 

magnetism,  shew  that  the  average  rate  at  which  work  must  be  done  to  maintain  the 

rotation  is 

£  WAtCPRafill&CW  +  (1  -  GLc*2)2]. 

4.  A  closed  solenoid  consists  of  a  large  number  JV  of  circular  coils  of  wire,  each  of 
radius  a,  wound  uniformly  upon  a  circular  cylinder  of  height  2h.  At  the  centre  of  the 
cylinder  is  a  small  magnet  whose  axis  coincides  with  that  of  the  cylinder,  and  whose 
moment  is  a  periodic  quantity  fi  sin  pt.  Shew  that  a  current  flows  in  the  solenoid  whose 
intensity  is  approximately 

!— ^- r  sin  {pt  +  a), 

{(a2  +  h2)(R2  +  Z2p2)}% 

where  R,  L  are  the  resistance  and  self-induction  of  the  solenoid,  and  tan  a  =  R/Lp. 

5.  A  circular  coil  of  n  turns,  of  radius  a  and  resistance  R,  spins  with  angular  velocity 

<a  round  a  vertical  diameter  in  the  earth's  horizontal  magnetic  field  IT:  shew  that  the 

,       ,  ■  ,         •  ,     ;         x-       •     BhiWa'aR    n. 
average  electromagnetic  damping  couple  which  resists  its  motion  is  a/m<     sj3\'   {jlven 

H=Q-17,  %  =  50,   R  =  I  ohm,  a  =  10cm.,  and  that  the  coil  makes   20  turns  per  second, 
express  the  couple  in  dyne-centimetres,  and  the  mean  square  of  the  current  in  amperes. 

6.  A  condenser,  capacity  G,  is  discharged  through  a  circuit,  resistance  /?,  induction  L, 
containing  a  periodic  electromotive  force  E  sin  nt.  Shew  that  the  "  forced  "  current  in  the 
circuit  is 

#sin  (nt  -  ff)  [r2  +  (nL-  ^A 

where  tan  6  =  (n2CL  -  l)/wCi2. 
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7.  Two  circuits,  resistances  Rx  and  R2,  coefficients  of  induction  Z,  M,  N,  lie  near  each 
other,  and  an  electromotive  force  E  is  switched  into  one  of  them.  Shew  that  the  total 
quantity  of  electricity  that  traverses  the  other  is  EM/R1R2. 

8.  A  current  is  induced  in  a  coil  B  by  a  current  I&mpt  in  a  coil  A.  Shew  that  the 
mean  force  tending  to  increase  any  coordinate  of  position  6  is 

x  PpiLM  dM 
2R2+L*p*  dS  ' 

where  L,  M,  N  are  the  coefficients  of  induction  of  the  coils,  and  R  is  the  resistance  of  B 

9.  A  plane  circuit,  area  S,  rotates  with  uniform  velocity  a>  about  the  axis  ot  z,  which 
lies  in  its  plane  at  a  distance  h  from  the  centre  of  gravity  of  the  area.  A  magnetic 
molecule  of  strength  p  is  fixed  in  the  axis  of  x  at  a  great  distance  a  from  the  origin, 
pointing  in  the  direction  Ox.     Prove  that  the  current  at  time  t  's  approximately 

„n   C,  Mi cos (»' - «)  +  , . „.,   ;To  .a cos (2o)i - v)> 


a8(/i2  +  ZW)i  a4(£2  +  4Z2a>2)£ 

where  rj,  e  are  determinate  constants. 

10.  Two  points  A,  B  are  joined  by  a  wire  of  resistance  R  without  self-induction; 
B  is  joined  to  a  third  point  C  by  two  wires  each  of  resistance  R,  of  which  one  is  without 
self-induction,  and  the  other  has  a  coefficient  of  induction  L  If  the  ends  A,  C  are  kept 
at  a -potential  difference  E  cos  pt,  prove  that  the  difference  of  potentials  at  B  and  C  will 
be  E'  cos  {pt  -  y),  where 


11.  A  condenser,  capacity  C,  charge  Q,  is  discharged  through  a  circuit  of  resistance 
R,  there  being  another  circuit  of  resistance  S  in  the  field.  If  LJy=M2,  shew  that  there 
will  be  initial  currents  -  NQjC  {RN+SL)  and  MQjC(RN'+SL),  and  find  the  currents  at 
any  time. 

12.  Two  insulated  wires  A,  B  of  the  same  resistance  have  the  same  coefficient  of 
self-induction  L,  while  that  of  mutual  induction  is  slightly  less  than  L.  The  ends  of  B 
are  connected  by  a  wire  of  small  resistance,  and  those  of  J.  by  a  battery  of  small  resistance, 
and  at  the  end  of  a  time  t  a  current  i  is  passing  through  A.  Prove  that  except  when  t  is 
very  small, 

*=i(«o+**) 

approximately,  where  i0  is  the  permanent  current  in  A,  and  i'  is  the  current  in  each  after 
a  time  t,  when  the  ends  of  both  are  connected  in  multiple  arc  by  the  battery. 

13.  The  ends  of  a  coil  forming  a  long  straight  uniform  solenoid  of  in  turns  per  unit 
length  are  connected  with  a  short  solenoidal  coil  of  n  turns  and  cross-section  A,  situated 
inside  the  solenoid,  so  that  the  whole  forms  a  single  complete  circuit.  The  latter  coil  can 
rotate  freely  about  an  axis  at  right  angles  to  the  length  of  the  solenoid.  Shew  that  in  free 
motion  without  any  external  field,  the  current  i  and  the  angle  6  between  the  cross-sections 
of  the  coils  are  determined  by  the  equations 

Ri=  —-j-  {L1i  +  L2i+8TrmnAi cos 6), 


I -y^  +  kirmnAV  sin  #  =  0, 


where  Lu  X2  are  the  coefficients  of  self-induction  of  the  two  coils,  I  is  the  moment  of 
inertia  of  the  rotating  coil,  R  is  the  resistance  of  the  whole  circuit,  and  the  effect  of  the 
ends  of  the  long  solenoid  is  neglected. 
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14.  Two  electrified  conductors  whose  coefficients  of  electrostatic  capacity  are  yu  y2,  r 
are  connected  through  a  coil  of  resistance  R  and  large  inductance  L.  Verify  that  the 
frequency  of  the  electric  oscillations  thus  established  is 

J_  /2r  +  yi  +  y2 1       &\i 
2tt  \  yiy2-r2    L     4L*J  ' 

15.  An  electric  circuit  contains  an  impressed  electromotive  force  which  alternates 
in  an  arbitrary  manner  and  also  an  inductance.  Is  it  possible,  by  connecting  the 
extremities  of  the  inductance  to  the  poles  of  a  condenser,  to  arrange  so  that  the  current 
in  the  circuit  shall  always  be  in  step  with  the  electromotive  force  and  proportional  to  it  1 

16.  Two  coils  (resistances  R,  S ;  coefficients  of  induction  L,  AT,  JV)  are  arranged  in 
parallel  in  such  positions  that  when  a  steady  current  is  divided  between  the  two,  the 
resultant  magnetic  force  vanishes  at  a  certain  suspended  galvanometer  needle.  Prove 
that  if  the  currents  are  suddenly  started  by  completing  a  circuit  including  the  coils,  then 
the  initial  magnetic  force  on  the  needle  will  not  in  general  vanish,  but  that  there  will  be 
a  "throw"  of  the  needle,  equal  to  that  which  would  be  produced  by  the  steady  (final) 
current  in  the  first  wire  flowing  through  that  wire  for  a  time  interval 

M-L     M-N 

R     "     8     ' 

17.  A  condenser  of  capacity  C  is  discharged  through  two  circuits,  one  of  resistance  R 
and  self-induction  L,  and  the  other  of  resistance  R'  and  containing  a  condenser  of  capacity 
C.     Prove  that  if  Q  is  the  charge  on  the  condenser  at  any  time, 

cVQ     (L     L  ,RR\c?Q     (R     R  MR'\dQ4-   Q      o 

18.  A  condenser  of  capacity  C  is  connected  by  leads  of  resistance  r,  so  as  to  be  in 
parallel  with  a  coil  of  self-induction  L,  the  resistance  of  the  coil  and  its  leads  being  R.  If 
this  arrangement  forms  part  of  a  circuit  in  which  there  is  an  electromotive  force  of  period 

— ,  shew  that  it  can  be  replaced  by  a  wire  without  self-induction  if 
P  (R2-LIC)=p2ZC(r2-LICr), 

and  that  the  resistance  of  this  equivalent  wire  must  be  (Rr  +  L/0)l(R^rr). 

19.  Two  coils,  of  which  the  coefficients  of  self-  and  mutual-induction  are  Zlt  Z2,  M, 
and  the  resistances  Ru  R2,  carry  steady  currents  G\,  C2  produced  by  constant  electro- 
motive forces  inserted  in  them.  Shew  how  to  calculate  the  total  extra  currents  produced 
in  the  coils  by  inserting  a  given  resistance  in  one  of  them,  and  thus  also  increasing  its 
coefficients  of  induction  by  given  amounts. 

In  the  primary  coil,  supposed  open,  there  is  an  electromotive  force  which  would 
produce  a  steady  current  C,  and  in  the  secondary  coil  there  is  no  electromotive  force. 
Prove  that  the  current  induced  in  the  secondary  by  closing  the  primary  is  the  same,  as 
regards  its  effects  on  a  galvanometer  and  an  elect rodynamometer,  and  also  with  regard  to 
the  heat  produced  by  it,  as  a  steady  current  of  magnitude 

CMRl 
2R1L2  +  R2L1i 

i?iZ2  +  /?2Zx 

lasting  for  a  time  — &R~R        ' 

while  the  current  induced  in  the  secondary  by  suddenly  breaking  the  primary  circuit  may 
be  represented  in  the  same  respects  by  a  steady  current  of  magnitude  CM[2L2  lasting  for 
a  time  2L%jR2. 
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20.  Two  conductors  ABD,  ACD  are  arranged  in  multiple  arc.  Their  resistances  are 
R,  S  and  their  coefficients  of  self-  and  mutual-induction  are  L,  N,  and  M.  Prove  that 
when  placed  in  series  with  leads  conveying  a  current  of  frequency  p,  the  two  circuits 
produce  the  same  effect  as  a  single  circuit  whose  coefficient  of  self-induction  is 

NR2  +  LS2  +  2MRS  +  p2  (LN-  J/2)  (L+iV-  2M) 
(L  +  lV-23f)2p2  +  (R  +  S)2  ' 

and  whose  resistance  is 

RS(S  +  R)+p2{R(F-M)2  +  S(L-3I)2} 
(L  +  AT-2M)2p2  +  (R  +  S)2 

21.  A  condenser  of  capacity  C  containing  a  charge  Q  is  discharged  round  a  circuit  in 
the  neighbourhood  of  a  second  circuit.  The  resistances  of  the  circuits  are  R,  S,  and  their 
coefficients  of  induction  are  L,  M,  N. 

Obtain  equations  to  determine  the  currents  at  any  moment. 

If  x  is  the  current  in  the  primary,  and  the  disturbance  be  over  in  a  time  less  than  t, 
shew  that 

{  ~ + S I NR2  +  ^\  +  S2Lr\  fT  &dt=\  ^  [CS2L  +  CSNR + m. 


and  that 


Examine  how  |    'x2dt  varies  with  S. 
o 


CHAPTER  XV 

INDUCTION  OF  CURRENTS  IN  CONTINUOUS  MEDIA 

General  Equations. 

528.  We  have  seen  that  when  the  number  N,  of  tubes  of  induction, 

dN 
which  cross  any  circuit,  is  changing,  there  is  an  electromotive  force  — -rr 

acting  round  the  circuit.     Thus  a  change  in  the  magnetic  field  brings  into 
play  certain  electric  forces  which  would  otherwise  be  absent. 

We  have  now  abandoned  the  conception  of  action  at  a  distance,  so  that 
we  must  suppose  that  the  electric  force  at  any  point  depends  solely  on  the 
changes  in  the  magnetic  field  at  that  point.  Thus  at  a  point  at  which  the 
magnetic  field  is  changing,  we  see  that  there  must  be  electric  forces  set  up 
by  the  changes  in  the  magnetic  field,  and  the  amount  of  these  forces  must  be 
the  same  whether  the  point  happens  to  coincide  with  an  element  of  a  closed 
conducting  circuit  or  not. 

Let  ds  be  an  element  of  any  closed  circuit  drawn  in  the  field,  either  in  a 
conducting  medium  or  not,  and  let  X,  Y,  Z  denote  the  components  of  electric 
intensity  at  this  point.  Then  the  work  done  by  the  electric  forces  on  a  unit 
electric  charge  in  taking  it  round  this  circuit  is 

zs+Fs+4> <461>> 

dN 
and  this,  by  the  principle  just  explained,  must  be  equal  to  ——rr  where  N  is 

the  number  of  tubes  of  induction  which  cross  this  circuit. 

529.  We  have  (cf.  §  437) 

N=ff(la  +  vib  +  nc)dS   (462), 

dN 
so  that  on  equating  expression  (461)  to  —  —j- ,  we  have 

J('5+lri+*£)*-//('S+-»+-S)*"^ 
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The  left-hand  member  is  equal,  by  Stokes'  Theorem  (§  438),  to 

/ii«®-s+-(S-©+-e-s)}^ 

the  integration  being  over  the  same  area  as  that  on  the  right  hand  of  equa- 
tion (463).     Hence  we  have 

fir  ax.&vi 


[[[-.(dZ     dY     da\         (dX     dZ     db\        (dY 


{   \dy      dz      dtj  \dz      doc      dtj      '   \dx      dy      dt. 

This  equation  is  true  for  every  surface,  so  that  not  only  must  each  inte- 
grand vanish,  but  it  must  vanish  for  all  possible  values  of  I,  m,  n.  Hence  each 
coefficient  of  I,  m,  n  must  vanish  separately.     We  must  accordingly  have 

da      dZ      dY  fAnA^ 

-Tt  =  W~te •-(6)' 

db        dX       dZ  /*ne\ 

-*=w_to (465)- 

do      dY     dX 
-Tt  =  d^--dy~ (466)- 

530.  The  components  F,  G,  H  of  the  magnetic  vector-potential  are 
given,  as  in  equations  (376),  by 

dH     dG  ,.„„, 

a=s7-al'etc <467>- 

On  comparing  these  equations  with  equations  (464) — (466),  it  is  clear 
that  the  simplest  solution  for  the  vector-potential  is  given  by  the  relations 

£--*  al=-F-  £--* w 

If  F,  G,  H  is  the  most  general  vector-potential,  we  must  have  relations  of 
the  form  (cf.  equations  (375)) 

dF  dV 

where  ^  is  an  arbitrary  function  replacing  the  —  ^  of  equations  (375). 

531.  Writing  these  relations  in  the  form 

'--£-£ («* 

r=-f-f <«* 

"-£-£ <«* 

we  have  equations  giving  the  electric  forces  explicitly. 
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The  function  ^  has,  so  far,  had  no  physical  meaning  assigned  to  it. 
Equations  (470),  (471),  (472)  shew  that  the  electric  force  (X,  Y,  Z)  can  be 
regarded  as  compounded  of  two  forces : 

(i)  a  force  ( — j-  ,  — -r-  , j- )  arising  from  the  changes  in  the  mag- 
netic field ; 

(ii)     a  force  of  components  f  —  ^— ,  —  -=— ,  —  -~—  J  which  is  present  when 

there  are  no  magnetic  changes  occurring. 

We  now  see  that  the  second  force  is  the  force  arising  from  the  ordinary 
electrostatic  field,  so  that  we  may  identify  "W  with  the  electrostatic  potential 
when  no  changes  are  occurring.  The  meaning  to  be  assigned  to  Sf  when 
changes  are  in  progress  is  discussed  below  (Chapter  xx). 

532.  If  the  medium  is  a  conducting  medium,  the  presence  of  the  electric 
forces  sets  up  currents,  and  the  components  u,  v,  w  of  the  current  at  any 
point  are,  as  in  §  374,  connected  with  the  currents  by  the  equations 

X  =  TU,  Y=TV,  Z  =  T1V, 

these  equations  being  the  expression  of  Ohm's  Law,  where  t  is  the  specific 
resistance  of  the  conductor  at  the  point. 

On  substituting  these  values  for  X,  Y,  Z  in  equations  (464) — (466)  or 
(470) — (472),  we  obtain  a  system  of  equations  connecting  the  currents  in 
the  conductor  with  the  changes  in  the  magnetic  field. 

533.  There  is,  however,  a  further  system  of  equations  expressing  rela- 
tions between  the  currents  and  the  magnetic  field.  We  have  seen  (§  480) 
that  a  current  sets  up  a  magnetic  field  of  known  intensity,  and  since  the 
whole  magnetic  field  must  arise  either  from  currents  or  from  permanent 
magnets,  this  fact  gives  rise  to  a  second  system  of  equations. 

In  a  field  arising  solely  from  permanent  magnetism,  we  can  take  a  unit 
pole  round  any  closed  path  in  the  field,  and  the  total  work  done  will  be  nil. 
Hence  on  taking  a  unit  pole  round  a  closed  circuit  in  the  most  general 
magnetic  field,  the  work  done  will  be  the  same  as  if  there  were  no  perma- 
nent magnetism,  and  the  whole  field  were  due  to  the  currents  present.  The 
amount  of  this  work,  as  we  have  seen,  is  4nrXi,  where  %i  is  the  sum  of  all  the 
currents  which  flow  through  the  circuit  round  which  the  pole  is  taken.  If 
u,  v,  w  are  the  components  of  current  at  any  point,  we  have 


St  = 


1 1  (lu  +  mv  +  nw)  dS, 


the  integration  being  over  any  area  which  has  the  closed  path  as  boundary. 
Hence  our  experimental  fact  leads  to  the  equation 
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Transforming  the  line  integral  into  a  surface  integral  by  Stokes'  Theorem 
(§  438),  we  obtain  the  equation  in  the  form 

'd&      da 


//K6-I-H-(M- 


irv  )  +  n  [  ^  —  = 4>7rtu  I  [  dS  —  0. 

ox      oy 


As  with  the  integral  of  §  529,  each  integrand  must  vanish  for  all  values 
of  I,  m,  n,  so  that  we  must  have 

4™=i-i -<«3>- 

^Ji-% («5>- 

534.     If  we  differentiate  these  three  equations  with  respect  to  x,  y,  z 
respectively  and  add,  we  obtain 


•(476), 


du     dv      dw      _ 

2-  +  ~-+j-  =  0  

ox      oy      dz 

of  which  the  meaning  (cf.  §  375,  equation  (311))  is  that  no  electricity  is 
destroyed  or  created  or  allowed  to  accumulate  in  the  conductor. 

The  interpretation  of  this  result  is  not  that  it  is  a  physical  impossibility  for  electricity 
to  accumulate  in  a  conductor,  but  that  the  assumptions  upon  which  we  are  working  are 
not  sufficiently  general  to  cover  cases  in  which  there  is  such  an  accumulation  of  electricity. 
It  is  easy  to  see  directly  how  this  has  come  about.  The  supposition  underlying  our 
equations  is  that  the  work  done  in  taking  a  unit  pole  round  a  circuit  is  equal  to  An  times 
the  total  current  flow  through  the  circuit.  It  is  only  when  equation  (476)  is  satisfied  by 
the  current  components  that  the  expression  "  total  flow  through  a  circuit "  has  a  definite 
significance  :  the  current  flow  across  every  area  bounded  by  the  circuit  must  be  the  same. 
We  shall  see  later  (Chapter  xvn)  how  the  equations  must  be  modified  to  cover  the  case 
of  an  electric  flow  in  which  the  condition  is  not  satisfied.  For  the  present  we  proceed  upon 
the  supposition  that  the  condition  is  satisfied. 


Currents  in  homogeneous  media. 

535.     Let  us  now  suppose  that  we  are  considering  the  currents  in  a 
homogeneous  non-magnetised  medium.     We  write 

a  =  fjLa,  etc.,         X  =  tu,  etc., 

in  which  fx  and  t  are  constant.     The  systems  of  equations  of  §§  529  and  533 
now  become 

da.         (dw     dv^ 

dt 


-A4j7  =  tI  —  ~  —  I .  etc- 


dy     dz 

4,iru  =  —  —--,  etc. 
oy      oz 


.(477), 
.(478). 
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Differentiating  equation  (478)  with  respect  to  the  time,  we  obtain 

du       d  (    dy\       d  (    d/3\ 
^dt=Zy\?Tt)-dz\?Tt) 

f  3   fdv      du\       d  /du     dw 
\dy  \dx      dy/      dz  \dz      dx 

~  T  \{dx~*  +  df  +  dzV     dx\dx     dy+dz 

=  tV2u, 

in  virtue  of  equation  (476). 

Similar  equations  are  satisfied  by  the  other  current-components,  so  that 
we  have  the  system  of  differential  equations 

\ 


4777*  du  =  V2 
r     dt~ 

4>7ru  dv     _„ 
t      dt 


>  (479). 


4t7ra  dw     „, 
t     dt  I 

If  we  eliminate  the  current-components  from  the  system  of  equations 
(477)  and  (478),  we  obtain 

*E£^=V*a    (480), 

t     dt 

and  similar  equations  are  satisfied  by  b  and  c. 

536.  The  equation  which  has  been  found  to  be  satisfied  by  u,  v,  w, 
a,  /3  and  7  is  the  well-known  equation  of  conduction  of  heat.  Thus 
we  see  that  the  currents  induced  in  a  mass  of  metal,  as  well  as  the  com- 
ponents of  the  magnetic  field  associated  with  these  currents,  will  diffuse 
through  the  metal  in  the  same  way  as  heat  diffuses  through  a  uniform 
conductor. 

Rapidly  alternating  currents. 

537.  The  equations  assume  a  form  of  special  interest  when  the  currents 
are  alternating  currents  of  high  frequency.  We  may  assume  each  component 
of  current  to  be  proportional  to  eipt  (cf.  §  514),  and  may  then  replace  the 

operator  -j-  by  the  multiplier  ip.     The  equations  now  assume  the  form 

in^E«-v>»  (48i), 


^wa=V2a>etCti 
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and  if  p  is  so  large  that  it  may  be  treated  as  infinite,  these  equations  assume 
the  simple  form 

u  =  v  =  w  =  0, 

a  =  b  =  c  =  0. 

Thus  for  currents  of  infinite  frequency,  there  is  neither  current  nor 
magnetic  field  in  the  interior.  The  currents  are  confined  to  the  surface, 
and  the  only  part  of  the  conductor  which  comes  into  play  at  all  is  a  thin 
skin  on  the  surface. 

Equations  (481)  enable  us  to  form  an  estimate  of  the  thickness  of  this 
skin  when  the  frequency  of  the  currents  is  very  great  without  being  actually 
infinite. 

At  a  point  0  on  the  surface  of  the  conductor,  let  us  take  rectangular 
axes  so  that  the  direction  of  the  current  is  that  of  Ox  while  the  normal  to 
the  surface  is  Oz.  If  the  thickness  of  the  skin  is  vezy  small,  we  need  not 
consider  any  region  except  that  in  the  immediate  neighbourhood  of  the 
origin,  so  that  the  problem  is  practically  identical  with  that  of  current 
flowing  parallel  to  Ox  in  an  infinite  slab  of  metal  having  the  plane  Oxy 
for  a  boundary. 

Equation  (481)  reduces  in  this  case  to 

4s7rfiip        d2u 

~T~u  =  d?> 

and  if  we  put —  =  «2,  the  solution  is 

u  =  Ae-KZ  +  BeK*. 
The  value  of  k  is  found  to  be 

so  that  u  =  Ae     v      T      e    v     T       +  Bey     T      ev     T 

and  the  condition  that  the  current  is  to  be  confined  to  a  thin  skin  may  now 
be  expressed  by  the  condition  that  u  =  0  when  z  =  oo ,  and  is  accordingly 
B  =  0.  The  multiplier  A  is  independent  of  z,  but  will  of  course  involve 
the  time  through  the  factor  eipt;  let  us  put  A  =u0eipt,  and  we  then  have 
the  solution 


-n/¥v("-v/2:f*) 


u  =  une  e 
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Rejecting  the  imaginary  part,  we  are  left  with  the  real  solution 

u  =  u0e    V     t      cos  (pi  — a/ z)> 

from  which  we  see  that  as  we  pass  inwards  from  the  surface  of  the  con- 
ductor, the  phase  of  the  current  changes  at  a  uniform  rate,  while  its  amplitude 
decreases  exponentially. 

We  can  best  form  an  idea  of  the  rate  of  decrease  of  the  amplitude  by  considering  a 
concrete  case.  For  copper  we  may  take  (in  c.o.s.  electromagnetic  units)  fi  =  l,  t  =  1600. 
Thus  for  a  current  which  alternates  1000  times  per  second,  we  have 

p  =  2nx  1000,       a/  — —  =  5  approximately. 

It  follows  that  at  a  depth  of  1  cm.  the  current  will  be  only  e~5  or  -0067  times  its  value 
at  the  surface.     Thus  the  current  is  practically  confined  to  a  skin  of  thickness  1  cm. 

rz= oo 
The  total  current  per  unit  width  of  the  surface  at  a  time  t  is  I        u  dz,  of 

J  e=0 

which  the  value  is  found  to  be 


n0  cos  (pt  —  j 


4>7T/U.p 


Thus,  if  we  denote  the  amplitude  of  the  aggregate  current  by  U,  the 
value  of  uQ  will  be   U a/ — . 

The  heat  generated  per  unit  time  in  a  strip  of  unit  width  and  unit 
length  is 

•t=l   rz  =  cc 

I        u2dtdz 


t  =  Q    J  2  =  0 


=  hTU<? 

J  z=0 


e 


-V5^ 


.-.    -2x/2-^lz 


dz 


2~/j,p 


T 

Thus  the  resistance  of  the  conductor   is   the   same   as   would   be   the 


resistance  for  steady  currents  of  a  skin  of  depth  2/ 

The  results  we  have  obtained  will  suffice  to  explain  why  it  is  that  the  conductors  used 
to  convey  rapidly  alternating  currents  are  made  hollow,  as  also  why  it  is  that  lightning 
conductors  are  made  of  strips,  rather  than  cylinders,  of  ruetaL 
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Plane  Current-sheets. 

538.     We  next  examine  the  phenomenon  of  the  induction  of  currents 
in  a  plane  sheet  of  metal. 


Let  the  plane  of  the  current-sheet  be  taken  to  be  z  =  0.  Let  us  introduce 
a  current-function  <I>,  which  is  to  be  defined  for  every  point  in  the  sheet  by 
the  statement  that  the  total  strength  of  all  the  currents  which  flow  between 
the  point  and  the  boundary  is  <I>.  Then  the  currents  in  the  sheet  are  known 
when  the  value  of  <E>  is  known  at  every  point  of  the  sheet.  If  we  assume 
that  no  electricity  is  introduced  into,  or  removed  from,  the  current-sheet,  or 
allowed  to  accumulate  at  any  point  of  it,  then  clearly  <E>  will  be  a  single- 
valued  function  of  position  on  the  sheet. 

The  equation  of  the  current-lines  will  be  <l>  =  constant,  and  the  line 
<1>  =  0  will  be  the  boundary  of  the  current-sheet.  Between  the  lines  <I>  and 
<&  ■+•  d<&  we  have  a  current  of  strength  d<&  flowing  in  a  closed  circuit.  The 
magnetic  field  produced  by  this  current  is  the  same  as  that  produced  by 
a  magnetic  shell  of  strength  d<&  coinciding  with  that  part  of  the  current- 
sheet  which  is  enclosed  by  this  circuit,  so  that  the  magnetic  effect  of  the 
whole  system  of  currents  in  the  sheet  is  that  of  a  shell  coinciding  with 
the  sheet  and  of  variable  strength  <£.  This  again  may  be  replaced  by  a 
distribution  of  magnetic  poles  of  surface  density  <l>/e  on  the  positive  side  of 
the  sheet,  together  with  a  distribution  of  surface  density  —  <£/e  on  the 
negative  side  of  the  sheet,  where  e  is  the  thickness  of  the  sheet. 

Let  P  denote  the  potential  at  any  point  of  a  distribution  of  poles  of 
strength  <E>,  so  that 

P  =  Jjjdafdyf  (482), 

where  doc'  dy'  is  any  element  of  the  sheet.     The  magnetic  potential  at  any 
point  outside  the  current-sheet  of  the  field  produced  by  the  currents  is  then 

dP 
tt  =  -gj     (483). 

If  a  is  the  resistance  of  a  unit  square  of  the  sheet  at  any  point,  and 
u,  v  the  components  of  current,  we  have,  by  Ohm's  Law, 

X  =  au,         Y=cv. 
The  components  u,  v  are  readily  found  to  be  given  by 
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so  that  we  have  the  equations 

z  =  ^'      ¥=-"te  <484) 

true  at  every  point  of  the  sheet. 
Hence,  by  equation  (466), 

dc_dY     dX  /32<I>     323>\ 

The  total  magnetic  field  consists  of  the  part  of  potential  II  due  to  the 
currents  and  a  part  of  potential  (say)  O',  due  to  the  magnetic  system  by  which 
the  currents  are  induced.  Thus  the  total  magnetic  potential  is  O  +  Of,  and 
at  a  point  just  outside  the  current-sheet  (taking  /x  =  1) 


dc      d   3  ._      _.,. 


the  equation  (485)  becomes 


M«°+«>— £+S) «"* 

The  function  P  (equation  (482))  is  the  potential  of  a  distribution  of  poles 
of  surface  density  <t>  on  the  sheet.  Hence  P  satisfies  Laplace's  equation  at 
all  points  outside  the  sheet,  and  at  a  point  just  outside  the  sheet  and  on  its 

positive  face  —  —  =  2tt<£>. 


Hence, 

at  a  point  just 

outside  the  positive 

face  of  the  sheet, 

823> 

32<J> 

1    /  d3P 

2tt  \dx2dz 

9»Py 

1  dy2dz) 

dx2 

dy2  ' 

1    d3P 

2tt  dz3 

i  d2n 

2tt  dz2  ' 

by 

equation  (483), 

so  that 

equation 

(486)  becomes 

d  d  ,~ 

.    -r>#x           <r 

d2n 

and  similarly,  at  the  negative  face  of  the  sheet,  we  have  the  equation 

d   3  /r.       _./N  a-   32fi 


S5-(fl  +  O0  — 3-ct  (488). 


Finite  Current-sheets. 

539.     Suppose  that  in  an  infinitesimal  interval  any  pole  of  strength  m 
moves  from  P  to  Q.     This  movement  may  be  represented  by  the  creation 
of  a  pole  of  strength  -m  at  P  and  of  one  of  strength  +  m  at  Q.     Thus 
j.  31 
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the  most  general  motion  of  the  inducing  field  may  be  replaced  by  the  crea- 
tion of  a  series  of  poles.  The  simplest  problem  arises  when  the  inducing 
field  is  produced  by  the  sudden  creation  of  a  single  pole,  and  the  solution 
of  the  most  general  problem  can  be  obtained  from  the  solution  of  this  simple 
problem  by  addition. 

From  equations  (487)  and  (488)  it  is  clear  that  -j-  ^-  (fl  +  fl')  remains 
finite  on  both  surfaces  of  the  sheet  during  the  sudden  creation  of  a  new 


pole,  so  that  ^-  (H  +  O')  remains  unaltered  in  value  over  the  whole  surface 


of  the  sheet.     Let  the  increment  in  —  (H  +  CI')  at  any  point  in  space  be 

denoted  by  A,  then  A  is  a  potential  of  which  the  poles  are  known  in  the 
space  outside  the  sheet,  and  of  which  the  value  is  known  to  be  zero  over 
the  surface  of  the  sheet.  The  methods  of  Chapter  viii  are  accordingly 
available  for  the  determination  of  A :  the  required  value  of  A  is  the 
electrostatic   potential    when    the    current-sheet    is    put    to    earth    in    the 

on' 

presence  of  the  point  charges  which  would  give  a  potential  -=—  if  the  sheet 

02 

were  absent. 

Physically,  the  fact  that  ^-  (O  +  X2')  remains  unaltered  over  the  whole 

surface  of  the  sheet  means  that  the  field  of  force  just  outside  the  sheet 
remains  unaltered,  and  hence  that  currents  are  instantaneously  induced  in 
the  sheet  such  that  the  lines  of  force  at  the  surfaces  of  the  sheet  remain 
unaltered. 

The  induced  currents  can  be  found  for  any  shape  of  current-sheet  for 
which  the  corresponding  electrostatic  problem  can  be  solved  *,  but  in  general 
the  results  are  too  complicated  to  be  of  physical  interest. 


Infinite  Plane  Current-sheet. 

540.  Let  the  current-sheet  be  of  infinite  extent,  and  occupy  the  whole 
of  the  plane  of  xz,  and  let  the  moving  magnetic  system  be  in  the  region 
in  which  z  is  negative.  Then  throughout  the  region  for  which  z  is  positive 
the  potential  Cl  +  Cl'  has  no  poles,  and  hence  the  potential 

dtdz{iL  +  n)     2^3^ 

*  See  a  paper  by  the  author,  "Finite  Current-sheets,"  Proc.  Land.  Math.  Soc.  Vol.  xxxi. 
p.  151. 
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has  no  poles.  Moreover  this  potential  is  a  solution  of  Laplace's  equation, 
and  vanishes  over  the  boundary  of  the  region,  namely  at  infinity  and  over 
the  plane  z  =  0  (cf.  equation  (487)).  Hence  it  vanishes  throughout  the 
whole  region  (cf.  §  186),  so  that  equation  (487)  must  be  true  at  every  point 
in  the  region  for  which  z  is  positive.  We  may  accordingly  integrate  with 
respect  to  z  and  obtain  the  equation  in  the  form 

>+^f ^ 

no  arbitrary  function  of  x,  y  being  added  because  the  equation  must  be 
satisfied  at  infinity. 

The  motion  of  the  system  of  magnets  on  the  negative  side  of  the  sheet 
may  be  replaced,  as  in  §  539,  by  the  instantaneous  creation  of  a  number  of 
poles.  At  the  creation  of  a  single  pole  currents  are  set  up  in  the  sheet  such 
that  12  + 12'  remains  unaltered  (cf.  equation  (489))  on  the  positive  side  of 
the  sheet.  Thus  these  currents  form  a  magnetic  screen  and  shield  the  space 
on  the  positive  side  of  the  sheet  from  the  effects  of  the  magnetic  changes  on 
the  negative  side. 

To  examine  the  way  in  which  these  currents  decay  under  the  influence 
of  resistance  and  self-induction,  we  put  D,'  =  0  in  equation  (489),  and  find 
that  II  must  be  a  solution  of  the  equation 

dt      2-jt  dz  ' 
The  general  solution  of  this  equation  is 

and  this  corresponds  to  the  initial  value 

H=/(aj,  y,  z). 

Thus  the  decay  of  the  currents  can  be  traced  by  taking  the  field  of 
potential  12  at  time  t  =  Q  and  moving  it  parallel  to  the  axis  of  z  with  a 

velocity  jr- . 


31— '2 
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EXAMPLES. 

1.  Prove  that  the  currents  induced  in  a  solid  with  an  infinite  plane  face,  owing  to 
magnetic  changes  near  the  face,  circulate  parallel  to  it,  and  may  be  regarded  as  due  to 
the  diffusion  into  the  solid  of  current-sheets  induced  at  each  instant  on  the  surface  so  as 
to  screen  off  the  magnetic  changes  from  the  interior. 

Shew  that  for  periodic  changes,  the  current  penetrates  to  a  depth  proportional  to  the 
square  root  of  the  period.  Give  a  solution  for  the  case  in  which  the  strength  of  a  fixed 
inducing  magnet  varies  as  cos  pt. 

2.  A  magnetic  system  is  moving  towards  an  infinite  plane  conducting  sheet  with 
velocity  w.  Shew  that  the  magnetic  potential  on  the  other  side  of  the  sheet  is  the  same 
as  it  would  be  if  the  sheet  were  away,  and  the  strengths  of  all  the  elements  of  the  magnetic 
system  were  changed  in  the  ratio  R/(R  +  w),  where  2nR  is  the  specific  resistance  of  the 
sheet  per  unit  area.  Shew  that  the  result  is  unaltered  if  the  system  is  moving  away  from 
the  sheet,  and  examine  the  case  of  w  =  —  R. 

If  the  system  is  a  magnetic  particle  of  mass  M  and  moment  m,  with  its  axis  perpen- 
dicular to  the  sheet,  prove  that  if  the  particle  has  been  projected  at  right  angles  to  the 
sheet,  then  when  it  is  at  a  distance  z  from  the  sheet,  its  velocity  z  is  given  by 

pf(£-i2)2=C-m2/823. 

3.  A  small  magnet  horizontally  magnetised  is  moving  with  a  velocity  u  parallel  to  a 
thin  horizontal  plate  of  metal.  Shew  that  the  retarding  force  on  the  magnet  due  to  the 
currents  induced  in  the  plate  is 

to2         uR 
WfQiQ  +  R)' 

where  m  is  the  moment  of  the  magnet,  c  its  distance  above  the  plate,  2nR  the  resistance 
of  a  sq.  cm.  of  the  plate,  and  Q2  =  u2+R2. 

4.  A  slowly  alternating  current  I  cos  pt  is  traversing  a  small  circular  coil  whose 
magnetic  moment  for  a  unit  current  is  M.  A  thin  spherical  shell,  of  radius  a  and  specific 
resistance  <r,  has  its  centre  on  the  axis  of  the  coil  at  a  distance  /  from  the  centre  of  the 
coil.  Shew  that  the  currents  in  the  shell  form  circles  round  the  axis  of  the  coil,  and  that 
the  strength  of  the  current  in  any  circle  whose  radius  subtends  an  angle  cos-1/x  at  the 
centre  is 

^-L-iLL2(2»+l)^   -^cose„coS(^-a 

,                                                              ,              (2n  + Do- 
where  tanen  =  - : — . 

4:irpa 

5.  An  infinite  iron  plate  is  bounded  by  the  parallel  planes  x  =  k,  x——h;  wire  is 
wound  uniformly  round  the  plate,  the  layers  of  wire  being  parallel  to  the  axis  of  y.  If  an 
alternating  current  is  sent  through  the  wire  producing  outside  the  plate  a  magnetic  force 
Hq  cos  pt  parallel  to  z,  prove  that  H,  the  magnetic  force  in  the  plate  at  a  distance  x  from 
the  centre,  will  be  given  by 

„     „  (cos\i2mx-\-Qos2mx\S 
^=Hcosh2^  +  cos2mA;    «» (**  +  #' 

_ sinh  m  (h  +  x)  sin  m  (h-x)  -sinh  m  (h-x)  sin  m  (h  +  x) 
cosh m(h  +  x)  cos  m  {h-x)  +  cosh  m  (h - x)  cos  in  (h+x)' 

where  m2  =  2irnpj<T. 

Discuss  the  special  cases  of  (i)  mh  small,  (ii)  mh  large. 


CHAPTER  XVI 

DYNAMICAL  THEORY  OF  CURRENTS 

General  Theory  of  Dynamical  Systems. 

541.  We  have  so  far  developed  the  theory  of  electromagnetism  by- 
starting  from  a  number  of  simple  data  which  are  furnished  or  confirmed  by- 
experiment,  and  examining  the  mathematical  and  physical  consequences 
which  can  be  deduced  from  these  data. 

There  are  always  two  directions  in  which  it  is  possible  for  a  theoretical 
science  to  proceed.  It  is  possible  to  start  from  the  simple  experimental  data 
and  from  these  to  deduce  the  theory  of  more  complex  phenomena.  And  it 
may  also  be  possible  to  start  from  the  experimental  data  and  to  analyse  these 
into  something  still  more  simple  and  fundamental.  We  may,  in  fact,  either 
advance  from  simple  phenomena  to  complex,  or  we  may  pass  backwards  from 
simple  phenomena  to  phenomena  which  are  still  simpler,  in  the  sense  of 
being  more  fundamental. 

As  an  example  of  a  theoretical  science  of  which  the  development  is  almost 
entirely  of  the  second  kind  may  be  mentioned  the  Dynamical  Theory  of 
Gases.  The  theory  starts  with  certain  simple  experimental  data,  such  as 
the  existence  of  pressure  in  a  gas,  and  the  relation  of  this  pressure  to  the 
temperature  and  density  of  a  gas.  And  the  theory  is  developed  by  shewing 
that  these  phenomena  may  be  regarded  as  consequences  of  still  more  funda- 
mental phenomena,  namely  the  motion  of  the  molecules  of  the  gas. 

In  our  development  of  electromagnetic  theory  there  has  so  far  been  but 
little  progress  in  this  second  direction.  It  is  true  that  we  have  seen  that  the 
phenomena  from  which  we  started — such  as  the  attractions  and  repulsions 
of  electric  charges,  or  the  induction  of  electric  currents — may  be  interpreted 
as  the  consequences  of  other  and  more  fundamental  phenomena  taking  place 
in  the  ether  by  which  the  material  systems  are  surrounded.  We  have  even 
obtained  formulae  for  the  stresses  and  the  energy  in  the  ether.  But  it  has 
not  been  possible  to  proceed  any  further  and  to  explain  the  existence  of  these 
stresses  and  energy  in  terms  of  the  ultimate  mechanism  of  the  ether. 
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The  reason  why  we  have  been  brought  to  a  halt  in  the  development  of 
electromagnetic  theory  will  become  clear  as  soon  as  we  contrast  this  theory 
with  the  theory  of  gases.  The  ultimate  mechanism  with  which  the  theory  of 
gases  is  concerned  is  that  of  molecules  in  motion,  and  we  know  (or  at  least 
can  provisionally  assume  that  we  know)  the  ultimate  laws  by  which  this 
motion  is  governed.  On  the  other  hand  the  ultimate  mechanism  with  which 
electromagnetic  theory  is  concerned  is  that  of  action  in  the  ether,  and  we  are 
in  utter  ignorance  of  the  ultimate  laws  which  govern  action  in  the  ether. 
We  do  not  know  how  the  ether  behaves,  and  so  can  make  no  progress  towards 
explaining  electromagnetic  phenomena  in  terms  of  the  behaviour  of  the  ether. 

542.  There  is  a  branch  of  dynamics  which  attempts  to  explain  the 
relation  between  the  motions  of  certain  known  parts  of  a  mechanism,  even 
when  the  nature  of  the  remaining  parts  is  completely  unknown.  We  turn  to 
this  branch  of  dynamics  for  assistance  in  the  present  problem.  The  whole 
mechanism  before  us  consists  of  a  system  of  charged  conductors,  magnets, 
currents,  etc.,  and  of  the  ether  by  which  all  these  are  connected.  Of  this 
mechanism  one  part  (the  motion  of  the  material  bodies)  is  known  to  us,  while 
the  remainder  (the  flow  of  electric  currents,  the  transmission  of  action  by  the 
ether,  etc.)  is  unknown  to  us,  except  indirectly  by  its  effect  on  the  first  part 
of  the  mechanism. 

543.  An  analogy,  first  suggested  by  Professor  Clerk  Maxwell,  will  ex- 
plain the  way  in  which  we  are  now  attacking  the  problem. 

Imagine  that  we  have  a  complicated  machine  in  a  closed  room,  the  only 
connection  between  this  machine  and  the  exterior  of  the  room  being  by 
means  of  a  number  of  ropes  which  hang  through  holes  in  the  floor  into  the 
room  beneath.  A  man  who  cannot  get  into  the  room  which  contains  the 
machine  will  have  no  opportunity  of  actually  inspecting  the  mechanism,  but 
he  can  manipulate  it  to  a  certain  extent  by  pulling  the  different  ropes.  If, 
on  pulling  one  rope,  he  finds  that  others  are  set  into  motion,  he  will  under- 
stand that  the  ropes  must  be  connected  by  some  kind  of  mechanism  above, 
although  he  may  be  unable  to  discover  the  exact  nature  of  this  mechanism. 

In  this  analogy,  the  concealed  mechanism  is  supposed  to  represent  those  parts  of  the 
universe  which  do  not  directly  affect  our  senses — e.g.  the  ether — while  the  ropes  represent 
those  parts  of  which  we  can  observe  the  motion — e.g.  material  bodies.  In  nature,  there 
are  certain  acts  which  we  can  perform  (analogous  to  the  pulling  of  certain  ropes),  and  these 
are  invariably  followed  by  certain  consequences  (analogous  to  the  motion  of  other  ropes), 
but  the  ultimate  mechanism  by  which  the  cause  produces  the  effect  is  unknown.  For 
instance  we  can  close  an  electric  circuit  by  pressing  a  key,  and  the  needle  of  a  distant 
galvanometer  may  be  set  into  motion.  "We  infer  that  there  must  be  some  mechanism 
connecting  the  two,  but  the  nature  of  this  mechanism  is  almost  completely  unknown. 

Suppose  now  that  an  observer  may  handle  the  ropes,  but  may  not  pene- 
trate into  the  room  above  to  examine  the  mechanism  to  which  they  are 
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attached.  He  will  know  that  whatever  this  mechanism  may  be,  certain  laws 
must  govern  the  manipulation  of  the  ropes,  provided  that  the  mechanism  is 
itself  subject  to  the  ordinary  laws  of  mechanics. 

To  take  the  simplest  illustration,  suppose  that  there  are  two  ropes  only,  A  and  B,  and 
that  when  rope  A  is  pulled  down  a  distance  of  one  inch,  it  is  found  that  rope  B  rises 
through  two  inches.  The  mechanism  connecting  A  and  B  may  be  a  lever  or  an  arrange- 
ment of  pulleys  or  of  clockwork,  or  something  different  from  any  of  these.  But  whatever 
it  is,  provided  that  it  is  subject  to  the  laws  of  dynamics,  the  experimenter  will  know, 
from  the  mechanical  principle  of  "  virtual  work,"  that  the  downward  motion  of  rope  A 
can  be  restrained  on  applying  to  B  a  force  equal  to  half  of  that  applied  to  A. 

544.  The  branch  of  dynamics  of  which  we  are  now  going  to  make  use 
enables  us  to  predict  what  relation  there  ought  to  be  between  the  motions  of 
the  accessible  parts  of  the  mechanism.  If  these  predictions  are  borne  out  by 
experiment,  then  there  will  be  a  presumption  that  the  concealed  mechanism 
is  subject  to  the  laws  of  dynamics.  If  the  predictions  are  not  confirmed  by 
experiment,  we  shall  know  that  the  concealed  mechanism  is  not  governed  by 
the  laws  of  dynamics. 

Hamilton's  Principle. 

545.  Suppose,  first,  that  we  have  a  dynamical  system  composed  of  dis- 
crete particles,  each  of  which  moves  in  accordance  with  Newton's  Laws  of 
Motion.  Let  any  typical  particle  of  mass  mx  have  at  any  instant  t  coordi- 
nates xx,yXy  zx  and  components  of  velocity  ux,  vx,  wx,  and  let  it  be  acted  on  by 
forces  of  which  the  resultant  has  components  Xx>  Yx,  Zx.  Then,  since  the 
motion  of  the  particle  is  assumed  to  be  governed  by  Newton's  Laws,  we  have 

«i^--*i  (490), 

«i^*i  (491), 

™>^r  =  ^   (492). 

Let  us  compare  this  motion  with  a  slightly  different  motion,  in  which 
Newton's  Laws  are  not  obeyed.  At  the  instant  t  let  the  coordinates  of  this 
same  particle  be  xx  +  8xX)  yx  +  8yx,  zx  +  8zx  and  let  its  components  of  velocity 
be  Wi  +  Swj,  vx  +  8vx,  wx  +  8ivx.  Let  us  multiply  equations  (490),  (491)  and 
(492)  by  8xx,  Bylt  8zx  respectively,  and  add.     We  obtain 

mx  (^  8xx  +  ^  fyt  +  ^  W)  =  Xx 8xx  +  Yx  8yx  +  Zx 8zx  . .  .(493). 
Now  ^8xx  =  ^(ux8xx)-uXJt(8xx) 

=  -y  (ux  8xx)  —  itj  8ux. 
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If  we  sum  equation  (493)  for  all  the  particles  of  the  system,  replacing  the 
terms  on  the  left  by  their  values  as  just  obtained,  we  arrive  at  the  equation 

-r-  Smx  (tij  Bx1  +  vx  8yx  +  wx  Bzx)  -  Smj  (ux  Bux  +  vx  Bv,  +  w1  BwJ 

=  S(XlScc1+Y1By1  +  ZM) (494). 

Let  T  denote  the  kinetic  energy  of  the  actual  motion,  and  T+BT  that  of 
the  slightly  varied  motion,  then 

so  that  BT  =  %mx (i^Bu^  +  vx Bvx  +  wx Bw,), 

and  this  is  the  value  of  the  second  term  in  equation  (494). 

If  W  and  W  +  B  W  are  the  potential  energies  of  the  two  configurations 
(assuming  the  forces  to  form  a  conservative  system),  we  have 

W  =  -  S  J  (X,  dxx  +  Y,  dVl  +  Zx  dzx), 

and  8F  =  -2(Z1S«1+F18y1  +  ^18^1)J 

and  so  the  value  of  the  right-hand  member  of  equation  (494)  is  —  B  W. 
We  may  now  rewrite  equation  (494)  in  the  form 

8  (T  —  W )  =  -ji  Srax  (wj  Bxx  +  vx  Byx  +  wx  Bzx). 

This  equation  is  true  at  every  instant  of  the  motion.     Let  us  integrate  it 
throughout  the  whole  of  the  motion,  say  from  t  —  0  to  t  =  r.     We  obtain 

~~\t=T 


B\\T-W)dt  = 
Jo 


ini!  (Wi&Ci  +  v1By1  +  WxBz^ 


t=o 


.(495). 


The  displaced  motion  has  been  supposed  to  be  any  motion  which 
differs  only  slightly  from  the  actual  motion.  Let  us  now  limit  it  by  the 
restriction  that  the  configurations  at  the  beginning  and  end  of  the  motion 
are  to  coincide  with  those  of  the  actual  motion,  so  that  the  displaced  motion 
is  now  to  be  one  in  which  the  system  starts  from  the  same  configuration  as  in 
the  actual  motion  at  time  t  =  0,  and,  after  passing  through  a  series  of  con- 
figurations slightly  different  from  those  of  the  actual  motion,  finally  ends  in 
the  same  configuration  at  time  t  =  t  as  that  of  the  actual  motion.  Mathe- 
matically this  new  restriction  is  expressed  by  saying  that  at  times  t  =  0  and 
t  =  r  we  must  have  8x=8y=Bz  =  0  for  each  particle.  Equation  (495)  now 
becomes 


:  t\T-W)dt  =  0    (496). 

Jo 


546.  Speaking  of  the  two  parts  of  the  mechanism  under  discussion 
as  the  "  accessible  "  and  "  concealed  "  parts,  let  us  suppose  that  the  kinetic 
and  potential  energies  T  and   W  depend  only  on  the  configuration  of  the 
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accessible  parts  of  the  mechanism.  Then  throughout  any  imaginary  motion 
of  the  accessible  parts  of  the  system  we  shall  have  a  knowledge  of  Tand  W 
at  every  instant,  and  hence  shall  be  able  to  calculate  the  value  of 


(\T-W)dt (497). 

Jo 


We  can  imagine  an  infinite  number  of  motions  which  bring  the  system 
from  one  configuration  A  at  time  t  =  0  to  a  second  configuration  B  at  time  t  =  t, 
and  we  can  calculate  the  value  of  the  integral  for  each.  Equation  (496)  shews 
that  those  motions  for  which  the  value  of  the  integral  is  stationary  would  be 
the  motions  actually  possible  for  the  system.  Having  found  which  these 
motions  were,  we  should  have  a  knowledge  of  the  changes  in  the  accessible 
parts  of  the  system,  although  the  concealed  parts  remained  unknown  to  us, 
both  as  regards  their  nature  and  their  motion. 

547.  Equation  (496)  has  been  proved  to  be  true  only  for  a  system  con- 
sisting of  discrete  material  particles.  At  the  same  time  the  equation  itself 
contains,  in  its  form,  no  reference  to  the  existence  of  discrete  particles.  It 
is  at  least  possible  that  the  equation  may  be  the  expression  of  a  general 
dynamical  principle  which  is  true  for  all  systems  whether  they  consist  of 
discrete  particles  or  not.  We  cannot  of  course  know  whether  or  not  this 
is  so.  What  we  have  to  do  in  the  present  chapter  is  to  examine  whether 
the  phenomena  of  electric  currents  are  in  accordance  with  this  equation. 
We  shall  find  that  they  are,  but  we  shall  of  course  have  no  right  to  deduce 
from  this  fact  that  the  ultimate  mechanism  of  electric  currents  is  to  be  found 
in  the  motion  of  discrete  particles.  Before  setting  to  work  on  this  problem, 
however,  we  shall  express  equation  (496)  in  a  different  form. 

Lagrange's  Equations  for  Conservative  Systems  of  Forces. 

548.  Let  0lt  #2,  ...  0n  be  a  set  of  quantities  associated  with  a  mechanical 
system  such  that  when  their  value  is  known,  the  configuration  of  the  system 
is  fully  determined.  Then  0U  02,  ...  0n  are  known  as  the  generalised  coordi- 
nates of  the  system. 

The  velocity  of  any  moving  particle  of  the  system  will  depend  on  the  values 

dB      dd 
of  -Tf,  -tj  ,  etc.     Let  us  denote  these  quantities  by  0lt  62,  etc.     Let  x  be  a 

Cartesian  coordinate  of  any  moving  particle.     Then  by  hypothesis  x  is  a 
function  of  0l}  02,  ...,  say 

x=f(01,02,...), 

so  that  by  differentiation, 

dx_df  a       3/  x 

Tt-Wi^de*2*"" 
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Thus  each  component  of  velocity  of  each  moving  particle  will  be  a  linear 
function  of  01;  02,  ...,  from  which  it  follows  that  the  kinetic  energy  of  motion 
of  the  system  must  be  a  quadratic  function  of  0,,  02,  ...,  the  coefficients  in  this 
function  being  of  course  functions  of  0,,  02,  .... 

Let  us  denote  T—  W  by  L,  so  that  L  is  a  function  of  0,,  02,  ...  0n, 
and  of  0„  02,  ...   0n,  say 

L  =  cf)(0u  02)  ...  0n,  0„  02,  ...  0n). 

If  L  +  BL  is  the  value  ol  L  in  the  displaced  configuration  0l  +  B01, 
02+B02,  •••  8n+B0n,  we  have 

Ot>i  OUn  OUi 

so  that  equation  (496),  which  may  be  put  in  the  form 

BL  =  0, 


f 

Jo 


now  assumes  the  form 


—  80, +  2  ^80, 

30,  i  80! 


We  have 


B0,  =  (0,  +  80,)  -  0, 


.(498). 


L30, 


so  that     /;g^=/;gfw<a 

Hdt\deJ 

The  last  term  vanishes  since,  hy  hypothesis,  Sft  vanishes  at  the  beginning 
and  end  of  the  motion,  and  equation  (498)  now  assumes  the  form 

Jo  i  130,     cftW) 
Let  us  denote  the  integrand,  namely 

i  (30,     eft  Vd0,/J 
by  /,  so  that  the  equation  becomes 

Idt  =  0. 
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The  varied  motion  is  entirely  at  our  disposal,  except  that  it  must  be 
continuous  and  must  be  such  that  the  configurations  in  the  varied  motion 
coincide  with  those  in  the  actual  motion  at  the  instants  t  =  0  and  t  =  t. 
Thus  the  values  of  801,  802,  ...  at  every  instant  may  be  any  we  please  which 
are  permitted  by  the  mechanism  of  the  system,  except  that  they  must  be 
continuous  functions  of  t  and  must  vanish  when  t  =  0  and  when  t  =  r.  Whatever 
series  of  values  we  assign  to  801}  802,  . ..,  we  have  seen  that  the  equation 

Idt  =  0 

o 

is  true.     Hence  the  value  of  7  must  vanish  at  every  instant,  and  we  must 
have 


^idL_didL\)  

i  la^    dt\ddj) 


549.  At  this  stage  there  are  two  alternatives  to  be  considered.  It  may 
be  that  whatever  values  are  assigned  to  801}  802,  ...  80n,  the  new  configura- 
tion #i  4-  801}  02  +  $02,  •••  &n+  80n  will  be  a  possible  configuration — that  is  to 
say,  will  be  one  in  which  the  system  can  be  placed  without  violating  the 
constraints  imposed  by  the  mechanism  of  the  system.  In  this  case  equation 
(499)  must  be  true  for  all  values  of  80lt  892)  ...  80n,  so  that  each  term  must 
vanish  separately,  and  we  have  the  system  of  equations 

dL      d  /dL 


Q)  =  0,        (s  =  l,  %  ...n) (500) 


d0s     dt  \dd^ 

There  are  n  equations  between  the  n  variables  0lt  02,  ...  0n  and  the  time. 
Hence  these  equations  enable  us  to  trace  the  changes  in  01}  02,  ...  0n  and  to 
express  their  values  as  functions  of  the  time  and  of  the  initial  values  of 

0\,    02,    •■•    @n>    V\,    02,    ••■    0n- 

550.  Next,  suppose  that  certain  constraints  are  imposed  on  the  values  of 
0lf  02,  ...  0n  by  the  mechanism  of  the  system.  Let  these  be  m  in  number, 
and  let  them  be  such  that  the  small  increments  80lf  802,  ...  80n  are  connected 
by  equations  of  the  form 

al801  +  a2802+...+an80n  =  O    (501), 

b1801  +  b2802+...  +  bn80n  =  O   (502), 

etc. 

Then  equation  (499)  must  be  true  for  all  values  of  80x,  802,  ...  which  are 
such  as  also  to  satisfy  equations  (501),  (502),  etc.  Let  us  multiply  equations 
(501),  (502),  ...  by  \  fi,  ...  and  add  to  equation  (499). 

We  obtain  an  equation  of  the  form 

X  -[—  —  —  (^)+Xal  +  pb1  +  ...j  89,  =  0 (503). 
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Let  us  assign  arbitrary  values  to  80m+l,  80m+2,  ...  80n,  and  then  assign  to 
the  m  quantities  80 !,  802,  ...  80  m  the  values  given  by  the  m  equations  (501), 
(502),  etc.  In  this  way  we  obtain  a  system  of  values  for  80l}  802,  ...  80n 
which  is  permitted  by  the  constraints  of  the  system. 

The  m  multipliers  X,  fi,  ...  are  at  our  disposal :  let  these  be  supposed  to 
be  chosen  so  that  the  m  equations 

d-^-^-(~)+\as  +  fMbs+...=0,        (s=l,  2,  ...  m) (504) 

dds     at  \9ty 

are  satisfied.     Then  equation  (503)  reduces  to 

m+i  {ous     at  Vdtv  ) 

and  since  arbitrary  values  have  been  assigned  to  80m+1,  ...  80n,  it  follows  that 
each  coefficient  in  this  equation  must  vanish  separately.  Combining  the 
system  of  equations  so  obtained  with  equations  (504),  we  obtain  the  complete 
system  of  equations 

^-^(5T)+Xa*  +  /i&*+-"  =  0'        (s==1>2>  ■••») (506). 

oUs     at  Vdty 

Lagrange's  Equations  for  General  (including  Non-conservative)  Forces. 

551.  If  the  system  of  forces  is  not  a  conservative  system,  we  cannot 
replace  the  expression 

2(ZxSai+F1Sy1  +  Z1&1) 

in  §  545  by  —  8  W  where  W  is  the  potential  energy.  We  may,  however,  still 
denote  this  expression  for  brevity  by  —  {STF},  no  interpretation  being  assigned 
to  this  symbol,  and  equation  (496)  will  assume  the  form 

[T(BT-  {BW})dt  =  0 (507). 

Jo 

By  the  transformation  used  in  §  548,  we  may  replace  I   8Tdt  by 

Jo  i  Xde,    dAddJ) 

Now  —  [8W]  is,  by  definition,  the  work  done  in  moving  the  system  from 
the  configuration  0lf  02,  ...  0n  to  the  configuration  0X  +  80lf  02  +  802, ...  0n  +  80n. 
It  is  therefore  a  linear  function  of  801}  802,  ...  80n,  and  we  may  write 

-{8W}  =  ®1801  +  ®2802+...  +  ®n80n, 
where  ®lt  S2,  •••  ®n  are  functions  of  01}  02,  ...  6n. 
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We  now  have  equation  (507)  in  the  form 

Vi  130!     dt\ddj         J 
As  before  each  integrand  must  vanish.     We  have  therefore  at  every  instant 

i  (dd,    dt  \ddj       \ 

If  the  coordinates  dly  62,  ...  9n  are  all  capable  of  independent  variation, 
this  leads  at  once  to  the  system  of  equations 

I©-f.=0"    <"^--> (608)- 

while  if  the  variations  in  0lt  #2,  ...  are  connected  by  the  constraints  implied 
in  equations  (501),  (502),  ...  we  obtain,  as  before,  the  system  of  equations 

d  /dT\     dT 


dt 


r-±\-<LL=®g  +  Xas  +  pbs+...,        (s  =  l,2,  ...  n)   ...(509). 


The  quantities  ©i,  ®2,  ...  are  called  the  "generalised  forces"  correspond- 
ing to  the  coordinates  0i}  62,  .... 


Lagrange's  Equations  for  Impulsive  Forces. 

552.  Let  us  now  suppose  that  the  system  is  acted  on  by  a  series  of 
impulsive  forces,  these  lasting  through  the  infinitesimal  interval  from  t  =  0 
to  t  =  t.  If  we  multiply  equations  (508)  by  dt  and  integrate  throughout  this 
interval  we  obtain 

'dT' 


L90J 


t=T        fTdT  fT 

_      ^-dt=      %sdt. 
t=o     Jo  do*  Jo 


7)T 
The  interval  t  is  to  be  considered  as  infinitesimal,  and  ^-  is  finite. 

Thus  the  second  term  may  be  neglected  and  the  equation  becomes 

dT      fT 

change  in  — =      ®sdt (510). 

dds     Jo 

We  call  \®sdt  the  generalised  impulse  corresponding  to  the  generalised 
Jo 
force  ©«,  and  then,  from  the  analogy  between  equation  (510)  and  the  equation 

change  in  momentum  =  impulse, 


8JT 
coordinate  6 


we  call  —  the   generalised  momentum   corresponding  to   the   generalised 
dO. 
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Application  to  Electromagnetic  Phenomena. 

553.  We  have  already  obtained  expressions  for  the  energy  of  an  electro- 
static system,  a  system  of  magnets,  of  currents,  etc.,  and  in  every  case  this 
energy  can  be  expressed  in  terms  of  coordinates  associated  with  "  accessible  " 
parts  of  the  mechanism.  We  can  also  find  the  work  done  in  any  small  change 
in  the  system,  so  that  we  can  obtain  the  values  of  the  quantities  denoted  in 

the  last  section  by  ©x,  ©2,  All  that  remains  to  be  done  before  we  can 

i      t     ~ >_ i.: :„.: n_   i~e    c?    za>7\   j._    ±1 •    i.   .  j.   j_-  c 


apply  Lagrange's  equations  provisionally  (cf.  §  547)  to  the  interpretation  of 
electromagnetic  phenomena  is  to  determine  whether  the  different  kinds  of 
energy  are  to  be  regarded  as  kinetic  energy  or  potential  energy. 

Kinetic  and  Potential  Energy. 

554.  At  first  sight  it  might  be  thought  obvious  that  the  energy  of 
electric  charges  at  rest  and  of  magnets  at  rest  ought  to  be  treated  as 
potential  energy,  while  that  of  electric  charges  or  magnets  in  motion  ought 
to  be  treated  as  kinetic.  On  this  view  the  energy  of  a  steady  electric 
current,  being  the  energy  of  a  series  of  charges  in  motion,  ought  to  be 
regarded  as  kinetic  energy.  We  have  also  seen  that  this  energy  is  to  be 
regarded  as  being  spread  throughout  the  medium  surrounding  the  circuit  in 
which  the  current  flows,  and  not  as  concentrated  in  the  circuit  itself.  Thus 
we  must  regard  the  medium  as  possessing  kinetic  energy  at  every  point,  the 

amount  of  this  energy  being,  as  we  have  seen,  ^ —  per  unit  volume. 

But  we  have  also  been  led  to  suppose  that  the  medium  is  in  just  the 
same  condition  whether  the  magnetic  force  is  produced  by  steady  currents  or 
by  magnetic  shells  at  rest.  Thus,  on  the  simple  view  which  we  are  now 
considering,  we  are  driven  to  treat  the  energy  of  magnets  at  rest  as  kinetic — 
a  result  which  is  inconsistent  with  the  simple  conceptions  from  which  we 
started.  Having  arrived  at  this  contradictory  result,  there  is  no  justification 
left  for  treating  electrostatic  energy,  any  more  than  magnetostatic  energy, 
as  potential  rather  than  kinetic. 

555.  Abandoning  this  simple  but  unsatisfactory  hypothesis,  let  us  turn 
our  attention  in  the  first  place  to  the  definite  discussion  of  the  nature  of  the 
energy  of  a  steady  electric  current. 

Let  us  suppose  that  we  have  two  currents  i,  i'  flowing  in  small  circuits  at 
a  distance  r  apart.  As  a  matter  of  experiment  we  know  that  these  circuits 
exert  mechanical  forces  upon  one  another  as  if  they  were  magnetic  shells  of 
strengths  i,  %'.  Let  us  suppose  that  a  force  R  is  required  to  keep  them  apart, 
so  that  initially  the  circuits  attracted  one  another  with  a  force  R,  but  are 
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now  in  equilibrium  under  the  action  of  their  mutual  attraction  and  this  force 
R  acting  in  the  direction  of  r  increasing. 


cos  e 


If  M  is  the  quantity  1 1 dsds,  we  know  that  the  value  of  R  is 

R  =  -H'd-§ (511), 

this  value  being  found  directly  from  the  experimental  fact  that  the  circuits 
attract  like  their  equivalent  magnetic  shell  (cf.  §  499). 

The  energy  of  the  two  currents  is  known  to  be 

E  =  ±(Li2  +  2Mii'  +  Ni'2) (512). 

Let  us  suppose,  for  the  sake  of  generality,  that  this  consists  of  kinetic 
energy  T  and  potential  energy  W.  Then,  assuming  for  the  moment  that  the 
mechanism  of  these  currents  is  dynamical,  in  the  sense  that  Lagrange's 
equations  may  be  applied,  we  shall  have  a  dynamical  system  of  energy 
T  +  W ,  and  one  of  the  coordinates  may  be  taken  to  be  r,  the  distance  apart 
of  the  circuits. 


•(513), 


The  Lagrangian  equation  corresponding  to  the  coordinate  r  is  found  to 
be  (cf.  equation  (508)), 

d  fdT\     d(T-W)_R 
dt\dr]  dr 

and  since  we  know  that,  in  the  equilibrium  configuration, 

d  (dT\     n  p         .,dM 

we  obtain  on  substitution  in  equation  (513), 

d(T-W)__  ..,m 

dr  dr 

From  equation  (512)  we  see  that  the  right-hand  member  is  the  value  of 

dE         ed(T+W)  dW     A   ,  ,.  , 

^— ,  or  or jr .     Hence  our  equation  shews  that  -r —  =  0,  from  which  we 

deduce  that  W  =  0.  In  other  words,  assuming  that  a  system  of  steady 
currents  forms  a  dynamical  system,  the  energy  of  this  system  must  be 
wholly  kinetic. 

This  result  compels  us  also  to  accept  that  the  energy  of  a  system  of 
magnets  at  rest  must  also  be  wholly  kinetic.  We  shall  discuss  this  result 
later.  For  the  present  we  confine  our  attention  to  the  case  of  electric 
phenomena  only.  We  have  found  that  if  the  mechanism  of  these  pheno- 
mena is  dynamical  (the  hypothesis  upon  which  we  are  going  to  work),  then 
the  energy  of  electric  currents  must  be  kinetic. 
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Induction  of  Currents. 

556.  Let  us  consider  a  number  of  currents  flowing  in  closed  circuits. 
Let  the  strengths  of  the  currents  be  i1}  i2,  ...  and  let  the  number  of  tubes  of 
induction  which  cross  these  circuits  at  any  instant  be  N1}  N2,  ...,  so  that  if 
the  magnetic  field  arises  entirely  from  the  currents,  we  have  (cf.  §  502) 

Ar      _    .       _    .  \ (514). 

J\2  =  L2li1  +  L22i2  + ...,  etc. J 

The  energy  of  the  currents  is  wholly  kinetic  so  that  we  may  take 

=  %(L11i*  +  2L12i1i2  +  ...) 
as  before  (§  503). 

In  the  general  dynamical  problem,  it  will  be  remembered  that  T  was  a 
quadratic  function  of  the  velocities.  Thus  i1}  i2,  ...  must  now  be  treated  as 
velocities  and  we  must  take  as  coordinates  quantities  x1}  x2,  ...,  defined  by 

•         CciZ-j  •         CLu/2 

h  =  W       l2  =  ~dt'etc' 

Clearly  xx  measures  the  quantity  of  electricity  which  has  flowed  past  any 
point  in  circuit  1  since  a  given  instant,  and  so  on.  Thus  in  terms  of  the 
coordinates  x1}  x2,  ...  we  have 

T=^(Lux12  +  2Lni1d>a  + ...) (515). 

There  is  no  potential  energy  in  the  present  system,  but  the  system  is 
acted  on  by  external  forces,  namely  the  electromotive  forces  in  the  batteries 
and  the  reaction  between  the  currents  and  the  material  of  the  circuits  which 
shews  itself  in  the  resistance  of  the  circuits.  We  have  therefore  to  evaluate 
the  generalised  forces  ®1}  ®2>  •••• 

Consider  a  small  change  in  the  system  in  which  xx  is  increased  by  8xlf  so 
that  the  current  ^  flows  for  a  time  dt  given  by  i1dt  =  Sx1.  The  work  per- 
formed by  the  battery  is  E1Bx1,  the  work  performed  by  the  reaction  with  the 
matter  of  the  circuit,  being  equal  and  opposite  to  the  heat  generated  in  the 
circuit,  is  —  R^dt.  Thus  if  Xj  is  the  generalised  force  corresponding  to  the 
coordinate  xlf  we  have 

Xx  hxx  =  E^  8xt  —  R^ifdt, 

so  that  X1  =  Ex  —  R^. 

The  Lagrangian  equation  corresponding  to  the  coordinate  x1  is 

d_  (d_T\  _dT^ 
dt  [dij     dx,        ly 

or  ~(Lui1  +  L12i2+...)  =  E1-R1i1  (516), 

or  again  jfc, — ■^-  =  K1%1. 
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The  equations  corresponding  to  the  coordinates  x2,  x3>  •••  are 

h2 —  =  K2%2,  etc. 


Thus  the  Lagrangian  equations  are  found  to  be  exactly  identical  with  the 
equations  of  current-induction  already  obtained,  shewing  not  only  that  the 
phenomenon  of  induction  is  consistent  with  the  hypothesis  that  the  whole 
mechanism  is  a  dynamical  system,  but  also  that  this  phenomenon  follows  as 
a  direct  consequence  of  this  hypothesis.  In  this  system  the  accessible  parts 
of  the  mechanism  are  the  currents  flowing  in  the  wires;  the  inaccessible 
parts  consist  of  the  ether  which  transmits  the  action  from  one  circuit  to 
another. 

556  a.  On  the  electron  theory,  the  kinetic  energy  must  be  supposed  made 
up  partly  of  magnetic  energy,  as  before,  and  partly  of  the  kinetic  energy  of 
the  motion  of  the  electrons  by  which  the  current  is  produced. 

Let  the  average  forward  velocity  of  the  electrons  at  any  point  be  u0  (cf. 
§  345  a),  and  let  U  +  uQ  be  the  actual  velocity  of  any  single  electron,  so  that 
the  average  value  of  u  is  nil.  The  kinetic  energy  of  motion  of  the  electrons, 
say  Te,  is  then 

The  first  term  represents  part  of  the  heat-energy  of  the  matter,  and  this 
does  not  depend  on  the  values  of  the  currents  xx,  x2,  —  To  evaluate  the 
second  term  we  use  equation  (b)  of  §  345  a, 

Ne  u0  =  i  =  x, 

and  obtain  the  kinetic  energy  o£  the  electrons  in  the  complete  system  of 
currents  in  the  form 


s  +  x2'j^ds  + 


m 


Thus  the  total  kinetic  energy  may  still  be  expressed  in  the  form  (515)  if 
we  take 


'<n  =  L'n+j  -jy-;ds,  etc (517), 


and  in  this  the  first  term  is  the  contribution  from  the  magnetic  energy 
(cf.  §  503),  and  the  second  term  is  the  contribution  from  the  kinetic  energy  of 
the  electrons. 


Equation  (516)  assumes  the  form 

j. 

--BiV 

-(/IH§" 

(517  a). 
32 

498  Dynamical  Theory  of  Currents  [ch.  xvi 

If  the  induction  terms  on  the  left  are  omitted,  we  have  as  the  equation  of 
a  circuit  in  which  induction  is  negligible 


ft-Rih-ljjfeds 


dt=°' 


This,  with  the  help  of  the  formulae  of  §  345  a,  may  be  expressed  in  the 
form 


jxds-i.j^ds-^f^ds-O, 


which  in  turn  is  seen  to  be  exactly  identical  with  equation  (c)  of  §  345  a, 
integrated  round  the  circuit. 

Thus  we  see  that  the  analysis  of  §  556  applies  perfectly  to  the  electron 
theory  of  matter,  provided  Ln,  L^,  ...  are  supposed  to  have  the  values  given 
by  equation  (517),  and  equation  (517  a)  is  then  the  general  equation  of 
induction  of  currents,  when  the  inertia  of  the  electrons  is  taken  into  account. 

Electrokinetic  Momentum. 

557.  The  generalised  momentum  corresponding  to  the  coordinate  xx  is 
=-r   or  Nx.     Thus  the  generalised  momenta  corresponding  to  the  currents 

OX\ 

in  the  different  circuits  are  Nx,  N2,  ...,  the  numbers  of  tubes  of  induction 
which  cross  the  circuits.  The  quantity  Nx  is  accordingly  sometimes  called  the 
electrokinetic  momentum  of  circuit  1,  and  so  on. 

If  we  give  to  Ln  the  value  obtained  in  equation  (517)  of  §  556  a,  the 
value  of  the  electrokinetic  momentum  is  (cf.  equations  (514)) 


(L'nh  +  L12i2  +...)  +  hj  -y-  ds, 


in  which  clearly  the  last  term  comes  from  the  momentum  of  the  electrons, 
and  the  remaining  terms  from  the  momentum  of  the  magnetic  field. 

Examples. 
I.   Discharge  of  a  Condenser. 

558.  As  a  further  illustration  of  the  dynamical  theory,  let  us  consider 
the  discharge  of  a  condenser.  Let  Q  be  the  charge  on  the  positive  plate 
at  any  instant,  and  let  this  be  taken  as  a  Lagrangian  coordinate.     The 

current  i  is   given   by  i  =  -  -^-  =  —  Q.     In  the  notation  already  employed 

(§  516)  we  have 
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and  Lagrange's  equation  is 

d  fd_T\  _dT     d_W=_ 
dt  \dQj     dQ+  dQ~    *' 

which  is  the  equation  already  obtained  in  §  516,  and  leads  to  the  solution 
already  found. 


II.    Oscillations  in  a  network  of  conductors 

559.  The  equations  governing  the  currents  flowing  in  any  network  of 
conductors  when  induction  is  taken  into  account  can  be  obtained  from  the 
general  dynamical  theory. 

Let  us  suppose  that  the  currents  in  the  different  conductors  are 
h>  h,  •  ••  iny  and  let  the  corresponding  coordinates  be  xlt  x2,  ...  xn,  these 

being   given   by   \  =  -77- ,  etc.     If  any  conductor,   say  1,  terminates  on  a 

condenser  plate,  let  xx  denote  the  actual  charge  on  the  plate,  and  let  the 

dx 
current  be  measured  towards  the  plate,  so  that  the  relations  ix  =  -~,  etc. 

will  still  hold.     Let  conductor  1  contain  an  electromotive  force  Ex  and  be 
of  resistance  Rr. 

The  quantities  xlt  x2,  ...  may  be  taken  as  Lagrangian  coordinates,  but 
they  are  not,  in  general,  independent  coordinates.  If  any  number  of  the 
conductors,  say  2,  3,  ...  s  meet  in  a  point,  the  condition  for  no  accumulation 
of  electricity  at  the  point  is,  by  Kirchhoff 's  first  law, 

i2±h±  ...  ±  is  =  0, 

from  which   we  find   that  variations  in  x2,  x3,   ...    are   connected   by  the 
relations 

Bx2  ±  Sx3  +  ...  +  Sxs  =  0. 

Let  us  suppose  that  there  are  m  junctions.  The  corresponding  con- 
straints on  the  values  of  Sxl}  8x2>  ...  can  be  expressed  by  m  equations  of 
the  form 

a18x1  +  a2Sx2+  ...  +anBxn  =  0)  ..... 

\ (518)> 

&!  Sxx  +  b28x2  +  ...  +  bn  Sxn  =  0> 

etc.,  in  which  each  of  the  coefficients  ax,  a2)  ...  an,  b1}  ...  has  for  its  value 
either  0,  +  1  or  —  1. 

The  kinetic  energy  Twill  be  a  quadratic  function  of  xx,x2,  etc.,  while  the 
potential  energy  W  (arising  from  the  charges,  if  any,  on  the  condensers)  will 
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be  a  quadratic  function  of  x1;  x2,  ....     The  dynamical  equations  are  now  n  in 
number,  these  being  of  the  form  (cf.  equations  (509)) 

d  fdT\      BT     dW      „       „  .      ,  .  ,       _    _  .      /tin, 

a(a)-s+^-*-^+x^+^+";('-1^-"»)-"(619)- 

These  equations,  together  with  the  m  equations  obtained  by  applying 
Kirchhoff's  first  law  to  the  different  j  unctions,  form  a  system  of  m+n  equa- 
tions, from  which  we  can  eliminate  the  m  multipliers  \  /x,  ...,  and  then 
determine  the  n  variables  %1,  x2,  ...  xn. 

560.  As  an  example  of  the  use  of  these  equations,  let  us  imagine  that  a 
current  /  arrives  at  A  and  divides  into  two  parts  ilt  i2,  which  flow  along  arms 


C     t 


ACB,  ADB  and  reunite  at  B.     Neglecting  induction  between  these  arms 

and  the  leads  to  A  and  B,  we  may  suppose  that  the  part  of  the  kinetic  energy 

which  involves  ij  and  i2  is 

±Li1*  +  Mi1i%  +  lN'if. 

There   are  no  batteries   and  no   condenser   in  the  arms  in   which    the 

currents   ix    and   %2   flow.       The   currents    are,    however,    connected    by    the 

relation 

ij  +  i2  =  I 

so  that  the  corresponding  coordinates  xY  and  x2  are  connected  by 

8xi  +  Sx2  =  0. 

The  dynamical  equations  are  now  found  to  be  (cf.  equations  (519)) 

d 


dt 
dt 


(Liy  +  Mi2)  =  -  Rix  +  X, 
(Mii  +  Ni2)  =  -  Si2  +  \. 


If  we  subtract  and  replace  i2  by  I  —  i'i ,  we  eliminate  \  and  obtain 

di  dT 

(L  +  N-2M)a£  +  (M-N)<^  =  SI-(R  +  S)i1. 

If  I  is  given  as  a  function  of  the  time,  this  equation  enables  us  to  deter- 
mine i1}  and  thence  i2. 


559-561]  Electric  Oscillations  501 

For  instance,  suppose  that  the  current  I  is  an  alternating  current  of 
frequency  p\2ir.     If  we  put  I  =  i0eipt,  the  solution  of  the  equation  is 

.  S-(M-N)ip 

h~(L  +  N-2M)ip  +  (R  +  S)   ' 

while  similarly  i2  = 


(L  +  N-2M)ip  +  (R  +  S) 

When  p  —  0,  the  solution  of  course  reduces  to  that  for  steady  currents. 
As  p  increases,  we  notice  that  the  three  currents  il3  i2  and  /  become,  in 
general,  in  different  phases,  and  that  their  amplitudes  assume  values 
which  depend  upon  the  coefficients  of  induction  as  well  as  on  the  resistances. 
Finally,  for  very  great  values  of  p,  the  values  of  ix  and  i%  are  given  by 

N^M=  T^M  =  L  +  N -  2M  ' 
shewing  that  the  currents  are  now  in  the  same  phase  and  are  divided  in  a 
ratio  which  depends  only  on  their  coefficients  of  induction.  For  instance, 
if  the  arms  AGB,  ABB  are  arranged  so  as  to  have  very  little  mutual 
induction  (M  very  small),  the  current  will  distribute  itself  between  the  two 
arms  in  the  inverse  ratio  of  the  coefficients  of  self-induction. 

It  is  possible  to  arrange  for  values  for  L,  M  and  N  such  that  the  two 
currents  it  and  i2  shall  be  of  opposite  sign.  In  such  a  case  the  current  in  one 
at  least  of  the  branches  is  greater  than  that  in  the  main  circuit.  Let  us,  for 
instance,  suppose  that  the  branches  consist  of  two  coils  having  r  and  s  turns 
respectively,  arranged  so  as  to  have  very  little  magnetic  leakage.  Then 
LN  —  M2  is  negligible  (cf.  §  525)  and  we  have  approximately 

r-      rs  s2  ' 
The  equations  become 

h.  _    *2  I 

s      —r  s  —  r' 

so  that  the  currents  will  flow  in  opposite  directions,  and  either  may  be  greater 
than  the  current  in  the  main  circuit.  By  making  s  nearly  equal  to  r  and 
keeping  the  magnetic  leakage  as  small  as  possible,  we  can  make  both 
currents  large  compared  with  the  original  current. 

III.     Rapidly  alternating  currents. 

561.  This  last  problem  illustrates  an  important  point  in  the  general 
theory  of  rapidly  alternating  currents.     In  the  general  equations  (519), 

d  (dT\     dT     3W     „      D  .      .  , 

dmy^8+wrE'~Bela+Xaa+tih'+---' 

let  us  suppose  that  the  whole  system  is  oscillating  with  frequency  pj2-rr,  which 
is  so  great  that  it  may  be  treated  as  infinite.     We  may  assume  that  every 
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d_ 
dt 


d 
variable  is  proportional  to  eipt,  and  may  accordingly  replace  -7-  by  the  multi 


plier  ip.     The  equations  now  become 

.    (dT\      dT     dW      „      _  .      ^  . 

%P[^~)  ~?~  +  d —  s =    s  +  ^  s  + '"' 

and  all  the  terms  on  the  left  hand  may  be  neglected  in  comparison  with  the 
first,  which  contains  the  factor  ip.     The  terms  on  the  right  cannot  legitimately 
be  neglected  because  \,  fi,...  are  entirely  undetermined,  and  may  be  of  the 
same  large  order  of  magnitude  as  the  terms  retained.     If  we  replace  A,,  fi, . . 
by  ipX',  ipfi,  ...,  the  equations  become 

—  +  \'as  +  ix'bs 4- ...  =0,  etc. 

OXg 

in  which  V,  //,...  are  now  undetermined  multipliers.  These,  however,  are 
exactly  the  equations  which  express  that  T  is  a  maximum  or  a  minimum 
for  values  of  cb1}  x2,  ...  which  are  consistent  with  the  relations  (cf.  §  559) 
necessary  to  satisfy  Kirchhoff" s  first  law.  Since  T  can  be  made  as  large  as 
we  please,  the  solution  must  clearly  make  T  a  minimum.     Thus  we  see  that 

As  the  frequency  of  a  system  of  alternating  currents  becomes  very  great, 
the  currents  tend  to  distribute  themselves  in  such  a  way  as  to  make  the  kinetic 
energy  of  the  currents  a  minimum  subject  only  to  the  relations  imposed  by 
Kirchhoff 's  first  law. 

This  result  may  be  compared  with  that  previously  obtained  (§  357)  for 
steady  currents.  We  see  that  while  the  distribution  of  steady  currents  is. 
determined  entirely  by  the  resistance  of  the  conductors,  that  of  rapidly 
alternating  currents  is,  in  the  limit  in  which  the  frequency  is  infinite, 
determined  entirely  by  the  coefficients  of  induction. 

It  follows  that,  in  a  continuous  medium  of  any  kind,  the  distribution  of 
rapidly  alternating  currents  will  depend  only  on  the  geometrical  relations  of 
the  medium,  and  not  on  its  conducting  properties.  In  point  of  fact,  we  have 
already  seen  that  the  current  tends  to  flow  entirely  in  the  surface  of  the 
conductor  (§  537).  We  now  obtain  the  further  result  that  it  will,  in  the 
limit,  distribute  itself  in  the  same  way  over  the  surface  of  this  conductor, 
no  matter  in  what  way  the  specific  resistance  varies  from  point  to  point  of 
the  surface. 

IV.   Transmission  of  Signals  along  a  wire. 

562.  Imagine  a  signal  being  sent  along  a  wire,  initially  free  from  all 
electrical  disturbance.  At  any  instant  let  i  denote  the  current  at  a  point 
distant  x  from  the  end  of  the  wire,  and  let  q  denote  the  total  quantity  of 
electricity  which  has  flowed  past  this  point.  Then  i  and  q  are  functions  of 
x  and  t. 
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Let  q  be  measured  in  electrostatic  units,  but  let  i  be  measured  in  electro- 
magnetic units.  Then  the  rate  of  flow  past  any  point  will  be  iC  electrostatic 
units  per  second,  where  C  denotes  the  number  of  electrostatic  units  in  one 
electromagnetic  unit  (cf.  §  484).     Thus 

L%     df 

If  L  is  the  self-induction  of  the  wire  per  unit  length,  the  total  kinetic 
energy  of  the  currents  is 

where  the  integral  is  taken  along  the  wire.  In  any  element  dx  of  the  wire 
the  charge  is  —  ^  dx,  so  that  if  K  is  the  electrostatic  capacity  of  the  wire 
per  unit  length,  the  potential  energy  W  is  given  by 

Let  R  be  the  resistance  of  the  wire  per  unit  length  in  electromagnetic 
units,  then  the  rate  of  generation  of  heat  is 

R  \i2dx. 


The  values  of  q  at  different  points  of  the  wire  may  be  taken  as 
Lagrangian  coordinates,  for  they  suffice  to  specify  the  position  of  each 
element  of  current.  The  Lagrangian  equation  corresponding  to  the  coor- 
dinate q  at  any  distance  x  will  be  (cf.  §  556) 

dt[dq)      dq+'dq~     Mh 

m  which  we  have  ~-r  =  -^r2  q    and    —  =  0 . 

dW 
To  evaluate  -=— ,  let  us  imagine  q  changed  to  q  +  8q  at  every  point  of  the 

wire,  subject  to  Bq  vanishing  at  the  two  ends.     The  increment  in  W,  say  8W, 
is  given  by 

'(d(q  +  Bq)\*      fdqV 

\     dx     j     \dx) 


sw=m 


dx=Ti!a£iL(Sq)dx- 


and,  on  integrating  by  parts,  this  becomes 

Thus  at  any  point  x, 

dW  ld*q 

dq  ~      Kdx2 
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The  Lagrangian  equation  accordingly  becomes 


O2  dt*      K  dx*  ~         dt' 


K.?2 


Since  Gi=-~ ,  it  is  at  once  seen  that  the  current  i  at  any  point  satisfies 
dt 

the  same  differential  equation,  and  this  is  also  true  of  the  potential  V,  since 

dx 
namely 


^-  =  —  KV.     Thus   q,  i  and    V  all  satisfy  the  same  differential  equation, 


Ek*±.  +  KR*±-»±  (520) 

This  equation  is  the  general  equation  for  the  transmission  of  electric 
signals  along  a  wire.  It  is  called  the  "  Telegraphic  equation "  by  Poincare 
and  others. 

We  have  seen  in  §  505  a,  how  to  calculate  the  self-induction  per  unit 
length  of  any  wire.  If  the  wire  is  sufficiently  thin  in  comparison  with  its 
distance  from  other  conductors,  the  self-induction  L  per  unit  length  becomes 
identical  with  the  quantity  denoted  by  L'  in  §  505,  and  we  accordingly  have 
the  relation  (cf.  equation  (430  e)), 

KL  =  k/jl, 

where  k  is  the  dielectric  constant,  and  /x  the  magnetic  permeability  of  the 
insulator  surrounding  the  wire.     Let  us  put 

a?  =  — 

KfA 

so  that  a  depends  only  on  the  properties  of  the  insulating  material,  and  the 
telegraphic  equation  becomes 

a?dt*  +         dt  "  dx*' 

For  slow  signals,  the  first  term  in  this  equation,  which  arises  from  the 
inertia  of  the  electric  current,  may  be  neglected.  The  equation  then  reduces 
to  equation  (303)  of  Chapter  IX  which  was  obtained  as  the  equation  of 
transmission  of  signals  along  a  submarine  cable.  Under  practical  conditions 
signals  along  a  submarine  cable  are  so  retarded  by  the  high  electrostatic 
capacity  of  the  cable  that  this  inertia  term  may  legitimately  be  neglected, 
but  the  term  has  to  be  retained  when  the  equation  is  applied  to  telegraph 
and  telephone  problems. 

When  the  wire  is  far  removed  from  other  conductors,  the  electrostatic 
capacity  K  will  be  small.     If  K  is  neglected  entirely,  the  equation  becomes 

d-6        992(f> 

dt"        dx*' 
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The  solution  of  this  equation  is 

$  =f(oc  -  at)  +  <E>  {x  +  at), 

where  /,  O  are  arbitrary  functions,  and  the  solution  is  seen  to  represent  the 
transmission  of  a  signal  without  change  of  type  or  loss  of  intensity,  the 
velocity  of  transmission  being  a. 

In  practical  telephony  and  telegraphy  it  is  not  usual  possible  to  neglect 
entirely  the  value  of  K  in  the  second  term  of  the  equation.  Solutions  of 
the  general  three-term  equation  have  been  obtained  by  Heaviside*,  Poin- 
caref,  PicardJ,  Boussinesq§,  and  Riemann||. 

It  is  found  that  the  signal  is  still  transmitted  with  the  same  velocity  a, 
but  that  there  is  a  change  of  type  and  loss  of  intensity ;  there  is  also  an 
electric  field  and  current  left  trailing  behind  each  signal;  these  would  of 
course  tend  to  confuse  the  succeeding  signal  if  the  signals  are  sent  without 
sufficient  interval. 

Thus  for  rapid  transmission  or  clear  speaking  it  is  necessary  to  reduce 
the  value  of  KR  (cf.  §  369);  the  smaller  this  term  is  made,  the  smaller  the 
amount  of  blurring  or  indistinctness  will  be.  We  see  at  once  why  telephone 
wires  are  kept  as  far  as  possible  from  other  conductors,  and  can  understand 
the  difficulty  of  clear  speaking  or  rapid  signalling  through  a  submarine  cable. 

Mechanical  Force  acting  on  a  Circuit. 

563.  Let  6  be  any  geometrical  coordinate,  and  let  ©  be  the  generalised 
force  tending  to  increase  the  coordinate  6,  so  that  to  keep  the  system  of 
circuits  at  rest  we  must  suppose  it  acted  on  by  an  external  force  —  ©.  Then 
Lagrange's  equation  for  the  coordinate  6  is 

±^T\JT 

dt  Vb0/    de 

and  therefore,  when  the  system  is  in  equilibrium,  we  must  have 

*-% <521>- 

If  the  energy  of  the  system  were  wholly  potential  and  of  amount  W,  the 

force  ©  would  be  given  by 

dW 
©  = 

de 

Thus  the  mechanical  forces  acting  are  just  the  same  as  they  would  be  if 
the  system  had  potential  energy  of  amount  —  T. 

*  Phil.  Mag.  1888  and  Coll.  Papers.  t  c-  R-  117  (1893),  p.  1027. 

t  C.  R.  118  (1894),  p.  16.  §  C.  P.  118  (1894),  p.  162. 

||  Riemann-Weber,  Die  partielle  Differentialgleichungen  der  Math.  Physik,  4th  edn.  (1901), 
ii.  p.  322. 
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564.  Let  us  suppose  that  any  geometrical  displacement  takes  place,  this 
resulting  in  increases  WY,  802,  ...  in  the  geometrical  coordinates  01}  d2,  ...,  and 
let  the  currents  in  the  circuits  remain  unaltered,  additional  energy  being 
supplied  by  the  batteries  when  needed. 

The  increase  in  the  kinetic  energy  of  the  system  of  currents  is 

while  the  work  done  by  the  electrical  forces  during  displacement  is  2©c£0 
which,  by  equation  (521),  is  also  equal  to 

These  two  quantities  would  be  equal  and  opposite  if  the  system  were 
a  conservative  dynamical  system  acted  on  by  no  external  forces.  In  point  of 
fact  they  are  seen  to  be  equal  and  of  the  same  sign.  The  inference  is  that  the 
batteries  supply  during  the  motion  an  amount  of  energy  equal  to  twice  the 
increase  in  the  energy  of  the  system.  Of  this  supply  of  energy  half  appears 
as  an  increase  in  the  energy  of  the  system,  while  the  other  half  is  used  in  the 
performance  of  mechanical  work. 

This  result  should  be  compared  with  that  obtained  in  §  120. 

565.  As  an  example  of  the  use  of  formula  (521),  let  us  examine  the 
force  acting  on  an  element  of  a  circuit.     Let  the 

components  of  the  mechanical  force  acting  on  any 
element  ds  of  a  circuit  carrying  a  current  i  be  de- 
noted by  X,  7,  Z. 

To  find  the  value  of  X,  we  have  to  consider  a 
displacement  in  which  the  element  ds  is  displaced 
a  distance  dx  parallel  to  itself,  the  remainder  of  the 

circuit  being  left  unmoved.  Let  the  component  of  magnetic  induction 
perpendicular  to  the  plane  containing  ds  and  dx  be  denoted  by  N,  then  if 
T  denotes  the  kinetic  energy  of  the  whole  system,  the  increase  in  T  caused 
by  displacement  will  be  equal  to  i  times  the  increase  in  the  number  of  tubes 
of  induction  enclosed  by  the  circuit,  and  therefore 

dT=iNdsdcc. 

Thus,  using  equation  (521), 

X  =  7T-  =  iNds, 

and  there  are  similar  equations  giving  the  values  of  the  components  Fand  Z. 

If  B  is  the  total  induction  and  if  B  cos  e  is  the  component  at  right  angles 
to  ds,  then  the  resultant  force  acting  on  ds  is  seen  to  be  a  force  of  amount 
iB  cos  e  ds,  acting  at  right  angles  to  the  plane  containing  B  and  ds,  and  in 
such  a  direction  as  to  increase  the  kinetic  energy  of  the  system.  This  is  a 
generalisation  of  the  result  already  obtained  in  §  498. 
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Magnetic  Energy. 

566.  We  have  seen  that  the  energy  of  the  field  of  force  set  up  by  a 
system  of  electric  currents  must  be  supposed  to  be  kinetic  energy.  We 
know  also  that  this  field  is  identical  with  that  set  up  by  a  certain  system  of 
magnets  at  rest.  These  two  facts  can  be  reconciled  only  by  supposing  that 
the  energy  of  a  system  of  magnets  at  rest  is  kinetic  energy — a  suggestion 
originally  due  to  Ampere. 

Weber's  theory  of  magnetism  (§476)  has  already  led  us  to  regard  any 
magnetic  body  as  a  collection  of  permanently  magnetised  particles.  Ampere 
imagined  the  magnetism  of  each  particle  to  arise  from  an  electric  current 
which  flowed  permanently  round  a  non-resisting  circuit  in  the  interior  of  the 
particle.  The  phenomena  of  magnetism,  on  this  hypothesis,  become  in  all 
respects  identical  with  those  of  electric  currents,  and  in  particular  the  energy 
of  a  magnetic  body  must  be  interpreted  as  the  kinetic  energy  of  systems  of 
electric  currents  circulating  in  the  individual  molecules.  For  instance  two 
magnetic  poles  of  opposite  sign  attract  because  two  systems  of  currents 
flowing  in  opposite  directions  attract. 

We  have  seen  that  the  mechanical  forces  in  a  system  of  energy  E  are 

BE  .  .  BE 

—  -jtq  ,  etc.,  if  the  energy  is  potential,  but  are  +  ^z,  etc.,  if  the  energy  is 

kinetic.     It  might  therefore  be  thought  that  the  acceptance  of  the  hypothesis 

that  all  magnetic  energy  is  kinetic  would  compel  us  to  suppose  all  mechanical 

forces  in  the  magnetic  system  to  be  the  exact  opposites  of  what  we  have 

previously  supposed  them  to  be.     This,  however,  is  not  so,  because  accepting 

this  hypothesis  compels  us  also  to  suppose  the  energy  to  be  exactly  opposite 

in  amount  to  what  we  previously  supposed  it  to  be.     Instead  of  supposing 

BE 
that  we  have  potential  energy  E  and  forces  —  ■«— ,  etc.,  we  now  suppose  that 

we  have  kinetic  energy  —  E  and  forces  H = — - ,  etc.,  so  that  the  amounts  of 

OOl/ 

the  forces  are  unaltered. 

To  understand  how  it  is  that  the  amount  of  the  magnetic  energy  must  be 
supposed  to  change  sign  as  soon  as  we  suppose  it  to  originate  from  a  series  of 
molecular  currents,  we  need  only  refer  back  to  §  502. 

567.  The  molecular  currents  by  which  we  are  now  supposing  magnetism 
to  be  originated  must  be  supposed  to  be  acted  on  by  no  resistance  and  by  no 
batteries,  but  if  the  assemblage  of  currents  is  to  constitute  a  true  dynamical 
system  we  must  suppose  them  capable  of  being  acted  upon  by  induction 
whenever  the  number  of  tubes  of  force  or  induction  which  crosses  them 
is  changed.     In  the  general  dynamical  equation 


d(BT\     dT 
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we  may  put  E  and  R  each  equal  to  zero,  and  ^-  is  already  known  to  vanish. 

7\T 
Thus  the  equation  expresses  that  -^-.  remains  unaltered. 

We  now  see  that  the  strengths  of  the  molecular  currents  will  be  changed 
by  induction  in  such  a  way  that  the  electrokinetic  momentum  of  each  remains 
unaltered.  If  the  molecule  is  placed  in  a  magnetic  field  whose  lines  of  force 
run  in  the  same  direction  as  those  from  the  molecule,  then  the  effect  of  induc- 
tion is  to  decrease  the  strength  of  the  molecule  until  the  aggregate  number 
of  tubes  of  force  which  cross  it  is  equal  to  the  number  originally  crossing  it. 
This  effect  of  induction  is  of  the  opposite  kind  from  that  required  to  explain 
the  phenomenon  of  induced  magnetism  in  iron  and  other  paramagnetic  sub- 
stances. It  has,  however,  been  suggested  by  Weber  that  it  may  account  for 
the  phenomenon  of  diamagnetism. 

568.  Modern  views  as  to  the  structure  of  matter  compel  us  to  abandon 
Ampere's  conception  of  molecular  currents,  but  this  conception  can  be  re- 
placed by  another  which  is  equally  capable  of  accounting  for  magnetic 
phenomena.  On  the  modern  view  all  electric  currents  are  explained  as  the 
motion  of  streams  of  electrons.  The  flow  of  Ampere's  molecular  current  may 
accordingly  be  replaced  by  the  motion  of  rings  of  electrons.  The  rotation 
of  one  or  more  rings  of  electrons  would  give  rise  to  a  magnetic  field  exactly 
similar  to  that  which  would  be  produced  by  the  flow  of  a  current  of  electricity 
in  a  circuit  of  no  resistance. 

It  is  on  these  lines  that  it  appears  probable  that  an  explanation  of 
magnetic  phenomena  will  be  found  in  the  future.  No  complete  explanation 
has  so  far  been  obtained,  for  the  simple  and  sufficient  reason  that  the  arrange- 
ment and  behaviour  of  the  electrons  in  the  molecule  or  atom  is  still  unknown. 


EXAMPLES. 

1.  Two  wires  are  arranged  in  parallel,  their  resistances  being  R  and  S,  and  their 
coefficients  of  induction  being  L,  M,  N.  Shew  that  for  an  alternating  current  of  frequency 
p  the  pair  of  wires  act  like  a  single  conductor  of  resistance  R  and  self-induction  L,  given  by 

R 

RS(R  +  S)+p*{R(N-My  +  S(L-Mf} 

L  1 


NR*  +  LS2  +  2MRS+p'i(LiV-M2)(L  +  tf-2M)      {R  +  Sf+p-^L  +  N-lMf' 

2.     A  conductor  of  considerable  capacity  S  is  discharged  through  a  wire  of  self-induc- 
tion L.    At  a  series  of  points  along  the  wire  dividing  it  into  n  equal  parts,  (n-\)  equal 
conductors  each  of  capacity  *S"  are  attached.    Find  an  equation  to  determine  the  periods 
of  oscillations  in  the  wire,  and  shew  that  if  the  resistance  of  the  wire  may  be  neglected 
the  equation  may  be  written 

2  tan  ^0  (S  -  %S')  =  S'  cot  ?«£, 
where  the  current  varies  as  e~     ,  and  sin2<£=>S"X2Z/4?j. 
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3.  A  "Wheatstone  bridge  arrangement  is  used  to  compare  the  coefficient  of  mutual 

induction  M  of  two  coils  with  the  coefficient  of  self-induction  L  of  a  third  coil.    One  of  the 

coils  of  the  pair  is  placed  in  the  battery  circuit  AC,  the  other  is  connected  to  B,  D  as  a 

shunt  to  the  galvanometer,  and  the  third  coil  is  placed  in  AD.    The  bridge  is  first  balanced 

for  steady  currents,  the  resistances  of  AB,  BC,  CD,  DA  being  then  Ru  R2,  R3,  i?4:  the 

resistance  of  the  shunt  is  altered  till  there  is  no  deflection  of  the  galvanometer  needle  at 

make  and  break  of  the  battery  circuit,  and  the  total  resistance  of  the  shunt  is  then  R. 

Prove  that 

LRR1=M{R1+Rif. 

4.  Two  circuits  each  containing  a  condenser,  having  the  same  natural  frequency  when 
at  a  distance,  are  brought  close  together.  Shew  that,  unless  the  mutual  induction  between 
the  circuits  is  small,  there  will  be  in  each  circuit  two  fundamental  periods  of  oscillation 
given  by 

„_       1  1 

where  C1 ,  C2  are  the  capacities,  Lx ,  L2  the  coefficients  of  self-induction,  and  M  the  coefficient 
of  mutual  induction,  of  the  circuits. 

5.  Let  a  network  be  formed  of  conductors  A,  B,  ...  arranged  in  any  order.  Prove  that 
when  a  periodic  electromotive  force  Fcospt  is  placed  in  A  the  current  in  B  is  the  same  in 
amplitude  and  phase  as  the  current  is  in  A  when  an  electromotive  force  F cos  pt  is  placed 
in  B. 


CHAPTEK   XVII 

DISPLACEMENT  QUERENTS  AND  ELECTROMAGNETIC  WAVES 

Maxwell's  Equations. 

569.  Our  development  of  the  theory  of  electromagnetism  has  been  based 
upon  the  experimental  fact  that  the  work  done  in  taking  a  unit  magnetic 
pole  round  any  closed  path  in  the  field  is  equal  to  4nr  times  the  aggregate 
current  enclosed  by  this  path.  But  it  has  already  been  seen  (§  534)  that  this 
development  of  the  theory  is  not  sufficiently  general  to  take  account  of 
phenomena  in  which  the  flow  of  current  is  not  steady:  "the  aggregate  current 
enclosed  by  a  path"  is  an  expression  which  has  a  definite  meaning  only  when 
the  flow  of  current  is  steady.  Before  proceeding  to  a  more  general  theory, 
which  is  to  cover  all  possible  cases  of  current  flow,  it  is  necessary  to  deter- 
mine in  what  way  the  experimental  basis  is  to  be  generalised,  in  order  to 
provide  material  for  the  construction  of  a  more  complete  theory. 

The  answer  to  this  question  has  been  provided  by  Maxwell.     According 
to  Maxwell's  displacement  theory  (§171),  the  motion  of  electric  charges  is 
accompanied  by  a  "displacement"  of  the  surrounding  medium.     The  motion 
produced  by  this  displacement  will  be  spoken  of  as  a  "displacement-current," 
and  we  have  seen  that  the  total  flow  which  is  obtained  by  compounding  the 
displacement-current  with  the  current  produced  by  the  motion  of  electric 
charges  (which  will  be  called  the  conduction-current),  will  be  such  that  the 
total  flow  into  any  closed  surface  is,  under  all  circumstances,  zero.     Thus  if 
S1}  $2  are  any  two  surfaces  bounded  by  the  same  closed 
path  s,  the  total  flow  of  current  across  Si  is  the  same  as 
the  total  flow,  in  the  same  direction,  across  S2,  so  that 
either  may  be  taken  to  be  the  flow  through  the  circuit  s. 
Maxwell's  theory  proceeds  on  the  supposition  that  in 
any  flow  of  current,  the  work  done  in  taking  a  unit  magnetic  pole  round  s  is 
equal  to  4>tt  times  the  total  flow  of  current,  including  the  displacement-current, 
through  s.    The  justification  for  this  supposition  is  obtained  as  soon  as  it  is 
seen  how  it  brings  about  a  complete  agreement  between  electromagnetic  theory 
and  innumerable  facts  of  observation. 

570.     Let  us  first  put  the  hypothesis  of  the  existence  of  displacement- 
currents  into  mathematical  language.     Let  u,  v,  w  be  the  components  of  the 
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ordinary  current  at  any  point  which  is  produced  by  the  motion  of  electric 
charges,  and  let  this  be  measured,  as  before,  in  electromagnetic  units 
(cf.  §  484).  Let  the  components  of  the  displacement,  which  has  been  shewn 
to  be  identical  with  Faraday's  polarisation  (§  172),  be  denoted  as  before  by 
f,  g,  h.  On  Maxwell's  theory  of  displacement,  f,  g,  h  are  the  quantities  of 
electricity  of  the  second  kind  which  have  crossed  unit  areas  perpendicular  to 
the  coordinate  axes  at  any  point.  The  corresponding  rates  of  current-flow,  or 
quantities  which  cross  unit  area  per  unit  time,  are  of  course 

df    dg     dh 
di'   di'  'di' 

These  are  accordingly  the  components  of  Maxwell's  "displacement- 
current."  They  are,  however,  measured  in  electrostatic  units.  If  we  suppose 
there  to  be  C  electrostatic  units  of  charge  in  one  electromagnetic  unit,  the 
displacement  current,  measured  in  electromagnetic  units,  will  have  com- 
ponents 

ldf    ldg     \dh 

Gdt'  Cdt'   Gdt    {0Z  >' 

and  Maxwell's  total  current,  measured  in  electromagnetic  units,  will  have 
components 

1  df  Ida  1  dh 

U  +  Cdi>  V+Cdt>W+Cdi' 

Maxwell's  hypothesis  is  that  the  work  done  in  taking  a  unit  magnetic 
pole  round  a  closed  circuit  is  equal  to  4)7r  times  the  total  current  flowing 
through  that  circuit.  This  hypothesis  is,  as  we  have  seen,  self-consistent, 
because  the  total  current  behaves  like  an  incompressible  fluid,  and  conse- 
quently the  total  flow  through  a  circuit  has  a  definite  meaning  which  is 
independent  of  the  particular  surface  we  select,  closing  up  the  circuit,  over 
which  to  measure  the  current. 

The  hypothesis   may  be   transformed  into   mathematical    language   by 

following  the  procedure  of  §  533.  It  is  found  to  be  represented  by  the 
equations 

.     (         1  df\  dy      d/3\ 


dy 

4nr{V+Cdt)"'dz      dx 
1  dh\      d/3     da 


.(523). 


V        C  dt  J      dx     dy  / 

These  are  the  equations  which  must  replace  equations  (473) — (475)  in  the 
most  general  motion  of  electricity.  If  we  differentiate  the  three  equations 
with  respect  to  x,  y,  z  and  add,  we  obtain 

du      dv     dw  _      1  d  /df      dg     dh\ 


dw      dv      d«/_       1  d  /df      dg      dh\ 
dx+dy~     fe~~Cdt[dx~+dy"+dz')' 
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Since,  by  equation  (63), 

df_     dg     dh_ 
dx      dy      dz     " 

this  may  be  written  in  the  form 

*(!:+!+!")=-! <** 

Now  G  ( —  +  o~  +  o~ )  dx  dydz  simply  expresses  the  rate  at  which  currents 

of  ordinary  electricity,  measured  in  electrostatic  units,  flow  out  of  a  small 

d 
element  of  volume  dx  dy  dz,  and  so  is  necessarily  equal  to  —  -y-  (p  dx  dydz). 

We  accordingly  see  that  equation  (524)  is  true,  quite  independently  of 
the  truth  of  Maxwell's  displacement-theory.  It  follows  that  equations  (523) 
form  a  consistent  scheme,  independently  of  the  truth  of  the  hypothesis  from 
which  they  have  been  derived.  The  displacement-theory  may  be  regarded 
merely  as  scaffolding,  and  Maxwell's  theory  may  be  regarded  as  being  simply 
the  theory  expressed  by  equations  (523),  independently  of  any  physical  in- 
terpretation that  may  be  assigned  to  the  various  terms  in  these  equations. 
Although  we  may,  if  we  please,  discard  Maxwell's  interpretation,  it  will  be 
convenient  to  continue  to  use  the  name  "  displacement-current "  to  designate 
the  vector  whose  components  are  given  by  formula  (522). 

We  proceed  to  examine  the  consequences  implied  in  Maxwell's  equations 
(523).  Since  the  truth  of  the  equations  must  ultimately  rest  on  something 
more  substantial  than  the  displacement-theory  by  the  help  of  which  they 
were  derived,  it  is  important  to  seize  every  opportunity  of  comparing  the 
results  of  the  theory  with  observation. 

Maxwell's  Equations  for  a  non-conducting  Medium. 

571.  In  a  non-conducting  medium  there  can  be  no  ordinary  currents  of 
electricity,  so  that  we  put  u  —  v  =  w  =  0,  and  Maxwell's  equations  assume  the 

form 

4Trdf_dy_d/3' 
G   dt      dy      dz 


.(525). 


4>tt  dg  _da     dy 
G  dt      dz     dx 

4-7T  dh  _  3/3     da 
G   dt      dx     dy  t 

We  notice  that  the  whole  of  the  left-hand  members  arise  entirely  from  the 
"  displacement-current."  If  the  displacement-current  were  omitted,  we  should 
have 

dy      dz 
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so  that  the  magnetic  forces  (a,  /3,  7)  would  be  derivable  from  a  potential,  and 
the  only  magnetic  field  in  a  dielectric  in  which  no  currents  flowed  would  be 
one  arising  from  permanent  magnetism. 

Maxwell's  hypothesis,  as  expressed  in  equations  (525),  implies  that  there 
will  be  a  magnetic  field  in  a  dielectric  whenever  the  electric  field  changes, 
and  enables  us  to  calculate  the  forces  in  this  field. 


Magnetic  Field  of  a  Moving  Charge. 

572.  As  a  simple  but  important  example  of  the  use  of  Maxwell's 
equations  (525)  let  us  calculate  the  magnetic  field  produced  by  a  single 
point  charge  e  moving  with  a  velocity  U. 

Let  the  direction  of  motion  of  the  charge  at  any  instant  t  be  taken  for 
axis  of  x,  the  position  of  the  charge  being  taken  for  origin. 

Let  0  (fig.  137)  be  the 
position  of  the  charge  at  time  t, 
and  0'  its  position  at  time 
t-dt;  then  0'0  =  udt. 

Let  P  be  the  point  at  which 
we  wish  to  evaluate  the  mag- 
netic force.  Draw  PQ  parallel 
and  equal  to  00'.  Then  the 
electric  field  at  P  at  time  t 
will  be  the  same  as  the  electric 
field  at  Q  at  time  t  —  dt,  so  that 


Fig.  137. 


the  increase  in  the  electr] 

lc  field  at  P  in 

time  dt  will  be  the 

same  as 

the  in- 

crease  produced  by  moving  a  distance  - 
we  have 

—  =—  D 
dt 

-  V  dt  parallel 

4-  etc. 
ox 

to  the 

axis  of  x. 

Thus 

and  equations  (525)  may 

be  put  in  the  form 

4nrU  df 
G    dx' 

dy 
~dy 

a/3 

dz 

4>7rudg 
G    dx' 

da 

dz~ 

dy 
dx 

4>irudh 
G     dx' 

dx 

da. 
dy' 

We  have  here  three  equations  from  which  to  determine  the  three  com- 
ponents of  magnetic  force,  a,  /3  and  7. 

A  solution  which  obviously  satisfies  the  last  two  equations  is 


o  =  0,      £  = 


47T6T 


h, 


4<ttU 

7--C-9- 


33 
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This  solution  is  also  seen  to  satisfy  the  first  equation  in  virtue  of  the 
relation  (cf.  Equation  (64)), 

it  is  therefore  the  required  solution  of  the  problem. 

For  the  electric  field  of  a  single  point  charge,  we  have  * 

A         J!         eX  A  eV  A         7  eZ 

and  on  substituting  these  values  for/,  g,  h,  the  solution  becomes 

a          a             U ez                    UeV  ,cnm 

O  =  0,        P=~Q^,         7  =  0^ (526)- 

These  equations  give  the  components  of  magnetic  force  at  any  point. 
The  lines  of  magnetic  force  are  circles  about  the  path  of  the  electron,  and 
the  intensity  at  distance  r  from  the  electron  is 

%*¥ <527>> 

where  6  is  the  angle  between  the  distance  r  and  the  direction  of  motion. 

572  a.  If  a  small  element  ds  of  a  circuit  in  which  a  current  i  (measured 
in  electromagnetic  units)  is  flowing  contains  Nds  electrons  moving  with  an 
average  forward  velocity  u0)  we  have  (cf.  equation  (b)  of  §  345) 

Ne  uQ  =  Ci. 

The  magnetic  force  at  distance  r  produced  by  the  motion  of  the  electrons 
in  the  element  ds  of  the  circuit  is  (cf.  expression  527)) 

eu0  sin  6  .  ,  sin  8 


Nds  -~ —      or      ids- 


G      7 


?- 


This  is  exactly  identical  with  the  force  given  by  Ampere's  Law  (§  497). 
But  Ampere's  formula  was  only  proved  to  be  true  when  integrated  round 
a  closed  circuit,  whereas  it  is  now  seen  that  Maxwell's  theory  implies  that 
the  formula  is  true  for  every  element  of  a  circuit. 

Experimental  Confirmation. 

573.  The  possibility  that  a  moving  electric  charge  might  produce  a 
magnetic  field  occurred  to  Faraday  and  was  noted  by  him  in  his  Experimental 
Researches  (1837);  the  effect  was  observed  by  Rowland  in  1876  and  again  by 
Rontgen  in  1885.  Maxwell's  equations,  as  we  have  just  seen,  predict  the 
actual  amount  of  this  effect.  The  only  quantity  other  than  the  measurable 
electric  charge  which  appears  in  Maxwell's  formulae  is  G,  the  ratio  of  the 
electric  units,  and  this  can  be  determined  in  other  ways  (cf.  §  582  below),  its 
value  being  found  to  be  almost  exactly  3  x  1010. 

*  This  is  not  quite  accurate,  for  the  motion  of  the  magnetic  field  (a,  /3,  7)  induces  an  electric 
field  which  ought  to  be  taken  into  account  in  evaluating  (/,  g,  h).  Equations  (526)  are,  however, 
ver}'  nearly  accurate  except  for  very  rapidly  moving  charges.  The  exact  solution  will  be  given 
later  (cf.  §§  624,  647,  656). 
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The  first  attempt  to  measure  the  effect  quantitatively  was  made  by  Rowland 
and  Hutchinson  in  1889.  They  used  discs  charged  to  a  potential  of  5000  volts, 
which  were  made  to  rotate  at  125  revolutions  a  second.  The  motion  of  the 
charged  discs  may  be  regarded  as  the  motion  of  a  succession  of  electric  charges, 
and  the  magnetic  force  predicted  by  Maxwell's  theory  can  be  calculated  from 
formula  (527).  On  comparing  the  observed  effect  with  that  predicted  by 
theory,  values  for  G  were  found  which  varied  from  2-26  x  1010  to  3*74  x  1010,  the 
mean  being  3"19  x  1010.  More  exact  experiments  of  a  similar  type  performed 
by  H.  Pender  in  1901  gave  for  G  an  average  value  of  3*05  x  1010;  a  second 
set,  with  slightly  modified  apparatus,  gave  G=  2-96  x  1010.  These  values  will 
be  seen  to  agree  very  closely  with  the  known  value  for  C,  3*00  x  1010,  so  that 
the  experiments  not  only  prove  the  existence  of  the  magnetic  field  produced 
by  moving  charges,  but  also  confirm  Maxwell's  theory  quantitatively. 

It  may  be  objected  that  the  foregoing  experiments  only  test  the  magnetic 
field  produced  by  a  continuous  chain  of  electric  charges  moving  in  a  closed 
circuit,  but  this  objection  cannot  be  urged  against  experiments  performed  by 
E.  P.  Adams  in  1901.  In  these  experiments  charged  brass  spheres  were  made 
to  pass  a  suspended  magnetic  needle  at  the  rate  of  about  800  per  second  and 
the  apparatus  was  arranged  so  that  the  effect  of  one  sphere  had  almost 
disappeared  before  the  needle  came  under  the  influence  of  the  next.  From  a 
series  of  such  experiments  Adams  determined  values  for  C  ranging  from 
2-6  x  1010  to  3-1  x  1010,  the  mean  being  28  x  1010. 

Further  confirmation  of  the  existence  of  the  displacement-current  is  pro- 
vided in  a  great  number  of  indirect  ways,  particularly  through  the  electro- 
magnetic theory  of  light  and  the  electromagnetic  mass  of  the  electron.  For 
the  present  we  shall  assume  the  truth  of  Maxwell's  hypothesis  and  proceed  to 
examine  its  consequences. 

The  General  Equations  of  the  Electromagnetic  Field. 

574.     In  §  529,  we  obtained  the  system  of  equations 

da  =  dZ_d7 

dt      dy      dz 

in  which  all  the  quantities  were  expressed  in  electromagnetic  units.  If  the 
electric  forces  are  expressed  in  electrostatic  units,  X,  Y,  Z  must  be  replaced  in 
these  equations  by  CX,  CY,  CZ,  and  the  system  of  equations  becomes 

1  da_dZ_dY 
G  dt      dy      dz 

_^db_^_X_dZ 

G  dt       dz      dx 

}Ldc_dY_dX 

G  dt      dx       dy  , 

33—2 


.(528). 
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These  three  equations  together  with  equations  (523),  namely 

,     /        1  df\      dry     d/3  ^ 

ldg\      da_dy 
u  ~  n  j+  )      s~      s™  r  \       /> 


V   '  G  dtj      dz     dx 

(       L  ^  -  ?£  _  ?? 
\        C  dtj      dx      dy 

constitute  a  system  of  six  equations  giving  the  rate  of  changes  in  the  electric 
and  magnetic  fields  in  terms  of  the  field  at  any  instant.  With  them  may  be 
associated  the  two  equations  (63)  and  (362),  namely 

jjf  +  ge+j*         (530), 

dx     dy     dz     r 

p  +  ^  +  d^  =  0  (531). 

dx      dy     dz 

The  eight  equations  (528) — (531)  form  the  most  general  system  of 
equations  of  the  electromagnetic  field.  In  these  equations  u,  v,  w,  a,  b,  c, 
a,  /3,  7  are  expressed  in  electromagnetic  units,  while  f,  g,  h,  X,  Y,  Z  are 
expressed  in  electrostatic  units. 

Localisation  and  Flow  of  Energy. 

575.  We  have  already  considered  the  hypothesis  that  electromagnetic 
energy  may  not  be  confined  to  the  regions  occupied  by  electric  charges, 
magnets  and  currents,  but  may  be  spread  through  the  whole  of  space.  On 
this  hypothesis  the  kinetic  (magnetic)  energy  T  and  the  potential  (electric) 
energy  W  of  an  isotropic  medium  are  given  by 

T=-^jfjfi  (a2  +  j32  +  72)  dxdydz, 


W=^-jjJK  (X2  +  F2  +  Z2)  dxdydz, 


and  the  energy  is  supposed  to  be  localised  in  space  in  the  way  indicated  by 
these  integrals.  Knowing  the  kinetic  and  potential  energies  of  the  system, 
it  ought  to  be  possible  to  determine  its  equations  of  motion  by  the  general 
dynamical  methods  explained  in  Chapter  XVI. 

The  quantities  a,  /3,  <y  which  enter  in  the  kinetic  energy  must  be  funda- 
mentally of  the  nature  of  velocities.  Let  us  denote  them  by  £,  rj,  £,  so  that 
£,  7],  %  may  be  treated  as  positional  coordinates. 

Similarly  u,  v,  w  which  express  the  rates  of  flow  of  electricity  at  any 
point  are  of  the  nature  of  velocities.  If  qx,  qy,  qz  denote  the  total  quantity 
of  electricity,  measured  in  electrostatic  units,  which  have  crossed  unit  areas 
perpendicular  to  Ox,  Oy,  Oz  at  any  point  since  a  specified  instant,  then 

Cu  =  qx,     Cv  =  qy,     Cw  =  qz. 
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Maxwell's  equations  (529)  now  assume  the  form 

4tt/.     df\    a£    drj  . 

-G\^+dt)=d-y-dzetQ' 

giving  on  integrating,  and  replacing  4<irf  by  KX, 
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.(532). 


dy     dz 

This  relation  connects  the  various  positional  coordinates  qx,  X  (regarded 
as  a  "  displacement"),  £  etc. 

The  principle  of  least  action  can  be  expressed,  as  in  equation  (507),  in 
the  form 

(\ST-{BW})dt  =  0, 
J  o 

where  the  value  of  {8  W]  in  the  present  problem  is 

{8W}  =  8W  +!  i  \(X8qx+  Y8qy  +  Z8qz)  dxdydz, 


which  again,  on  substituting  for  W,  can  be  put  in  the  form 

{SW }  =  ^jjj[X(K8X  +  4tt%)  +  Y(K8Y+  4>7r8qy) 

+  Z  (K8Z  +  4nr8qz)]  dxdydz 

i   .  -  ,  ,  .-  ,  — ^~ 

.dy       dz  J  \dz       dx }         \  dx       dy  J 

on  using  relations  (532).     On  further  transforming  by  Green's  Theorem,  this 
becomes 

[8W]  =^ff[X(m$S-n8v)  +  ...]dS 


SL[[[[  YfiJX-dk)        V(d3-dlt\,    7(d8rl_d8^ 
4ttJJJ  l      \dy       dzJ  +      \dz       dx)+     [dx       dyj 


dxdydz 


-£/// (S*-£*K 


dxdydz. 


Similarly  on  varying  T,  we  find 

8T=  1-jfjlpaSa  +  /*{38/3  +  fiyBj]  dxdydz 

=  j-  1 1 1  [aS|  +  6S?7  +  c§£]  dxdydz, 


giving 


TOT*  =  ^-  IffhaSZ  +  b8n  +  c8£)  dxdydz1* 

—  j—  j  dt  J  J  j(d8^+b8r]  +  68%)  dxdydz. 

As  in  §  545,  we  suppose  the  values  of  8%,  8r],  S£all  to  vanish  at  the  instants 
t  =  0  and  t  =  r,  so  that  the  top  line  on  the  right  hand  vanishes. 
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Collecting  terms,  we  now  obtain 

r.(»-i.in)-i-£r-//i}«+s-©«? 

-^-[Tdtt\\{{nY-mZ)^+...}d8. 

If  our  suppositions  as  to  the  localisation  of  the  kinetic  and  potential 
energies  are  correct,  then  £,  77,  £  may  be  regarded  as  independent  coordinates 
at  every  point  of  the  field.  Thus  the  variations  &%,  Stj,  8£  may  have  all 
possible  values  at  all  points  of  the  field.  It  follows  that  their  coefficients 
must  vanish  separately;  hence  at  every  point  of  the  field,  we  must  have 

a      dZ     BY     _ 

These  are  the  equations  which  the  principle  of  least  action  gives  as  the 
equations  of  motion  when  we  assume  Maxwell's  equations  (529).  We  see  at 
once  that  they  are  identical  with  equations  (528),  so  that  the  two  sets  of 
equations  (528)  and  (529)  are  related  through  the  principle  of  least  action. 


Poynting's  Theorem. 

576.  If  we  still  assume  the  energy  to  be  localised  in  the  medium  in  the 
way  imagined  by  Maxwell,  the  total  energy  in  any  closed  region  will  be 
given  by 

T  +  W  =  jjjiS  (X2  +  F2  +  Z*)  +  £  (a2  +  /32  +  72)|  dxdydz, 

whence,  on  differentiating,  and  replacing  fia.  by  a,  KX  by  4nrf,  etc., 
d(T+W)      [[[[(  ^df      „dg      „dh\       1    f  da      adb         dc\)  ,    .    . 

On  substituting  from  equations  (528)  and  (529),  this  becomes 
d(T+W)      C  [ffi^fdy     d/B\  fdZ     dY\ 


vfdy     d/3\  fdZ     dY\  ,    ,    , 


dt  4t7rJJJ\      \dy      dzj  \dy       dz  J         *j 

-  G  jjj(uX  +  vY+wZ)  dxdydz. 

In  this  equation,  the  last  line  represents  exactly  the  rate  at  which 
work  is  performed  or  energy  dissipated  by  the  flow  of  currents,  so  that  the 
first  line  must  represent  the  rate  at  which  energy  flows  into  the  region  from 
outside. 
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By  Green's  Theorem  (§179),  the  first  line 

=  ~§ir  [NZ/3  ~  7^  +  m(YV~  Za)  +  n(Ya -  X/3)}  d# 

£,  ra,  n  being  the  direction-cosines  of  the  normal  inwards  into  the  region. 
Thus  if  we  put 

TI^^iYy-ZP),  etc (533), 

j 
it  appears  that  the  value  of  -j  (T+W)  is  the  same  as  if  there  were  a  flow 

of  energy  in  the  direction  I,  m,  n  of  amount  ITIX  +  mUy  +  nU2.  The  vector  II 
of  which  17a;,  Uy,  II2  are  components  is  of  amount 

n  =  v(iv  +  iy  +  n/) = -£-  rh  sm  e, 

where  R,  H  are  the  electric  and  magnetic  intensities  and  6  is  the  angle 
between  them.  The  direction  of  the  vector  II  is  at  right  angles  to  both  R 
and  H,  and  the  flow  of  energy  into  or  out  of  the  surfaces  is  the  same  as  if 
there  were  a  flow  equal  to  IT  in  magnitude  and  direction  at  every  point  of 
space.    This  vector  II  is  called  the  "Poynting  flux  of  energy." 

The  integral  of  the  Poynting  Flux  over  a  closed  surface  gives  the  total 
flow  of  energy  into  or  out  of  a  surface,  but  it  has  not  been  proved,  and  we  are 
not  entitled  to  assume,  that  there  is  an  actual  flow  of  energy  at  every  point 
equal  to  the  Poynting  Flux.  For  instance  if  an  electrified  sphere  is  placed 
near  to  a  bar  magnet,  this  latter  assumption  would  require  a  perpetual  flow 
of  energy  at  every  point  in  the  field  except  the  special  points  at  which  the 
electric  and  magnetic  lines  of  force  are  tangential  to  one  another.  It  is  difficult 
to  believe  that  this  predicted  circulation  of  energy  can  have  any  physical 
reality.  On  the  other  hand  it  is  to  be  noticed  that  such  a  circulation  of  energy 
is  almost  meaningless.  The  circulation  of  a  fluid  is  a  definite  oonception 
because  it  is  possible  to  identify  the  different  particles  of  a  fluid ;  we  can  say 
for  instance  whether  or  not  the  particles  entering  a  small  element  of  volume 
are  identical  or  not  with  an  equal  number  of  particles  coming  out,  but  the 
same  is  not  true  of  energy. 

Equations  for  a  Uniform  Isotropic  Dielectric. 

577.  We  return  now  to  the  general  equations  of  §  574,  and  proceed  to 
examine  the  form  they  assume  in  a  uniform  isotropic  dielectric.  Since  there 
can  be  no  electric  current  we  put  u  =  v  =  w  =  0.     We  also  put 

47r/=  KX  etc.,   a  =  fxa  etc., 
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and  the  equations  assume  the  form 

G  dt      dy      dz 

KdY  =  da_dy 

G  dt       dz      dx 


fji  da. 
Gdt 


dZ 
dy 


dY\ 

dz 


•(A), 


lid/3  _dX_d_Z> 

dz      dx  ' 


C  dt 


.(B). 


KdZ  =  dJ3___da  _^*y  =  ^lr_?^ 

G  dt      dx      dy)  G  dt      dx      dy  I 

From  the  first  equation  of  system  (A),  we  have 

Kjx  <PX      9_  />  *y\       d_  (n  d/3\ 
G2   dt2  ~dy\Cdi)     dz\Cdt)' 

and  on  substituting  the  values  of  ~  -j-  and  ^  -y-  from  the  last  two  equations 

of  system  (B),  this  equation  becomes 

K^d2X_      d_(d_Y_dX\       d_fd_X_dZ\ 
G2    dt2         dy\dx      dy)+dz\dz      dx) 

d2X  .  d*X  _  d_  (dY     dZ\ 


+ 


dx  \dy      dz, 


dy2    '    dz2 

Since  the  medium  is  supposed  to  be  uncharged,  we  have 

ax     dY  .  dZ 
dx      dy 


cz 

d2X 


so  that  the  last  term  may  be  replaced  by  +  -^-j  ,  and  the  equation  becomes 


Kfid2X 


=  V2X 


C2    dt2 

By  exactly  similar  analysis  we  can  obtain  the  differential  equation  satis- 
fied by  Y,  Z,  a,  /3  and  7,  and  in  each  case  this  differential  equation  is  found 
to  be  identical  with  that  satisfied  by  X.  Thus  the  three  components  of 
electric  force  and  the  three  components  of  magnetic  force  all  satisfy  exactly 
the  same  differential  equation,  namely 


~J±  =  a2V2V 

dt2 


■  (534), 


where  a  stands  for  C/^K/u,.     This  equation,  for  reasons  which  will  be  seen 
from  its  solution,  is  known  as  the  "equation  of  wave-propagation." 


d2v 
Solutions  of  -^  =  a2^2x 


Solution  for  spherical  waves. 

578.     The  general  solution  of  the  equation  of  wave-propagation  is  best 

approached  by  considering  the  special  form  assumed  when  the  solution  % 

is  spherically  symmetrical.      If  ty  is  a  function  of  r  only,  where  r  is  the 

distance  from  any  point,  we  have 

d-y        „_,         a2  d   (  „dy^ 

— ^  =  a2V2  v  = \  r2  — 

dt*  X      r2  dr  V     dr 


577-579]  Equation  of  Wave-propagation  521 

which  may  be  transformed  into 

d?(rx)_d?(rX)  «o-v 

S^'T 

and  the  solution  is 

r%=/(r-a0  +  ^(r  +  a0  (536)> 

where /and  <I>  are  arbitrary  functions. 

The  form  of  solution  shews  that  the  value  of  X  a^  any  instant  over  a 
sphere  of  any  radius  r  depends  upon  its  values  at  a  time  t  previous  over 
two  spheres  of  radii  r  —  at  and  r  +  at.  In  other  words,  the  influence  of  any 
value  of  X  is  propagated  backwards  and  forwards  with  velocity  a.  For 
instance,  if  at  time  t  =  0  the  value  of  x  is  zero  except  over  the  surface  of  a 
sphere  of  radius  r,  then  at  time  t  the  value  of  X  is  zero  everywhere  except 
over  the  surfaces  of  the  two  spheres  of  radii  r  ±at;  we  have  therefore  two 
spherical  waves,  converging  and  diverging  with  the  same  velocity  a. 

General  solution  (Liouville). 

579.  The  general  solution  of  the  equation  can  be  obtained  in  the 
following  manner,  originally  due  to  Liouville. 

Expressed  in  spherical  polars,  r,  6  and  <£,  the  equation  to  be  solved  is 

1<*2*      19  AAA  ,       1       d  (ziuedA  |   ia2*-Q 
a2  dP  ~  r2  dr  \     or)      r2  sin  6  dd  \  ddj      r2d<t>2 

Let  us  multiply  by  sin  6d6dcf)  and  integrate  this  equation  over  the  sur- 
face of  a  sphere  of  radius  r  surrounding  the  origin.     If  we  put 

X=f[xsineddd(p (537), 

the  equation  becomes 

a2  dt2  ~  r2dr\    dr)' 
the  remaining  terms  vanishing  on  integration.     The  solution  of  this  equation 
(cf.  equation  (536))  is 

X  =  -{f(at-r)  +  ^(at+r)}  (538). 

For  small  values  of  r  this  assumes  the  form 

X  =  1    {/(at)  +  4>  (at)}  -  r  [f  (at)  -  4>'  (at)}  +  ^ {/"  (at)  +  3>"  (at)}  + .. .] 

(539). 

In  order  that  X  may  be  finite  at  the  origin  through  all  time,  we  must 

have 

f(at)  +  3>  (at)  =  0 

at  every  instant,  so  that  the  function  4>  must  be  identical  with  -/.     On 

putting  r  =  0,  equation  (539)  becomes 

(\)r=0  =  -2/'(at)3 
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and  from  equation  (537),  putting  r  =  0,  we  have 

(V)r=o=47r(x),.=o, 

so  that  47r(x)r=o  =  -2/,(aO  (540). 

Equation  (538)  may  now  be  written  as 

rX  =/(at  -  r)  —/(at  +  r). 
On  differentiating  this  equation  with  respect  to  r  and  t  respectively, 

^(r\)  =  -f(at-r)-/(at  +  r), 
~(r\)-    f(at-r)-f(at  +  r), 


a  dt 
and  on  addition  we  have 

-y(-  +  r)-|(A)+l|(rt.). 

This  equation  is  true  for  all  values  of  r  and  i :  putting  t  =  0,  we  have 

-2/'(r)  =  l(rX,=0)+^=0 

as  an  equation  which  is  true  for  all  values  of  r.  Giving  to  r  the  special 
value  r  =  at,  the  equation  becomes 

-2/(at)  =  jt(t\t=0)  +  tit=0. 

The  left  hand  is.  by  equation  (520),  equal  to  47r  (%)r=o-  If  we  use  %,  %  to 
denote  the  mean  values  of  %  an(^  X  averaged  over  a  sphere  of  radius  at  at 
any  instant,  the  equation  becomes 

(X)r=o  =  fo(txt=o)  +  i%t=o (541). 

Thus  the  value  of  x  a^  any  point  (which  we  select  to  be  the  origin)  at 
any  instant  t  depends  only  on  the  values  of  %  and  %  at  time  t  =  0  over  a 
sphere  of  radius  at  surrounding  this  point.  The  solution  is  of  the  same 
nature  as  that  obtained  in  §  578,  but  is  no  longer  limited  to  spherical  waves. 

General  solution  (Kirchhoff). 

580.  A  still  more  general  form  of  solution  has  been  given  by  Kirchhoff. 
Let  <£>  and  "SP  be  any  two  independent  solutions  of  the  original  equation,  so 
that 

d2(&  d2^ 

-a¥  =  a2V2®>        V  =  a2V^  (542)- 

By  Green's  Theorem  (equation  (101)) 

-XJJ(&^-V^dS=ff[(®V*V-VV*®)dxdydz 


r    ]]\     dn  dnj 

dV      .T.  cZ3» 


a2 


Jflre-*f)-** 
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by  equations  (542).  The  volume  integrations  extend  through  the  interior 
of  any  space  bounded  by  the  closed  surfaces  S1}  S2,  ...,  and  the  normals  to 
Slt  S2,  ...  are  drawn,  as  usual,  into  the  space.  If  we  integrate  the  equation 
just  obtained  throughout  the  interval  of  time  from  t  =  —  t'  to  t  =  +  t",  we 
obtain 

(543). 

-f 

So  far  M*  has  denoted  any  solution  of  the  differential  equation.  Let  us 
now  take  it  to  be  -  F  (r  +  at),  this  being  a  solution  (cf.  equation  (536))  what- 
ever function  is  denoted  by  F,  and  let  F  (x)  be  a  function  of  x  such  that  it 
and  all  its  differential  coefficients  vanish  for  all  values  of  x  except  x  =  0,  while 

(   '°F(x)dx  =  l. 

J  —oo 

Q 

Such  a  function,  for  instance,  is  F  (x)  =  Lt  — 7-= zr . 

c=o  jt(^2  +  c2) 

We  can  choose  t'  so  that,  for  all  values  of  r  considered,  the  value  of 

1 —  at'  is  negative.     The  value  of  r  +  at''  is  positive  if  t"  is  positive.     Thus 

F(r  +  at)  and  all  its  differential  coefficients  vanish  at  the  instants  t  =  t"  and 

t  =  —  t',  so  that  the  right-hand  member  of  equation  (543)  vanishes,  and  the 

equation  becomes 

rt"         re,     9^  9<^ 


-sJ-,*JJrar-*air;'w-0 (544)- 

Let  us  now  suppose  the  surfaces  over  which  this  integral  is  taken  to  be 
two  in  number.  First,  a  sphere  of  infinitesimal  radius  r0,  surrounding  the 
origin,  which  will  be  denoted  by  S1}  and  second,  a  surface,  as  yet  unspecified, 
which  will  be  denoted  by  S.  Let  us  first  calculate  the  value  of  the  contribu- 
tion to  equation  (544)  from  the  first  surface.     We  have,  on  this  first  surface, 

V=LF(r0  +  at), 

^  =  -^  =  --,F(r0  +  atH-F(r0  +  at), 

so  that  when  r0  is  made  to  vanish  in  the  limit,  we  have 


ft 


•H-*T$«~*r*~.*<«ft 


and  therefore 


/  w/(*  £  -  *  hd  ds> = -  wr,*'- F(at)  di 


47T    , 

a      ^_0 


since  the  integrand  vanishes  except  when  t  =  0. 
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Thus  equation  (544)  becomes 
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*'-?—;£:( 


*  =  0 


47rJ  _# 
a 


eft 


dn  c?i 


/•<"   fcj>  dr 


+  *k&)F{r+at)-lF(-r+at)d^;}dt (545)- 

Integrating  by  parts,  we  have,  as  the  value  of  the  first  term  under  the 


time  integral, 


/ 


-%-F'(r+at)dt 

-t>  r  on  ' 


a  r  dn 


F(r+  at) 


t=t" 


•<"    1  drd® 


t  ft 

-v      J  -f  ciron  at 


The  first  term  vanishes  at  both  limits,  and  equation  (545)  now  becomes 
We  can  now  integrate  with  respect  to  the  time,  for  F(r  +  at)  exists  only 


at  the  instant  t=  —  r/a.     Thus  the  equation  becomes 

ia<£> 

dn 


«=o      47rJJ    ar3w  cfa  dn\r)      r 


tm-Z 

a 


dS, 


giving  the  value  of  <E>  at  the  time  t  =  0  in  terms  of  the  values  of  <&  and  4> 
taken  at  previous  instants  over  any  surface  surrounding  the  point.  The 
solution  reduces  to  that  of  Liouville  on  taking  the  surface  S  to  be  a  sphere, 

so  that  r-  =  —  — . 
on         or 

As  with  the  former  solutions,  the  result  obtained  clearly  indicates  propa- 
gation in  all  directions  with  uniform  velocity  a. 


Propagation  of  Electromagnetic  Waves. 
581.     It  is  now  clear  that  the  system  of  equations 

C2    dt" 

etc.,  obtained  in  §  577  indicate  that,  in  a  homogeneous  isotropic  dielectric,  all 
electromagnetic  effects  ought  to  be   propagated  with  the  uniform   velocity 

C 

This  may  be  compared  with  the  result  obtained  in  §  562.     It  was 


■s/Kf* 

there  shewn  that  electric  signals  propagated  along  a  wire  would  advance  with 

C 
a   velocity  -7=  where  K,  fx  were   the  inductive    capacity   and   magnetic 


Vif 


/* 
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permeability  of  the  medium  surrounding  the  wire.  It  now  appears  that  the 
velocity  of  signals  along  a  wire  is  identical  with  the  velocity  of  waves  in  the 
medium  outside  the  wire. 

Maxwell's  displacement  theory  gives  a  simple  explanation  of  this. 
A  current  flowing  in  a  wire  is  accompanied  by  a  displacement  current  in 
the  ether.  This  sets  up  a  magnetic  field  which  is  propagated  with  velocity 
G/wK/jl  in  the  dielectric  and  this  in  turn  induces  a  further  current  in  the  wire. 
On  this  view  the  actual  process  of  propagation  takes  place  in  the  medium, 
the  wire  directs  the  path  of  the  electromagnetic  disturbance  and  absorbs 
some  of  the  energy. 

It  is  to  be  noticed  that  the  velocity  of  propagation  along  wires  was 
obtained  in  §  562  before  we  had  introduced  the  conception  of  "  displacement- 
currents"  at  all.  That  the  result  is  not  inconsistent  with  the  velocity 
obtained  on  the  hypothesis  of  displacement-currents  will  be  understood  from 
the  result  of  §  575. 

Numerical  Values. 

582.  We  notice  that  in  free  air,  in  which  K  =  fi  —  1,  the  velocity  of  pro- 
pagation of  electric  waves,  whether  along  wires  or  in  the  air,  ought  to  be  the 
same  as  G,  the  ratio  of  the  electric  units.  This  enables  us  to  apply  a  severe 
test  to  the  truth  of  the  theory  which  has  so  far  been  developed,  for  both  the 
value  of  G  and  the  velocity  of  propagation  of  electric  waves  admit  of  direct 
experimental  determination. 

The  best  determinations  of  G,  the  ratio  of  the  two  units,  are  the  following: 

Rosa  and  Dorsey  (1907)      2*9971  x  1010 

Perot  and  Fabry  (1898)       2-9973  x  1010 

Hurmuzeseu  (1896) 3-0010xl010 

Abraham  (1890)         2-9913xl010 

The  true  value  is  probably  very  close  to  the  value  obtained  by  Rosa  and 
Dorsey,  namely  G  =  29971  x  1010. 

Recent  determinations  of  the  velocity  of  propagation  of  electromagnetic 
waves  in  air  are  as  follows : 

Maclean  (1899)  2-991  x  1010 

Saunders  (1897)  2-997  x  101C 

Trowbridge  and  Duane  (1895)        ...       3-003  x  1010 

The  mean  of  these  values  is  2997  x  1010. 

In  the  determinations  of  Saunders  and  of  Trowbridge  and  Duane  the 
waves  were  guided  by  copper  wires,  while  the  experiments  of  Maclean  dealt 
with  waves  propagated  through  air  without  wires.  The  equality  of  velocities 
is  of  course  a  consequence,  and  also  a  confirmation,  of  the  results  obtained 
in  §  562. 
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The  ratio  of  the  units,  G,  is  also  equal,  or  at  least  very  nearly  equal,  to  the 
velocity  of  light  in  air,  and  this  confirmed  Maxwell  in  his  suggestion  that 
light  propagation  is  a  special  case  of  the  propagation  of  electromagnetic 
waves.  Out  of  this  suggestion,  amply  borne  out  by  the  results  of  further 
experiments,  has  grown  the  electromagnetic  theory  of  light  of  which  a  short 
account  is  given  in  the  next  chapter.  The  best  determination  of  the  velocity 
of  light  in  air  at  present  available  is  that  of  Michelson  who  finds  (October  1924) 
for  the  value  of  this  velocity 

299735  x  1010  cms.  a  second, 

with  a  probable  error  of  one  in  22,000. 

Except  for  small  differences,  which  are  well  within  the  errors  of  the  various 
experiments,  the  quantities  previously  mentioned  are  seen  to  agree  with  this 
in  value. 

Thus  we  may  say,  that  the  ratio  of  units  C  is  identical  with  the  velocity 
of  propagation  of  electromagnetic  waves,  and  this  again  is  identical  with  the 
velocity  of  light. 

Equations  for  a  Uniform  Isotropic  Conductor. 

583.  In  an  isotropic  conductor  the  current  (u,  v,  w)  is  proportional  at 
every  point  to  the  electric  force  (X,  Y,  Z).  We  are  supposing  u,  v,  w  to  be 
measured  in  electromagnetic  units.  The  values  of  the  components  of  electric 
force,  measured  in  electromagnetic  units,  are  GX,  GY,  GZ,  these  being  of 
course  the  forces  acting  on  an  electromagnetic  unit  of  electrical  charge.     Thus 

by  Ohm's  Law, 

GX      . 
u  = ,  etc. 

T 

where  r  is  the  specific  resistance  measured  in  electromagnetic  units.     If  we 
further  put  4nrf=  KX,  etc.,  equations  (529)  become 

/4tt(7     K  d\  v     By     3/3  /K._- 


\  r         G  dtj  dy      dz 

and  two  similar  equations. 

On  replacing  equations  (529)  by  these,  the  equations  of  §  574  become  the 
general  equations  of  an  isotropic  conducting  medium. 

If  we  differentiate  the  three  equations  of  the  system  (546)  with  respect 
to  x,  y,  z  and  add,  we  obtain 


4t7C     Kd\(dX     dY     dZ 


t         G  dtj  \dx       dy      dz 

From  equation  (530)  we  have 

BX     dY     dZ_4,7rp 
dx       dy       dz       K   ' 


)-a 
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so  that  our  equation  becomes 

dp_  _4tt02 
dt~     ~K^9' 

If  p0  is  the  value  of  p  at  time    =  0,  the  solution  of  this  equation  is 

_4ttC2 

p  =  Poe     K*  \ 

shewing  that  p  falls  away  exponentially,  no  matter  what  electric  or  magnetic 
fields  may  be  acting.  This  equation  is  identical  with  that  already  obtained 
in  §  396,  the  factor  G2  simply  corresponding  to  a  change  of  units.  Thus  inside 
a  conducting  medium  any  initial  charge  will  rapidly  disappear,  and  we  may 
suppose  that 

BX     BY     dZ=Q.      =Q 

dec       dy      dz         '  " 

583  a.     Multiply  both  sides  of  equation  (546)  by  //,  and  differentiate  with 
respect  to  the  time.     We  find 

G    df-  +      t      dt  ~dy\di)      dz\di 

The  right-hand  member  of  this  equation  may  by  equations  (528)  be 
replaced  by 

dy  \d%       dy  J         dz  \  dz      dxj 


or  G 


dec  \dcc      dy      dz] \ 


and  this  is  equal  to  GV2X,  in  virtue  of  the  relation 

ox      dy      dz 
Thus  the  equation  becomes,  on  dividing  through  by  G, 

Kp,  d*X      4,7rp,  dX 


G2    dt2        r     dt 


=  V2X. 


This  equation  involves  X  only,  and  so  is  the  differential  equation  satisfied 
by  X  when  electromagnetic  waves  are  propagated  in  a  conductor.  Naturally 
Y,  Z  satisfy  similar  equations,  and  equations  (528)  shew  that  a,  b,  c  or  a,  /3,  7 
again  satisfy  similar  equations.  Thus  X,  Y,  Z,  a,  /3,  7  all  satisfy  the  same 
differential  equation,  namely 

djX      Inr&dX 

dt2  +   Kr     dt 


where  a  stands  for  G/^/Kp,.     The  complete  solution  of  this  equation  has  been 
given  by  Riemann*. 

*  Die  vartielle  Differ entialgleichung en  der  Math.  Physik,  4th  edu.  (1901),  n.  p.  399. 
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We  may  notice  that  in  a  dielectric,  t  =  oo ,  so  that  the  second  term  dis- 
appears. The  equation  then  reduces,  as  it  ought,  to  equation  (534)  already 
obtained  in  §  577.  In  many  problems,  the  second  term  is  more  important 
than  the  first.  When  the  first  term  is  omitted,  the  equation  reduces  to  the 
well-known  equation  of  conduction  of  heat,  already  obtained  in  §  535 
(equation  (480)). 

To  form  an  estimate  of  the  relative  importance  of  the  two  terms  on  the 

left,  let  us  examine  the  case  of  an  alternating  current  in  which  the  time- 

d 
factor  is  elpt.     We  may  as  usual  replace  -r-  by  ip,  and  the  equation  becomes 


dt 


-p*  + 


4?r(72 
Kt 


tpW  =  a2V2%. 


The  neglect  of  the  first  term,  which  is  of  course  the  same  thing  as 
neglecting  the  displacement-current,  is  clearly  permissible  if  4>ttG2/Ktp  is 
numerically  large.  When  this  ratio  is  not  large,  the  error  produced  by  the 
neglect  of  the  first  term  will  be  greatest  in  problems  in  which  t  is  large 
(conductors  of  high  resistance)  and  in  which  p  is  large  (rapidly  changing 
fields).  On  substituting  numerical  values  it  will  be  found  that  in  problems 
of  conduction  through  metals,  the  neglect  of  the  factor  Rrpf^-rrC2  produces 
a  quite  inappreciable  error  unless  p  is  comparable  with  1015 — i.e.  unless  we 
are  dealing  with  oscillating  fields  of  which  the  frequency  is  comparable  with 
that  of  light-waves.  Thus  the  effect  of  the  displacement-current  in  metals 
has  been  inappreciable  in  the  problems  so  far  discussed,  so  that  the  neglect 
of  this  effect  may  be  regarded  as  justifiable.  The  matter  stands  differently 
as  regards  the  problems  to  be  discussed  in  the  next  chapter,  in  which  the 
oscillations  of  the  field  are  identical  with  those  of  light- waves. 


Units. 

584.  We  may  at  this  stage  sum  up  all  that  has  been  said  about  the 
different  systems  of  electrical  units. 

There  are  three  different  systems  of  units  to  be  considered,  of  which  two 
are  theoretical  systems,  the  electrostatic  and  the  electromagnetic,  while  the 
third  is  the  practical  system.  We  shall  begin  by  discussing  the  two 
theoretical  systems  and  their  relation  to  one  another. 

585.  In  the  Electrostatic  System  the  fundamental  unit  is  the  unit  of 
electric  charge,  this  being  defined  as  a  charge  such  that  two  such  charges  at 
unit  distance  apart  in  air  exert  unit  force  upon  one  another.  There  will,  of 
course,  be  different  systems  of  electrostatic  units  corresponding  to  different 
units  of  length,  mass  and  time,  but  the  only  system  which  need  be  considered 
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is  that  in  which  these  units  are  taken  to  be  the  centimetre,  gramme  and 
second  respectively. 

In  the  Electromagnetic  System  the  fundamental  unit  is  the  unit  mag- 
netic pole,  this  being  defined  to  be  such  that  two  such  poles  at  unit  distance 
apart  in  air  exert  unit  force  upon  one  another.  Again  the  only  system 
which  need  be  considered  is  that  in  which  the  units  of  length,  mass  and 
time  are  the  centimetre,  gramme  and  second. 

From  the  unit  of  electric  charge  can  be  derived  other  units — e.g.  of 
electric  force,  of  electric  potential,  of  electric  current,  etc. — in  which  to 
measure  quantities  which  occur  in  electric  phenomena.  These  units  will 
of  course  also  be  electrostatic  units,  being  derived  from  the  fundamental 
electrostatic  unit. 

So  also  from  the  unit  magnetic  pole  can  be  derived  other  units — e.g.  of 
magnetic  force,  of  magnetic  potential,  of  strength  of  a  magnetic  shell,  etc. — 
in  which  to  measure  quantities  which  occur  in  magnetic  phenomena.  These 
units  will  belong  to  the  electromagnetic  system. 

If  electric  phenomena  were  entirely  dissociated  from  magnetic  phenomena, 
the  two  entirely  different  sets  of  units  would  be  necessary,  and  there  could  be 
no  connection  between  them.  But  the  discovery  of  the  connection  between 
electric  currents  and  magnetic  forces  enables  us  at  once  to  form  a  connection 
between  the  two  sets  of  units.  It  enables  us  to  measure  electric  quantities — 
e.g.  the  strength  of  a  current — in  electromagnetic  units,  and  conversely  we 
can  measure  magnetic  quantities  in  electrostatic  units. 

We  find,  for  instance,  that  a  magnetic  shell  of  unit  strength  (in  electro- 
magnetic measure)  produces  the  same  field  as  a  current  of  certain  strength. 
We  accordingly  take  the  strength  of  this  current  to  be  unity  in  electro- 
magnetic measure,  and  so  obtain  an  electromagnetic  unit  of  electric  current. 
We  find,  as  a  matter  of  experiment,  that  this  unit  is  not  the  same  as  the 
electrostatic  unit  of  current,  and  therefore  denote  its  measure  in  electro- 
static units  of  current  by  G.  This  is  the  same  as  taking  the  electromagnetic 
unit  of  charge  to  be  G  times  the  electrostatic  unit,  for  current  is  measured  in 
either  system  of  units  as  a  charge  of  electricity  per  unit  time. 

In  the  same  way  we  can  proceed  to  connect  the  other  units  in  the  two 
systems.  For  instance,  the  electromagnetic  unit  of  electric  intensity  will  be 
the  intensity  in  a  field  in  which  an  electromagnetic  unit  of  charge  experiences 
a  force  of  one  dyne.  An  electrostatic  unit  of  charge  in  the  same  field  would 
of  course  experience  a  force  of  I/O  dynes,  so  that  the  electrostatic  measure  of 
the  intensity  in  this  field  would  be  1/(7.  Thus  the  electromagnetic  unit  of 
intensity  is  1/(7  times  the  electrostatic.  The  following  table  of  the  ratios  of 
the  units  can  be  constructed  in  this  way: 

j.  34 
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Ratios  of  Units. 
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Charge  of  Electricity. 
Electromotive  Force. 
Electric  Intensity. 
Potential. 

Electric  Polarisation. 
Capacity. 
Current. 

Resistance  of  a  conductor. 
Strength  of  magnetic  pole. 
Magnetic  Intensity. 
„  Induction. 

Inductive  Capacity. 
Magnetic  Permeability. 


One  electromag.  unit  =  C    electrostat.  units. 

>»  j>  I  »  " 

>>  »     =  i/o         ,,  „ 

;>  >)  /  >'  » 

—  fl 

=  C2 
—  c 

J)  ))  ■*-/^'  »  »» 

J>  »       ==  -'•/o  „  }, 

_  n 

:>  »  ^  j;  )> 

»  >>        ^  I/O  ,,  ,, 

=  C2 
=  I/O2 


586.  The  value  of  C,  as  we  have  said,  is  equal  to  about  3  x  1010  in  c.G.s. 
units.  If  units  other  than  the  centimetre,  gramme  and  second  are  taken,  the 
value  of  C  will  be  different.  Since  we  have  seen  that  G  represents  a  velocity, 
it  is  easy  to  obtain  its  value  in  any  system  of  units. 

For  instance  a  velocity  3  x  1010  in  c.G.s.  units  =  671  x  108  miles  per  hour,  so  that  if 
miles  and  hours  are  taken  as  units  the  value  of  C  will  be  6'71  x  108. 


Practical   Units. 

587.  The  practical  system  of  units  is  derived  from  the  electromagnetic 
system,  each  practical  unit  differing  only  from  the  corresponding  electro- 
magnetic unit  by  a  certain  power  of  ten,  the  power  being  selected  so  as 
to  make  the  unit  of  convenient  size.  The  actual  measures  of  the  practical 
units  are  as  follows : 


For  legal  and  commercial  purposes,  the  units  are  defined  in  terms  of  material  standards. 
Thus  according  to  the  resolutions  of  the  International  Conference  of  1908  the  legal  (Inter- 
national) ohm  is  defined  to  be  the  resistance  offered  to  a  steady  current  by  a  uniform 


Quantity 
Charge  of  Electricity 
Electromotive  Force"! 

Name  of  Unit 
Coulomb 

Measure  in 
electromag.  units 

10"1 

Measure  in 

electrostatic  units 

(Taking  C  =  3xl010) 

3xl09 

Electric  Intensity      > 
Potential                    J 

Volt 

108 

FUTT 

Capacity 

Farad 
Microfarad 

io-9 
io-15 

9  x  1011 
9  xlO5 

Current 

Ampere 

IO"1 

3  x  109 

Resistance 

Ohm 

IO9 

1 

9  x  10" 
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column  of  mercury  of  length  106-300  cms.,  the  temperature  being  0°C,  and  the  mass 
being  14*4521  grammes,  this  resistance  being  equal,  as  nearly  as  can  be  determined  by 
experiment,  to  109  electromagnetic  units.  Similarly  the  legal  (International)  ampere  is 
defined  to  be  the  current  which,  when  passed  through  a  solution  of  silver  nitrate  in  water, 
deposits  silver  at  the  rate  of  •00111800  grammes  per  second. 

Physical  Dimensions  of  Units. 

588.  As  explained  in  §  18,  all  the  electric  and  magnetic  units  will  have 
apparent  dimensions  in  mass,  length  and  time.  These  are  shewn  in  the 
following  table: 


Electrostatic 

Electromagnetic 

Charge  of  Electricity 

e 

M*L*T-1 

M%L* 

Density        „ 

P 

M^IT^T-1 

H%ir* 

Electromotive  Force 

E 

j|/i  jjk  T-x 

M^L^T~2 

Electric  Intensity 

B(X, 

r,z) 

M^zr^T-1 

M^L^T-'1 

Potential 

V 

M^L^T-1 

M$L%T-2 

Electric  Polarisation 

P(f, 

9>h) 

M^L'^T-1 

J/U-* 

Capacity 

G 

L 

L-lT2 

Current 

i 

M^L^T-* 

M^L^T-1 

Current  per  unit  area 

(u,v, 

w) 

M^L~^T~2 

M2L~*  T-1 

Resistance 

R 

L~lT 

LT-i 

Specific  resistance 

T 

T 

£277-1 

Strength  of  magnetic  pole 

i   m 

m^l\ 

M%  L%-  T-1 

Magnetic  Force 

H{a, 

/3,y) 

m}lSt-2 

M%  L~^  t-1 

„         Induction 

B  (a, 

b,c) 

m}l~% 

M^IT^T-1 

Inductive  Capacity 

K 

1 

L~2T2 

Magnetic  Permeability 

M 

£-2  1*2 

1 
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CHAPTER  XVIII 

THE  ELECTROMAGNETIC  THEORY  OF  LIGHT 
Velocity  of  Light  in  Different  Media. 

589.  It  has  been  seen  that,  on  the  electromagnetic  theory  of  light,  the 
propagation  of  waves  of  light  in  vacuo  ought  to  take  place  with  a  velocity 
equal,  within  limits  of  experimental  error,  to  the  actual  observed  velocity 
of  light.  A  further  test  can  be  applied  to  the  theory  by  examining  whether 
the  observed  and  calculated  velocities  are  in  agreement  in  other  media. 

According  to  the  electromagnetic  theory,  if  V  is  the  velocity  in  any 
medium,  and  V0  the  velocity  in  vacuo,  we  ought  to  have  the  relation 

V      J_    /    1 
n~VAV  VI>0' 
where  K0,  /ia  refer  to  free  space. 

For  free  space  and  all  media  which  will  be  considered,  we  may  take  /*  =  1. 
Also  if  v  is  the  refractive  index  for  a  plane  wave. of  light  passing  from  free 
space  to  any  medium,  we  have  from  optical  theory  the  relation 

V0 

so  that,  according  to  the  electromagnetic  theory,  the  refractive  index  of  any 
medium  ought  to  be  connected  with  its  inductive  capacity  by  the  relation 


"VZ: 


One  difficulty  appears  at  once.  According  to  this  equation  there  ought  to 
be  a  single  definite  refractive  index  for  each  medium,  whereas  the  phenomenon 
of  dispersion  shews  that  the  refractive  index  of  any  medium  varies  with  the 
wave-length  of  the  light.  It  is  easy  to  trace  this  difficulty  to  its  source.  The 
phenomenon  of  dispersion  is  supposed  to  arise  from  the  periodic  motion  of 
charged  electrons  associated  with  the  molecules  of  the  medium  (cf.  §  610, 
below),  whereas  the  theoretical  value  which  has  been  obtained  for  the  velocity 
of  light  has  been  deduced  on  the  supposition  that  there  are  no  moving 
charges  at  any  point  of  the  dielectric  (cf.  §  577).  A  correction  to  the  value 
just  obtained  for  v  will  be  needed  to  represent  the  effect  of  the  motion  of 
charged  electrons  in  the  medium.  When  this  motion  is  infinitely  slow,  the 
correction  disappears,  so  that  our  equation  ought  to  give  the  true  value  of  v 
in  the  limiting  case  of  light,  or  other  electromagnetic  waves,  of  infinite  wave- 
length.    It  is  impossible  to  deal  experimentally  with  waves  of  infinite  wave- 
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length,  but  the  following  tables*  shew  that  as  the  wave-length  increases,  the 
refractive  index  v  approximates  to  *JKjKQ. 

Water.  Ethyl  Alcohol. 


v£" 


V80  =  8-94. 


\f  K~ 


51. 


Wave-length 
(cms.) 

v  (observed) 

65 

8-88 

8-8 

8-89 

5-7 

8-79 

3-7 

8-10 

1-75 

7-82 

0-8 

8-97 

0-4 

9-50 

•0001 26t 

1-32 

•0000589J 

1-33 

Wave-length 
(cms.) 

v  (observed) 

65 

5-7 

0-8 

0-4 

•0000589+ 

4-89 

3-4 

2-57 

2-24 

1-36 

590.  For  gases  there  is  quite  good  agreement  between  theory  and 
experiment,  in  spite  of  the  failure  of  the  theory  to  take  all  the  facts  into 
account. 

In  the  following  table,  the  values  of  ^J  -j^  are  mean  values  taken  from 

the  table  already  given  on  p.  132  of  the  inductive  capacities  of  gases.     The 
values  of  v  refer  to  sodium  light. 


Gas 

Mean  sj  — 
v   Ko 

v  (observed) 

1-0001387 
1-000132 

Authority 

Mean  v 

Hydrogen 

1-000132 

1 

2 

1-000135 

Air           

1-000294 

1-0002927 
1-000293 

1 
2 

1-000293 

Carbon  Monoxide 

1-000346 

1-0003350 

1 

1-000335 

Carbon  Dioxide 

1-000482 

1-000449 
1-000451 

3 

2 

1-000450 

Nitrous  Oxide    ... 

1-000541 

1-0005151 
1-000503 

1 
3 

1-000509 

Ethylene 

1-000692 

1-000720 
1-000678 

1 
2 

1-000699 

Authorities :— 1.   Mascart.     2.    G.  W.  Walker  {Phil.  Trans.  A.  201,  p.  435). 
3.    Preston  {Theory  of  Light,  p.  137). 

*  From  material  collected  by  Pidduck,  A  Treatise  on  Electricity  (Camb.  Univ.  Press,  1916), 
p.  451. 

t  Infra-red  radiation.  £  Sodium  light. 
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Waves  of  Light  in  non-conducting  Media. 

Solution  of  Differential  Equation  for  Plane  Waves. 
591.     The  equation  of  wave-propagation 

^n,  =  a2VV 
dt2  * 

has,  as  a  particular  solution, 

y  =  Agi*  (lx+my+nz-at)    (547) 

provided  I2  -f  m2  +  v?  —  1.  This  value  of  %  is  a  complex  quantity  of  which  the 
real  and  imaginary  parts  separately  must  be  solutions  of  the  original  equation. 
Thus  we  have  the  two  solutions 

%  =  A  cos  k  ilx  +  my  +  nz—  at) (548), 

%  =  A  sin  k  (Ix  -f  my  +  nz  —  at). 

Either  of  these  solutions  represents  the  propagation  of  a  plane  wave. 
The  direction-cosines  of  the  direction  of  propagation  are  I,  m,  n,  and  the 
velocity  of  propagation  is  a.  Usually  it  will  be  found  simplest  to  take  the 
value  of  x  given  by  equation  (547)  as  the  solution  of  the  equation  and  reject 
imaginary  terms  after  the  anal}Tsis  is  completed.  This  procedure  will  be 
followed  throughout  the  present  chapter;  it  will  of  course  give  the  same 
result  as  would  be  obtained  by  taking  equation  (548)  as  the  solution  of  the 
differential  equation. 


Propagation  of  a  Plane  Wave. 

592.  Let  us  now  consider  in  detail  the  propagation  of  a  plane  wave  of 
light,  the  direction  of  propagation  being  taken,  for  simplicity,  to  be  the  axis 
of  x.  The  values  of  X,  Y,  Z,  a,  @,  7  must  all  be  solutions  of  the  differential 
equation,  each  being  of  the  form 

X  =  A eiK  (x~at)  (549). 

The  six  values  of  X,  Y,  Z,  a,  ft,  <y  are  not  independent,  being  connected  by 
the  six  equations  of  §  577,  namely 


KdX 

G  dt 

KdY 

C  dt 

Kd2[ 

C  dt 


d<y 
dy 

da 
ds' 

dft 
dx 


dz 


dx 

da 
dy 


•(A), 


fi  da 
Cdi'' 

fidft 
Cdt  " 

fi  dy 
G~di 


dZ 
dy 
dX 


97 

'  dz 


d_Zy 

dz       dx 


d_Y 
dx 


d_X 


•(B). 
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From  the  form  of  solution  (equation  (549)),  it  is  clear  that  all  the  differ- 
ential operators  may  be  replaced  by  multipliers.     We  may  put 

d  .  3   _  .  3       3      A 

dt~~tKa'  d~x~%K>  fy~"3*        " 

The  equations  now  become 

X  =  0    \  a=0 

Ka  v_  _    \                                     V±q- 
C  7l (A'),  Cp-     "\ (B'). 


^Z=     fi 


/May  =  -7 


G 

Since  Kfia?  =  C2,  it  is  clear  that  the  second  and  third  equations  in  (A')  are 
identical  with  the  third  and  second  equations  respectively  in  (B'). 

Since  X  =  0,  a  =  0,  it  appears  that  both  the  electric  and  magnetic  forces 
are,  at  every  instant,  at  right  angles  to  the  axis  of  x,  i.e.  to  the  direction  of 
propagation.     From  the  last  two  equations  of  system  (A')  we  obtain 

/3Y+yZ=0, 

shewing  that  the  electric  force  and  the  magnetic  force  are  also  at  right  angles 
to  one  another. 

On  comparing  the  results  obtained  from  the  electromagnetic  theory  of 
light,  with  those  obtained  from  physical  optics,  it  is  found  that  the  wave  of 
light  which  we  have  been  examining  is  a  plane-polarised  ray  whose  plane  of 
polarisation  is  the  plane  containing  the  magnetic  force  and  the  direction  of 
propagation.  Thus  the  magnetic  force  is  in  the  plane  of  polarisation,  while 
the  electric  force  is  at  right  angles  to  this  plane. 

Crystalline  Dielectric  Media. 

592  a.  Let  us  consider  the  propagation  of  light,  on  the  electromagnetic 
theory,  in  a  crystalline  medium  in  which  the  ratio  of  the  polarisation  to  the 
electric  force  is  different  in  different  directions. 

By  equation  (92),  the  electric  energy  W  per  unit  volume  in  such  a  medium 
is  given  by 

W  =  i  (/fnZ2  +  2K12XY+  . . .). 

If  we  transform  axes,  taking  as  new  axes  of  reference  the  principal  axes  of 

the  quadric 

Knx2  +  2K12xy  +  ...  =  1, 

then  the  energy  per  unit  volume  assumes  the  form 

W  =  i  (K,X*  +  K2Y>  +  KZZ% 
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The  components  of  polarisation  are  now  given  by  (cf.  equations  (89)) 

4tt/  =  K,X,         47r#  =  K2  Y,         4,-irh  =  KZZ, 
so  that  the  general  equations  (529)  and  (528)  of  §  574  assume  the  forms 

G   dt       dy     dz 


KzdY_      da  _  dy 

G   dt  ~  dz      dx? 


K,dZ 

G  dt 


d_l 
doc 


da 
dy} 


•(A"), 


/j,  da     dZ 

'  dz 

G  dt      dy 

fid/3     dX 
G  dt~  dz' 

_dZ_ 
dx 

\ 

fx  dy      dY 
~Gdi"dx~ 

dX 
dy  i 

(B"). 


These  may  be  compared  with  equations  (A)  and  (B)  of  §  592. 

If  we  differentiate  the  system  of  equations  (A")  with  respect  to  the  time, 

and  substitute  the  values  of  -j-,  -j-,  -j  from  system  (B"),  we  obtain 


K^dtX  =V2Z  _  d_  fdX  +dY  +  dZ 


etc. 


G2    dt2  '     '  ~       dx\dx   '   dy   '  dz, 
On  assuming  a  solution  in  which  X,  Y,  Z  are  each  proportional  to 

g?K  (Iz+my+nz-  Vt) 

these  equations  become 

KlfM 


G* 


V2X  =  X-l (IX  +  mY+  nZ)  =  0,  etc. 


On  eliminating  X,  Y  and  Z  from  these  three  equations,  we  obtain 


P 


V^-l 


+ 


m* 


n* 


C2 


7 


C2 


V 


C2 


+  1=0. 


C2 


If  we  put  ^—  =  Vj2,  etc.,  and  simplify,  this  becomes 


P 


+ 


m' 


+ 


w 


=  0. 


v2-v*    v2-v2"    V2-vs< 

This  equation  gives  the  velocity  of  propagation  V  in  terms  of  the  direction- 
cosines  I,  in,  n  of  the  normal  to  the  wave-front.  The  equation  is  identical 
with  that  found  by  Fresnel  to  represent  the  results  of  experiment.  It  can  be 
shewn  that  the  corresponding  wave-surface  is  the  well-known  Fresnel  wave- 
surface,  and  all  the  geometrical  phenomena  of  the  propagation  of  light  in  a 
crystalline  medium  follow  directly.  For  the  development  of  this  part  of  the 
theory,  the  reader  is  referred  to  books  on  physical  optics. 

Assuming  that  a,  /3,  y  as  well  as  X,  Y,  Z  are  proportional  to  the  exponen- 
tial e^te+my+nz-vt) t  the  equations  of  system  (A")  become 


and  two  similar  equations. 


G 


X  =  my  —  n(3, 


592  a,  592  b]  Mechanical  Action  537 

If  we  multiply  these  three  equations  by  I,  m,  n  respectively  and  add,  we 
obtain 

IKXX  +  mK2Y  +  nK3Z  =  0, 

shewing  that  the  electric  polarisation  is  in  the  wave-front. 

The  system  (B")  of  equations  reduce  to 

V 

[x  p  a  =  mZ  —  nY, 

and  two  similar  equations,  and  on  again  multiplying  by  I,  m,  n  and  adding, 
we  obtain 

la  +  m/3  +  ny  =  0, 

which  shews  that  the  magnetic  force  also  is  in  the  wave-front. 

We  shall  not  discuss  crystalline  media  in  detail  in  the  present  book  since 
their  special  peculiarities  are  the  same  on  the  electromagnetic  as  on  any 
other  theory  of  light.  The  discussion  of  these  peculiarities  is  a  branch  of  the 
science  of  optics  rather  than  of  electromagnetism. 


Mechanical  Action. 

Energy  in  Light-waves. 

592  b.     For  a  wave  of  light  propagated  along  the  axis  of  Ox,  and  having 
the  electric  force  parallel  to  Oy,  we  have  (cf.  §  592)  the  solution 

X  =  Z  =  0;   Y=Y0cosic(x-at), 

a  =  /8  =  0 ;    y  =  y0  cos  k(x  —  at), 

and  this  satisfies  all  the  electromagnetic  equations,  provided  the  ratio  of  <y0  to 
Y0  is  given  by 

jo_Ka_G_         IK 

Y0  ~   G  ~  fia  ~  V  fM  ' 

The  energy  per  unit  volume  at  the  point  x  is 

~  (K  P  +  ^72)  =  i  (K F02  +  /z7o2)  cos2  k(x-  at). 

07T  07T 

Since  /xy02  =  KY02,  it  appears  that  the  electric  energy  is  equal  to  the 

magnetic  at  every  point  of  the  wave.     The  average  value  of  cos2  k  (x  —  at), 

averaged  with  respect  either  to  x  or  to  t,  is  £,  so  that  the  average  energy  per 

unit  volume 

=  KYf  =  wl 

8tt        8tt  ' 

As  Maxwell  has  pointed  out*,  these  formulae  enable  us  to  determine  the 
magnitude  of  the  electric  and  magnetic  forces  involved  in  the  propagation  of 

*  Maxwell,  Electricity  and  Magnetism  (Third  Edition),  §  793. 


Thus  the  total  pressure  per  unit  area 

Sir  87T 


cos2  k(x  —  at). 


This  is  exactly  the  expression  just  found  for  the  energy  per  unit  volume 
Thus  we  see  that  over  every  wave-front  there  ought,  on  the  electromagnetic 
theory,  to  be  a  pressure  of  amount  per  unit  area  equal  to  the  energy  of  the 
wave  per  unit  volume  at  that  point.  The  existence  of  this  pressure  has  been 
demonstrated  experimentally  by  Lebedew  *  and  by  Nichols  and  Hull  f,  and 
their  results  agree  quantitatively  with  those  predicted  by  Maxwell's  Theory. 


Refraction  and  Reflection. 

Conditions  at  a  Boundary  between  two  different  media. 

593.  Let  us  next  consider  what  happens  when  a  wave  meets  a  boundary 
between  two  different  dielectric  media  1,  2.  Let  the  suffix  1  refer  to  quanti- 
ties evaluated  in  the  first  medium,  and  the  suffix  2  to  quantities  evaluated  in 
the  second  medium.  For  simplicity  let  us  suppose  the  boundary  to  coincide 
with  the  plane  of  yz. 

*  Annalen  der  Physik,  6,  p.  433.  t  Physical  Review,  13,  p.  307. 
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light.  According  to  the  determination  of  Langley,  the  mean  energy  of  sun- 
light, after  allowing  for  partial  absorption  by  the  earth's  atmosphere,  is 
4-3  x  10~5  ergs  per  unit  volume.  This  gives,  as  the  maximum  value  of  the 
electric  intensity, 

T0  =  *33  C.G.S.  electrostatic  units  =  9'9  volts  per  centimetre, 

and,  as  the  maximum  value  of  the  magnetic  force, 

7o  =  "033  c.G.S.  electromagnetic  units, 

which  is  about  one-sixth  of  the  horizontal  component  of  the  earth's  field  in 
England. 

The  Pressure  of  Radiation. 

592  c.     In  virtue  of  the  existence  of  the  electric  intensity  Y,  there  is  in  any 

KY2 

medium  (§  165)  a  pressure  — —  per  unit  area  at  right  angles  to  the  lines  of 

electric  force.  There  is  therefore  a  pressure  of  this  amount  per  unit  area 
over  each  wave-front.     Similarly  the  magnetic  field  results  (§471)  in  a  pres- 

o 

sure  oi  amount  £-*■  per  unit  area. 
brr 
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At  the  boundary,  the  conditions  to  be  satisfied  are  (§§  137,  467) : 

(1)  the  tangential  components  of  electric  force  must  be  continuous, 

(2)  the  normal  components  of  electric  polarisation  must  be  continuous, 

(3)  the  tangential  components  of  magnetic  force  must  be  continuous, 

(4)  the  normal  components  of  magnetic  induction  must  be  continuous. 

Analytically,  these  conditions  are  expressed  by  the  equations 

K.X^K.X,,         Yx=Y.2y        Z,  =  Z,  (550), 

/i1a1  =  /u2a2,  /3i  =  /32,  7i  =  72   (551). 

It  will  be  at  once  seen  that  these  six  equations  are  not  independent :  if 
the  last  two  of  equations  (550)  are  satisfied,  then  the  first  of  equations  (551) 
is  necessarily  satisfied  also,  as  a  consequence  of  the  relation 

pda  =  dZ_dY 
C  dt      dy      dz 

being  satisfied  in  each  medium,  while  similarly,  if  the  last  two  of  equations 
(551)  are  satisfied,  then  the  first  of  equations  (550)  is  necessarily  satisfied. 
Thus  there  are  only  four  independent  conditions  to  be  satisfied  at  the 
boundary,  and  each  of  these  must  be  satisfied  for  all  values  of  y,  z  and  t. 
It  is  most  convenient  to  suppose  the  four  boundary  conditions  to  be  the 
continuity  of  Y,  Z,  j3,  7. 


Refraction  of  a   Wave  polarised  in  plane  of  incidence. 

594.  Let  us  now  imagine  a  wave  of  light  to  be  propagated  through 
medium  (1),  and  to  meet  the  boun- 
dary, this  wave  being  supposed  polar- 
ised in  the  plane  of  incidence.  Let 
the  boundary,  as  before,  be  the  plane 
of  yz,  and  let  the  plane  of  incidence 
be  supposed  to  be  the  plane  of  xy. 
Since  the  wave  is  supposed  to  be  polar- 
ised in  the  plane  of  incidence,  the 
magnetic  force  must  be  in  the  plane 
of  xy,  and  the  electric  force  must  be 
parallel  to  the  axis  of  z.  Hence  for 
this  wave,  we  may  take 

X=F=0, 
Z  =  Z'  ei<x  (x  cos  8l+y  sin  9l  ~  Fl*' 

a  _  a'     gt'ici  (x  cos  61+ y  sin  0i-  V\t) 
Q  _  Q'  gi«i  (a:cos0i+y  sin  9i-  V\t) 

7  =  0, 


X 

0 

62/ 

/ 

\ 

(1)        /, 

\ 

/ 

\ 
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and  it  is  found  that  the  six  equations  (A),  (B)  of  p.  534  are  satisfied  if 

of  £'  Z' 


(552). 

sin  #i      —  cos  v1 


The  angle  Bx  is  seen  to  be  the  "  angle  of  incidence  "  of  the  wave,  namely, 
the  angle  between  its  direction  of  propagation  and  the  normal  (Ox)  to  the 
boundary. 

Let  us  suppose  that  in  the  second  medium  there  is  a  refracted  wave, 
given  by 

X=Y=0, 

2,  =  Z"  g'^tecosdj  +  y  sin02—  V2t) 
tt  _  a"  git2  (x  cos  02 + y  sin  0,  —  V2t) 
Q  _  Q"  QiKi  (x  cos  63+y  sin  02  -  Vd) 

7  =  0, 

where,  in  order  that  the  equations  of  propagation  may  be  satisfied,  we  must 
have 

°"    _.      J8"      -     *"_   fM8) 

sin#2      -cos  ^2  //j.. 

Wit 

It  will  be  found  on  substitution  in  the  boundary  equations  (550)  and 
(551)  that  the  presence  of  an  incident  and  refracted  wave  is  not  sufficient  to 
enable  these  equations  to  be  satisfied.  The  equations  can,  however,  all  be 
satisfied  if  we  suppose  that  in  the  first  medium,  in  addition  to  the  incident 
wave,  there  is  a  reflected  wave  given  by 

X=F=0, 

Z  =  Z'"  e:K^xeose3+ysine3-vit) 

a  __  ft'"   q%k%  (x  cos  03+ y  sin  03  -  VJ) 
Q  _  Q"i  g«s(x cos 8s+y  sine,-  Vit) 

7  =  0, 

where,  in  order  that  the  equations  of  propagation  may  be  satisfied,  we  must 
have 

///  QUI  17/1/ 

■4^—S-g.-  4—    (5M). 

sin  63      —  cos  vz  ixx 


The  boundary  conditions  must  be  satisfied  for  all  values  of  y  and  t.     Since 

y  and  t  enter  only  through  exponentials  in  the  different  waves,  this  requires 

that  we  have 

«!  sin  #x  =  /£„  sin  62  =  k3  sin  6Z   (555), 

k1V1       =  k2V2       =  k3V1 (556). 
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From  (556)  we  must  have  k1  =  k3,  and  hence  from  (555),  sin  6X  =  sin  03. 
Since  6X  and  03  must  not  be  identical,  we  must  have  91  =  it  —  03.     Thus 

The  angle  of  incidence  is  equal  to  the  angle  of  reflection. 

We  further  have,  from  equations  (555)  and  (556), 

sin^      Vx 

^errrv (5o7X 

where  v  is  the  index  of  refraction  on  passing  from  medium  1  to  medium  2, 
so  that  the  sine  of  the  angle  of  incidence  is  equal  to  v  times  the  sine  of  the 
angle  of  refraction. 

Thus  the  geometrical  laws  of  reflection  and  refraction  can  be  deduced  at 
once  from  the  electromagnetic  theory.  These  laws  can,  however,  be  deduced 
from  practically  any  undidatory  theory  of  light.  A  more  severe  test  of  a 
theory  is  its  ability  to  predict  rightly  the  relative  intensities  of  the  incident, 
reflected  and  refracted  waves,  and  this  we  now  proceed  to  examine. 

595.  The  only  boundary  conditions  to  be  satisfied  are  the  continuity,  at 
the  boundary,  of  Z  and  /3  (cf.  §  593).     Thus  we  must  have 

Z'  +  Z'"  =  Z" (558), 

/3'  +  £"'  =  /3" (559). 

On  substituting  from  equations  (552),  (553)  and  (554),  the  last  relation 
becomes 

^/^cos01(Z'-Z"')=^/^cos02Z"    (560), 

so  that  all  the  boundary  conditions  are  satisfied  if 

Z'        Z"       Z"' 

T^^Y^T^u  (561>' 

K2  Mi  cos2  do 

where  u°=^k^i (S62)- 

For  all  media  in  which  light  can  be  propagated,  we  may  take  fi  =  l,  so 
that 


.2  cos  62  _  sin  Bx  cos  62     tan  dx 

"  cos  6X      sin  #2  cos  ti1      tan  d2     ^     °'' 


Thus  the  ratio  of  the  amplitude  of  the  reflected  to  the  incident  ray  is 

Z'"  _  1  —  u  _  tan  02  —  tan  Qx  _  sin(#2—  #i) 

'W  "  1  +  u  ~  tan  02  +  tan  dt  =  sin  (<92  +  0~) (       ^ 

This  prediction  of  the  theory  is  in  good  agreement  with   experiment. 

Z" 
This  being  so,  the  predicted  ratio  of  -=>  is  necessarily  in  agreement  with  ex- 

periment,  since  both  in  theory  and  experiment  the  energy  of  the  incident 
wave  must  be  equal  to  the  sum  of  the  energies  of  the  reflected  and  refracted 
waves. 
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Total  reflection. 

596.     We  have  seen  (equation  (557))  that  the  angle  62  is  given  by 

sin  02  =  -sin  du 
v 

where  v  is  the  index   of  refraction  for  light  passing  from  medium   1    to 

medium  2.     If  v  is  less  than  unity,  the  value  of  -  sin  dY  may   be    either 

greater  or  less  than  unity  according  as  81>  or  <  sin-1  v.     In  the  former  case 
sin  #2  is  greater  than  unity,  so  that  the  value  of  62  is  imaginary. 

This  circumstance  does  not  affect  the  value  of  the  foregoing  analysis  in  a 
case  in  which  61  >  sin-1  v,  but  the  geometrical  interpretation  no  longer  holds. 

Let  us  denote  -  sin  6X  by  p,  and  \/p2  —1  by  q.     Then  in  the  analysis  we 

may  replace  sin  62  by  p,  and  cos  62  by  iq,  both  p  and  q  being  real  quantities. 
The  exponential  which  occurs  in  the  refracted  wave  is  now 

qik2  (x  cos  08+y  sin  63  -  F^t ) 
=  giK2(.iqx+py  -Vit) 
=  q-k&x  Qix^PU-  V2t)m 

Thus  the  refracted  wave  is  propagated  parallel  to  the  axis  of  y,  i.e. 
normal  to  the  boundary,  and  its  magnitude  decreases  proportionally  to  the 
factor  e~K*qx.  At  a  small  distance  from  the  boundary  the  refracted  wave 
becomes  imperceptible. 

Algebraically,  the  values  of  Z',  Z"  and  Z'"  are  still  given  by  equations  (561), 
but  we  now  have 

/Kofi^  cos  #2  _  .     I  KvfjL!     q 
V  yiiaif x  COS  #!         V   yttaA'j  cos  6X ' 

so  that  u  is  an  imaginary  quantity,  say  u  =  iv,  and,  from  equations  (561), 

Z"'      \-u     1-iv 


u 


Since  v  is  real,  we  have 


Z'  '    1  +  u     1+iv' 

1  —  iv 

1  +iv 

Z'"  =Z' 


=■  1,  so  that  we  may  take 


/l  —  iv\ 
where  %  =  arg  ( J  =  —  2  tan-1?;. 

In  the  reflected  wave,  we  now  have 

2,  —  Z'"  g**i  (-«  cos  0,+y  sin  <9,-F,*) 

=  Z  e**1  (~xc°s9i+y  sine,-F1t-2tau-1») 
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Comparing  with  the  incident  wave,  in  which 

Z=  Z'  eiKi  (x  cos  6i+y  sin  °i  ~  v^ 

we  see  that  reflection  is  now  accompanied  by  a  change  of  phase  —  2k  tan-1  v, 
but  the  amplitude  of  the  wave  remains  unaltered,  as  obviously  it  must  from 
the  principle  of  energy. 

Refraction  of  a  Wave  polarised  'perpendicular  to  plane  of  incidence. 

597.  The  analysis  which  has  been  already  given  can  easily  be  modified 
so  as  to  apply  to  the  case  in  which  the  polarisation  of  the  incident  wave  is 
perpendicular  to  the  plane  of  incidence.  All  that  is  necessary  is  to  inter- 
change corresponding  electric  and  magnetic  quantities :  we  then  have  an 
incident  wave  in  which  the  magnetic  force  is  perpendicular  to  the  plane  of 
incidence,  and  this  is  what  is  required. 

Clearly  all  the  geometrical  laws  which  have  already  been  obtained  will 
remain  true  without  modification,  and  the  analysis  of  §  596  (total  reflection) 
will  also  hold  without  modification. 

Formula  (563),  giving  the  amplitude  of  the  reflected  ray,  will,  however, 
require  alteration.  We  have,  as  in  equation  (564),  for  the  ratio  of  the 
amplitudes  of  the  incident  and  reflected  rays, 

— -=  r~i —  (o65), 

7        1  4-  u  \       /» 

but  the  value  of  u,  instead  of  being  given  by  equation  (563),  must  now  be 
supposed  to  be  given  by 

2  _  ix2  K^  cos2  02 
K2  fix  cos2  #j ' 

this  equation  being  obtained  by  the  interchange  of  electric  and  magnetic 
terms  in  equation  (562).     Taking  /x2  =  /u,1=  1,  we  obtain 

cos  02     sin  02  cos  02     sin  202 


tt=vl 


2  cos  0!     sin  01  cos  Qx     sin  2QX 
whence,  from  equation  (565), 

ry'"     tan  (d2  -  ex) 


.(566), 


7        tan(0a  +  0a)  

giving  the  ratio  of  the  amplitudes  of  the  incident  and  reflected  waves.     This 
result  also  agrees  well  with  experiment. 

598.  We  notice  that  if  01  +  62  =  90°,  then  7"'  =  0.  Thus  there  is  a  certain 
angle  of  incidence  such  that  no  light  is  reflected.  Beyond  this  angle  y"  is 
negative,  so  that  the  reflected  light  will  shew  an  abrupt  change  of  phase 
of  180°.  This  angle  of  incidence  is  known  as  the  polarising  angle,  because  if 
a  beam  of  non-polarised  light  is  incident  at  this  angle,  the  reflected  beam  will 
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consist  entirely  of  light  polarised  in  the  plane  of  incidence,  and  will  accordingly 
be  plane-polarised  light. 

It  has  been  found  by  Jamin  that  formula  (566)  is  not  quite  accurate 
at  and  near  to  the  polarising  angle.  It  appears  from  experiment  that  a 
certain  small  amount  of  light  is  reflected  at  all  angles,  and  that  instead  of 
a  sudden  change  of  phase  of  180°  occurring  at  this  angle  there  is  a  gradual 
change,  beginning  at  a  certain  distance  on  one  side  of  the  polarising  angle 
and  not  reaching  180°  until  a  certain  distance  on  the  other  side.  Lord 
Rayleigh  shewed  that  this  discrepancy  between  theory  and  experiment 
can  often  be  attributed  largely  to  the  presence  of  thin  films  of  grease  and 
other  impurities  on  the  reflecting  surface.  Drude  found  that  the  out- 
standing discrepancy  could  be  accounted  for  by  supposing  the  phenomena 
of  reflection  and  refraction  to  occur,  not  actually  at  the  surface  between  the 
two  media,  but  throughout  a  small  transition  layer  of  which  the  thickness 
must  be  supposed  finite,  although  small  compared  with  the  wave-length  of 
the  light. 


Waves  in  Metallic  and  Conducting  Media. 

599.     In  a  metallic  medium  of  specific  resistance  t,  equations  (A)  of  §  592, 

namely 

KdX_dy     dJ3 

C  dt  ~dy      dz  {bb'>' 

etc.,  must  be  replaced  (cf.  equation  (546))  by 


t         C  dt]         dy      dz 
etc. 

For  a  plane  wave  of  light,  the  time  may  be  supposed  to  enter  through  the 
complex  imaginary  eipt  and  we  may  replace  -j  by  ip-     Thus  the  left-hand  of 

equation  (567)  becomes  —~-  X,  while  the  left-hand  of  equation  (568)  becomes 

[ h  —pi)  X.     It  accordingly  appears  that  the  conducting  power  of  the 

4nrC2 
medium  can  be  allowed  for  by  replacing  K  by  K  +  — — . 

TT  To 

600.    In  a  non-conducting  medium,  the  equation  -~  -^  =  V2^,  satisfied  by 

each  of  the  quantities  X,  Y,  Z,  a,  yS,  7  (cf.  §577),  reduces  to 

-  p°-K[A        _ 

i— V  =  V* 


O 


%=v"% 
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when  the  wave  is  of  frequency  p/2ir.  The  corresponding  equation  for  a  con- 
ducting medium  must,  by  what  has  just  been  said,  be 

-'{%+%)*-"x ^ 

an  equation  which  has  already  been  obtained  in  §  583  a. 

For  a  plane  wave  propagated  in  a  direction  which,  for  simplicity,  we  shall 
suppose  to  be  the  axis  of  x,  the  solution  of  this  equation  will  be 

^  =  AeW  e±(-Q+ir)  x (570), 

where  (q  +  irf  =  -  ^  +  *Z*t*  (571). 

Clearly  the  solution  (570)  represents  the  propagation  of  waves  with  a 
velocity  V  equal  to  p/r,  the  amplitude  of  these  waves  falling  off  with  a 
modulus  of  decay  q  per  unit  length. 

On  equating  imaginary  parts  of  equation  (571)  we  obtain 

qr=^  (572), 

so  that  q  is  given  by 

2^p  =  2ZLP>    

t    r  t 

601.  For  a  good  conductor  t  is  small,  so  that  q  is  large,  shewing  that 
good  conductors  are  necessarily  bad  transmitters  of  light.  For  a  wave  of 
light  in  silver  or  copper  we  may  take  as  approximate  values  in  C.G.S.  units 
(remembering  that  t  as  given  on  p.  342  is  measured  in  practical  units) 

r  =  1-6  x  10~6  ohms  =16  x  103  (electromag.),     /*  =  1,     V=  3  x  1010, 

from  which  we  obtain  q  =  1*2  x  108.  It  appears  that,  according  to  this  theory, 
a  ray  of  light  in  a  good  conductor  ought  to  be  almost  extinguished  before 
traversing  more  than  a  small  portion  of  a  wave-length.  This  prediction  of 
the  theory  is  not  borne  out  by  experiment. 

We  shall  see  below  (§  600)  that  the  difficulty  is  to  some  extent  removed 
on  taking  account  of  the  presence  of  electrons  in  the  metal.  Before  passing 
to  the  more  general  theory  in  which  the  electrons  are  taken  into  account  we 
shall  examine  the  phenomenon  of  metallic  reflection  according  to  our  present 
simple  theory,  and  shall  again  find  that  the  simple  theory  fails  to  agree  with 
the  facts. 


35 
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Metallic  Reflection. 

602.  Let  us  suppose,  as  in  fig.  138,  that  we  have  a  wave  of  light  inci- 
dent at  an  angle  6l  upon  the  boundary  between  two  media,  and  let  us  suppose 
medium  2  to  be  a  conducting  medium  of  inductive  capacity  K2.  Then  (cf. 
§  599)  all  the  analysis  which  has  been  given  in  §§  593 — 597  will  still  hold  if 
we  take  K2  to  be  a  complex  quantity  given  by 

K2  =  K2'  +  ^-  (574). 

Since  K2  is  complex,  it  follows  at  once  that  V2  is  complex,  being  given  by 

C2 


K2  = 


K. 


2^2 


and  hence  that  the  angle  62  is  complex,  being  given  (cf.  equation  (557))  by 


sin20o 


sin2  ^  sin2  ^    C2   _.2ffKl/h 


K2     'a         K2    Etfh     —  vlK2fJhi 
The  value  of  u  is  now  given,  from  equation  (562),  by 


.(575). 


u 


2  — 


K2  ^  cos2  02 


ix2  Kx  cos2  0X 


-^1sec2^1-^-1-tan26»1 (576) 

(cf.  equation  (575))  for  light  polarised  in  the  plane  of  incidence.  For  light 
polarised  perpendicular  to  the  plane  of  incidence,  the  value  of  u  is  found,  as 
before,  by  interchanging  electric  and  magnetic  symbols. 

On  putting  u  =  a  +  i/3,  we  have,  as  before  (equation  (564)), 

2T _  1-M  _  l-a-i/3 
Z'  ~  1  +  u  ~  1  +  a  +  i/3 ' 

If  we  put  this  fraction  in  the  form  pe%   then  the   reflected  wave   is 
given  by 

%  =  2!"  eiKi  (-xcos^+2/sin 6,  -  Vxt)  _  %*  pgi*,  (-zcos  9x+y  sin e^  Vit+\), 

Comparing  this  with  the  incident  wave,  for  which 

Z  =  Z'  eiK1  {x  cos  e'+y  sin  9l  ~  Vl  t] 

we  see  that  there  is  a  change  of  phase  k^x  at  reflection,  and  the  amplitude 
is  changed  in  the  ratio  1  :  p.  The  electric  force  in  the  refracted  wave  is 
accompanied  by  a  system  of  currents,  and  these  dissipate  energy,  so  that 
the  amplitude  of  the  reflected  wave  must  be  less  than  that  of  the  incident 
wave. 

1  -  a  -  i0 


We  have 


pe'x  = 


1  +  a  +  i/3 ' 
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so  that  n2  = — — —  =  1 (577^ 

P      (1 +  «#■  +  £»  (l  +  a)2  +  /32 l°"; 

shewing  that  p  <  1,  as  it  ought  to  be.     Also 

y  =  -  tan"1  -£-  -  tan"1  =-£-  =  -  tan"1  - — ^—-  (578). 

A  1  -  a  1  +  a  l-a--/33 

603.  Experimental  determinations  of  the  values  of  p  and  ^  have  been 
obtained,  but  only  for  light  incident  normally,  the  first  medium  being  air. 
For  this  reason  we  shall  only  cany  on  the  analysis  for  the  case  of  6  =  0.  It 
is  now  a  matter  of  indifference  whether  the  light  is  polarised  in  or  at  right 
angles  to  the  plane  of  incidence ;  indeed  it  is  easily  verified  that  the  values 
given  for  p  and  %  by  equations  (577)  and  (578)  are  the  same  in  either  case. 

Taking  for  simplicity  the  analysis  appropriate  to  light  polarised  in  the 
plane  of  incidence,  and  putting  0  =  0,  /*i  =  l,  -5^  =  1,  we  have  from  equation 
(576) 

u2  =  —  = b  - , 

fi2        fju2       ipr/x2 

and,  since  u  =  a  +  i/3,  this  gives 

a3-/Sa=— '    (579) 

fa 

a{3  =  -2-^ (580). 

prfx, 

604.  Let  us  consider  the  results  as  applied  to  light  of  great  wave-length, 
for  which  p  is  very  small.  For  such  values  of  p,  a/3  is  clearly  very  large 
compared  with  a2  —  /32,  so  that  a  and  (3  are  nearly  equal  numerically,  and  we 
may  suppose  as  an  approximation  that  (cf.  equation  (580)) 


a  =  -/3  =  v/2^  (581). 

When  a  and  f3  are  equal  and  large,  equation  (577)  becomes 

9  '  pr/j. 


"!=1-i=1-2V^ <582>- 

Let  us  suppose  that  an  incident  beam  has  intensity  denoted  by  100,  and 
that  of  this  a  beam  of  intensity  R  is  reflected  from  the  surface  of  the  metal, 
while  a  beam  of  intensity  100  —  R  enters  the  metal.  Then  R  may  be  called 
the  reflecting  power  of  the  metal. 

The  intensity  of  the  absorbed  beam  is 

100 -.8  =100(1  -p-) 

=2°°y^ (583>- 

35—2 
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We  notice  that  for  waves  of  very  great  wave-length  (p  very  small)  R 
approximates  to  100,  so  that  for  waves  of  very  great  wave-length  all  metals 
become  perfect  reflectors.  This  is  as  it  should  be,  for  these  waves  of  very 
long  period  may  ultimately  be  treated  as  slowly-changing  electrostatic  fields, 
and  the  electrons  at  the  surface  of  the  metal  screen  its  interior  from  the 
effects  of  the  electric  disturbances  falling  upon  it  (cf.  §  114). 

Equation  (583)  predicts  the  way  in  which  100  —  R  ought  to  increase 
as  p  increases,  and  an  extremely  important  series  of  experiments  have  been 
conducted  by  Hagen  and  Rubens*  to  test  the  truth  of  the  formula  for 
light  of  great  wave-length.  The  following  table  will  illustrate  the  results 
obtained  f : 


100  -R  for  \  =  12fi 

Mpfal 

I.U.  t_  I  i  L  1 

observed 

calculated 

Silver 

1-15 

1-3 

Copper        

1-6 

1-4 

Gold            

2-1 

1-6 

Platinum    ... 

35 

3-5 

Nickel         

4-1 

36 

Steel            

4-9 

4-7 

Bismuth 

17-8 

11-5 

Patent  Nickel  P 

57 

5-4 

„            „      M 

7-0 

6-2 

Constantin 

6-0 

7-4 

Posse's  alloy 

7-1 

7  3 

Brande's  and  Schijnemann's  alloy 

9-1 

8-6 

In  the  calculated  values,  the  value  of  K  is  assumed  to  be  unity,  and  an 
error  is  of  course  introduced  from  the  fact  that  the  wave-length  dealt  with, 
X  =  12/i,  although  large  is  still  finite. 

It  will  be  seen  that  the  agreement  between  the  calculated  and  the 
observed  values  is  surprisingly  good,  when  allowance  is  made  for  the  extreme 
difficulty  of  the  experiments  and  for  the  roughness  of  some  of  the  approxi- 
mations which  have  to  be  made. 

605.  Hagen  and  Rubens  also  conducted  experiments  for  light  of 
wave-lengths  A,  =  25*5  p,  8yu,,  and  i/x.  On  comparing  the  whole  series  it  is 
found  that  the  differences  between  observed  and  calculated  values  become 
progressively  greater  on  passing  to  light  of  shorter  wave-length.  Drude  has 
conducted  a  series  of  experiments  on  visible  light,  from  which  it  appears  that 
the  simple  theory  so  far  given  fails  entirely  to  agree  with  observation  for 
wave-lengths  as  short  as  those  of  visible  light. 

*  Annalen  der  Physik,  11,  p.  873;  Phil.  Mag.  7,  p.  157. 
t  Phil.  Mag.  7,  p.  168. 
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Electron  Theory. 

606.  We  have  now  reached  a  stage  in  the  development  of  electromagnetic 
theory  in  which  it  is  clear  that  the  simple  conceptions  which  have  so  far  been 
employed  are  no  longer  adequate  to  give  a  complete  explanation  of  the 
phenomena.  The  conceptions  on  which  the  preceding  analysis  has  been  based 
have  been  the  original  conceptions  of  Maxwell's  theory:  it  is  natural  now  to 
examine  in  what  way  the  theory  can  be  modified  or  improved  by  the  intro- 
duction of  the  more  modern  conceptions  of  the  electron  theory.  Instead  of 
regarding  a  current  as  a  continuous  flow  of  electricity,  we  shall  take  definite 
account  of  the  presence  of  electrons.  We  shall  have  to  consider  two  sets 
of  electrons,  the  "free"  and  "bound"  electrons  of  §  345  a,  these  being  the 
mechanisms  respectively  of  conduction  and  of  inductive  capacity. 

The  application  of  an  electric  force  X  will  result  in  a  motion  of  free 
electrons  similar  to  that  investigated  in  §  345  a,  and  in  a  motion  of  the 
bound  electrons  similar  to  that  discussed  in  §  151.  But  if  X  is  variable 
with  the  time,  the  inertia  of  the  electrons  will  come  into  play  and  the 
resulting  motions  will  be  different  from  those  given  by  Ohm's  law  and 
Faraday's  law.  We  shall  suppose  that  at  any  instant  the  current  produced 
by  the  motion  of  the  free  electrons  is  «/,  and  that  that  produced  by  the 
motion  of  the  bound  electrons  is  u^. 

607.  We  may  consider  first  the  evaluation  of  Uf.  Taking  N  to  be  the 
number  of  free  electrons  per  unit  volume,  and  allowing  for  change  of  notation, 
equation  (c)  of  §  345  a  may  be  re-written  in  the  form 

cx=™'+l?t <584>- 

in  which,  as  throughout  this  chapter,  X  is  expressed  in  electrostatic  units, 
while  Uf  is  in  electromagnetic  units,  and  r'  stands  for  7/iVe2,  so  that  t  becomes 
identical  with  the  specific  resistance  t  when  the  currents  are  steady. 

This  equation  is  applicable  to  our  present  investigation  if  we  suppose 
X  to  be  periodic  in  the  time  of  frequency  p/2tt.  Taking  X  =  XQ  eipt,  the 
solution  of  equation  (584)  is 

CTogft*  ,,„_, 

u'=    ,       ra    .     (58D)- 

The  quantity  r  here  may  depend  on  p,  and  without  a  full  knowledge  of  the 
structure  of  matter  it  is  impossible  to  decide  how  important  the  dependence 
of  t  on  p  may  be.  We  are  therefore  compelled  to  retain  it  as  an  unknown 
quantity  in  our  equations,  remembering  that  it  becomes  identical  with  t  when 
p  =  0,  and  is  probably  numerically  comparable  with  r  for  all  values  of  p. 
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We  may  note  that  the  real  part  of  the  current,  corresponding  to  the  force 
X  =  X0  cos  pt,  is 

CX0        .  N 

— —  cos  {pt  —  e)  cos  e, 

T 

in  which  tan  e=  „  „  ,,  shewing  that  the  inertia  of  the  electrons,  as  repre- 
sented in  the  last  term  of  equation  (584),  results  in  a  lag  e  in  the  phase 
of  the  current,  accompanied  by  a  change  in  amplitude.  The  rate  of  generation 
of  heat  by  the  current  Uf,  being  equal  to  the  average  value  of  UfX0  cos  pt, 

is  found  to  be  A  — r^cos2e  or  A -,  where 

T  Tp 

Ti,  =  T'sec2e=T'  +  -p^:/    (586). 

It  is  worth  noticing  that  for  light  of  short  wave-length  the  last  term  in  rp 
may  be  more  important  than  the  first  term  r.  Thus  tp  may  be  largest  for 
good  conductors,  and  smallest  for  bad  conductors. 

608.  We  turn  to  the  evaluation  of  i(b,  the  current  produced  by  the  small 
excursions  of  the  bound  electrons,  as  they  oscillate  under  the  periodic  electric 
forces. 

We  shall  regard  a  molecule  (or  atom),  as  in  §  151,  as  a  cluster  of  electrons, 
and  these  electrons  will  be  supposed  capable  of  performing  small  excursions 
about  their  positions  of  equilibrium.  As  has  already  been  said  (§  192)  it  is 
probable  that  this  conception  of  the  structure  of  the  molecule  represents  only 
a  half-way  house  towards  the  truth,  but  it  provides  a  picture  or  model  of  the 
structure  with  the  help  of  which  many  properties  may  be  explained. 

Let  01,  $2,  ...  be  generalised  coordinates  (cf.  §  548)  determining  the 
positions  of  the  electrons  in  the  molecule,  these  being  chosen  so  as  to  be 
measured  from  the  position  of  equilibrium.  So  long  as  we  consider  only 
small  vibrations,  the  kinetic  energy  T  and  the  potential  energy  W  of  the 
molecule  can  be  expressed  in  the  forms 

2W=  and,2  +  Zand  A  +  a2A2  + (587), 

2T=  bj?  +  2b  J  A  +  bj?  + (588), 

in  which  the  coefficients  an,  a12,  a™,  ...,  bn,  ...  may  be  treated  as  constants. 
By  a  known  algebraic  process,  new  variables  <£1;  <f>2,  ...  can  be  found,  such 
that  equations  (587),  (588)  when  expressed  in  terms  of  these  variables 
assume  the  forms 

2  IF =  a4?  +  a,c£22  + (589), 

2T  =  yS1012  +  /S2^2+ (590), 

these  equations  involving  only  squares  of  the  new  coordinates  <f>1}  (f>.2,  .... 
The  coordinates  found  in  this  way  for  any  dynamical  system  are  spoken  of  as 
the  "principal  coordinates"  of  the  system. 
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The  equation  of  motion  of  the  molecule,  when  acted  on  by  no  external 
forces,  is  readily  found  to  be  (cf.  equations  (500)) 

fis<j>s=-«s<f>s,  (5=1,2,...)     (591). 

These  equations  are  known  to  represent  simply  periodic  changes  in 
<f>1}  </>2,  ...  of  frequencies  nJ27r,  n2/2ir,...  given  by 

"."-J;    (592). 

It  is  possible  that  we  have  evidence  of  the  frequencies  of  molecular  vibra- 
tion in  certain  of  the  lines  of  the  spectrum  emitted  by  the  substance  under 
consideration;  if  so  equations  (592)  connect  the  frequencies  of  these  spectral 
lines  with  the  coefficients  of  the  principal  coordinates  of  the  molecule. 

609.  If  the  molecule  is  now  supposed  to  vibrate  under  the  influence  of 
externally  applied  forces  (such,  for  instance,  as  would  occur  during  the 
passage  of  a  wave  of  light  through  the  medium),  equation  (591)  must  be 
replaced  (cf.  equation  (508))  by 

0,4>,  =  -<*,<!),+ ®, (593), 

where  <&g  is  that  part  of  the  "generalised  force"  corresponding  to  the 
coordinate  <ps,  which  originates  in  the  externally  applied  forces. 

If  X  is  the  electromotive  force  in  the  wave  of  light  at  any  instant,  each 
electron  will  experience  a  force  Xe,  and  there  will  be  a  contribution  of  the 
form  %sXe  to  ^>g. 

Again  the  electrostatic  field  created  by  the  displacements  of  the  electrons 
in  the  various  neighbouring  molecules  will  contribute  a  further  term  to  <E>g. 
The  displacement  of  any  electron  through  a  distance  f  will  produce  the  same 
field  as  the  creation  of  a  doublet  of  strength  e|.  Thus  if  there  are  M 
molecules  per  unit  volume,  the  total  strength  of  the  doublets  per  unit 
volume,  say  V,  may  be  supposed  to  be  of  the  form 

r  =  ife(7l01  +  7202+...)    (594), 

and  these  will  produce  an  electric  intensity  of  which  the  average  value  may 
be  taken  to  be  (cf.  §  145)  kY,  which  must  be  added  to  the  original  intensity 
X  of  the  wave. 

The  total  value  of  <&s  is  therefore  £se  (X  +  kF),  so  that  on  replacing  as  by 
its  value  from  equation  (592),  equation  (593)  becomes 

^s(4>s  +  ns2<f>s)  =  ^e(X  +  KV)    (595). 

If  we  suppose  X  to  depend  on  the  time  through  the  factor  eipt,  then 
<f>  will  clearly  depend  on  the  time  through  the  same  factor,  and  we  may 
replace  §8  by  —  p2(ps.     Equation  (595)  now  becomes 

*•- A  («■■-*■)  (596)' 
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whence,  by  equation  (594), 

T  =  M*%      ^l     AX  +  kT)  (597), 

and  if  we  write 

e-M'lfjr+0 (598), 

this  gives,  as  the  value  of  T, 

r=T^ex (599> 

The  current  produced  by  the  motion  of  the  bound  electrons  is  ub  in 
electromagnetic,    and    therefore    Cub   in    electrostatic   units.      Its    value   in 

electrostatic  units  is  also  (cf.  §  345  a)  Neu  or  Se  jr. ,  where  the  summation 

is  taken  through  a  unit  volume,  and  this  in  turn  is  equal  to  Y.     Thus 

_T_     ip0    X 

Ub~C~l-K0  C 

The  total  current,  expressed  in  electromagnetic  units,  is 

ldf 

In  calculating  f  we  must  remember  that  the  polarisation  produced  by 
the  motion  of  the  bound  electrons  is  already  allowed  for  in  the  presence 
of  the  term  ub.  We  accordingly  take  /  equal  simply  to  X/47T,  and  on 
further  replacing  ub  and  Uf  by  the  values  found  for  them,  the  total  current 
becomes 

ipX  /_        4tt0  \  CX  ,,.AA. 

In  place  of  equation  (569),  the  equation  of  propagation  is 

\  'PV+N?''')) 

As  in  §  600,  the  solution  is 

x=AeiPte±®+ir)x  (601), 

(7+,v,  =  -^(1  +  i^)+_ilS- (602). 

Non-conducting  media. 

610.  For  a  non-conducting  medium  r'  =  oo ,  so  that  the  last  term  in 
equation  (602)  vanishes,  and  the  right-hand  member  becomes  wholly  real. 
For  certain  values  of  6,  this  right-hand  member  is  negative,  so  that  q  =  0, 
shewing  that  light  is  transmitted  without  diminution;  the  medium  is 
perfectly  transparent. 
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For  transparent  media  we  may  take  fi  =  1,  and  the  velocity  of  propagation 
V  is  given  by 

1    _r2_l_f  4tt<9 


F2    _p»     C3V        l-«0/ 

If  v  is  the  refractive  index  of  the  medium,  as  compared  with  that  of  a 
vacuum,   V=  CJv,  so  that 

Arr-0 

*°  =  1  +  i^    (603)- 

whence  $£-"-***=? (604)' 

in  wmcn  a  = 1,  cs  =  — --. — ,  so  that  a  and  c.  are  constants. 

Clearly  (cf.  §  609)  the  value  of  a  can  be  calculated  if  we  make 
assumptions  as  to  the  arrangement  of  the  molecules  in  the  medium.  On 
assuming  that  the  molecules  are  regularly  arranged  in  cubical  piling,  k  is 
found  to  have  the  value   §tt,  so  that  a  becomes  equal  to  2. 

Formula  (604)  in  which  a  is  neglected  altogether  becomes  exactly  identical 
with  the  well-known  Sellmeyer  or  Ketteler-Helmholtz  formula  for  the 
dispersion  of  light,  of  which  the  accuracy  is  known  to  be  very  considerable. 
If  a  is  put  equal  to  2,  the  formula  becomes  identical  with  dispersion  formulae 
which  have  been  suggested  by  Larmor  and  Lorentz. 

It  has  been  shewn  by  Maclaurin*  that  formula  (604)  will  give  results  in 
almost  perfect  agreement  with  experiment,  at  least  for  certain  solids,  if  a  is 
treated  as  an  adjustable  constant.  The  agreement  of  the  formula  is  so  very 
good  that  little  doubt  can  be  felt  that  it  is  founded  on  a  true  basis.  Mac- 
laurin finds  for  a  values  widely  different  from  2  (for  rocksalt  a  =  5"51,  for 
fiuorite  a=l"04),  the  differences  between  these  numbers  and  2  pointing 
perhaps  to  the  crystalline  arrangement  of  the  molecules.  For  liquids  and 
gases  we  should  expect  to  find  a  equal  to  2. 

Since  M  is  proportional  to  p,  the  density  of  the  substance,  formula  (604) 

v'2  —  1 
indicates  that  ought  to  vary  directly  as  p  when  p  varies.     This  law, 

with  a  taken  equal  to  2,  was  announced  by  H.  A.  Lorentz  f  of  Leyden  and 
L.  Lorenz^:  of  Copenhagen  in  1880.  Its  truth  has  been  verified  by  various 
observers,  and,  in  particular,  by  Magri§  for  a  large  range  of  densities  of  air. 

From  equation  (604)  it  also  follows  that  the  values  of for  a  mixture 


i,2 


-1 


of  liquids  or  gases  ought  to  be  equal  to  the  sum  of  the  values  of  — for  its 

*  Proc.  Roy.  Soc.  A,  81,  p.  367  (1908).  j  Wied.  Ann.  9,  p.  641  (1880). 

%  Wied.  Ann.  11,  p.  70  (1880).  §  Phys.  Zeitschrift,  6,  p.  629  (1905). 
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ingredients,  a  law  which  is  also  found  to  agree  closely  with  observation  on 
taking  a  =  2. 

611.  For  certain  other  values  of  6,  the  right  hand  of  equation  (602)  (in 
which  t'  is  taken  infinite)  is  found  to  be  real  and  positive.  We  now  have  r  =  0 
and  the  solution  (601)  becomes 

x  =  AeiPte±9x (605), 

shewing  that  there  is  no  wave-motion  proper,  but  simply  extinction  of  the 
light.  Thus  there  are  certain  ranges  of  values  of  p  (namely  those  which  make 
(q  +  ir)2  positive  in  equation  (601))  for  which  light  cannot  be  transmitted 
at  all ;  these  must  represent  absorption  bands  in  the  spectrum  of  the  sub- 
stance. 

Clearly  (q  +  ir)2  becomes  positive  when  6  is  large  and  negative.  It  will 
be  noticed  that  6,  as  given  by  equation  (598),  becomes  infinite  when  p  has 
any  of  the  values  n2,  n2,  ...,  changing  from  —  oo  to  +  oo  as  p  passes  through 
these  values.  Thus  the  absorption  bands  will  occur  close  to  the  frequencies 
of  the  natural  vibrations  of  the  molecule.  But  just  in  these  regions  we  have 
to  consider  certain  new  physical  agencies  which  cannot  legitimately  be 
neglected  when  p  has  values  near  to  nlt  n2,  ...,  although  probably  negligible 
in  other  regions  of  the  spectrum. 

612.  Equation  (593)  is  not  strictly  true  with  the  value  we  have  assigned 
to  <l>s.  For,  in  the  first  place  the  vibrations  represented  by  the  changes  in  <ps 
are  subject  to  dissipation  on  account  of  the  radiation  of  light,  and  of  this  no 
account  has  been  taken.  In  the  second  place  there  must  be  sudden  forces 
acting  in  liquids  and  gases  occasioned  by  molecular  impacts  and  requiring  the 
addition  of  terms  to  <E>S  throughout  the  short  periods  of  these  impacts.  There 
must  be  analogous  changes  to  be  considered  in  the  case  of  a  solid,  although 
our  ignorance  of  the  processes  of  molecular  motion  in  a  solid  makes  it  im- 
possible to  specify  them  with  any  precision. 

The  effect  of  these  agencies  must  be  to  throw  the  $/s  of  the  different 
molecules  out  of  phase  with  one  another  and  also  out  of  phase  with  X  and  Y. 
The  analysis  of  §  609  has  made  the  ratios  of  X  :  T  :  <j>s  wholly  real  (cf.  equa- 
tions (596)  and  (597)),  indicating  that  X,  V  and  </>s  are  exactly  in  the  same 
phase.  The  considerations  just  brought  forward  shew  that  these  ratios  ought 
also  to  contain  small  imaginary  parts. 

The  process  of  separating  real  and  imaginary  parts  in  equation  (602)  now 
becomes  much  more  complicated,  but  it  will  be  obvious  that  for  all  values  of 
p,  both  q  and  r  will  have  some  value  different  from  zero.  Thus  there  is 
always  some  extinction  of  light  and  some  transmission,  for  all  values  of  p,  and 
there  is  no  longer  the  sudden  change  from  total  extinction  to  perfect  trans- 
mission.    The  edges  of  the  absorption  band  become  gradual  and  not  sharp. 
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But  the  molecular  model  now  in  use  probably  does  not  represent  the  details 
of  molecular  action  with  sufficient  truthfulness  to  make  it  worth  trying  to 
represent  the  conditions  now  under  discussion  in  exact  analysis. 


Conducting  media. 

613.     For  a  conducting  medium  we  retain  t  in  equation  (602),  and  on 
equating  imaginary  parts  we  obtain,  in  place  of  equation  (572)  of  §  600, 


qr  =  - 


./a  ,  mT 


.(606), 


T2  + 


N2e4 


>P 


where  tp  is  given  by  equation  (586).    Thus  equation  (573)  of  §  600  becomes 
replaced  by 

q  =  2-^    (607). 

Tp 

For  visible  light  this  gives  a  very  much  smaller  value  of  q  than  that 
discussed  in  §  600,  and  the  value  of  q  will  obviously  be  still  further  modified 
by  the  considerations  mentioned  in  §  612. 

614.     On  comparing  the  total  current,  as  given  by  formula  (600),  with  the 

value    ---  -n    assigned  to  it  in  the  analysis  of  §§  594 — 598,  we  see  that  all 

this  earlier  analysis  will  apply  to  the  present  problem  if  we  suppose  K  to  be 
a  complex  quantity  given  by 

47rC2 


K=v2  + 


,      m    . 


.(608), 


where  v  is  given  by  formula  (603). 
If,  as  in  §  603,  we  put 


we  find 


W2  =  ^?=(a-M73)2, 

H>2 


a--/32  = 


flo 


m  4ttC2 


v  — 


Ne2 


TTr 


.(609), 


a        27rG2 
ap  = 

PTpftz 

so  that  the  reflecting  power  B,  of  a  metal  may  be  calculated  from  equation 
(577)  in  terms  of  rp. 

615.  On  comparing  formulae  (609)  with  experiment,  the  general  result 
appears  to  emerge,  that,  in  order  to  account  for  the  optical  properties  of 
conductors  in  this  way,  the  number  of  free  electrons  in  conductors  must  be 
comparable  with  the  number  of  atoms.     According  to  a  paper  by  Schuster, 
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published  in  1904*,  the  ratio  of  the  number  of  free  electrons  to  atoms  ought 
to  range  from  1  to  3  in  various  substances;  Nicholson f,  as  the  result  of  a  more 
elaborate  investigation,  obtains  values  for  this  ratio  ranging  from  2  to  7. 

This  result  discloses  a  difficulty  from  which  the  electron  theory,  in  the 
form  in  which  we  have  so  far  considered  it,  has  shewn  little  power  of  extri- 
cating itself. 

Specific  Heats  and  Electrical  Conductivity. 

616.  According  to  the  well-known  law  of  Dulong  and  Petit  the  atomic 
heats  of  a  large  number  of  elements  have  values  which  are  approximately  all 
equal.  Nernst  and  Lindemann  have  recently  determined  the  specific  heats  of 
a  large  number  of  elements,  and  have  found  that,  for  all  the  elements  they 
have  examined,  the  atomic  heats  measured  for  constant  volume  {i.e.  after 
correction  for  expansion  arising  out  of  change  of  temperature)  have  all  the 
same  value  5*95.  Now  the  atomic  heat  represents  the  increase  per  unit  rise 
of  temperature  in  the  energy  of  the  solid  measured  per  atom  of  its  structure. 
This  energy  can  be  regarded  as  the  sum  of  two  contributions,  namely  the 
energy  of  the  atoms  and  the  energy  of  the  free  electrons.  The  energy  of  the 
atoms  can  be  calculated  by  the  well-known  methods  of  the  Kinetic  Theory  of 
matter,  and  it  is  found  that  this  energy  will  provide  a  contribution  to  the 
atomic  heat  equal  exactly  to  the  total  amount  of  the  atomic  heat,  namely 
5*95;  in  other  words  the  contribution  from  the  energy  of  the  free  electrons  is 
as  small  as  the  experimental  error.  But  the  contribution  from  a  given  number 
of  free  electrons  also  admits  of  theoretical  calculation  if  we  make  the  assump- 
tion that  their  motion  conforms  to  the  ordinary  dynamical  laws.  If  there 
were  as  many  free  electrons  as  one-tenth  of  the  number  of  atoms,  the  contri- 
bution to  the  atomic  heat  would  be  '30,  so  that  the  total  atomic  heat  would 
be  6'25,  a  number  much  too  large  to  be  reconciled  with  the  experiments  of 
Nernst  and  Lindemann. 

617.  The  foregoing  figures  refer  only  to  matter  at  comparatively  high 
temperatures.  The  specific  heats  of  the  elements  have  however  been  deter- 
mined by  Nernst  and  Lindemann  through  a  very  wide  range  of  temperatures, 
namely  from  normal  temperatures  down  to  the  lowest  temperatures  now 
available  in  the  laboratory.  And  it  has  recently  been  shewn  by  Debye  that 
the  atomic  heats  found  by  these  experiments  are,  at  all  temperatures,  almost 
exactly  equal  to  those  to  be  expected  on  theoretical  grounds  on  the  supposition 
that  the  free  electrons  contribute  nothing  to  the  specific  heat.  The  observed 
atomic  heats  agree  so  well  with  those  calculated  from  theory,  for  all  substances 
examined  and  at  all  temperatures  available,  that  the  conclusion  seems  to  be 
inevitable  that  the  number  of  free  electrons  is  very  small  compared  with  the 
number  of  atoms. 

*  Phil.  Mag.  February  1904.  t  Phil.  Mag.  Aug.  1911. 
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618.  Thus  we  are  led  to  the  conclusion  that  although  the  present  electron 
theory  may  shew  a  certain  power  of  explaining  the  optical  properties  of 
metals,  qualitatively  at  least,  yet  this  explanation  demands  the  presence  of 
a  far  greater  number  of  free  electrons  than  can  be  reconciled  with  the  values 
of  the  specific  heats. 

If  the  present  electron  theory  were  in  other  respects  satisfactory,  the 
difficulty  just  revealed  might  be  thought  to  constitute  a  serious  defect  in  the 
electromagnetic  theory  of  light.  But  the  present  electron  theory  is  far  from 
satisfactory  in  other  respects;  indeed  a  difficulty  very  similar  to  that  just 
disclosed  has  been  found  to  arise  in  connection  with  a  much  simpler  pheno- 
menon, namely  the  conductivity  of  metals.  We  have  seen  (§  345  a)  that  the 
electron  theory  requires  that  in'  a  good  conductor  the  number  of  free  electrons 
should  be  large;  approximately  how  large  it  must  be  is  a  matter  which  can 
also  be  determined  by  further  analysis.  The  requisite  analysis  has  been 
given  by  Drude. 

619.  We  may  suppose,  as  a  rough  approximation  to  the  truth,  that  in  a 
conductor  each  free  electron  moves  freely  for  a  certain  length  of  time  t 
between  two  consecutive  collisions  with  molecules.  In  the  notation  already 
used  in  §  345  a,  the  momentum  gained  in  this  time  will  be  Xet.  If  we 
suppose  this  momentum  to  be  entirely  checked  at  each  collision  (cf.  §§  355, 
373),  the  average  forward  momentum  of  all  the  electrons  at  any  instant  will 
be  hXet,  and  since  this  is  equal  to  mu  in  the  notation  of  §  345  a,  we  have 

u  =  \  —  t     (610), 

2  m 

and  hence  (by  equation  (6),  §  345  a) 

i  =  Neu  =  ±  —  tX     (611). 

2  m 

Thus  the  quantity  7  of  §  345  a  is,  as  regards  order  of  magnitude  at  least, 

equal  to  —  ,  and  the  specific  resistance  r  of  a  substance  will  be  given  by 
t 

1       1  /V>2 

-  =  ~  —  t  (612), 

t      2  m 

where  N  is  the  number  of  free  electrons  per  cubic  centimetre.  Now  for  silver 
or  copper  t  =  1'6x  10-6  ohms  =  l'8  x  10-18  in  electrostatic  units.     The  value  of 

1  e2  -it 
in  electrostatic  units  is  1*26  x  108,  and  hence  to  give  to  t  the  value 

2  m 

appropriate  for  silver  or  copper  we  must  have  Nt  =  5  x  109  approximately.  In 
silver  or  copper  the  number  of  atoms  per  cubic  centimetre  is  of  the  order  of 
1023,  so  that  if  the  observed  values  of  the  specific  heats  do  not  allow  of  N  being 
more  than  one-hundredth  part  of  this  we  must  at  most  suppose  that  N  is  of 
the  order  of  1021,  and  this  requires  t  to  be  comparable  with  5  x  10~12  at  least. 
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Since  the  average  velocity  of  the  free  electrons  is  believed  to  be  about  107  cms. 
per  second  (§  345  a),  this  would  require  each  electron  to  travel  an  average 
distance  of  5xl0-s  cms.  between  consecutive  violent  collisions.  This  appears 
to  be  too  large  to  be  reconciled  with  present  beliefs  as  to  the  structure  of 
matter. 

The  difficulty  becomes  much  worse  when  we  consider  the  phenomenon  at 
low  temperatures.  Kamerlingh  Onnes  has  found  for  silver  at  a  temperature 
of  13'88°  abs.  a  resistance  only  equal  to  0"7  per  cent,  of  that  at  0°  C.  Thus  in 
silver  at  this  low  temperature  we  must  have  Nt  of  the  order  of  1012,  so  that  if 
we  take  N  =  1021  as  above,  t  =  10-9.  This  velocity  of  free  electrons  at  this  low 
temperature  is  of  the  order  of  2  x  106,  so  that  the  average  distance  travelled 
would  be  about  -^  cm. 

620.  We  have  now  found  that  contradictions  exist  in  connection  with 
the  Electromagnetic  Theory  of  Light,  the  theory  of  Specific  Heats  of  metals, 
and  the  theory  of  Electric  Conductivity,  so  long  as  we  treat  these  questions 
in  terms  of  ordinary  dynamical  laws  and  Maxwell's  electromagnetic  equations. 
A  large  accumulation  of  evidence,  of  which  our  discussion  has  touched  only  on 
a  small  fringe,  suggests  that  a  new  system  of  dynamics  and  a  new  electron 
theory  is  needed.  So  far  as  can  be  seen  the  special  feature  of  this  new  theory 
must  be  that  the  interaction  between  electrons  and  radiation  is  of  an  entirely 
different  nature  from  that  imagined  by  the  classical  laws.  The  new  theory  is 
in  existence  and  is  generally  known  as  the  Quantum-theory.  A  brief  intro- 
duction to  it  will  be  found  in  the  last  chapter  of  the  present  book. 


CHAPTER   XIX 

THE   MOTION   OF  ELECTRONS 

General  Equations. 

621.  The  motion  of  an  electron  or  other  electric  charge  gives  rise  to 
a  system  of  displacement  currents,  which  in  turn  produce  a  magnetic  field. 
The  changes  in  this  magnetic  field  give  rise  to  new  electric  forces,  and  so  on. 
Thus  the  motion  of  electrons  or  other  charges  is  accompanied  by  magnetic 
and  electric  fields,  mutually  interacting.  To  examine  the  nature  and  effects 
of  these  fields  is  the  object  of  the  present  chapter. 

The  necessary  equations  have  already  been  obtained  in  §  574,  but  the 
current  u,  v,  w  will  now  be  regarded  as  produced  by  the  motion  of  charged 
bodies.  If  at  any  point  x,  y,  z  there  is  a  volume  density  p  of  electricity 
moving  with  a  velocity  of  components  u,  v,  w,  then  the  current  at  x,  y,  z  has 
components  pu,  pv,  pw  in  electrostatic  units.  Since  u,  v,  w  in  equations  (529) 
are  measured  in  electromagnetic  units,  they  must  be  replaced  by  pu/C,  pv/C, 
p  w/C,  and  the  equations  become 

4tt/  df\     dy     3/3  /iMmx 

Equations  (528),  namely 

Ida     dZ     dY 

-CTt=dy--di>etc <614)' 

remain  unaltered,  and  the  two  sets  of  equations  (613)  and  (614)  provide  the 
material  for  our  present  discussion. 

When  we  had  these  same  equations  under  review  in  §  574,  G  was  regarded 
merely  as  the  ratio  of  the  units.  We  may  now  regard  C  as  being  the  velocity 
of  light,  this  being  also  the  velocity  of  any  other  electromagnetic  disturbance 
in  free  space. 

622.  If  we  differentiate  equations  (613)  with  respect  to  x,  y,  z  and  add, 
we  obtain 

9/v3/%,3/v  d  fdf     da      dh^ 


dx  vy  dz  r  dt\dx      dy     dz, 

We  have  also,  as  an  equation  of  continuity,  expressing  that  the  increase 
in  p  in  any  small  element  is  accounted  for  by  the  flow  of  electricity  across  the 
faces  by  which  the  element  is  bounded, 
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By  comparison  with  the  equation  just  obtained,  we  have 

d(df  +  dg  +  dh\dp 
dt\dx     dy     dz)      dt' 

of  which  the  integral  is  our  former  equation  (63),  namely 

di  +  dy  +  dz-p  (615)- 

Similarly,  on  differentiating  equations  (614)  with  respect  to  x,  y,  z  and 
adding,  we  obtain 

d  (da      db     dc\ 

dt  \dx     dy      dz)        '. 

of  which  the  integral  is  our  former  equation  (362),  namely 

da     db      dc      _  /«,«x 

s+£+s-° •. (616)- 

623.  At  a  point  at  which  there  is  no  electric  charge  (p  =  0),  equations 
(613)  and  (614)  become  identical  with  the  systems  of  equations  (A)  and  (B) 
of  §  577,  and  the  quantities  X,  Y,  Z,  a,  /3,  7  must  all  satisfy  the  differential 
equation  (534),  namely 

^  =  «2V2% (617). 

Force  of  a  Moving  Electron. 

624.  Consider  afresh  the  problem  of  which  a  preliminary  discussion  has 
already  been  given  in  §  572,  of  a  single  electron  moving  with  a  velocity  u 
parallel  to  Ox.  Since  the  field  necessarily  moves  with  the  electron,  the  rate 
of  change  of  any  quantity  %  as  we  follow  it  in  its  motion  must  be  nil.  Thus 
we  must  have 


( 


d 

dt 


+  ute)*-° 


so  that  -r  may  be  replaced  by  —  u  =-  throughout  our  equations. 

Ctt  COG 

Equation  (617)  becomes 

dx"  Xdx*      dy"      dz* 

or,  since  a2  =  G2JK/j,, 

{1~~u^)d^  +  df  +  dF-° (618)- 

Also  equations  (613),  (614)  assume  the  forms 

^O-B-g-S • <->' 

5E-S-S <->■ 


622-627]  Force  on  a  moving  Electron  561 

625.  In  most  problems,  the  velocity  of  motion  u  is  small  compared  with 
the  velocity  of  light,  so  that  u/G  may  be  treated  as  a  small  quantity. 
Equation  (619)  shews  that  the  magnetic  field  set  up  by  a  moving  charge  may 
be  regarded  as  small  if  u/C  is  small.  The  same  is  of  course  true  of  the  field 
set  up  by  any  number  of  moving  charges  provided  all  their  velocities  are 
small  compared  with  that  of  light. 

When  u/G  is  small,  equation  (620)  shews  that 

d_Z_dY 
dy      dz 

will  be  a  small  quantity  of  the  second  order.  Let  us  suppose,  until  the  con- 
trary is  stated,  that  u/G  is  so  small  for  each  moving  charge  that  u2/C2  may 
legitimately  be  neglected.    Then 

dy      dz 

so  that  the  forces  X,  Y,  Z  are  derivable  from  a  potential  O.  When  u2/C2  is 
neglected  equation  (618)  reduces  to  V2^  =  0.  This  equation  is  satisfied  by 
X,  Y,  Z  separately,  and  therefore  also  by  O.  Since  X,  Y,  Z  also  satisfy 
equation  (615),  or 

dX     dY     ZZ=^ 

dx      dy      dz  "' 

it  is  clear  that  the  values  of  X,  Y,  Z  are  exactly  the  same  as  if  the  moving 
charge  were  instantaneously  at  rest. 

626.  This  is  exactly  the  assumption  we  made  in  §  572  in  calculating  the 
magnetic  force  from  a  moving  charge.    The  forces  there  calculated,  namely 

a  =  0,    P  =  -Cri>    y=G^  (621)' 

are  now  seen  to  be  accurate  provided  u2/C2  may  be  neglected,  but  not 
otherwise. 


The  Force  acting  on  a  Moving  Electron. 

627.  The  assumption  we  have  made  that  u/G  is  small  is  the  same  as 
assuming  to  a  first  approximation  that  G  is  so  great  that  the  medium  may  be 
supposed  to  adjust  itself  instantaneously  to  changes  occurring  in  it,  just  as 
an  incompressible  fluid  would  do.  The  time  taken  for  action  to  pass  from 
one  point  to  another  may  be  neglected.  We  may  accordingly  assume  that  at 
any  instant  the  mechanical  actions  of  any  two  parts  of  the  field  upon  one 
another  are  such  that  action  and  reaction  are  equal  and  opposite. 

J.  36 
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From  equations  (621),  it  appears  that  an  electron  moving  with  velocity 
u,  0,  0  at  the  origin  will  exert  a  force  of  components 


0,      - 


ue  mz 


ue  my 
~G~^ 


upon  a  magnetic  pole  of  strength  m  at  x,  y,  z.    It  follows  that  a  magnetic 
pole  of  strength  m  at  x,  y,  z  will  exert  a  force  of  components 


0, 


ue  viz 


ue  my 


.(622) 


upon  the  moving  electron  at  the  origin. 


628.    If  we  have  a  number  of  magnetic  poles,  the  resultant  force  upon 
the  moving  electron  has  components 


0, 


ue  ^  mz  ue  ^  my 


.(623) 


G  ~"  r3  '  G       r 

and  the  components  of  magnetic  force  at  the  origin  are  given  by  (cf.  §  408) 


~mx 

<x  =  —  Z—r,  etc. 

r3 


Thus  the  force  on  the  moving  electron  may  be  put  in  the  form 


ue 
0,      -^7, 


> 


.(624). 


Plainly  the  force  on  the  electron  will  be  given  by  formulae  (624),  whether 
the  magnetic  field  arises  from  poles  of  permanent  magnetism  or  not.  It  is 
clearly  a  force  at  right  angles  both  to  the  direction  of  motion  of  the  electron, 
and  to  the  magnetic  force  a,  /3,  7  at  the  point.  If  H  is  the  resultant  magnetic 
force,  and  6  the  angle  between  the  directions  of  H  and  the  axis  of  x,  -then 
the  resultant  of  the  mechanical  force  is  ueH  sin  6/G. 

629.  If  the  electron  has  components  of  velocity  u,  V,  w,  the  component 
of  the  mechanical  force  on  it  will  be 

jjiyv-pw),     ^(aw-ryu),     ^(@u-av) (625). 

Since  the  mechanical  force  is  always  perpendicular  to  the  direction  of 
motion,  it  does  no  work  on  the  moving  particle ;  and,  in  particular,  if  a 
charged  particle  moves  freely  in  a  magnetic  field,  its  velocity  remains  con- 
stant. 

The  existence  of  this  force  explains  the  mechanism  by  which  an  induced  current  is  set 
up  in  a  wire  moved  across  magnetic  lines  of  force.  The  force  (625)  has  its  direction  along 
the  wire  and  so  sets  each  electron  into  motion,  producing  a  current  proportional  jointly  to 
the  velocity  and  strength  of  the  field — i.e.  to  dN\dt. 
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The  "Hall  Effect" 

630.  Very  direct  evidence  of  the  existence  of  this  force  is  provided  by 
the  "Hall  Effect."  Hall*  found  that  when  a  metallic  conductor  conveying 
a  current  is  placed  in  a  magnetic  field,  the  lines  of  flow  rearrange  themselves 
as  they  would  under  a  superposed  electromotive  force  at  right  angles  both 
to  the  direction  of  the  current  and  of  the  magnetic  field.  The  same  effect 
has  also  been  detected  in  electrolytes  and  in  gases. 

The  Hall  Effect  is  of  interest  as  exhibiting  a  definite  point  of  divergence 
between  Maxwell's  original  theory  and  the  modern  electron  theory.  Accord- 
ing to  Maxwell's  theory,  a  magnetic  field  could  act  only  on  the  material 
conductor  conveying  a  current,  and  not  on  the  current  itself,  so  that  if  the 
conductor  was  held  at  rest  the  lines  of  flow  ought  to  remain  unaltered  f. 
The  electron  theory,  confirmed  by  the  experimental  evidence  of  the  Hall 
Effect,  shews  that  this  is  not  so,  and  that  the  lines  of  flow  must  be  altered 
in  the  presence  of  a  transverse  magnetic  field. 

Motion  of  a  charged  'particle  in  a  uniform  magnetic  field. 

631.  Let  a  particle  of  charge  e  move  freely  in  a  uniform  magnetic  field 
of  intensity  H.  Let  its  velocity  be  resolved  into  a  component  A  parallel  to 
the  lines  of  force,  and  a  component  B  in  the  plane  perpendicular  to  them. 
By  what  has  just  been  said  (§  629)  both  A  and  B  must  remain  constant 
throughout  the  motion,  and  there  will  be  a  force  eHBjG  acting  on  the  particle 
in  a  direction  perpendicular  to  that  of  B,  and  in  the  plane  perpendicular  to 
the  lines  of  force.  Thus  if  m  is  the  mass  of  the  particle,  its  acceleration  must 
be  eHB/mC  in  this  same  direction. 

Considering  only  the  motion  in  a  plane  perpendicular  to  the  lines  of  force, 
we  have  a  velocity  B  and  an  acceleration  eHB/mC  perpendicular  to  it.  This 
latter  must  be  equal  to  B2Jp,  where  p  is  the  curvature  of  the  path.    Thus 

p  = — jj- ,  a  constant,  shewing  that  the  motion  in  question  is  circular. 

Combining  this  circular  motion  with  the  motion  parallel  to  the  lines  of 
force  we  find  that  the  complete  orbit  is  a  circular  helix,  of  radius  BmGjeH, 
described  about  one  of  the  lines  of  magnetic  force  as  axis. 

632.  By  measuring  the  curvature  of  an  orbit  described  in  this  manner, 
it  is  found  possible  to  determine  ejm  experimentally  for  electrons  and  other 
charged  particles  (cf.  §  665  below).  Incidentally  the  fact  that  curvature  is 
observed  at  all  provides  experimental  confirmation  of  the  existence  of  the 
force  acting  on  a  moving  electron. 

*  Phil.  Mag.  9  (1880),  p.  225. 

t  Maxwell,  Electricity  and  Magnetism,  §  501. 

36—2 
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The  Zeeman  Effect. 

633.  When  a  source  of  light  emitting  a  line-spectrum  is  placed  in  a 
strong  magnetic  field,  the  lines  of  the  spectrum  are  observed  to  undergo 
certain  striking  modifications.  The  simplest  form  assumed  by  the  pheno- 
menon is  as  follows. 

If  the  light  is  examined  in  a  direction  parallel  to  the  lines  of  magnetic 
force,  each  of  the  spectral  lines  appears  split  into  two  lines,  on  opposite  sides 
of,  and  equidistant  from,  the  position  of  the  original  line,  and  the  light  of 
these  two  lines  is  found  to  be  circularly  polarised,  the  direction  of  polarisation 
being  different  for  the  two. 

If  the  light  is  examined  across  the  lines  of  force,  these  same  two  lines 
appear,  accompanied  now  by  a  line  at  the  original  position  of  the  line,  so 
that  the  original  line  now  appears  split  into  three.  The  side  lines  are 
observed  to  be  plane  polarised  in  a  plane  through  the  line  of  sight  and  the 
lines  of  force,  while  the  middle  line  is  plane  polarised  in  a  plane  perpendicular 
to  the  lines  of  force. 

634.  These  various  phenomena  were  observed  by  Zeeman  in  1896,  and 
an  explanation  in  terms  of  the  electron  theory  was  at  once  suggested  by 
Lorentz. 

Let  us  first  examine  a  simple  artificial  case  in  which  the  spectrum  contains 
one  line  only,  assumed  to  be  produced  by  the  oscillations  of  a  single  electron 
about  a  position  of  equilibrium. 

If  the  frequency  of  this  oscillation  is  p/Ztt,  the  equations  of  motion  of  the 

electron  must  be  of  the  form 

d?x 
m  -tt2  =  -  mp2x,  etc (626), 

in  which  x,  y,  z  are  the  coordinates  of  the  electron  referred  to  its  position  of 
equilibrium. 

Next  suppose  the  electron  to  move  in  a  field  of  force  of  intensity  H 
parallel  to  the  axis  of  x.  In  addition  to  the  force  of  restitution  of  components 
-  mp2x,  -  mp2y,  —  mp-z,  the  electron  will  be  acted  on  by  a  force  (cf.  formulae 

(625))  of  components 

n      eH  dz  eH  dy 

'     TT~dV     ~~C~df 
In  place  of  the  former  equations,  the  equations  of  motion  are  now 


& 


\r 


mdt2=  ~mP2x 

d?y  ,       eH  dz 

mw-=-mpy+-cTt 

d2z  eH  dy 


.(627). 
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The  solutions  of  these  equations  are 
x  =  A  cos  ( pt  —  e), 

y  =  A1  cos  {qxt  -  ex)  +  A2  cos  (q2t  -  ea), 
z  =  Az  sin  (qxt  -  e,)  +  ^2  sin  (g2£  —  ea), 
in  which  A,  Alt  A2>  e,  e^  ea  are  constants,  and  qlt  q2  are  the  roots  of 


b§o 


—  mq*  =  —  mp*  + 


eH 

c-1 


.(628). 


For  even  the  strongest  fields  which  are  available  in  the  laboratory,  the 
value  of  the  last  term  in  this  equation  is  small  compared  with  that  of  the 
other  terms,  so  that  the  solution  of  equation  (628)  may  be  taken  to  be 

eH 

The  original  vibrations  of  the  electron,  all  of  frequency  p,  may  now  be 
replaced  by  the  three  following  vibrations : 

I.     x  =  A  cos(pt—  e),     2/  =  0,     z=0. 


II.    x  =  0,   y  =  Ai  cos 
III.   x  =  0,   y  —  A2  cos 


p  + 


eH 

2mC. 

eH\ 


t 


(p-hrc)1-'* 


z=     J.1sin 


z  =  —  J..2sin 


p  + 


P 


eH 


2mC 

eH 

2mC. 


t 


t-e. 


Vibration  I  of  frequency  p  is  a  linear  motion  of  the  electron  parallel 
to  Ox,  the  direction  of  the  lines  of  magnetic  force.  The  magnetic  force  in 
the  emitted  radiation  is  accordingly  always  parallel  to  the  plane  of  yz  and 
vanishes  immediately  behind  and  in  front  of  the  electron  (cf.  §  618).  Thus 
there  is  no  radiation  emitted  in  the  direction  of  the  axis  of  x,  and  the 
radiation  emitted  in  the  plane  of  yz  will  be  polarised  (§  592)  in  this  plane. 

Vibrations  II  and  III  represent  circular  motions  in  the  plane  of  yz  of 

eH 

frequencies  p  ±  = — ^ .    Clearly  the  radiation  emitted  along  the  axis  of  x  will 

be  circularly  polarised,  while  that  emitted  in  the  plane  of  yz  will  be  plane 
polarised  in  a  plane  through  the  line  Ox  and  the  line  of  sight  (the  motion 
along  the  line  of  sight  sending  no  radiation  in  this  direction).  Thus  the 
observed  appearances  are  accounted  for. 

635.  The  analysis  just  given  explains  the  observed  facts  of  the  normal 
Zeeman  Effect,  but  only  in  terms  of  a  model  which  is  known  not  to  be  in 
accordance  with  the  actual  facts  of  atomic  structure.  As  was  pointed  out  by 
Larmor,  the  explanation  just  given  can  be  easily  generalised  so  that  the  atomic 
model  shall  at  least  accord  better  with  the  facts  of  nature  than  that  we  have 
just  had  under  discussion. 
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If  an  electron  is  moving  in  a  field  of  magnetic  force  of  intensity  H  parallel 
to  the  axis  of  x,  its  equations  of  motion  will  be 


d- 


X 


=  Fm 


•(629), 


mdf-~^ 

dry      -r,      eH  dz 

mcd=F»+u  it 

d2z  _  p      eH  dy 
mdP~    z~  G   dt) 

where  Fx,  Fy,  Fz  are  the  components  of  the  force  which  acts  on  the  electron 
apart  from  the  superimposed  magnetic  field  H.  These  equations  of  course 
contain  equations  (627)  as  a  special  case. 

If  x,  y,  z  were  coordinates  measured  with  reference  to  a  system  of  axes 
rotating  with  uniform  angular  velocity  co  about  the  axis  of  x  in  the  direction 
from  Oy  to  Oz,  the  component  of  the  velocity  of  the  point  x,  y,  z  in  space 
would  be  given  by 


.(630), 


dx 

1 

u- 

=  dt 

V 

_dy 

'  dt 

(OZ    > 

w 

dz 

=  di  + 

coy 

J  J 

and  the  accelerations  in  space  by 


Dv 
Dt 


dv 
dt 


dv 
dx 


dv 

■  

By 


cv 

dz 


=  —,  +  u  -  +  v  -  +  w  -  =  -^  -  2 co  ^  -  tfy 


cPy 

dt2 


dz 
dt' 


•(631), 


and  similar  equations. 


When  the  angular  velocity  is  so  small  that  co2  may  be  neglected,  the 
system  of  accelerations,  as  given  by  equations  such  as  (631),  reduce  to 


Du 
Dt 


x 


dt2 


Dv  _  d2y  dz 

~Di~~~~dt2~  W  dt 

Dw  _  d2z  dy 

~Di~dP+  tt) 


.(632). 


Thus  if  co  is  defined  by  the  equation 


co  = 


eH 
2mC 


.(633), 
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the  equations  of  motion  (629)  of  the  electron  in  the  superimposed  magnetic 
field  become 

mlTt=F*' 


■UU  TP 

mT^  =  Fy, 


mnt=F" 

which  would  be  precisely  the  equations  of  motion  of  the  electron  referred  to 
axes  at  rest  with  the  magnetic  field  non-existent.  Thus  the  superposition 
of  the  magnetic  field  parallel  to  the  axis  of  x  is  seen  to  have  had  precisely  the 
same  effect  on  electronic  motion  as  the  setting  of  the  axes  in  rotation  with 
an  angular  velocity  <o  defined  by  equation  (633). 

Before  the  magnetic  field  is  superposed,  let  the  electron  describe  a  path 
such  that  when  its  coordinates  are  resolved  into  simple-harmonic  terms  by 
Fourier's  theorem,  one  of  the  constituent  simple-harmonic  vibrations  is  of 
the  form 

x  =  0,     y  =  A1  cos  (pt  —  ej),     z  =  Ax  sin  (pt  —  e^). 

Assume  that  one  of  the  lines  in  the  spectrum  of  the  atom  when  in  its  natural 
state  corresponds  to  a  frequency  pj2ir.  The  superposition  of  a  magnetic 
field  has  the  same  effect  on  the  coordinates  x,  y,  z  as  the  setting  of  the  axes 
in  rotation  with  an  angular  velocity  co,  so  that  when  this  field  is  superposed 
the  coordinates  of  the  electron  may  be  taken  to  be 

x  =  0,     y  =  A1cos[(p  +  (o)t  —  d],     z  =  A^in^p  +  ^t  —  e2J. 

It  is  at  once  seen  that  the  vibration  is  identical  in  general  type  with  the 
vibration  II  that  we  found  in  §  634,  so  that  the  discussion  of  the  polarisation 
and  change  of  frequency  there  given  will  apply  to  the  present  case  also. 

636.  The  discussion  of  the  last  section  is  applicable  to  any  electron 
describing  an  orbit  such  that  its  motion  can  be  resolved  into  oscillations  of 
definite  frequencies.  It  shews  that  each  spectral  line  ought  in  general  to  be 
resolved  into  a  triplet  of  three  equidistant  lines,  a  line  initially  at  p  giving 
place  to  lines  at  p  ±  8p  where 

bp=^tch <634>- 

This  represents  what  is  normally  observed,  and  a  formation  of  triplets  of 
this  type  is  commonly  spoken  of  as  the  normal  Zeeman  Effect.  Certain  lines 
separate  out  in  a  more  complex  way  in  the  presence  of  a  magnetic  field,  these 
lines  having  generally  appeared  as  multiple  lines  (doublets,  triplets,  etc.)  even 
before  the  magnetic  field  was  turned  on.  This  is  known  as  the  complex  or 
abnormal  Zeeman  Effect,  and  is  not  covered  by  our  simple  theory. 
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In  the  normal  Zeeman  Effect,  the  frequency  difference,  predicted  by- 
equation  (634),  is  constant  for  all  the  lines  of  the  spectrum.  Observationally 
this  is  found  to  be  the  case,  and  equation  (634)  makes  it  possible  to  determine 
a  value  of  ejm  from  the  observed  separation  of  spectral  lines  in  a  magnetic 
field  of  known  strength.  The  value  so  obtained  proves  to  be  in  good  agree- 
ment with  values  for  ejm  measured  by  other  and  more  direct  methods. 


The  General  Equations  of  Moving  Electrons. 

637.    We  now  return  to  the  general  equations  of  §621,  namely 

4W  df\       dry      d/3  ,nnw 


.(636), 


dy 

G  dt~dy      dz' 

and  discuss  the  field  set  up  by  the  motion  of  electric  charges  when  there  is 
no  restriction  as  to  the  smallness  of  their  velocities. 

On  multiplying  both  sides  of  equation  (635)  by  /x  and  differentiating  with 
respect  to  the  time,  we  obtain 

G    dt\pU+  dt)~  dt\dy~dz)' 
Using  relations  (636)  we  readily  find  that  the  right-hand  member 


\_dy\dx       dy  J      dz\dz      dxj^ 


=  C 


v*x 


_a/SI     3F     dZ\ 
dx  \  dx      dy      dz) 


Putting  47r/"=  KX  and  -^  +  ^—  +  -^  =  4nrp,  this  becomes 


V2X 


dx 
Kud'X 


dz 

47T/i  d 


C*    dt2        C* 


,        .         4-7T  dp 


638.  This  is  the  differential  equation  satisfied  by  X.  Similar  equations 
are  of  course  satisfied  by  Fand  Z.  If  we  divide  both  sides  of  equation  (636) 
by  /j,  and  differentiate  with  respect  to  the  time,  we  readily  find  that  a  satisfies 
the  differential  equation 

Kfid'a        4tt 


V2a- 


C2  dt* 


G 


!<P*)-!<pr)]. 


We  shall  shortly  obtain  these  differential  equations  in  another  way. 
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Introduction  of  the  Potentials. 

639.  With  equations  (636)  we  may  combine  the  relation 

da     db      dc  _  /ri>7\ 

dx     dy     dz  '    ' 

(equation  (616)),  and  it  follows,  as  in  §443,  that  we  can  find  a  vector-potential 
of  components  F,  G,  H  connected  with  a,  6,  c  by  the  relations 

-?-£.«* <«»> 

and  with  X,  Y„  Z  by  the  relations  (cf.  §  530) 

x4f=-^-etc <639>- 

in  which  ^  is  a  function,  at  present  undetermined  in  the  general  case,  which 
becomes  identical  with  the  electrostatic  potential  when  there  is  no  motion. 

640.  We  have  seen  (§  442)  that  equations  (638)  are  not  adequate  to 
determine  F,  0,  H  completely,  and  hence  \P  also  (cf.  equation  (639))  is  not 
fully  determined. 

Let  F0,  G0,  H0y  yVQ  be  any  special  set  of  values  satisfying  equations  (638) 
and  (639).    Then  the  most  general  values  of  F,  G,  H  are  given  by  (cf.  §  442) 

F=F0  +  d^, etc (640), 

where  %  is  any  arbitrary  single- valued  function. 

To  find  the  most  general  value  of  W,  we  have  from  equation  (639) 

dx  +  G\dt       dxdtj  dx      Gdxdt ' 

so  that,  on  integration, 

13v 

^  =  ^0--,^  +  a  constant (641). 

From  (640)  and  (641)  we  obtain 

dx  +  dy      dz+  G    dt       dx       dy       dz  +  G    dt  X      G3    dt* 

(642). 

The  function  %  is  entirely  at  our  disposal,  so  that 

x      C2  dt* 

may  have  any  value  we  please  to  assign  to  it.  Let  us  agree  to  give  to  x  such 
a  value,  for  every  instant  of  time  and  all  values  of  x,  y,  z,  as  shall  make  the 
right-hand  member  of  equation  (642)  vanish. 
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The  value  of  ^  is  now  fixed,  except  for  a  set  of  values  of  ^  such  that 

x     c*  dt* 

at  every  instant  and  point,  these  values  of  ^  representing  of  course  contribu- 
tions that  might  arise  from  a  set  of  disturbances  propagated  through  the 
medium  from  outside. 

Except  for  such  additional  values  of  %,  the  values  of  F,  G,  H,  ty  are  now 
uniquely  determined  by  equations  (640)  and  (641).  The  vector-potential 
will  in  future  mean  the  special  vector  of  which  these  values  of  F,  G,  H  are 
the  components,  while  the  corresponding  special  value  of  ^  will  be  called  the 
"  Electric  Potential." 

From  equation  (642)  it  follows  that  the  vector-potential  and  the  electric 
potential  are  connected  by  the  relation 

dF     dG     dH^^dV 

dx  +  dy+dz~     a   dt   (b4d> 

Differential  Equations  satisfied  by  the  Potentials. 

641.  If  we  differentiate  equations  (639)  with  respect  to  x,  y,  z  and  add, 
we  obtain 

/ax    by   d_z\    id /a?   do  ,atf\      VnF 

\dx  +  dy^dz)  +  Gdt\dx^  8*/      dzj~  ' 

which,  on  substituting  from  equations  (643)  and  (639),  becomes 

V  *       &    dt'  K     (b*^' 

the  differential  equation  satisfied  by  M*.  We  notice  that  for  a  steady  field  it 
becomes  identical  with  Poisson's  equation,  while  in  regions  in  which  there  are 
no  charges  it  becomes  identical  with  the  equation  of  wave-propagation. 

642.  To  obtain  the  differential  equation  satisfied  by  F,  we  transform 
equation  (635)  by  the  use  of  equations  (638).    We  have 

4nra  f  df\      dc      db 

dy\dx      ay  J     dz\dz      dxj 

m  IP* +*Jt +  *?)-?* 

dx  \dx      dy       dz  J 

whence,  from  equations  (643)  and  (639), 

w-*"-^-- <** 

the  differential  equation  satisfied  by  F.  Similar  equations  are  of  course 
satisfied  by  G  and  H. 
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Differential  Equations  satisfied  by  the  Forces. 

Kix  d? 
643.    Operating  on  equation  (639)  with  the  operator  V'2  —  -~  -y-2 ,  we 

have 

KnffiX_     ldfr72Z,    KpffiF\      d  (^Jr     Kf±cM> 

C2   dt2 


^x_K^d^__l^(  Kd,d^\_d_f 

C2   dt2         Gdt\  C2  dt2)     dx\ 


=^>>+l?l ^- 

This  is  the  differential  equation  satisfied  by  X,  and  similar  equations  are 
satisfied  by  Y  and  Z.  These  same  equations  were  obtained  by  a  more  direct 
method  in  §  637. 

644.  For  the  differential  equation  satisfied  by  a,  /3,  7  we  have,  from 
equations  (638)  and  (645), 

G2  dt2      /A  G2  dt2)\dy      dz) 

—  ~CVTy  W\    (647)' 

and  similar  equations  for  /3  and  7.  These  equations  agree  with  those  already 
obtained  in  §  638. 

Solution  of  the  Differential  Equations. 

645.  It  will  be  seen  that  all  the  differential  equations  are  of  the  same 
general  form,  namely 

Vs*-^=-4™ <648>- 

where  cr  arises  from  electric  charges,  at  rest  or  in  motion. 

Clearly  the  value  of  ^  may  be  regarded  as  the  sum  of  contributions  from 
the  values  of  a  in  the  different  small  elements  of  volume.  The  simplest 
solution  for  %  is  that  arising  from  a  distribution  of  cr  at  and  close  to  the 
origin,  cr  being  zero  everywhere  else. 

For  this  special  solution  %  is  a  function  of  r  only,  which  must  satisfy 

x     a2  dt2 

everywhere  except  at  the  origin.  Proceeding  as  in  §  578,  and  rejecting  the 
term  which  represents  convergent  waves,  as  having  no  physical  importance, 
we  obtain  the  solution  (cf.  equation  (536)) 

'      x  =  lf(r-at)    (649), 

where  f  is  so  far  a  perfectly  arbitrary  function. 
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Close  to  the  origin,  this  reduces  to 

%-;/<-«*) (650), 

and  it  now  appears  that  in  equation  (648)  the  middle  term  becomes  insig- 
nificant near  the  origin  in  comparison  with  the  first  term  V2^.  Thus  close 
to  the  origin  the  equation  becomes  identical  with  Poisson's  equation,  and  the 
integral  is 

\<rdxdydz 


//. 


X  =  -^~ =  ;  (651), 

where  the  integral  is  taken  only  through  the  element  of  volume  at  the  origin 
in  which  cr  exists,  and  t  represents  the  integral  of  a  taken  through  this 
element  of  volume. 

On  comparing  solutions  (650)  and  (651),  both  of  which  are  true  near  the 
origin,  we  find  that 

/(-aO-r  (652), 

and  this  determines  the  function  /  completely.  The  general  solution  (649) 
is  now  fully  known,  and  by  summation  of  such  solutions  the  general  solution 
of  equation  (648)  is  obtained. 

Let  P,  Q  be  any  points  distant  r  apart ;  let  t  be  any  instant  of  time,  and 
let  tQ  denote  the  instant  of  time  r/a  previous  to  it,  so  that  t0  =  t  —  r/a. 
Clearly  t0  is  the  instant  of  departure  from  P  of  a  disturbance  reaching  Q  at  t. 
We  may  speak  of  t0  as  the  "retarded  time"  at  P  corresponding  to  the  time 
t  at  Q. 

With  this  meaning  assigned  to  t0,  we  have 

f{r-at)=f\-a{t--^=f(-at«)  =  r, 

where  r  is  evaluated  at  time  t0  (cf.  equation  (652)).  If  we  agree  to  denote 
by  [<£]  the  value  of  </>  estimated  at  the  retarded  time  at  the  point  at  which  <£ 
occurs,  then  this  value  of  t  will  be  expressed  by  [t],  and  solution  (649) 
becomes 

%  =  V  (653). 

The  most  general  solution  of  equation  (648),  obtained  by  the  summation 
of  solutions  such  as  (653),  is 

x  rrrM^=2[i] (654)_ 


the  last  form  applying  when  the  distribution  of  a  occurs  only  at  points  or  in 
small  regions  so  small  that  the  variations  of  the  retardation  of  time  through 
each  region  are  negligible. 

The  analogy  of  Poisson's  equation  and  its  solution  in  electrostatics  (cf. 
§§  49,  40,  41)  is  obvious. 
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646.  From  equations  (644)  and  (645)  it  follows  that  the  potentials  are 
given  by 

*4///[«^    (655), 

*-g///kg]<^y*.e* (656). 

These  potentials  are  commonly  spoken  of  as  "Retarded  Potentials."  They 
differ  from  the  ordinary  potentials,  in  which  the  finite  velocity  of  propagation 
is  not  taken  into  account,  only  in  that  the  quantities  in  the  numerators  must 
be  evaluated  at  the  retarded  times  appropriate  to  the  point. 

The  solution  of  equations  (646)  and  (647)  may  be  similarly  written  down, 
but  it  is  usually  easier  to  evaluate  the  forces  by  differentiation  of  the 
potentials. 

If  the  moving  electrons  in  formula  (656)  are  conveying  currents  in  linear 
circuits,  the  formula  becomes  (on  taking  p.  =  1) 

where  the  summation  is   over   the   different   circuits   and  ix  denotes   the 

doc 
^-component  of  the  current,  which  may  also  be  expressed  as  i-r-.     This 

formula  may  be  compared  with  (419),  from  which  it  differs  only  in  that  it 
takes  account  of  the  finite  time  required  for  the  propagation  of  electro- 
magnetic action. 

The  Field  set  up  by  Moving  Electrons. 

647.  An  electron  is  a  charge  of  total  amount  e  spread  through  a  very 
small  volume.  When  we  attempt  to  apply  the  equations  just  obtained  to  the 
motion  of  electrons,  a  complication  arises.  We  must  not  integrate  p  or  pv 
through  the  space  occupied  by  the  electron  because  the  retarded  time  varies 
from  one  part  of  the  electron  to  another.  And  this  complication  does  not 
disappear  even  when  we  pass  to  the  limit  and  suppose  the  electron  to  be  of 
infinitesimal  size. 

Let  the  electron  be  moving  with  a  velocity  (not  necessarily  uniform)  of 
which  the  components  at  any  instant  are  u,  v,  w.  Suppose  we  wish  to 
evaluate  the  potentials  at  x ',  y',  z  at  time  t. 

Let  x,  y,  z  be  the  position  of  any  element  of  the  electron  at  the  retarded 
time  t0,  defined  by 

t0=t--  where  r2  =  (as'  -  x)2  +  (y'  -  y)2  +  (z'  -  z)\ 

Qj 

We  may  speak  of  x,  y,  z  as  the  effective  position  of  the  element  of  the 
electron  under  consideration,  since  the  element  contributes  to  the  potentials 
we  are  in  search  of,  only  when  it  is  at  x,  y,  z. 
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The  retarded  time  t0  will  be  different  for  different  parts  of  the  electron. 
Let  its  value  at  the  centre  of  the  electron  be  60.  Let  the  position  of  the 
element  under  consideration  at  time  80  be  x0)  y0,  z0.  Then  the  element  which 
is  at  x0,  y0,  zQ  at  time  60  has  moved  to  x,  y,  z  by  time  t0,  so  that 

x  =  x0+  u(t0-  #o)  +  §  u(to-0o)2  +  ...  etc., 
where  U,  v,  w  refer  to  the  velocity  of  the  electron  at  time  60. 

Remembering  that  t0  is  a  function  of  x,  y,  z,  we  obtain  on  differentiation 
with  respect  to  x, 

dr  dt 

and  similarly, 

lr  -§{*+ *&-*•>  +  lHt0-e0y  +...}. 

Those  elements  of  the  electron  which  have  their  effective  positions  inside 
a  small  element  of  volume  dxdydz  occupy  at  the  fixed  time  60  an  element  of 
volume  dx0dy0dz0.  The  ratio  of  these  elements  of  volume  is  given  by  the 
usual  Jacobian  determinant 


dx0dy0dz0 
dxdydz 

dx0 

dx' 

dx0 
dy' 

dx0 

dz 

ho 

dx ' 

ho 

dy' 

ho 

dz 

dz0 
'dx' 

dz0 
dy' 

dz0 
dz 

On  inserting  the  values  of  the  differential  coefficients  as  just  calculated, 
and  expanding  the  determinant,  we  readily  obtain 


dx0dy0dzt 
dxdydz 


=  1-    2    d^{u+v(t0-d0)  +  hu(t0-6^+...}, 


z,y>z 


all  terms  in  u,  v,  w  of  degree  higher  than  the  first  being  found  to  disappear. 
If  the  electron  is  small  in  comparison  with  its  distance  from  the  point 
x ,  y',  z',  local  variations  of  x,  y,  z  throughout  the  electron  may  be  neglected, 
so  that  t0  —  6q  may  be  neglected,  and  in  the  above  expression  x,  y,  z,  r  may  be 
supposed  to  refer  to  the  centre  of  the  electron.    In  this  case  we  have 
dx0dy0dzQ  y   dt0         ,   .  1  / _dr 

dxdydz  x.y.zd® 

or,  if  vr  denote  the  radial  velocity  of  the  electron  towards  the  point  x',  y',  z 

at  the  instant  t  =  6a, 

dx0dyfidz0 


dr         dr 
dx         dy         dz 


=  1 


Vr 

a  ' 


dxdydz 

Equation  (655)  may  now  be  written  in  the  form 

*p  dx„dy0dzQ 


*     K 


r  1- 


it 
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where  all  quantities  are  evaluated  at  the  time  t  =  0O,  or  since 

fffpda}0dyodz0  =  e, 
e 


^  = 


K 


1-* 

a 


where  square  brackets  signify  that  the  quantity  inside  is  to  be  evaluated 
at  the  retarded  time  as  estimated  at  the  electron.  Similarly  equation  (656) 
becomes* 


F=~C 


u 


v 
i         r 

a 


r 


Suppose  it  is  required  to  calculate  the  field  at  a  point  0  at  time  t.   Let 
E  be  the  position  of  one  of  the  electrons  in  the  p  £ 

field  at  a  time  t0  such  that 

r 

t0  =  t  —  — , 
a 

where  r  =  EO.  Then  the  quantities  in  square 
brackets  must  be  calculated  for  this  electron  in 
the  position  E  at  the  time  t0. 

Let  the  velocity  of  the  electron  at  the  time  tQ    6 
be  V  in  a  direction  EF  making  an  angle  6  with  Fi8- 139- 

EO,  and  let  EF  be  the  distance  V  (t  — 10)  which  the  electron  would  describe 
by  the  time  t  if  its  velocity  remained  constant. 

If  FG  is  the  perpendicular  from  F  on  to  EO,  the  intercept  EG  is  given  by 

EG  =  EF  cos  6  =  V  cosd(t  -  t0). 

Now  Y  cos  6  is  simply  the  component  Yr  of  velocity  along  EO,  while 
t  -  t0  =  rfa.   Thus  EG  =  rVrja  and 

Vj 


OG  =  r-EG  =  r    1 


aj 


The  formulae  for  the  potentials  now  become 

1     e 


V  = 


KOG 


COG' 


If  squares  of  Y/C  are  neglected,  the  angle  FOE  in  figure  139  is  a  small 
angle  and  OG  is  approximately  equal  to  OF.    Thus  as  far  as  terms  of  the  first 

*  These  formulae  for  &  and  F  were  first  given  by  Lienard  (L'Eclairage  Electrique,  1898)  and 
E.  Wiechert  (Arch.  Neerland.  5,  1900,  p.  549).  Our  proof  has  followed  closely  the  method  given 
by  Lorentz  (Theory  of  Electrons,  p.  254) ;  an  alternative  proof  is  given  by  Schott  (Electromagnetic 
Radiation,  1912,  p.  22). 
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order  in  VJC  the  potentials  are 

KOF'  COF' 

where  F  is  the  position  of  the  electron  at  the  instant  at  which  the  potentials 
are  evaluated,  except  for  a  correction  arising  from  accelerations  or  sudden 
changes  in  the  motion  of  the  electron. 

648.  In  the  case  in  which  u,  v,  w  are  treated  as  small  we  can  also  write 
down  the  potentials  directly  from  equations  (655)  and  (656).  For  in  this  case 
dx0  dy0  dz0  becomes  equal  to  dx  dy  dz  and  the  equations  assume  the  forms 

0]  F_/4^T] 

■^  ~~  n    ~     > 


•\Jr  _ 


Kr' 


C 


where  r  is  the  distance  from  the  point  x,  y',  z'  at  which  the  forces  are  measured 
to  the  effective  position  of  the  electron.    Thus  the  magnetic  forces  are  given  by 

a~a[dy'      dz')-c{dy'    r        dz     r  J'etC {b°7)' 


fj>\dy'      dz' J      G\dy 
Since  [ew]  is  a  function  of  t—  r/a,  we  have 


9  r     ,        1 

orL     J         a 


so  that 


dt 


(ew) 


=  --[ew], 


a 


3  [ew]_y'  —  y  d  [ew] _     y'—y  fl  [ew]  _  [ew]} 
dy'    r  r     dr    r  r      [a    r  r'1 

and  on  substitution  in  equations  (657)  we  obtain  formulae  for  a,  j3,  y. 

These  formulae  are  seen  to  contain  terms  both  in  r_1  and  r~\  At  a  great 
distance  from  the  electron  the  former  alone  are  of  importance,  and  the  com- 
ponents of  force  become 


a  =  — 


y  -y 


[ew]-Z—^-[ev]\,  etc. 


aC  ( 
Similarly  we  find  for  the  electric  forces  at  a  great  distance 

X  =  -£C^],etc 


.(658). 


O 


.(659). 


For  a  single  electron  moving  along  the  axis  of  x  with  an  acceleration  u, 
in  free  space  for  which  /i  =  K  =  1,  the  components  of  force  assume  the  simple 
forms 


.(660), 


these  being  accurate  only  at  great  distances  from  the  electron. 
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Radiation  of  Energy. 

649.  We  saw  in  §  576  that  the  flow  of  energy  across  any  closed  surface 
is  given  by 

jj(lUx  +  mUy  +  nUz)dS    (661), 

where 

n,=  ^.(F7-Z/3),etc. 

In  proving  this  the  energy  was  assumed  to  be  localised  in  the  medium  in 
the  way  imagined  by  Maxwell,  but  if  we  identify  our  closed  surface  with  a 
sphere  at  infinity  this  assumption  is  no  longer  necessary.  For  independently 
of  this  assumption,  the  total  energy  in  the  whole  of  space  is  given  by 

T+W=jjj\~  (X2  +  F2  +  Z*)  +  ^  (a2  +  /32  +  74  dxdydz 

and  from  this  we  can  deduce  formula  (661)  directly.  On  assigning  to  a,  /3,  y, 
X,  Y,  Z  the  value  obtained  in  equations  (660)  for  the  forces  from  a  single 
electron,  we  find 

n*=o,  uy=-^Xy,  n,=^x/3, 

IUX  +  mUy  +  nUz  =  {y'~y^rZf  (^)a> 

whence  the  flow  of  energy  across  a  sphere  of  infinite  radius  is  readily 
found  to  be 

?  **  (662) 

This  is  Larmor's  formula  for  the  rate  at  which  a  single  moving  electron 
radiates  energy.  We  notice  that  a  steady  velocity  u  contributes  nothing  to 
the  radiation ;  energy  is  radiated  away  from  an  electron  which  is  undergoing 
acceleration  but  not  from  one  in  steady  motion. 

It  must  be  added  that  the  new  dynamics  referred  to  in  §  620  seems  to 
throw  doubt  on  this  formula  for  emission  of  radiation.  Many  physicists  now 
question  whether  any  emission  of  radiation  is  produced  by  the  acceleration  of 
an  electron,  except  under  certain  special  conditions.  Bearing  this  caution  in 
mind,  we  may  proceed  to  examine  some  of  the  consequences  of  the  formulae 
just  obtained. 

650.  If  each  of  a  cluster  of  electrons  is  so  near  to  the  point  x,  y,  z  that 
differences  of  retardation  of  time  may  be  neglected  throughout  the  cluster, 
the  radiation  from  the  cluster  is  easily  seen  to  be  the  same  as  that  from  a 
single  electron  of  charge  E  moving  with  components  of  acceleration  U,  V,  W, 
such  that 

EU=%eu,  etc. 
J.  37 
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The  condition  that  there  shall  be  no  radiation  from  such  a  cluster  is 

2e  u  =  Se  v  =  2e  w  =  0. 

If  this  condition  is  not  satisfied,  the  rate  of  emission  of  radiation  is 
(cf.  formula  (662)) 

^s{(teuy+(Zevy+($ewy}    (663). 

651.  Consider  next  the  field  produced  by  a  particle  of  charge  E  oscillating 
along  the  axis  of  x  with  simple  harmonic  motion,  its  coordinate  at  any  instant 
being  x0  cos  pt.    We  have 

Eu=-  Ep^xo  cos  pt;     [Eu]  =  -  Ep"x0  cos  p[t  —  -), 

and  the  field  can  be  written  down  by  substitution  in  formulae  (660). 

From  formula  (662)  the  average  rate  of  emission  of  radiation  is  found  to  be 

1  p'E'a:*  _16tt*E2x0*C 
3      C3~~~         3V 

where  X  is  the  wave-length  of  the  emitted  light. 

A  particle  moving  in  this  way  is  spoken  of  as  a  simple  Hertzian  vibrator. 
Its  motion  was  taken  by  Hertz  to  represent  the  oscillating  flow  of  current  in 
an  oscillatory  discharge  of  a  condenser.  Such  an  oscillation  formed  the  source 
of  the  waves  in  Hertz's  original  experiments  (1888),  and  forms  the  source  of 
the  waves  used  in  modern  wireless  telegraphy. 

652.  A  case  of  great  interest  is  that  in  which  the  velocity  of  a  moving 
electron  undergoes  a  very  sudden  change,  such  as  would  occur  during  a 
collision  with  matter  of  any  kind.  Let  us  represent  such  a  sudden  change 
by  supposing  that  eu,  ev,  ew  vanish  except  through  a  very  small  interval 
surrounding  the  time  t  =  0,  during  which  they  are  very  great.  At  a  point  at 
distance  r,  [eu],  [er]  and  [ew~\  will  vanish  except  through  a  small  interval 
of  time  surrounding  the  instant  t  =  r/a.  During  this  short  interval,  the 
electric  and  magnetic  forces  will  be  very  great;  before  and  after  this  interval 
they  will  have  the  smaller  values  arising  from  the  steady  motion  of  the 
electron.  Thus  the  sudden  check  on  the  motion  of  the  electron  results  in 
the  outward  spread  of  a  thin  sheet  of  electric  and  magnetic  force,  the  forces 
being  very  intense  but  only  of  brief  duration. 

The  radiation  which  is  emitted  when  rapidly  moving  electrons  impinge  on 
matter  is  generally  called  X-radiation  or  Rontgen-radiation.  It  was  suggested 
by  Stokes  that  this  consists  of  thin  sheets  or  "pulses"  of  electric  and  magnetic 
force  of  the  type  we  have  just  investigated.  Although  there  is  no  doubt  that 
this  is  true  in  a  general  way,  yet  the  growth  of  the  new  d}rnamics  already 
referred  to  has  made  it  clear  that  there  is  far  more  in  the  problem  of 
X-radiation  than  can  be  explained  by  the  theories  of  Maxwell  and  Stokes. 
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Mechanical  Forces  on  Moving  Charges. 

653.  Whether  we  assume  Maxwell's  localisation  of  energy  in  the  medium 
or  not,  the  total  energy  of  an  electromagnetic  field,  as  we  noticed  in  §  649, 
will  be  T  +  W,  where 

W=  [\[^{X*  +  Y*  +  Z*)dxdydz (664), 

T=\[[^(^+^  +  ^)dxdydz     (665), 

and  the  integrals  extend  through  the  whole  of  space. 

Let  us  suppose  that,  on  account  of  the  electromagnetic  forces  at  work, 
each  element  of  charge  experiences  a  mechanical  force  of  components  E,  H,  Z 
per  unit  charge.  We  can  find  the  forces  H,  H,  Z  by  the  methods  of  §  196  and 
the  general  principle  of  least  action. 

Let  us  imagine  a  small  displaced  motion  in  which  the  coordinates  of  any 
point  x,  y,  z  are  displaced  to  x  +  8x,  y  +  8y,  z  +  8z,  while  the  components  of 
electric  polarisation  are  changed  from  f,  g,  h  to  f  +  8f,  g  +  Sg,  h  +  8Ii,  these 
new  components  of  polarisation  as  well  as  the  old  satisfying  relation  (615). 
Thus  if  p  is  the  density  of  electricity  at  any  point  in  the  original  motion  and 
p  +  8p  the  corresponding  density  in  the  displaced  motion,  we  must  have 

dx      dy      dz     r' 

o8f     d8g     d8h_  g 
dx       dy        dz         "' 

Let  us  denote  the  total  work  performed  -by  the  mechanical  forces  in  this 
small  displacement  by  —  {811}  (cf.  §551),  so  that 

{8U\  =  f f J p(B8x+R8y  +  ZSz) dxdydz   (666). 

Then  the  equations  of  motion  are  contained  in  (cf.  equation  (507)) 

l\8T-8W-{8U})dt^O  (667). 

Jo 

We  have  8T  =  ~  ffj{a8a  +  b8/3 +  c8y) 


on  applying  Green's  Theorem ;    and  on  further  using  equation  (635),  this 
becomes 


£r=c///ii's('>t'+l)  +  es('3,'+l)+/f8('J"'+S)}"^ 


37—2 
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Let  8,  -j-  refer  to  a  point  fixed  in  space,  and  let  A,  y-  refer  to  a  point 
moving  with  the  moving  material.    Then  we  have  the  two  formulae  for  Au, 

Au  =  -^  8x  =  -j-  8x  +  u «—  8x  +  v ^-  8x  +  w—  8x, 
JJt         dt  ox  oy  oz 

~        du  -.       du  *       du  «s 
Au=  8u  +  ^  8x  +  ~  8y  +  -7r  8*, 
3#  3y    *      3.2 

so  that  on  comparison 

8u  =  -r:  8x  +  u^  8x  +  v  7- 8x  +  w  ^- 8x 
at  ox  oy  oz 


du s       du  ^     ,  3*7. 
dx-Bx  +  dy^+dz-Sz 


)• 


We  now  have 


d 


8(pu  +  f)=u8P  +  p8u  +  Jt8f 


d 


=  u8p  +  ^(p8x  +  8f)-8xd£ 


(    3    ,       3  3\  r.  /3c/  *       3^7.       3f/'     \ 


On  substituting  for  dp/dt  and  8p  their  values  (cf.  §  622) 
and  simplifying,  we  obtain 


* (pu+f)  =  ^  0>&s  +  8/)  + 1  (prS*  -  Pf%)  - 1 (ptffc  -pir&O, 


dt 


whence 


8T=     ~  fffFJt  (P %x  +  ¥)  dxdydz  +  terms  in  G,  H 

+  C  III  F ^ (Pv%x  —  puty)  —  ^  (Pu^z  ~ Pw%x)\  dxdydz  + .... 
Transforming  by  Green's  Theorem,  the  second  line  in  8T  becomes 

clll{{dy~  ~  Tz)  (Pw8V~Pv82)  +  •••}  dxdydz 
—  -^\\\{p8x (cv—bw)  +  p8y  (aw  —  cu)  +  p8z (bu—av)}  dxdydz. 

On  integrating  with  respect  to  the  time,  and  transforming  the  first  term 
on  integration  by  parts,  we  have 

7 8Tdt=f dt    -^!jjd~(p8x  +  8f)  +  p8x(cv-bw)+...    dxdydz. 
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We  have  from  variation  of  equation  (664), 

8W  =  jfj(X8f+  Y8g  +  Z8h)dxdydz. 

Hence,  freed  from  the  integration  with  respect  to  the  time,  equation 
(667)  becomes 

clil    —-rff(p&x  +  8f)  +  P&x(cv-bw)  +  •••    dxdydz 
-fjf(X8f+  Y8g  +  Z8h)  dxdydz 

-fjfp(B8x  +  H8y  +  Z8z)dxdydz=0  (668). 

We  may  not  equate  coefficients  of  the  differentials,  for  8f,  8g,  8h  are 
not  independent,  being  connected  by 

d8f  ,  B8g     d8h      _  3  ,   .  x      d  ,   *,  .      d  ,   ->  . 

&+^+"^  =  sp=~35(/,&)"^(p8y)"ai(^z)- 

We  multiply  this  by  an  undetermined  multiplier  ty,  a  function  of  x,  y,  z, 
and  integrate  through  all  space.    We  obtain 

or,  after  integration  by  parts, 

Adding  this  integral  to  the  left  hand  of  equation  (668),  we  may  equate 
coefficients,  and  obtain 

X  =  -C-dt-dx->etC (669)' 

ldF     dV     1,         .    N 
*  =  -Cdi-dx-+c(CV-bw) 

=  X  +  hcv-bw),etc (670). 

The  first  equation  is  simply  equation  (639),  of  which  we  have  now  obtained 
a  proof  direct  from  the  principle  of  least  action  (cf.  §  575) ;  the  second  gives 
us  the  mechanical  forces  acting  on  moving  charges.  It  will  be  seen  that  the 
forces  given  by  formula  (670)  are  identical  with  those  obtained  in  §  629,  but 
they  have  now  been  obtained  without  any  limitation  as  to  the  smallness  or 
steadiness  of  the  velocities. 
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Stresses  in  the  Medium. 

654.    We  can  next  evaluate  the  stresses  in  the  medium,  following  the 
method  of  §  193  and  assuming  the  medium  to  be  free  ether. 

Let  X  be  the  total  ^-component  of  force  acting  on  any  finite  region  of  the 
medium,  so  that 


X  =      japdxdydz  =  I    \pXdocdydz  +  p\\  livP7 '  ~  ftpw)dxdydz. 
On  substituting  for  pV,  p\v  from  equations  (635),  the  last  term  becomes 

On  substituting  for  p  from  equation  (615),  and  for  d/3/dt,  dy/dt  from 
equations  (636),  and  collecting  terms,  this  becomes 

1 


X  = 


b7T 


79X     BY    d_Z\  x  _ 
\dx      dy      dz)^ 


-<- 

-£V<- 

dx)  ^ 

dxdydz 

-*(1- 

dyj  *  7  \dz 

'  dx)_ 

dxdydz 

-  [[[u,diL 

....(671) 

4tt  JJJ 


in  which  IT,,,  as  in  §  576  denotes  the  as-component  of  the  Poynting  Flux. 

On  transforming  the  volume  integrals  in  the  first  two  lines  into  surface 
integrals,  this  becomes 

X  =  -~-fj{il  (X2  -  F2  -  Z*)  +  mXY  +  nXZ)  dS 


-  j=-  \\ [\l (a8- /Sa-7*)  +  ma/3  +  nay} dS 

-^jtjfjnxdxdydz (672). 

Since  the  last  volume  integral  cannot  be  transformed  into  a  surface  integral, 
it  is  clear  that  the  mechanical  action  is  not  such  as  can  be  transmitted  by  a 
system  of  stresses  in  a  medium  at  rest. 


655.    On  the  other  hand  it  is  clear  that  if  we  suppose  the  medium  to 
possess  momentum  of  components 

n*    n„    n, 

C2 


G'2  '     C'2 


.(673) 
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per  unit  volume,  then  equation  (672)  would  become  exactly  the  equation  of 
motion  of  this  medium,  if  it  is  supposed  to  be  acted  on  by  a  system  of  stresses 
defined  by 

PXX=~(X2  -  P  -  Z2  +  a2  -  /3*  -  72)  etc.l 

8?r  I  (674). 

P^=-ii-(ZF+ay8)etc. 

Thus  the  mechanical  action  is  such  as  can  be  transmitted  by  a  medium 
in  motion,  the  momentum  per  unit  volume  being  given  by  formula  (673). 
The  vector  whose  components  are  given  by  formula  (673)  is  commonly  called 
the  "electromagnetic  momentum."  We  see  that  it  is  of  amount  equal  to  I/O2 
times  the  Poynting  Flux,  and  in  the  same  direction. 

For  an  electrostatic  or  magnetostatic  field  existing  alone,  the  electro- 
magnetic momentum  vanishes,  and  the  stresses  reduce  to  those  previously 
found  in  §§  193  and  471. 

Motion  with  Uniform  Velocity. 

656.  Let  us  again  return  to  the  general  equations,  and  examine  the  special 
form  they  assume  for  a  system  moving  with  uniform  velocity.  This  may  for 
convenience  be  supposed  to  be  a  velocity  u  parallel  to  the  axis  of  x. 

As  in  §  624  we  may  replace  -j-  by  —  u  -j-  and  the  general  equation  (648) 
becomes 

a?)  ox2      oy      oz2 

Let  us  now  write  k  for  f  1 j       ,  and  the  equation  becomes 

7>dx2+dy2  +  dz>         4?r<7' 
or,  if  we  write  x  for  kx, 

S+S+S--4- <6Y5>- 

We  may  conveniently  speak  of  x',  y,  z  as  the  "  contracted  "  coordinates 
corresponding  to  the  original  coordinates  x,  y,  z,  since  if  two  surfaces  have 
the  same  equation,  one  in  x ',  y,  z  and  the  other  in  x,  y,  z  coordinates,  the 
former  will  be  identical  with  the  latter  contracted  in  the  ratio  1/k  parallel  to 
the  axis  of  x. 

Equation  (675)  is  Poisson's  equation  in  contracted  coordinates.  Its 
solution  is 

f  ffadx'dydz  _      fffadxdydz        v  t 

X~]JJ         F         ~KJj!         S~=K~r" 
where  r  denotes  distance  measured  in  the  contracted  space. 
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Hence  (cf.  equations  (644),  (645))  the  values  of  M*  and  F,  G,  H  are 
given  by 


F=1^Xp,     G  =  H=0 


•(676), 


so  that  the  potentials  are  the  same  in  contracted  coordinates  as  they  would  be 
in  ordinary  coordinates  if  the  system  were  at  rest,  multiplied  by  the  factor  k. 

Motion  of  a  uniformly  electrified  sphere. 

657.  To  illustrate  the  method  just  explained,  we  shall  examine  the  field 
produced  by  a  uniformly  electrified  sphere  of  radius  a,  moving  with  velocity  U. 

The  surface  in  the  contracted  space  is  a  sphere  of  radius  a,  so  that  that  in 
the  uncontracted  space  is  a  prolate  spheroid  of  semi-axes  ica,  a,  a,  and  there- 
fore of  eccentricity  u/C.  To  find  the  distribution  of  electricity,  we  imagine 
the  charge  on  the  sphere  to  be  uniformly  spread  between  the  spheres  r  =  a 
and  r  =  a  +  e,  where  e  is  infinitesimal.  The  charge  on  the  spheroid  is  now 
seen  to  be  uniformly  spread  between  the  spheroid  itself  and  another  similar 
spheroid  of  semi-axes  k  (a  +  e),  a  +  e,  a  +  e.  Thus  the  distribution  of  electricity 
in  the  spheroid  in  the  uncontracted  space  is  just  what  it  would  be  if  the 
spheroid  were  a  freely  charged  conductor,  and  is  given  by  the  analysis  of 
§§  283,  284. 

658.  The  field  has  been  discussed  in  detail  by  Searle*  and  Abrahamf. 
The  electric  and  magnetic  energies  W  and  T  are  found  to  be  given  by 

w       e2  [SC*-U\      G+u 

T-f-    f °2  +  °*  1       G+U 
8a  1     Cu       gC-u 


2a  [u    °  C  —  u        j 


while  the  total  electromagnetic  momentum  G  in  the  whole  of  space  is  given  by 

e2   (Q*+u2        C+u      2 

Va\Cu^    gC^u     u 
this  direction  of  G  being  of  course  that  of  U. 

Motion  of  any  system  in  equilibrium. 
659.    When  a  material  system  moves  with  any  velocity  u,  the  electric  field 
produced  by  its  charges  is  different  from  the  field  when  at  rest.  The  difference 
between  these  fields  must  shew  itself  in  a  system  of  forces  which  must  act  on 
the  moving  system  and  in  some  way  modify  its  configuration. 

*  Phil.  Trans.  A,  187  (1896),  p.  165. 

t  Phys.  Zeitschrift,  5  (1901),  p.  576,  or  Theorie  der  Elektrizitat  (2nd  ed.),  p.  165. 
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Let  us  consider  first  a  simple  system  which  we  shall  call  S  in  which  all 
the  forces  are  electrostatic,  and  all  the  charges  are  supposed  concentrated  in 
points  (e.g.  electrons).  Let  us  suppose  that  when  the  system  is  at  rest  there 
is  equilibrium  when  a  charge  ex  is  at  x  =  xx,  y  =  yx,  z  =  zx\  e2  at  x  =  x2,  y  =  y2, 
z  =  z2,  and  so  on. 

Let  us  compare  this  with  a  second  system  S'  consisting  of  the  same 
electrons  but  moving  with  a  uniform  velocity  u,  and  having  the  charges  ex 
at  x  =  x1}  y  =  ylt  z  =  zx\  e2  at  x  =  x.2,  y  =  yi,z  —  zi,  etc.,  so  that  each  electron 
has  the  position  in  the  contracted  space  which  corresponds  to  its  original 
position  in  the  original  space.  Then  if  V  denotes  the  electrostatic  potential 
in  the  original  system,  the  potentials  in  the  moving  system  are  (cf.  equations 
(676)) 

W  =  KV,    F  =  ^%     G  =  0,     H  =  0, 

and  the  forces  in  the  moving  system  are 

dx      C  dt 

_?W     vdF 

dx      C  dx 

_a^/     K/iv*\     _id_v 

dx\  C2     )~        KOX' 

T=  —  ^-=  —  k^- ,  etc. 
dy  dy 

We  notice  that  the  electrostatic  forces  in  S'  are  l//c  times  those  in  S  as 
regards  their  ^-components,  but  k  times  those  in  S  as  regards  their  y-com- 
ponents.  As  a  special  case  we  notice  that  if  the  system  S  was  in  electrical 
equilibrium,  then  S'  will  also  be  in  electrical  equilibrium,  so  that  a  system 
which  is  in  equilibrium  when  at  rest  can  regain  equilibrium  after  being  set  in 
motion  with  velocity  u  by  contracting  in  a  ratio  1/k'. 

Electromagnetic  Mass. 

660.  Consider  a  charged  body,  which  will  ultimately  be  identified  with  an 
electron,  moving  with  a  uniform  velocity  U  parallel  to  the  axis  of  x.  Let  us 
first  consider  the  simple  case  in  which  u  is  so  small  that  u2/C2  may  be 
neglected. 

The  moving  charge  creates  a  magnetic  field.  If  the  charged  body  is 
supposed  to  be  a  sphere  of  radius  a,  whose  surface  is  uniformly  electrified  to 
a  total  charge  e,  then  there  is  no  field  inside  the  sphere,  and  the  components 
of  magnetic  force  outside  the  sphere  are  given  by 

a      o  uez  UeV 
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If  we  assume  localisation  of  energy  in  the  medium,  then  at  a  distance  r 
greater  than  a  from  the  centre  of  the  sphere  there  will  be  magnetic  energy 
per  unit  volume  of  amount 

1   /  ,      no        ,n       e*  U2  sin2  e 

where  6  denotes  the  angle  between  the  radius  r  and  the  axis  of  oc.  On  inte- 
gration, the  total  energy  of  this  magnetic  field  is  found  to  be 

S//^^^*=§^ (6"). 

This  result  is  of  course  only  true  provided  we  suppose  the  energy  to  reside 
in  the  medium  as  imagined  by  Maxwell.  In  this  case  the  energy,  being 
magnetic,  must  be  supposed  to  be  kinetic  energy. 

Thus  if  the  charged  body  is  supposed  to  be  of  mass  m0,  the  total  kinetic 
energy  of  its  forward  movement  will  be 

4("'«+!^>' <678>' 

in  which  the  first  term  arises  from  the  ordinary  mass  of  the  body  and  the 
second  from  the  kinetic  energy  of  the  medium. 

An  analogy  from  hydrodynamics  will  illustrate  the  result  at  which  we  have  arrived. 
Suppose  we  have  a  balloon  of  mass  m  moving  in  air  with  a  velocity  v  and  displacing  a 
mass  m'  of  air.  If  the  velocity  v  is  small  compared  with  the  velocity  of  propagation  of 
waves  in  air,  the  motion  of  the  balloon  will  set  up  currents  in  the  air  surrounding  it,  such 
that  the  velocity  of  these  currents  will  be  proportional  to  v  at  every  point.  The  whole 
kinetic  energy  of  the  motion  will  accordingly  be 

£(m+J/)v2, 

the  term  kmv2  being  contributed  by  the  motion  of  the  matter  of  the  balloon  itself,  and  the 
term  £  Mv"  by  the  air  currents  outside  the  balloon.  The  value  of  M  is  comparable  with  m', 
the  mass  of  air  displaced — for  instance  if  the  balloon  is  spherical,  and  if  the  motion  of  the 
air  is  irrotational,  the  value  of  M  is  known  to  be  \m!  (cf.  Lamb,  Hydrodynamics,  §  91). 

661.  Strictly  speaking,  formula  (678)  is  true  only  when  u  remains  steady 
through  the  motion.  Any  change  in  the  value  of  u  will  be  accompanied  by 
magnetic  disturbances  in  the  ether  which  spread  out  with  velocity  G  from 
the  sphere.  An  examination  of  integral  (677)  will,  however,  shew  that  the 
energy  is  concentrated  round  the  sphere — the  energy  outside  a  sphere  of 
radius  R  is  only  a  fraction  a/R  of  the  whole,  and  if  R  is  taken  to  be  a  large 
multiple  of  a  this  may  be  disregarded.  The  time  required  for  the  energy  to 
readjust  itself  after  a  change  of  velocity  is  now  comparable  with  RJC. 

Thus  if  we  exclude  sudden  changes  in  u,  and  limit  our  attention  to 
gradual  changes  extending  over  periods  great  compared  with  RjG,  we  may 
take  expression  (678)  to  represent  the  kinetic  energy,  both  for  steady  and 
variable  motion. 

The  problem  gains  all  its  importance  from  its  application  to  the  electron.  For  this 
a  is  of  the  order  of  2  x  10  ~13  cms.  (see  below,  §  6G6),  so  that  all  except  one  per  cent,  of  the 
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magnetic  energy  is  contained  within  a  sphere  of  radius  R  =  2  x  10~ncms.  Since  C=3  x  1010, 
the  time  of  readjustment  of  this  energy  is  *66  x  10~21  seconds,  an  interval  small  enough  to  be 
disregarded  in  almost  all  physical  problems. 

662.  We  shall  now  consider  the  same  problem  in  a  different  manner, 
and  shall  remove  the  restriction  that  u/G  is  to  be  a  small  quantity.  The 
electron  will  still  be  supposed  to  move  with  a  uniform  velocity  u,  v,  w  which 
may  be  of  any  amount.  The  field  arising  from  its  motion  may  be  calculated 
as  explained  in  §  647.  So  long  as  the  electron  has  no  acceleration,  the  forces 
X,  Y,  Z,  a,  fi,  7  fall  off  at  infinity  as  1/r2,  so  that  the  stresses  defined  by 
equations  (67-i)  fall  off  as  1/r4. 

If  we  now  apply  equation  (672)  to  the  field  of  the  single  electron,  allowing 
the  closed  surface  S  to  recede  to  infinity,  the  equation  becomes 


X  =  -±jtffJnxda!dydz (679), 


where  the  integral  is  taken  through  the  whole  of  space.  Here  X  will  now 
represent  the  ^-component  of  the  ponderomotive  force  on  the  electron  from 
the  field  set  up  by  its  own  motion  through  the  ether. 

When  the  electron  moves  with  uniform  velocity,  the  integral  on  the  right 
retains  a  constant  value.  In  this  case  X  =  Y  =  Z  =  0 ;  there  is  no  resultant 
force  acting  on  the  electron  from  the  ether. 

Now  suppose  that  the  electron  has  not  only  a  velocity  u,  v,  w  but  also  an 
acceleration  U,  v,  w.  The  forces  X,  Y,  Z,  a,  (3,  y  now  contain  terms  in  1/r, 
but  these  depend  only  on  the  accelerations.  When  the  surface  S  recedes  to 
infinity  in  equation  (672),  the  surface  integrals  will  no  longer  vanish,  but  will 
contain  terms  dependent  on  the  squares  and  products  of  the  accelerations. 
If  we  suppose  the  accelerations  to  be  so  small  that  their  squares  and  products 
may  be  neglected,  then  equation  (679)  remains  true  even  for  an  accelerated 
electron. 

We  have  seen  that  Ila.  will  depend  on  the  values  of  u,  v,  w,  u,  etc.,  both 
at  the  instant  t  under  consideration  and  also  at  preceding  instants.  Thus  we 
may  in  general  suppose  that 

jj-Al \Uxdxdydz=fx{u,  v,  w,  u,...  u,  ...  etc.). 

Each  side  of  this  equation  represents  the  ^-component  of  electromagnetic 
momentum,  and  equation  (679)  assumes  the  form 


•  dfx       .  dfx       .  dfx       ••dfx 
du         dv         dw        du 


(680). 


It  is  clear  that  the  force  X  will  depend  on  all  the  accelerations  and  their 
differential  coefficients  with  respect  to  the  time. 
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Consider  first  the  case  in  which  all  the  accelerations  are  steady  and  so 
small  that  their  squares  may  be  neglected.  Then  if,  V  etc.  all  vanish  and 
equation  (680)  reduces  to 


X  = 


6u         dv  dw 


.(681). 


In  general  dfx/du  etc.  may  depend  on  U,  V,  w,  but  if  we  agree  that  squares 
of  u,  v,  w  may  be  neglected  in  calculating  X,  then  we  may  calculate  dfx/du 
etc.  on  the  supposition  that  U,  v,  w  all  vanish.  In  other  words  fx  etc.  may  be 
calculated  as  if  the  motion  were  steady. 

When  the  motion  is  steady  the  whole  electromagnetic  momentum  G  is 
clearly  in  the  direction  of  the  motion  and  its  amount  will  depend  only  on  C, 
where  C*  =  u'1  +  V2  +  w2.    Thus  we  may  put 

f=?G 

where  G  is  the  whole  electromagnetic  momentum  in  the  whole  of  space,  a 
function  of  c  only.    On  differentiation,  we  obtain 

y.J.?!M.    d£x=uvi(G\  etc 

du     o      gBcKg)'      dv       c  dc\o/' 

Now  suppose  the  whole  motion  to  be  in  the  direction  of  Ox,  so  that  c  =  u, 
v=  w  =  Q.    The  three  equations  such  as  (680)  now  assume  the  forms 

„  .  dG       Tr  .  G       „  ■  G 

X  =  -vK-,     Y=-v~,     Z--w-. 

dG  G  G 

When  u  exists  alone,  v  =  w  =  0,  so  that  Y  =  Z  =  0.  Thus  the  electro- 
magnetic field  exerts  a  force  on  the  electron  in  the  direction  opposite  to  V. 
This  force  is  the  same  as  would  be  exerted  if  the  electron  possessed  an  ad- 
ditional mass  equal  to  dG/dc.  This  is  called  the  longitudinal  electromagnetic 
mass  of  the  electron.  An  electron  of  mass  m„  will  respond  to  a  force  in  the 
direction  of  its  motion  in  the  same  way  as  an  electron,  unencumbered  by  an 
electromagnetic  field,  of  mass 

dG 

dG 


m0  +  u^     (682). 


Similarly  if  V  exists,  along  the  opposing  force  of  the  electromagnetic  field 
is  —v(G/g).  By  a  similar  interpretation,  G/c  is  called  the  transverse  electro- 
magnetic mass.  The  electron  will  respond  to  a  force  transverse  to  its  motion 
in  the  same  way  as  an  electron,  unencumbered  by  a  magnetic  field,  of  mass 

m^%  (683). 
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663.    Abraham  suggested  in  1904  that  the  electron  might  be  treated  as 

a  rigid  sphere  of  radius  a,  uniformly  electrified  over  its  surface.    If  so,  the 

longitudinal  and   transverse   masses  mj  and  mt  would  be  given,  from   the 

formulae  of  §  658,  by 

e2  C  (   2uG        .      C+u\ 

e2  C  /C'+uK      C+u     n  u\ 


e2   C  fC'2+u\      U+u     .  u\ 
mt  =  ^¥A~C^l0gG^-u-2G) 


664.  Lorentz  brought  forward  an  alternative  conception  of  the  electron 
according  to  which  it  is  spherical  in  shape  only  when  at  rest.  The  electricity 
is  not  supposed  to  be  rigidly  fixed  in  a  spherical  configuration,  so  that  when 
the  electron  is  set  in  motion  with  a  velocity  U,  it  contracts,  in  accordance 
with  the  theorem  of  §  659,  in  the  ratio  1 :  k  in  its  direction  of  motion  and  so 
assumes  the  form  of  an  oblate  spheroid.  Against  this  conception  of  the 
electron  Abraham  has  brought  the  objection  that  the  original  electron  cannot 
be  simply  a  distribution  of  electric  charges  acted  on  by  their  own  mutual 
repulsions;  there  must  be  other  forces  at  work  to  keep  the  charges  from 
flying  apart.  When  these  other  forces  are  taken  into  account,  there  is  no 
reason  for  supposing  that  the  contracted  electron  would  be  in  equilibrium,  or 
if  it  were  in  equilibrium,  that  the  equilibrium  would  be  stable.  We  shall 
return  to  this  point  later. 

The  electromagnetic  field  of  Lorentz's  electron  is  readily  calculated  by  the 
method  of  §  656,  for  the  configuration,  when  expressed  in  terms  of  contracted 
coordinates,  is  spherically  symmetrical. 

If  W  is  the  electrostatic  energy  of  the  system  of  charges  which  constitute 
the  electron  when  at  rest,  it  is  readily  found  that  the  electromagnetic  momen- 
tum G  of  the  contracted  electron  moving  with  velocity  u  is 

*     3  (72      ' 

so  that  the  longitudinal  and  transverse  masses  are 


4  W    A 

(684). 


m'  =  3^*3 


4  W 


y 


665.  The  formulae  for  the  transverse  mass  can  be  tested  experimentally. 
It  was  shewn  in  §  631  that  an  electron  in  a  uniform  magnetic  field  H  would 
describe  a  path  of  constant  curvature  muC/eH,  where  U  is  the  velocity 
perpendicular  to  the  magnetic  lines  of  force.  When  electromagnetic  mass 
is  taken  into  account,  m  in  this  formula  must  be  replaced  by  m0  +  mt,  where 
m0  is  the  mass  of  the  electron  apart  from  its  electromagnetic  mass.    Experi- 
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ments  to  determine  the  variation  of  m0  +  mt  with  the  velocity  were  first 
undertaken  by  Kaufmann  in  1906.  More  recent  experiments  by  Bucherer, 
Bestelmeyer  and  others  shew  that  m0  +  mt  varies  precisely  as  (1  —  u2/C-)  ~  ?  or  k. 
This  is  in  exact  agreement  with  the  transverse  mass  of  the  Lorentz  contractile 
electron  if  m0  is  taken  to  be  zero — i.e.  if  the  mass  of  the  electron  is  supposed 
to  be  wholly  electromagnetic. 

666.  All  experiments  agree  in  giving  a  value  for  e/m  at  zero  velocity  very 
nearly  equal  to  1*767  x  10v  in  Electromagnetic  Units  (Bucherer's  value).  Com- 
bining this  with  Millikan's  value  for  e,  namely  4774  xlO-10  in  Electrostatic 
Units,  we  find  for  the  mass  of  the  electron  at  rest 

m  =  9-00  x  10-28  grammes. 
The  mass  of  the  electron  at  rest  is,  from  formulae  (684), 

m-3C,2. 

If  the  charge  e  of  the  electron  is  supposed  spread  uniformly  over  the  surface 
of  a  sphere  of  radius  a,  the  value  of  W,  the  electrostatic  energy,  is  e2/2a, 
so  that 

m=s^  <685> 

in  agreement  with  formula  (678).    In  this  equation  we  know  the  values  of 

m,  e  and  C,  so  can  deduce 

a=l-S74xlO-13  cms. 

This  must  be  the  radius  of  the  electron  if  its  charge  is  spread  uniformly  over 
the  surface  of  a  sphere.  If  the  charge  is  spread  uniformly  through  the  volume 
of  a  sphere,  W  =  Se2/oa,  giving 

m  =  _JL_;        a  =  2-249xl0"13cms. 
5  aU2 

Other  distributions  of  charge  would  give  other  values  for  a  but  always 
of  the  same  order.  We  conclude  that  the  value  of  a  is  of  the  order  of 
2xl0~13cms. 


The  Internal  Mechanics  of  the  Electron. 

667.  Let  us  regard  the  electron  as  a  contractile  sphere  of  radius  a  whose 
surface  is  uniformly  charged  with  electricity.  Then  m  is  given  by  formula 
(685),  and  the  electromagnetic  energy  of  the  electron,  when  moving  with  a 
velocity  U,  is  found  to  be 

T  =  iiiC2(k-~ j  +  a  constant   (686). 
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Suppose  an  acceleration  uto  operate  for  an  instant  dt.  Since  the  longitudinal 
mass  is  iuk3,  the  work  done  by  the  force  producing  the  acceleration  is 


m/c3  v  dt 
dt 


which  may  be  written  as  -j-  (mC'2/c)  dt.   The  increment  in  the  electromagnetic 


energy  (686)  is,  however, 

s^«-h(t)* 

and  this  is  not  equal  to  the  work  done  on  the  electron. 

To  satisfy  the  conservation  of  energy  it  appears  that  in  addition  to  its 

electromagnetic  energy  T  the  electron  must  have  energy   U  of  some  type 

unknown  but  of  amount 

1  mC2 
U  =  -i 1-  a  constant (687). 

TD  fC 

Then  T+  U=m/c  +  a,  constant,  and  the  work  done  by  external  forces  is 
equal  to  the  increment  of  T  +  U. 

668.    If  a  charge  e  is  spread  over  a  conducting  sphere  of  radius  a,  the 
force  per  unit  area  on  its  conducting  surface  is 


R  =  2ira* 


e2 


87ra4' 


The  electron  is  not  a  charged  conductor,  but  the  above  formula  makes  it 
clear  that  the  electron  at  rest  could  be  held  in  equilibrium  by  the  action  of  a 
normal  tension  R  of  amount  e2/87ra4,  per  unit  area.  Poincare*  has  shewn  that 
the  electron  in  its  contracted  state  would  still  be  in  equilibrium  if  tensions  of 
this  amount  continued  to  act  while  the  electron  was  in  motion.  Now  if  v  is 
the  volume  of  the  electron  at  any  instant,  the  work  done  on  these  tensions  as 
the  electron  changes  shape  will  be  Rdv.  When  the  electron  is  moving  with 
velocity  U,  its  volume  is  §7ra3//c,  so  that 

D         e2        1  mC* 

Rv  =  £—  =  - . 

ba/c      4     k 

Thus  if  U  is  taken  to  be  Rv  in  formula  (687),  the  conservation  of  energy  will 
be  exactly  satisfied. 

There  is  no  evidence  as  to  whether  these  tensions  do  or  do  not  exist;  the 
possibility  of  their  existence  suggests  a  mechanism  by  which  the  electron  can 
be  held  in  equilibrium  at  all  velocities,  while  its  motion  conforms  to  the  con- 
servation of  energy. 

*  Rendiconti  del  Circolo  Matem.  di  Palermo,  21  (1906),  p.  129. 
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The  Reaction  on  an  Accelerated  Electron. 

669.  The  whole  force  acting  on  a  moving  electron  is  given  by  equation 
(680),  in  which  we  have  so  far  neglected  all  terms  beyond  those  in  (J,  v,  w. 
Lorentz  *  has  calculated  the  effect  of  the  terms  in  u,  v,  w  etc.,  and  finds  that 
they  give  rise  to  a  force  acting  on  the  electron  of  components  Fx,  Fy,  Fz 
given  by 

2^  =  -!  ^s£  etc (688). 

Lorentz  also  gives  formulae  from  which  the  remaining  terms  in  equation  (680) 
can  be  calculated,  but  these  terms  are  of  little  physical  interest. 

The  force  given  by  formula  (688)  may  be  regarded  as  a  frictional  resistance 
opposing  the  motion  of  the  electron  through  the  ether.  The  rate  at  which 
the  electron  does  work  to  overcome  this  force  is 

uFx+  vFy+  wFz, 

so  that  the  work  done  by  the  electron  in  an  interval  from  t  =  0  to  t  =  r  will  be 

2  e2   fT 

-oTTsj    (UU+VV+WW)dt. 
On  integrating  by  parts,  this  becomes 


2e^ 

3  0s 


UU+VV+  WW 


o      ^  ^  Jo 


The  last  term  represents  the  radiation  emitted  by  the  electron  as  calculated 
by  Larmor's  formula  (662);  the  first  term  must  represent  changes  in  the  energy 
stored  in  the  ether. 

*  The  Theory  of  Electrons,  p.  251. 


CHAPTEE  XX 

THE  THEORY  OF  RELATIVITY 

Motion  through  the  Ether. 

The  Michelson-Morley  Experiment. 

670.  When  we  have  spoken  of  a  system  at  rest  we  have  so  far  meant,  for 
all  practical  purposes,  a  system  at  rest  in  our  laboratories.  But  if  we  have  been 
right  in  conjecturing  that  all  electromagnetic  phenomena  have  their  seat  in 
the  ether,  then  a  system  at  rest  would  most  naturally  be  taken  to  mean 
a  system  at  rest  in  the  ether.  We  have  so  far  made  no  clear  distinction 
between  the  conceptions  of  rest  in  the  ether  and  rest  relative  to  the  walls  of 
a  laboratory. 

The  view  was  at  one  time  held  that  a  moving  body  drags  the  ether  along 
with  it.  If  this  were  a  true  view  the  distinction  just  referred  to  would  not 
arise ;  a  body  at  rest  relative  to  the  walls  of  a  laboratory  would  also  be 
at  rest  in  the  ether.  But  in  time  it  was  found  that  this  was  not  a  true  view ; 
it  could  not  be  reconciled  simultaneously  with  results  of  laboratory  experiments 
such  as  Fizeau's  water-tube  experiment  (cf.  §  687  below),  and  with  the  astro- 
nomical theory  of  the  aberration  of  light*  (cf.  §  689  below).  Finally  it  became 
established  that  the  ether,  if  one  existed  at  all,  could  not  share  in  the  motion 
of  moving  bodies  ;  it  must  be  stagnant,  and  moving  bodies  must  simply  move 
through  it  without  setting  up  mass-motions  in  it. 

The  earth's  velocity  in  its  orbit  is  about  30  kms.  a  second,  so  that  the 
velocity  of  the  earth  relative  to  the  supposed  ether  must  at  some  season  of  the 
year  be  at  least  30  kms.  a  second.  If  an  ether  exists,  there  must  be  a  stream 
of  ether  flowing  through  every  laboratory  which  must  attain  velocities  at  least 
as  great  as  30  kms.  a  second. 

Starting  in  1887,  Michelson  and  Morley  conducted  experiments  with  a  view 
to  measuring  the  actual  velocity  of  this  supposed  stream  of  ether  relative  to 
their  laboratory,  or,  what  is  the  same  thing,  the  velocity  of  the  earth  through 
the  ether.  The  principle  of  the  experiment  is  easily  explained.  Let  the 
laboratory  be  moving  with  velocity  u  through  the  ether,  then  a  ray  of  light 
travelling  against  the  stream  of  ether  will  move  with  an  actual  velocity  C  in 
the  ether,  and  so  will  have  an  apparent  velocity  C  —  u  if  measured  relatively 

*  For  a  fuller  account  the  reader  is  referred  to  special  treatises — Larmor's  Ether  and  Matter 
(Camb.  Univ.  Press,  1900)  or  Cunningham's  Relativity  (Camb.  Univ.  Press,  1914). 
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to  the  moving  laboratory.  Similarly  a  ray  of  light  made  to  travel  in  the 
reverse  direction  will  have  an  apparent  velocity  C  +  u.  If  a  ray  travel  over 
a  path  I  and  is  then  reflected  back  to  its  starting-point,  the  time  £2  taken 
will  be  given  by 

t>"ffh+uk-"{1-$T (689)- 

Suppose  next  that  a  ray  is  made  to  travel  a  distance  L  across  the  direction 
of  motion  and  back  to  its  starting-point,  the  system  moving  with  velocity  u 
as  before.  Let  the  whole  time  be  t2,  then  the  distance  travelled  by  the  system 
is  uU.  The  actual  path  of  the  ray  through  the  ether  consists  of  two  equal 
parts,  one  before  reflection  and  one  after ;  each  part  is  the  hypotenuse  of  a 
right-angled  triangle  of  sides  L  and  \ut2,  and  the  time  of  describing  each  part 
is  ^t2.    Hence 

%t2C=(L* +  %%%*)?, 

2Z/,      u"-\~^ 


whence  i2=^    1-J       (690). 

From  formulae  (689)  and  (690)  it  appears  that  the  times  taken  by  a  ray  of 
light  to  travel  a  distance  I  and  be  reflected  back,  while  the  laboratory  is  in 
motion  through  the  ether,  will  be  different  according  as  the  path  of  the  rays 
is  along  or  across  the  direction  of  motion  of  the  system.  This  time  difference 
admits  of  measurement  by  optical  means,  and  from  such  measurements  it 
ought  to  be  possible  to  determine  u. 

When  the  experiment  was  performed  no  time  difference  could  be  observed. 
The  obvious  explanation  would  be  that,  at  the  moment  of  performing  the 
experiment,  the  laboratory  was  at  rest  in  the  ether,  but  this  explanation  was 
not  found  to  be  tenable,  since  no  time  difference  could  be  discovered  at  any 
season  of  the  year. 

The  Fitzgerald-Lorentz  Contraction  Hypothesis. 

671.  Fitzgerald  in  1893  and  Lorentz  in  1895  suggested  independently 
that  the  reason  why  no  time  difference  was  observed  might  be  because  the 
arm  I  of  the  apparatus  which  moved  with  velocity  u  longitudinally  through 
the  ether  was  contracted  in  a  ratio  (1  —  u?/C2)-  as  a  result  of  its  motion.  In 
such  a  case  the  arm  I  would  have  shrunk  from  an  initial  length  l0  given  by 

measured  in  the  system  when  at  rest.    Equation  (689),  expressed  in  terms  of 
/0,  now  becomes 

h~c[     o\ 

and  so  agrees  with  formula  (690). 
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Thus  the  Fitzgerald -Lorentz  contraction  hypothesis  would  account  com- 
pletely for  the  null  result  of  the  Michelson-Morley  experiment.  The  hypothesis 
in  itself  is  not  unreasonable,  for  we  have  already  seen  (§  659)  that  an  electrostatic 
system  set  in  motion  with  a  velocity  u  would  only  regain  its  equilibrium  after 
contracting  longitudinally  in  exactly  the  ratio  (1  —  u2/C2)-  assumed  by  the 
hypothesis.  It  is  true  that  the  arms  of  sandstone  and  pine  used  by  Michelson 
and  Morley  were  not  purely  electrostatic  systems.  But  neither  is  the  electron 
(cf.  §  664),  and  yet  Lorentz's  hypothesis  that  this  contracts  longitudinally  in 
exactly  the  same  ratio  is  found  to  lead  to  a  value  for  the  electromagnetic 
mass  which  is  entirely  confirmed  by  experiment  (§  665). 

672.  According  to  the  contraction  hypothesis,  the  Michelson-Morley 
experiment  failed  to  detect  the  velocity  of  motion  through  the  ether  because 
this  motion  was  exactly  concealed  by  the  shrinkage  of  the  apparatus.  If  this 
were  so,  the  velocity  ought  of  course  to  become  measurable  if  we  could  in  any 
way  measure  the  amount  of  this  shrinkage. 

It  is  at  once  obvious  that  the  shrinkage  could  not  be  measured,  or  even 
detected,  by  any  process  of  direct  measurement,  for  any  material  measuring- 
rod  would  shrink  in  exactly  the  same  ratio  as  the  apparatus  to  be  measured. 
Indirect  means  might,  however,  be  expected  to  reveal  the  amount  of  shrinkage. 

673.  Lord  Rayleigh*  pointed  out  that  an  isotropic  medium  ought  to 
become  anisotropic  when  shrunk,  so  that  ordinary  transparent  matter  ought 
to  be  doubly  refracting  for  a  ray  of  light  crossing  it  in  a  direction  oblique  to 
its  motion  through  the  ether.  But  no  trace  of  double  refraction  was  found 
either  by  Lord  Rayleigh  or  by  Bracej"  who  repeated  the  experiment  with 
apparatus  so  sensitive  that  a  fiftieth  part  of  the  expected  effect  would  have 
been  detected. 

Following  a  similar  train  of  thought,  Trouton  and  Rankinej  tried  to 
detect  changes  in  the  resistance  of  a  bar  of  metal  as  it  was  turned  in  various 
directions,  but  found  no  measurable  change. 

These  experiments  do  not  prove  either  that  there  is  no  motion  through  the 
ether,  or  that  the  Fitzgerald-Lorentz  contraction  does  not  occur.  They  prove 
that  if  there  is  motion  through  an  ether,  and  if  the  contraction  does  occur, 
then  the  effect  of  this  contraction  is  somehow  veiled  or  compensated  by  some 
other  effect.  Thus  Lorentz  shewed§  that  the  null  result  of  the  experiments  of 
Rayleigh  and  Brace  would  be  exactly  accounted  for  on  his  own  theory  of  the 
constitution  of  the  electron,  on  which  the  electrons  would  be  contracted  in 
just  the  same  ratio  as  the  transparent  matter.  And  Trouton  and  Rankine 
shewed,  in  their  original  paper,  that  the  null  result  of  their  experiment  is  an 
inevitable  consequence  of  the  electron  theory  of  conduction  through  matter 

*  Phil.  Mag.  4  (1902),  p.  678.  t  Ibid.  7  (1904),  p.  317. 

J  Proc.  B.  S.  80  (1908),  p.  420.  §  Theory  of  Electrons,  p.  217. 
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(cf.  §  345  a),  provided  the  electron  has  the  transverse  and  longitudinal  masses 
assigned  to  it  by  Lorentz  (§  664).  Thus  these  experiments,  undertaken 
originally  in  order  to  find  velocity  through  the  ether,  resulted  finally  in  pro- 
viding confirmation  of  Lorentz's  theory  of  the  constitution  of  the  electron. 

In  other  experiments,  the  compensatory  effect  is  still  more  easily  dis- 
covered. A  charged  body  moving  through  the  ether  ought  to  set  up  a 
magnetic  field,  so  that  every  charged  body  in  a  laboratory  ought  to  be  sur- 
rounded by  a  magnetic  field  proportional  to  u/C.  Every  other  charged  body 
in  the  laboratory  is  moving  across  the  lines  of  force  of  this  magnetic  field 
with  velocity  ic  and  so  ought  to  be  acted  on  by  a  mechanical  force  pro- 
portional to  u?/C2.  Trouton  and  Noble  *  suspended  a  parallel  plate  condenser 
by  a  torsion  thread  and  looked  for  a  couple,  proportional  to  u2/C2,  tending  to 
turn  the  plates  parallel  to  the  direction  of  motion  through  the  ether.  No  such 
couple  was  observed. 

The  null  result  of  this  experiment  is  readily  explained  as  a  consequence 
of  the  Fitzgerald-Lorentz  contraction.  A  shrinkage  of  the  distance  between 
the  plates  decreases  the  energy  of  the  condenser.  There  is  therefore  a 
mechanical  couple  tending  to  turn  the  system  into  its  position  of  minimum 
potential  energy — i.e.  into  a  position  in  which  the  plates  are  at  right  angles 
to  the  direction  of  motion  through  the  ether.  It  is  readily  verified  that  this 
couple  exactly  neutralises  the  couple  of  magnetic  origin,  which  the  original 
experiment  tried  to  detect.  Indeed,  granted  the  Fitzgerald-Lorentz  shrinkage, 
the  theorem  proved  in  §  659  shews  at  once  that  the  system  would  be  in  equi- 
librium in  all  orientations. 

The  Relativity-Condition. 

674.  These  and  similar  experiments  have  one  and  all  failed  to  detect 
motion  through  an  ether.  They  have  not  proved  that  there  is  no  motion 
through  an  ether,  but  shew  that  if  this  motion  exists,  its  effects  are  in  every 
case  veiled  by  some  other  effect,  and,  in  every  case,  it  has  proved  possible  to 
discover  this  veiling  effect  as  an  effect  predicted  by  general  electromagnetic 
theory. 

The  question  arises  whether  there  must  always  and  of  necessity  be  a 
veiling  effect  in  every  experiment.  In  other  words,  are  the  electromagnetic 
equations  of  such  a  nature  that  it  is  inherently  impossible  to  detect  motion 
through  an  ether  by  electromagnetic  means  ? 

It  is  well  known  that  the  ordinary  Newtonian  equations  of  dynamics  are 
of  this  nature.    For  the  equations 


,t 


./• 


*  Phil.  Trans.  A,  202  (1903),  p.  165  and  Proc.  R.  S.  72  (1903),  p.  132. 
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do  not  change  their  form  when  referred  to  axes  moving  with  a  uniform  velocity 
u — i.e.  when  x  is  replaced  by  x  —  ut.  Thus  all  phenomena  governed  by  these 
equations  are  the  same  on  an  earth  moving  with  a  uniform  velocity  u  as  they 
would  be  on  an  earth  at  rest,  so  that  it  is  necessarily  futile  to  attempt  to 
determine  the  earth's  velocity  in  space  by  means  of  such  phenomena. 

Systems  of  equations  or  natural  laws  which  are  such  as  to  make  it  im- 
possible to  determine  absolute  motion  may  be  said  to  satisfy  the  "Relativity- 
condition."  The  characteristic  of  such  equations  will  be  that  they  do  not 
change  their  form  when  referred  to  axes  moving  with  a  uniform  velocit}^ 
relative  to  the  axes  to  which  they  were  originally  referred.  We  have  seen  that 
the  Newtonian  equations  satisfy  the  relativity-condition,  and  the  continual 
failure  of  experiment  to  determine  the  earth's  velocity  through  the  ether  leads 
us  to  consider  whether  the  electromagnetic  laws  may  not  also  satisfy  the 
relativity-condition. 

If  we  simply  change  the  electromagnetic  laws  by  replacing  x  by  x  —  ut,  it 
is  at  once  seen  that  a  change  of  form  results.  But  the  hypothesis  of  the 
Fitzgerald-Lorentz  contraction  has  already  given  grounds  for  suspecting  that 
the  required  change  may  not  be  so  simple  as  this.  For  instance,  it  may  be 
that  on  changing  to  moving  axes,  all  lengths  parallel  to  the  #-axis  ought  to 

be  contracted  in  the  ratio  (1  —  u2/C2)~.  In  this  case  the  transformation  would 
be  from  x  to  a  new  coordinate  x  defined  by  x  =  k  (x  —  ut),  where  re  denotes 

(1  —  ii2/C2)~  •  The  analysis  of  §  659  has  already  shewn  that  all  electrostatic 
phenomena  conform  to  the  relativity-condition  when  this  transformation  is 
made. 

This  change  really  amounts  to  a  change  in  the  measurement  of  the  unit 
of  length,  as  regards  lengths  parallel  to  the  axis  of  x,  when  we  change  the 
velocity  of  motion  parallel  to  the  axis  of  x.  Following  a  method  originated  by 
Einstein*  we  proceed  to  examine  whether  similar  changes  in  all  the  units  can 
result  in  the  electromagnetic  laws  conforming  to  the  relativity-condition. 

675.  Consider  first  the  condition  that  the  simple  phenomenon  of  the 
transmission  of  a  light-signal  shall  satisfy  the  relativity-condition.  Imagine 
an  experimenter  &  moving  with  an  unknown  but  uniform  velocity,  and  using 
coordinates  x,  y,  z,  t  to  record  the  result  of  his  observations.  If  the  pheno- 
menon of  light-transmission  satisfies  the  relativity-condition,  a  signal  started 
from  the  origin  at  any  instant  t  =  0  will  after  time  t  have  reached  points  lying 
on  a  sphere 

x"  +  y2  +  z2  -  CH-  =  0   (691), 

where  C  is  the  velocity  of  light  determined  by  the  observer  S. 

Let  a  second  observer  S'  move  with  a  different  velocity,  and  let  him  use 
coordinates  x,  y',  z',  t'  to  record  the  result  of  his  observations.    The  sphere 

*  Ann.  d.  Phyx.  17  (1905),  p.  891. 
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whose  equation  is  (691)  for  8  will  have  an  equation  expressed  in  terms  of 
x ,  y ',  z,  t'  for  S',  and  if  the  relativity-condition  is  satisfied,  this  equation 
must  be 

x2  +  y'2  +  z'2-C'n'2  =  0     (092), 

where  C"  is  the  velocity  of  light  determined  by  8'. 

If  S'  changes  his  units  of  length  or  time  he  will  change  his  value  of  C, 
which  is  the  distance  light  appears  to  him  to  travel  in  unit  time.  We  may 
without  any  loss  of  generality  suppose  8'  to  use  units  which  make  C  equal 

to  a. 

We  may  also  suppose  that  light  will  appear,  both  to  8  and  to  8',  to  travel 
in  straight  lines  with  uniform  velocity*.  Thus  for  8  the  equation  connecting 
the  position  x,  y,  z  of  a  light-signal  with  the  time  t  must  be  linear  in  x,  y,  z 
and  t.  The  similar  equation  for  8'  will  be  linear  in  x,  y ',  z  and  t '.  Thus  x,  y',  z 
and  t'  will  necessarily  be  linear  functions  of  x,  y,  z  and  t.  And  we  have 
already  supposed  that  the  equations  of  transformation  from  x,  y,  z,  t'  to  x,  y,  z,  t 
must  be  such  that  equation  (691)  transforms  into  equation  (692),  C"  being 
equal  to  C. 

Let  us  introduce  new  variables  r,  r'  in  place  of  t,  t',  these  being  given  by 
t  =  iCt,  t'  =  iCt'  where  i  =  a/(-  1).    Then  equations  (691)  and  (692)  become 

x2  +  y2  +  z2  +  t2  =  0, 

x'2  +  y'2  +  z'2  +  t'2  =  0. 

The  relativity-condition  is  satisfied  if  a  linear  transformation  transforms 
the  one  equation  into  the  other.  Since  the  equations  of  transformation  are 
linear  this  requires  that 

x2  +  y2  +  z2  +  t2  =  k  (x2  +  y'2  +  z'2  +  t'2) (693), 

where  k  is  a  constant. 

Imagine  a  four-dimensional  space  constructed  in  which  x,  y,  z,  r  are 
orthogonal  rectilinear  coordinates.  On  account  of  the  linearity  of  the  equations 
of  transformation,  x,  y',  z',  r  may  also  be  regarded  as  rectilinear  coordinates 
in  this  same  space,  but  these  have  not  yet  been  required  to  be  orthogonal. 
Now  x2  +  y2  +  z2  +  r2  is  the  square  of  the  distance  of  the  point  x,  y,  z,  t  from 
the  origin  when  expressed  in  x,  y,  z,  t  coordinates,  so  that,  by  equation  (693), 
k (x2  +  y'2  +  z'2  +  t'2)  must  be  the  square  of  the  distance  of  x',  y' ,  z ,  r  from  the 
origin.    It  follows  at  once  that  x,  y ',  z,  r  must  be  orthogonal  coordinates;  if 

*  According  to  Einstein's  theory  of  generalised  relativity,  to  which  we  shall  return  below 
(§  702),  light  does  not  travel  in  straight  lines  in  the  presence  of  a  gravitational  field.  The 
assumption  we  have  just  made  marks  the  parting  of  the  ways  between  the  old  physical 
theory  of  relativity  and  the  new  generalised  theory.  On  the  new  theory  the  assumption  just 
made  is  strictly  true  only  at  an  infinite  distance  from  all  matter;  it  may  nevertheless  be 
regarded  as  a  very  accurate  first  approximation  to  the  truth  except  in  gravitational  fields 
enormously  more  intense  than  any  of  which  we  have  experience. 
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they  were  not  orthogonal,  cross  products  x'y\  x'r  etc.  would  enter  into  the 
expression  for  the  square  of  the  distance  from  x,  y ',  z ,  r  to  the  origin.  Thus 
the  axes  of  x,  y\  z,  t  can  be  obtained  from  those  of  x,  y,  z,  r  by  a  pure 
rotation  in  the  four-dimensional  space. 

We  have  already  fixed  the  ratio  of  S"s  units  of  length  and  time  by  making 
C  =  0.  If  we  further  change  the  absolute  values  of  these  units,  we  can  alter 
the  value  of  k,  and  we  may  agree  to  fix  these  absolute  values  so  that  k—1. 
The  change  from  coordinates  x,  y,  z,  t  to  x,  y',  z',  r',  or  conversely,  is  now 
effected  by  a  pure  rigid  body  rotation  of  the  axes. 

We  may  notice  in  passing  that  if  the  relativity-condition  is  satisfied  as 
regards  the  transmission  of  light-signals,  no  set  of  axes  x,  y,  z,  r  in  the  four- 
dimensional  space  is  geometrically  more  fundamental  than  any  other.  A 
change  of  velocity  of  translation  is  merely  effected  by  turning  the  axes  about, 
and  no  observer  can  claim  on  purely  geometrical  grounds  that  his  system  of 
axes  provides  a  standard  set  from  which  all  other  positions  of  the  axes  ought 
to  be  measured. 

676.  The  simplest  case  of  rotation  of  the  axes  occurs  when  every  point 
moves  parallel  to  one  of  the  coordinate  planes,  say  x,  t.  The  formulae  of  trans- 
formation then  assume  the  simple  forms 

x  =  x  cos  0  +  t  sin  0\ 

T'  =  TCos6-xsind\-  (694). 

y'=y;  z'  =  z  J 

To  determine  what  physical  meaning  is  to  be  assigned  to  0,  we  notice  that 

x  =  0  when 

x  =  -  r  tan  6  =  -  iCt  tan  d   (695). 

Thus  a  point  which  the  experimenter  S  regards  as  moving  along  the  axis 
of  x  with  a  velocity  —  iC  tan  0  will  appear  to  8'  to  be  at  rest.  In  other  words 
the  axes  of  S'  move  relative  to  those  of  S  with  a  velocity  —  iG  tan  9  along  the 
axis  of  x.   Let  us  put 

u  =  -iCtan6    (696), 

then  the  transformation  (694)  is  that  appropriate  to  the  case  in  which  the  axes 
of  S'  have  a  velocity  (u,  0,  0)  relative  to  those  of  S. 

then  k  =  cos  0,  and  the  formulae  of  transformation  (694)  become 

x=K(x-ut),     y'  =  y,     z'  =  z,     {/  =  «U__J (697). 

677.  Following  Einstein  we  have  found  that  the  transformation  relations 
(697)  express  the  necessary  and  sufficient  condition  that  the  propagation  of 
light-signals   shall   conform   to  the  relativity-condition.    We   have   already 
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noticed  (§  674)  that  the  first  relation  x  =  k  (x  —  ut)  is  simply  an  expression  of 
the  Fitzgerald-Lorentz  contraction  which  is  necessary  if  the  Michelson-Morley 
experiment  is  to  conform  to  the  relativity-condition.  We  now  have  the  further 
information  that  if  all  experiments  of  light  transmission  are  to  satisfy  the 
relativity-condition,  we  must  have  the  further  relation 

,  I        xu 

t  =  K  [t  ~  JT2 

The  transformation  (697),  although  we  have  obtained  it  by  a  method  due 
mainly  to  Einstein,  is  commonly  known  as  Lorentz's  transformation.  For 
Lorentz  had  shewn*,  before  the  appearance  of  Einstein's  paper,  that  precisely 
the  same  transformation  expresses  the  condition  that  the  ordinary  electro- 
dynamical  equations  shall  conform  to  the  relativity-condition. 

678.  Before  proving  this,  let  us  examine  some  of  the  purely  kinematical 
properties  of  the  Lorentz  transformation  expressed  by  equations  (697). 

Transforming  to  axes  moving  with  a  relative  velocity  u  is  equivalent,  as 

we  have  seen,  to  turning  the  axes  through  an  angle  6  in  the  x,  r  plane,  where 

6  is  given  by  equation  (696).    Transforming  to  axes  moving  with  a  velocity  u' 

relative  to  these  new  axes  is  equivalent  to  turning  through  a  further  angle  6' 

given  by 

u'  =  -  iC  tan  6'. 

But  these  last  axes  can  be  obtained  from  the  original  axes  on  turning 
through  an  angle  6  +  6',  and  we  have 

-  iC  (tan  6  +  tan  6')       u  +  u' 


-iC  tan  (6  +  6') 


1  —  tan  6  tan  6'  .,       uu' 

1+Ci 


Thus  the  velocity  of  the  last  set  of  moving  axes  relative  to  the  first  is 
not  u  +  u;  it  is  u,  given  by 

u=^±±,  (698), 

UU 

1+CJ 

and  we  notice  that  u  is  necessarily  less  than  u  +  u'  when  both  u  and  u'  are 
positive.  We  should  only  have  a  right  to  expect  that  u  would  be  equal  to 
u  +  u  if  both  8  and  S'  measured  their  lengths,  times  and  velocities  in  similar 
ways,  and  this,  under  the  Lorentz  transformation,  they  do  not  do. 

As  a  direct  consequence  of  equation  (698), 

(C-u)(C-u') 


G-u= 


l+% 


so  that  if  u  and  v!  are  each  less  than  C,  then  u  is  necessarily  less  than  G. 

*  Amsterdam  Proc.  (1901),  p.  809. 
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Thus  no  possible  compounding  of  velocities  less  than  G  can  ever  give  a 
resultant  velocity  u  greater  than  G.  As  a  special  case  if  u'  =  G  then  u=  G, 
regardless  of  the  value  of  u ;  the  resultant  of  the  velocity  of  light  and  any 
other  velocity  is  the  velocity  of  light. 

Similar  analysis  will  give  the  result  of  superposing  two  velocities  not  in 
the  same  direction,  but  the  required  formulae  can  be  obtained  rather  more 
directly  from  the  formulae  of  transformation  (697),  as  we  shall  now  see. 

679.    Let  a  point  move  with  velocity  u,  v,  w  relative  to  the  axes  used  by 

S,  so  that 

x  =  x0  +  ut,    y  =  y0+vt,    z  =  za  +  wt  (699), 

and  let  the  velocity  of  the  same  point  relative  to  the  axes  used  by  S'  be 
u',  v',  w\  so  that 

x'  =  xj  +  u't',     y  =  y0'  +  v't',    z  =  z0'  +  w't'    (700). 

In  these  last  equations,  let  us  substitute  Lorentz's  values  for  x',  y',  z  ,  t',  as 
given  by  equations  (697).    We  obtain 

K(x  —  ut)  —  x0  +  U  Kit  —  j^J, 


y=yd+  v ' K\t  - 


XXI 

&■■ 

and  a  similar  equation  for  z.   Differentiate  these  three  equations  with  respect 

ctx 
to  t,  putting  -j-—u,  etc.,  in  accordance  with  equations  (699),  and  we  find 


dt 


u-u=u  (l--^fj 


from  which  follows  directly 


V  =  v'k  (1  - 
W=W/k  (  1  - 

u  = 


uu\ 

uu 
~G'< 


) 


u'  +  u 


1  + 


u  u 

~& 

v' 


H 


w  =  . 


'       u  u 
W 


K     1  + 


.(701), 


.(702). 


u  u 

7F 

In  these  equations  U,   v,  w  may  be  regarded  as  the  resultant  velocity 
obtained  by  compounding  velocities  u,  0,  0  and  u' ,  v',  iv*. 
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From  equations  (701)  we  obtain  directly 

u—  u 


u'=- 


1- 


Ull 

IT* 


r'  = 


*K") 


TT'  =  . 


IF 


UU 

~C2 


.(703). 


These  are  also  a  necessary  consequence  of  equations  (702),  for  if,  v',  w' 
is  the  velocity  obtained  by  compounding  velocities  U,  v,       and  —  u,  0,  0. 


Electromagnetic  Equations. 

680.    Following  Lorentz*  and  Einstein  f,  let  us  now  proceed  to  transform 
the  general  electrodynamical  equations  of  Chap.  XIX  (§§  621,  622),  namely 


4-7T   / 


pU  + 


df\     dy     d/3 


dt)      dy 


5-  ,  etc. 
oz 


l_da_dZ_d_Y 
Gdt~dy      dz' 

df     dg     dh  __ 
dx     dy     dz      ^ 

da     db     ?c_n 
doc     dy     dz 

to  the  new  variables  x ,  y',  z',  t'  connected  with  x,  y,  z,  t  by  relations  (697). 

If  v  is  any  function  whatever  of  x,  y,  z,  t  we  have 

dx  =  he  te_  +  he  M_  =  K  fix  _  }L  bc\ 


.(704), 
•(705), 
•(706), 
.(707), 


dx      dx'  dx      dt'  dx 


=  K 


dx    c*dt 


dt    dxdt^dt'dt      \dt'     dx' 

d_X=dJC.  hc^hc 

dy      dy' '    dz      dz' 


> 


.(708). 


The  three  equations  (704)  and  equation  (706)  accordingly  assume  the  form 

(709), 


47T 
~C 

47T 

~C 

*  I.e.  ante. 


(df 
\dt 


pU  +  K[ 


dx 


dy_d/3 
dy'      dz 


t  Ann.  d.  Physik,  17  (1905),  p.  916. 
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47T 

~0 


,  dh         dh 
VK^di'-UM 


3/3      u  3/3 


=  *  k-,  - 


,9a:'      C'2  3*' 


9a 


.(711), 


Kdl+?l  +  M_KUdf_  7 


and  Kat7+^  +  a?~^^"'  =  ^ 

If  we  introduce  a,  /3',  7',/',  #',  h',  defined  by 

/'  =/ 
4^ 


2). 


£'  =  *(/3+^)'     ff'  =  K{^^) 


r/  =  K\y-^g),    h'  =  K(h  + 


u 


4>irC 


0 


•(713); 


(715). 


then  equations  (710)  and  (711)  may  be  written  in  the  form 

4-7T  /  dg'\  _  da      dy' 

~C 

4tt  /  cZA'N  _  3#  _  da' 

C  \pW  +  dt')~dx      dy 

681.    We  still  require  to  transform  pU,  pV,  pw  to  the  new  coordinates. 
The  density  p  in  the  new  coordinates  must  be  such  that 

p  dx  dy'  dz  =  pdxdy  dz. 

Since  the  coordinates  x,  y',  z',  r   are  derived  from  x,  y,  z,  r  by  a  pure 
rotation  in  four-dimensional  space,  we  have 

nil*     7/     z     t*  ) 

— — ,-^-L — '—. -£  =  1.  or  dx'dy'dz'dT  =  dxdi/dzdr. 
d{x,y,z,r)  u  J 

^  .(716), 


Thus 


dxdydz    _  dr'      dt'  _      l 
dx'dy'dz  ~fc  =  Tt  =  K{  "C2 


so  that 


p'  =  pic\l- 


.(717). 


Combining  this  with  equations  (703),  we  find  at  once  that  p(u  —  u)  =  p'(f, 
pv  =  p'v'  and  pw  =  p'w'.    Thus  equations  (714)  and  (715)  become 


4-7T 


+ 


dg'\  _  da'      dy' 


dt' 


dz'      dx 


•(718), 
.(719). 


C  \pW  +  dt')~dx'      dy' 

-  On  multiplying  throughout  by  k  and  using  relations  (713),  equation  (709) 
becomes 


4?r 
~G 


df  (    df      da      dh\~]      dy      d$ 


which,  by  the  use  of  equation  (712),  reduces  further  to 

x      df]      dy'     3/3' 


4_7T 

C 


/cp 


dt 


dy'      dz 
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Using  the  relation  p(u—  u)  =  p'u'  just  obtained,  and  also  the  relation  /  =  /', 
this  becomes 


^(p>v>  +  gi)  =  *L_W  (72o). 

G  [p  U  +  dt'J     dy'     dz l       ; 


dy' 

Finally,  again  using  relations  (713),  equation  (712)  transforms  into 

df_      1  idg_      dhf\      _w_  (dy  _  dj3\  _  ku  df 
K  dx7  +  K  \dy'  +  dz')  +  4ttG  \dy'     dz')      C2  df  ~ p' 

Using  the  relation  (720),  which  has  just  been  obtained,  this  becomes 


K 


1  ,'dq'      dh'\         /n       Uu 

+«w+w=p{1-ir*j> 


doD'V     G'\ 
or,  multiplying  throughout  by  k  and  using  equation  (717), 

df    djf    dhf_ 

dx'  +  dy'  +  dz'-p      {'-i}- 

682.  We  have  now  seen  that  if  the  new  quantities  a,  /3',  y'}  f,  g,  h'  are 
denned  by  equations  (713),  then  the  electric  equations  (704)  and  (706),  when 
transformed  to  coordinates  x,  y',  z,  t',  resume  their  original  form  exactly. 
By  precisely  similar  analysis  we  find  that  if 

a'  =  a,  X '  =  X 


b'=K(b  +  %z),    Y'  =  k(Y-^c 


.(722), 


G     )'  \        0 

then  the  magnetic  equations  (705)  and  (707),  when  transformed  to  the  new 
coordinates  x ',  y ,  z',  t',  will  also  resume  their  original  form  exactly. 

Thus  it  appears  that  the  relativity-condition  will  be  satisfied  by  all 
electromagnetic  phenomena,  if  the  relation  between  the  forces  as  estimated 
by  S  and  those  estimated  by  S'  moving  with  a  velocity  (u,  0,  0)  relative  to  S 
can  be  supposed  to  be  those  given  by  relations  (713)  and  (722).  If  these 
relations  are  found,  in  actual  fact,  to  be  satisfied,  it  will  be  impossible  to 
determine  absolute  motion  by  any  electromagnetic  means  whatever. 

683.  Consider  first  the  form  assumed  by  the  relations  in  free  space,  for 
which  we  may  take  K  =  /jl  =  1.  Here  a,  b,  c  become  identical  with  a,  /3,  7,  and 
a',  b',  c  with  a,  ft,  y'.  Also  /,  g,  h  become  the  same  as  X/4nr,  Y/4nr,  Z/4>ir 
and  similarly  for/',  g',  h'.  The  two  sets  of  equations  (713)  and  (722)  are  now 
seen  to  become  identical,  each  reducing  to 

«'=«,  X'  =  X  \ 

*r-.(/»+5*).  r-„(r-5,)    


y_«(7-£y),  z- -  *  (2  + jj/s)  I 
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If  iPjC-  is  neglected,  k  may  be  put  equal  to  unity,  and  the  forces  X' ,  T',  Z' 
are  exactly  those  which  we  found  in  §  628  for  the  forces  on  a  unit  charge 
moving  with  velocity  (u,  0,  0).  Similarly  the  forces  a,  j3\  y  are  easily  shewn 
by  the  method  of  §572  to  be  precisely  those  which  would  be  acting  on  a  unit 
magnetic  pole  moving  with  a  velocity  (u,  0,  0).  Thus  there  is  direct  experi- 
mental verification  of  these  equations  when  u2/C2  is  neglected. 

When  u2/C2  is  not  neglected,  it  is  naturally  impossible  to  obtain  direct 
experimental  evidence  of  the  accuracy  of  the  equations.  A  complication  arises 
from  the  fact  that  S  and  S'  are  using  different  units  of  length  in  the  direction 
of  Ox,  and  on  allowing  for  this  and  treating  the  problem  in  the  manner  of 
§656,  it  is  at  once  found  that  the  presence  of  the  factors  k  in  equations  (723) 
exactly  represents  the  complication  introduced  by  the  finiteness  of  u2/G2. 

Thus  it  appears,  by  what  is  not  far  short  of  absolute  proof,  that  the 
relativity-condition  is  satisfied  by  all  electromagnetic  phenomena. 

684.  The  problem  presented  by  phenomena  in  dielectric  and  magnetic 
media  is  naturally  more  complex.  Various  hypotheses  have  been  put  forward 
as  to  the  relation  between  a,  b',  c'  and  a',  ft ',  <y'  in  moving  magnetic  media,  as 
also  regarding  the  relation  between  f,  g',  h'  and  X',  Y',  Z'  in  moving 
dielectrics.  Some  of  these  hypotheses  are  in  agreement  with  relations  (713) 
and  (722),  while  some  are  not.  Experiments  have  been  conducted  by  various 
physicists,  and  in  particular  by  H.  A.  Wilson  and  A.  Eichenwald,  with  a  view 
to  discriminating  between  these  rival  hypotheses.  In  each  case  the  victorious 
hypothesis  is  found  to  be  in  conformity  with  equations  (713)  and  (722) 
above. 

Wilson*  moved  a  dielectric  body  through  a  magnetic  field  and  found  that 
there  was  an  electric  polarisation  (f,  g ,  ti)  set  up  of  which  the  amount 
agreed  very  closely  with  that  demanded  by  equations  (713).  And  Eichenwaldf 
set  a  polarised  dielectric  in  motion  and  found  that  it  produced  a  magnetic 
field  similar  to  that  demanded  by  equations  (713).  Thus  there  seems  to  be 
experimental  confirmation  for  every  term  in  equations  (713).  Experiments 
on  moving  magnetic  media  have  not  been  performed,  but  there  seems  to  be 
little  room  for  doubt  that  they  would  similarly  confirm  equations  (722). 

If,  on  the  strength  of  this  evidence,  we  assume  equations  (713)  and  (722) 
to  be  fully  confirmed,  then  we  have  shewn  that  the  electromagnetic  equations 
conform  to  the  relativity-condition.  In  other  words,  all  experiments  to 
determine  velocity  through  the  ether  are  necessarily  futile.  If  for  the  moment 
we  assume  that  we  are  moving  through  the  ether  with  a  velocity  u  in  a 
direction  which  we  call  Ox,  then  we  may  consider  that  we  are  playing  the 
role  of  our  observer  S',  while  an  imaginary  observer  at  rest  in  the  ether  may 
be  supposed  to  be  playing  the  role  of  our  observer  S.    But  we  have  seen  that 

*  Phil.  Trans.  A,  201  (l'JOlj,  p.  121.  f  Ann.  d.  Phys.  11  (1904),  p.  121. 
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all  electromagnetic  phenomena  would  be  exactly  the  same  for  us  as  for  S.  If 
we  could  deduce  a  velocity  u  through  the  ether  for  our  motion,  S  would 
necessarily  deduce  a  velocity  u  for  his  own  motion,  which  would  be  contrary 
to  the  facts.  By  this  argument,  here  put  in  the  form  of  a  reductio  ad 
absurdum,  we  see  the  impossibility  of  determining  our  velocity  through  the 
ether. 

If  at  any  time  equations  (713)  and  (722)  are  proved  to  be  untrue — and, 
as  we  have  seen,  the  remaining  opportunities  for  proving  these  equations 
untrue  are  very  few — then  it  will  become  possible,  in  theory  at  least,  to 
determine  our  velocity  through  the  ether.  But  for  the  present  we  shall 
assume,  as  a  working  hypothesis,  that  it  is  in  no  way  possible  to  determine 
velocity  through  the  ether.  This  is  commonly  called  the  Hypothesis  of  Rela- 
tivity.   We  proceed  to  examine  some  of  the  consequences  of  this  hypothesis. 


The  Relativity  Hypothesis. 

685.  This  hypothesis  commits  us,  generally  speaking,  to  all  the  equations  of 
the  present  chapter.  It  does  not  commit  us  to  any  special  physical  interpreta- 
tions of  them.  For  instance,  the  first  equation  of  the  Lorentz  transformation, 
namely  x  =  k  (x  —  ut),  may  if  we  please  be  interpreted  in  terms  of  the  Fitz- 
gerald-Lorentz  contraction-hypothesis ;  we  may  postulate  a  fixed  ether  and 
the  equation  is  then  taken  to  shew  that  any  length  moving  with  a  velocity 
(w,  0,  0)  through  the  ether  will  be  contracted  in  the  direction  of  the  #-axis 
in  the  ratio  1/k.  Alternatively  we  may  interpret  the  same  equation  in  such 
a  way  as  not  to  assume  a  fixed  ether  at  all.  Any  observer  S  measures  out  a 
sphere  which  remains  at  rest  relative  to  him  ;  to  a  second  observer  S'  moving 
relative  to  S  with  a  velocity  {u,  0,  0),  this  sphere  will  appear  to  be  contracted 
in  the  ratio  1/k  along  Ox. 

In  a  similar  way  all  the  other  equations  can  be  interpreted  so  as  to  have 
no  reference  to  a  fixed  ether :  they  may  be  taken  merely  as  expressing  relations 
between  quantities  as  measured  by  one  observer  S  and  another  observer  S' 
moving  with  a  velocity  u  relative  to  S. 

The  kinematical  relations  of  Einstein,  namely  equations  (702),  may,  on 
this  interpretation,  be  regarded  merely  as  laws  for  the  composition  of  velocities. 
It  appears  that  the  simple  laws  of  composition  of  velocities  and  of  vector- 
addition — the  so-called  "  parallelogram  of  velocities  " — are  no  longer  true  if 
the  hypothesis  of  relativity  is  true.  The  simple  laws  are  true  if  u2/C2  and  u'2/C2 
are  small,  but  not  otherwise. 

Startling  though  this  result  may  appear,  there  is  almost  direct  experimental 
confirmation  of  it,  as  we  shall  soon  see. 
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Optical  consequences  of  the  Relativity  Hypothesis. 

686.  The  relativity  hypothesis  makes  no  claim  to  explain  the  nature  of 
phenomena,  it  merely  proposes,  tentatively,  a  general  law  of  a  restrictive 
nature,  which  so  far  has  appeared  to  dominate  all  known  phenomena.  All 
explanations  of  phenomena  which  conform  to  the  limits  of  this  restriction  are 
equally  permitted  by  this  hypothesis,  but  the  hypothesis  serves  to  rule  out, 
tentatively,  all  explanations  which  do  not  conform  to  the  condition.  Conse- 
quently it  is  only  in  rare  cases  that  the  principle  of  relativity  by  itself  enables 
us  to  obtain  a  full  solution  of  a  problem.  As  an  instance  of  such  a  case,  we 
have  seen  that  it  enables  us  to  determine  the  electric  and  magnetic  forces  in 
ponderable  media.  Other  instances  occur  in  optical  phenomena,  and  to  these 
we  now  turn. 

Fizeaus  Water  Tube  Experiment. 

687.  In  Fizeau's  water  tube  experiment,  a  stream  of  water  was  made  to 
flow  through  a  tube,  its  velocity  of  flow  being  u  relative  to  the  earth,  and  a 
ray  of  light  was  passed  through  the  water  in  the  direction  of  its  motion.  To 
an  observer  moving  with  the  stream,  the  water  would  appear  to  be  at  rest,  so 
that  the  light  would  be  propagated  relative  to  this  observer  with  a  velocity  u' 
connected  with  the  refractive-index  v  of  the  water  by  the  relation  u'  =  C/v. 

According  to  the  classical  laws  of  kinematics,  the  light  ought  to  travel, 
relative  to  an  observer  at  rest  on  the  earth,  with  a  velocity  u  +  u  or 

-+u  (724). 

v 

Fizeau  found  it  possible  to  measure  the  actual  velocity  by  an  interference 
method  and  formula  (724)  was  not  confirmed.    The  formula 

£+«(1-*)  (725) 

was  found  to  represent  the  velocity  accurately  both  for  water  and  other  trans- 
parent media. 

As  we  shall  now  see,  formula  (725)  is  not  only  consistent  with  the  theory 
of  relativity,  but  could  also  have  been  fully  predicted  by  this  theory.  For  the 
velocity  in  question  is  simply  that  which  results  from  compounding  the 
velocities  u  and  C/v,  and  the  resultant  velocity  obtained  by  the  relativity 
formula  (702)  is 


v  G 

u= ^-  =  -4 


u  (G\      v      ,      (u  G 

If  u2/C2  is  neglected  this  reduces  the  formula  (725).  In  this  experiment 
we  have  very  direct  experimental  confirmation  of  Einstein's  formula  for  the 
composition  of  velocities. 
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Reflection  of  Light  from  a  Moving  Mirror  and  Emission  from 

a  Moving  Source. 

688.  According  to  the  relativity  hypothesis,  the  velocity  of  light  in  free 
space  is  always  equal  to  G.  If  the  light  be  observed  by  an  observer  moving 
with  a  velocity  u  relative  to  the  source,  the  velocity  is  still  equal  to  G,  for  we 
have  seen  in  §  678  that  the  velocity  obtained  by  compounding  a  velocity  G 
with  any  other  velocity  u  is  itself  equal  to  G. 

This  consequence  of  the  relativity  hypothesis  has  been  tested  by  Majorana. 
He  first  examined  the  light  reflected  by  a  moving  mirror  and  found  its  velocity 
to  be  exactly  equal  to  G  independently  of  the  velocity  of  the  mirror*.  In  a 
later  investigation  f  he  tested  the  velocity  of  light  emitted  by  a  rapidly- 
moving  source  and  found  this  to  be  equal  to  G  independently  of  the  velocity 
of  the  source. 

These  experimental  results  are  of  very  great  importance,  for  it  will  be  seen 
that  the  Michelson-Morley  experiment  and  the  experiments  of  Majorana 
taken  in  combination  establish  the  Lorentz  transformation  equations  (697) 
as  a  fact  of  observation.  The  Michelson-Morley  experiment  shewed  that  the 
average  to-and-fro  velocity  of  light  reflected  from  a  mirror  back  to  the  source 
was  the  same  for  all  directions  in  space.  The  Majorana  experiments  now 
shew  that  the  result  is  true  for  the  separate  paths  before  and  after  reflection, 
so  that  the  velocity  of  light,  as  measured  by  any  observer,  is  the  same  for  all 
directions  in  space.  We  now  have  as  an  experimental  fact  that,  independently 
of  the  velocities  of  the  source  and  observer,  the  wave-surface  is  a  sphere  having 
the  observer  as  centre.  This  is  precisely  the  supposition  from  which  we  started 
in  §  675 ;  it  was  found  to  lead  directly  to  the  Lorentz  transformation  (697). 

Aberration  and  the  Doppler  effect. 

689.  As  in  §  591,  the  equation  of  wave-propagation  in  free  space,  namely 

dt2  x> 

has  a  solution 

X  =  A  cos  — =j  (Ix  +  my  +  nz  -  Ct) (726), 

where  P  -f  m2  +  n2  =  1,  and  this  corresponds  to  the  propagation  of  a  plane  wave 
of  light  of  frequency  v  in  a  direction  I,  m,  n.  Suppose  that  the  same  ray  of 
light  appears  to  the  observer  S'  to  be  of  frequency  v  and  to  be  propagated 
in  a  direction  V,  m,  n',  so  that  the  solution  of  the  wave-equation  for  S'  will  be 


2tt 


X  =  A' cos -77^(l'x'+m'y'  + n'z'-Ct') (727). 

*  Phil.  Mag.  35  (1918),  p.  163.  f  Phil.  Mag.  37  (1919),  p.  145. 
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On  substituting  for  x ',  y  ,  z ,  t'  in  terms  of  x,  y,  z,  t  from  equations  (697), 

this  becomes 

xu> 


x  =A  cos^ 


I'k  (x  —  ut)  +  m'y  +  n'z  —  Gicyt  — 


C- 


This  expression  must  be  identical  with  (726),  so  that  by  comparison  we 
obtain 


i 


m'  _n    _k(C  +  Vu)  _  v 
m       n  G  v 


.(728). 


Aberration.     Equating  the  first  and  fourth  fractions  in  equations  (728) 

we  find 

u 


l'  + 


I 


G 


l  +  l 


,  u 
G 


.(729). 


This  must,  according  to  the  hypothesis  of  relativity,  be  the  exact  formula 
for  astronomical  aberration.  Let  the  observer  S  be  at  rest  relative  to  any 
system  of  axes  in  uniform  motion,  while  $'  moves  relative  to  these  axes  with 
a  velocity  u  along  Ox.  Then  light  which  appears  to  S  to  arrive  in  a  direction 
I,  m,  n  will  appear  to  8'  to  arrive  in  a  direction  V,  m  ,  n,  where  I,  I'  are  related 
by  equation  (729).    Put  I  =  cos  $,  I'  =  cos  cf>' ;  then 


u 


cos  (f)'  —  cos  <£  =  I'  —  I  =  —  sin2  <£' 

C  il  +  ^cosfi 

If  ujG  is  small,  this  reduces  to  the  ordinary  formula  of  practical  astronomy, 

(£'-<£  =  sin  0'Qy. 

Doppler  Effect.    Equating  the  last  two  fractions  in  equations  (728),  we  find 

U  COS  (£'N 


-  =  (1 

V 


G 


.(730). 


This  is  the  full  expression  for  the  Doppler  effect.   If  u-JC2  is  neglected,  the 
right-hand  member  reduces  to 


u 


1  +  ^  cos  (f)', 

which  is  the  Doppler  factor  usually  assumed.  If  the  observer  is  moving 
directly  towards  the  source  of  light  with  velocity  u,  we  have  cos  0'  =  1,  and 
equation  (730)  becomes 


v 

V 


u 
1  +  0 


1- 


II 


J. 


.(731). 
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Acceleration,  Mass  and  Force. 

690.  In  formulae  (702)  we  obtained  equations  for  the  velocity  u,  V,  W 
obtained  by  compounding  a  velocity  u,  0,  0  with  a  velocity  u',  v',  w'.  When 
the  velocity  u',  v',  w'  is  so  small  that  its  square  may  be  neglected  in  com- 
parison with  C2,  these  formulae  reduce  to 

v  =  u+U-U=u+\ 

,      %       1 **> 

v=-;      w=  — 

K  K  I 

Suppose  that  u,  0,  0  is  the  velocity  relative  to  S  of  a  moving  particle  at 
an  instant  t  =  0.  Let  it  appear  to  an  observer  S',  moving  with  a  uniform 
velocity  u,  0,  0,  to  have  accelerations 

du'        dv'        dw* 

W'    w    w 

these  being  measured  in  the  coordinates  used  by  S'.    In  formulae  (732)  let 

us  put 

,     dv'  ,,.         ,     dv'  ..  .    dw/  -,  zw^^x 

u  =  Wdt'     r  =  J7dt-     ^=Wdt  (733>' 

then  u,  v,  w  will  be  the  velocities,  as  measured  by  S  at  the  end  of  a  small 
interval  dt'  as  measured  by  S'. 

The  times  t,  t'  used  by  S  and  S'  are  connected  by  equation  (697),  namely, 

so  that  on  differentiation  with  respect  to  t  following  the  particle  in  its  motion, 

dt'         /.,       u  dx\         /_       u2\      1  ,w~,x 


dt        V       Odt)       V       CV     * 
Thus  relations  (733)  may  be  replaced  by 

,     ldu', 

U=KWdt>etC» 


and  equations  (732)  become 

1  du' 

k*  dt'  a"'  "  «2  dt'  ""'        "  ~  /C2  dt 


1  du'  1±               1  dv'  Jx               1  dw'  7  ,_     , 

U=u+Zi-Mdt>        v=Z>17dt>       w=Z,ZWdt  (735). 


If  T7,  -77  ,  -t-  are  the  accelerations  as  measured  by  S,  we  must  have 

du  _ 
=  u>  + -j- dt,  etc., 

whence  by  comparison  with  equations  (735), 

du  _  1  du\       dv_1LdY,       dw_ldw 

dt''   k»  dt'  '       dt~K*dt''       dt~K*W (736)t 

These  formulae  give  the  accelerations  as  measured  by  S  in  terms  of  the 
accelerations  as  measured  by  an  observer  S'  moving  with  the  particle. 
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691.  Let  the  accelerations  be  supposed  to  originate  from  the  action  of  a 
force.  Since  the  particle  is  supposed  to  be  at  rest  relative  to  3'  at  the  in- 
stant t'  —  0,  its  equations  of  motion,  in  terms  of  the  coordinates  used  by  >S", 
will  be 

du'     j),  dv'     n, 


dw'        , 


dt'     ~  '      ""  dif 

where  m  is  the  mass,  as  estimated  by  3',  and  P',  Q',  R'  are  the  components 
of  the  force,  also  as  estimated  by  S'. 

From  these  equations  and  equations  (736),  we  obtain 

dv 
dt~~~   '      """  ~di 

and  these  will  be  the  equations  of  motion  as  observed  by  S. 

If  the  particle  is  an  electron  of  charge  e,  the  values  of  P',  Q',  R'  will  be 
eX',  eY',  eZ',  where  X\  Y',  Z'  are  given  by  equations  (723).  Substituting 
these,  we  find  for  the  equations  of  motion  of  the  electron  as  observed  by  3, 


m/c0  —  =  Jrm3 


=  Q'; 


m/c2  -T7  =  li 

dt 


.(737), 


rriK6 


1)1  K' 


mic* 


du 
dt 

dv 

dt 

dw 
~di 


=  eX 


=  e/c 


=  etc 


Z  +  ?/3 


.(738). 


The  observer  S  will  suppose  the  electron  moving  with  velocity  u  to  have 
longitudinal  and  transverse  masses  vii  and  mt;  and  his  equations  of  motion 
for  the  electron  will  be 


du        v 
dv 


dv       (        u  \ 
dw       („     u  „\ 
By  comparison  with  equations  (738) 


.(739). 


mi  =  mic*;  mt  =  mK 


.(740). 


692.  These  are  precisely  Lorentz's  expressions  for  the  longitudinal  and 
transverse  mass  of  a  moving  electron  (§  664),  which  we  have  seen  to  be  fully 
confirmed  by  experiment  (§  665).  In  deducing  these  expressions  in  §  664 
we  supposed  the  inertia  to  be  produced  by  a  magnetic  field  in  the  ether,  so 
that  u  denoted  the  velocity  relative  to  the  ether,  but  the  theory  of  relativity 
shews  that  U  may  legitimately  be  supposed  to  mean  merely  the  velocity 
relative  to  the  observer  by  whom  the  accelerations  are  measured.  A  further 
difference  between  the  two  calculations  may  also  be  noticed.    When  the  mass 
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was  regarded  as  arising  from  an  ethereal  magnetic  field,  it  was  possible  to 
estimate  the  radius  of  the  electron  from  a  knowledge  of  the  value  of  m;  the 
relativity  calculation  does  not  make  any  such  estimate  possible. 

We  may  notice  that 


m/r 


du      d 


dv      d 


=  T,(mfcu);     mic-T.=-;,(m>cv),  etc., 


dt      dt 


dt      dt 


whence  it  follows  that  the  equation  of  motion  of  an  electron  moving  with 
any  velocity  U,  V,  W  relative  to  any  observer  must  be 


It(mKu)  =  e(x  +  ^y-^^ 


d_ 
dt 

A 

dt 
where  k  is  now  given  by 


(mKV)  =  e^Y+-a-^ryJ 

(ni/cw)  =  e(z  +  ^j3-~a\ 

T2  j_   tt-2  J.  t^2\   —  f 


.(741), 


1 Oi ) 


.(742). 


To  shew  that  these  are  the  true  equations,  it  is  sufficient  to  notice  that 
they  are  invariant  as  regards  transformations  of  the  x,  y,  z  axes,  and  reduce 
to  equations  (738)  for  one  special  direction  of  these  axes. 


Momentum  and  Eneegy. 

693.  The  expressions  on  the  right  of  equations  (741)  are  the  components 
of  force  on  the  moving  electron  as  they  would  be  measured  by  S  (cf.  §§  629, 
653).   If  we  denote  these  by  P,  Q,  R,  and  if  we  regard 

vikV,  vikV,  micw 

as  the  components  of  momentum  of  the  moving  electron,  then  the  equations 
of  motion  (741)  assume  the  form 

{Force)  =  (rede  of  change  of  momentum)    (743). 

The  rate  at  which  work  is  done  on  the  electron  will  be 

Pu+Qv+Rw  =  mUj-(KU)  +  mv-j~(/cv)  +  mw  -j-  (kw), 

and  after  simple  algebraic  transformation  this  becomes 

d 


Pu+  Qv  +  Rw=  j (micC2). 


.(744). 


Thus  if  we  suppose  the  energy  of  the  electron  to  be  w/cC2  +  a  constant  we 
have  the  equation 

(Rate  of  doing  work)  =  (rate  of  increase  of  energy). 
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In  the  equation, 

Energy  =  m/cC2  +  cons (745), 

the  additive  constant  is  entirely  at  our  disposal.  If  we  take  it  equal  to  —  mC2, 
the  energy  is  given  by 

Energy  =  wC2(«-l)  (746), 

and  this  reduces  to  the  Newtonian  kinetic  energy  Jra  (u2  +  V2+  w2)  when  the 
velocity  is  small  compared  with  that  of  light.  But  it  is  generally  more  con- 
venient to  put  the  additive  constant  equal  to  zero,  so  that  the  energy  is  simply 
ttikG2.  This  may  be  regarded  as  representing  kinetic  energy  hiC2{k  —  1)  and 
intrinsic  electronic  energy  mC2. 


694.   Let  us  put 

r  =  mC2(l--)=mC2 

7)T' 
then  -=—  =  ttikU,  etc.  and  equations  (741)  become 


C2 


£(£H  £©-** 


These  are  analogous  to  the  classical  Lagrangian  equations  of  motion  of  a 
particle.  We  must  note,  however,  that  T'  is  not  the  kinetic  energy,  but  is 
equal  to  the  kinetic  energy  divided  by  k. 

Conservation  of  Mass,  Momentum  and  Energy. 

695.  In  denning  the  energy  of  an  electron  to  be  micC'2,  we  have  already 
arranged,  by  definition,  that  conservation  of  energy  shall  hold.  The  total 
energy  of  a  system  of  electrons  is  Sm/cC2,  and  from  equation  (744)  it  is  at  once 
apparent  that  if  no  work  is  done  from  outside  the  total  energy  remains 
constant. 

As  a  system  of  electrons  change  their  velocities  under  their  mutual  inter- 
actions, the  values  of  k  for  the  different  electrons  will  be  continually  changing. 
If  the  total  energy  remains  constant,  it  is  clear  from  equation  (745)  that  2m# 
must  remain  constant.  Thus  if  in  future  we  agree  to  define  the  mass  of  a 
moving  electron  as  ra/e — the  "transverse"  mass  of  §  664 — then  it  appears  that 
conservation  of  energy  will  imply  conservation  of  mass. 

The  full  principle  of  conservation  of  energy  states  that  as  energy  is  inter- 
changed between  different  modes  of  energy  the  sum  total  of  energy  always 
remains  constant.  Hence  in  order  that  the  sum  total  of  masses  shall  remain 
constant — i.e.  to  secure  complete  conservation  of  mass — it  is  necessary  that  all 
forms  of  energy  should  possess  mass,  and  energy  E  of  any  kind  whatever  must 
possess  mass  of  amount  E/C2. 

For  instance  suppose  that  a  system  of  electrons  of  energy  E,  and  therefore 
of  total  mass  2m«  equal  to  EjC2,  radiates  away  energy  of  amount  R.    The 
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final  energy  of  the  electrons  is  E-  R,  so  that  their  final  mass  is  E/C2-R/C2. 
But  the  radiation  possessing  energy  R  must  also  possess  mass  R/C2,  so  that 
the  total  mass  of  electrons  and  radiation  remains  equal  to  EIC2,  and  the  total 
mass  is  entirely  conserved. 

696.  Our  typical  electron  has  been  supposed  to  move  with  a  velocity  of 
components  U,  V,  w  relative  to  an  observer  S.  Let  us  suppose  its  velocity 
relative  to  a  second  observer  S'  to  be  u',  v'  w' ,  when  8'  moves  relative  to  £ 
with  a  velocity  u,  0,  0.  Then  the  two  sets  of  velocities  are  related  by  the 
kinematical  equations  (702)  and  (703)  of  §  679. 

Let  us  write 


=    1- 


u2  +  v2  +  w^ 


C2 

,       A,        U'2+v'2  +  w'2\ 

•-T c2 J 


Kq 


<*rZ> 


-k 


•(747), 


so  that  tc0  is  identical  with  the  k  of  §  679.    On  using  the  values  of  u',  v',  w' 
given  by  equations  (703),  we  find 

f        ll2\  f     _u*+  v2+  w^ 


so  that,  on  raising  each  side  to  the  powTer  —  \, 

K'  =  KKe(l-^j  (748), 

or,  again  using  the  first  of  equations  (703), 

k'u'  —  kk0  (u  —  ll). 

Multiplying  both  sides  by  m,  and  summing  over  all  the  particles  in  the 

field, 

l.'niKU'  =  k0  Hm/cU—  uk0  XniK. 

Let  M,  fix  denote  the  total  mass  and  total  ^-momentum  as  observed  by  S, 

and  let  M' ,  /xx'  denote  the  same  quantities  as  observed  by  S'.    Then  our 

equation  may  be  written 

fix  =k0ixx—uk0M (749). 

Similarly,  since  S  is  moving  relative  to  S'  with  a  velocity  —  u, 

fjix  =  K0fix'  +  uk0M (750). 
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If  the  total  energy  of  the  system  remains  constant  throughout  any  motion, 
M  and  M'  must  remain  constant,  so  that  /xx  and  /xx  necessarily  remain 
constant.    Thus  conservation  of  energy  implies  conservation  of  momentum. 

697.  As  a  particular  case,  let  us  suppose  the  velocity  of  the  axes  of  S' 
chosen  so  that  fix'  =  0.  Thus  S'  moves  with  the  centre  of  gravity  of  the  system, 
and  this  centre  of  gravity  moves  relative  to  S  with  a  velocity  u  along  Ox. 
Putting  fxx  =  0  in  equations  (749)  and  (750),  we  find 

fj,x  =  uM, 

M  =  k0M\ 

Thus  the  ^-momentum  observed  by  S  is  u  times  the  total  mass  observed 
by  S.  The  total  mass  observed  by  S  is  k0  times  the  total  mass  observed  by 
S'.  And,  if  we  take  the  energy  equal  to  MC2,  the  total  energy  observed  by  5 
is  k  times  the  total  energy  observed  by  S'. 

698.  Returning  to  the  analysis  of  §  696,  let  us  suppose  that  the  system 
emits  a  beam  of  radiation  along  Ox.  Let  the  energy  of  this  beam  as  estimated 
by  S  be  E,  so  that  its  mass  is  E/O2,  and  let  its  momentum  as  estimated  by  S 
be  Rx  along  Ox.  Let  accented  letters  denote  the  same  quantities  as  estimated 
by  S'.  Then  in  order  that  equation  (749)  may  be  true  both  before  and  after 
the  emission  of  the  radiation,  both  mass  and  momentum  being  assumed  to  be 
conserved,  we  must  have 

Rx'  =  k0Rx-uKoE/C2. 

This  equation  is  true  for  all  values  of  u.  Take  u  equal  to  C,  so  that  S' 
moves  with  the  beam  of  light.    Then  Rx  =  0,  and  the  equation  becomes 

i4  =  f (751). 

Thus  the  momentum  of  a  beam  of  light,  as  measured  by  any  observer 
whatever,  is  equal  to  (I/O)  times  its  energy.  Or,  again,  the  momentum  is 
equal  to  C  times  the  mass.  If  W  is  the  energy  of  the  beam  per  unit  volume, 
the  momentum  per  unit  volume  will  be  W/C,  and  the  flow  of  momentum  per 
unit  area  of  cross-section  will  be  C  times  this,  and  so  equal  to  W.  Thus  the 
pressure  of  radiation  is  equal  to  the  energy  per  unit  volume. 

This  result  was  obtained  in  §592c  as  a  consequence  of  the  hypothesis  that 
electric  action  was  transmitted  by  an  ether.  It  now  appears  that  the  result  is 
in  accordance  with  the  hypothesis  of  relativity,  and  can  be  deduced  as  a  direct 
consequence  of  this  hypothesis. 
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699.    In  free  space  the  fundamental  equations  (613)  and  (614)  of  p.  559 

assume  the  form 

4,-rrpU  a  ldX_dy_dJ3    ^         ^^ 


.(753). 


C     +  G  dt''   By     dz,etc 

\da_dZ__dY 

Cdi~dy~      dz,QtQ 

Multiply  these  six  equations  by  X,  Y,  Z,  —  a,  —  /3,  —  <y  respectively  and  add 
corresponding  sides.    We  obtain 

~p(Xu+Tv  +  Zyr)  +  ~^t(X'+Y'  +  Z'  +  ci'  +  l3'+7') 

Multiply  both  sides  by  C/4-7T  and  integrate  throughout  any  closed  space. 
Assuming  that  the  distribution  of  electric  density  p  arises  entirely  from 
electrons,  we  obtain 

d     ^///(X2  +  Yl  +  Z2  +  a2  +  @2  +  7")  dxdydz 


Xe(Xu+Yv  +  Zw)  + 


dt 


& 


G_ 

4>7T 

In  §  693,  we  put 


l(Yy-  Zj3)  +  m  (Za  -  Xy) +n(X/3-  Ya) 


v        w 

e  (X+^7  —  -^/3)  =  P,  etc. 


dS 


.(754). 


Multiplying  these  relations  by  u,  V,  w  and  adding  we  find,  after  a  further 
use  of  equation  (744), 

e(Xu+  Yv  +  Zw)  =  Pu  +  Qv  +  Rw  =  j  (vikC2). 
Thus  equation  (754)  becomes 


d 
dt 


Xm/cC2+  ^.jffiX2  +  Y*  +  Z*  +  a2  +  /32  +  r)  dxdy  dz~\ 

=  ^((  I  (Yy-Z/3)+..^,dS... (755). 


Now  let  the  closed  space  be  allowed  to  extend  to  infinity,  so  that  the 
integration  is  through  the  whole  of  space.  The  surface  integral  on  the  right 
of  equation  (755)  now  vanishes,  so  that  the  left-hand  member  must  also 
vanish.    In  other  words,  throughout  the  motion  of  the  system  of  electrons, 


2m«(72  + 


>7T 


(Z2  -1-  Y-  +  Z*  +  a2  +  yS2  +  r)  dxdydz  =  cons.  . .  .(756). 
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If  R  is  the  energy  radiated  away  from  a  system  of  electrons,  we  have 
already  had  the  relation 

XmrcC2  +  R  =  cons., 

whence  it  appears  that  the  volume-integral  in  (756)  must  represent  radiated 
energy. 

If  we  assume  the  radiated  energy  to  be  localised  in  space  according  to  the 
distribution  of  the  integral,  then  the  flow  of  energy  into  any  closed  surface 
must  be  represented  by  the  surface-integral  on  the  right  hand  of  equation 
(755),  and  this  flow  is  precisely  that  given  by  the  Poynting  Flux  of  §  576. 

700.  Again,  let  us  multiply  the  six  equations  (752)  and  (753)  by  0,  7, 
-/3,0,  Z,-Y  and  add.   We  obtain 


—  a 


dec     3/3      dy 


+  dJ3  +  dy\_x(dX  +  dY  +  d_Z\ 
dy      dz )         \dx       dy      dzj' 


\dx     dy      dz  J         \dx       dy 
Dividing  throughout  by  47r,  and  using  equations  (615)  and  (616),  this 


becomes 


P(x+l 

"  g^  +  aIc^-2® 

_  d 

dx 

1-  {X2  -  Fs  -  Z2  +  a?  -  /S2  -  72) 

07T 

a 

dy 

J(xfW 

d 
+  — 

cz 

~£(X*+.i)_ 

,(757). 


Integrating  through  a  closed  surface  as  before,  this  becomes 
Xe{x+^y-^)+^fJf(Yy-Z^dxdydz 

=  -jj  i-(^-F2-Z2  +  a2-/32-72)  +  ^:(ZF  +  a/3) 


+ 


n 


b7T 


(XZ  +  07)]  dS. 


Using  the  first  of  equations  (741),  the  left-hand  member  becomes 


dt 


5? 


mtcU+ 


^-cjjJ(Yy-Z/3)dxdydz), 


.(758). 


If  the  integral  is  taken  through  the  whole  of  space,  this  expression  must 
vanish,  so  that  the  quantity  inside  square  brackets  must  remain  constant. 
The  first  term  2m«i7  is  the  ^-momentum  of  the  electrons,  so  that  the  second 
term  must  represent  the  ^-momentum  of  the  emitted  radiation.  This  is 
identical  with  the  formula  found  for  the  momentum  in  the  ether  in  §  655 ;  it 
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has  now  been  obtained,  independently  of  the  assumption  of  an  ether,  as  a 
general  expression  for  the  momentum  of  radiation. 

If  we  assume  the  momentum  to  be  localised  in  space  according  to  the 
distribution  of  the  integral,  then  equation  (757)  can  be  interpreted  as  shewing 
that  there  is  a  flow  of  #- momentum  per  unit  area  at  any  point,  whose  com- 
ponents will  be  Pxx,  Pxy>  Pxz,  where 

PXX=~(X>-  Fa-^  +  aa-/S3-73), 

Pxy  =  ~(XY+a/3),etc. 

These  are  precisely  the  quantities  we  obtained  in  §  655  to  represent  the 
components  of  stress  in  an  assumed  ether.  On  the  relativity-theory,  they 
appear  in  a  much  more  general  way  as  representing  the  flow  of  momentum 
in  space. 

The  Existence  of  an  Ether. 

701.  Throughout  the  earlier  chapters  of  this  book,  we  treated  the  existence 
of  an  ether  as  a  working  hypothesis.  Maxwell  and  Faraday  appear  to  have 
had  no  doubt  that  the  ether  had  a  real  objective  existence,  but  no  proof  that 
it  exists  outside  our  own  minds  has  ever  been  obtained,  and  it  seems  best  to 
regard  it  merely  as  a  working  hypothesis,  to  be  discarded  if  it  is  found  to  lead 
to  contradictory  or  impossible  results,  and  to  be  retained  if  it  proves  to  be 
useful  as  well  as  self-consistent. 

The  considerations  which  have  seemed  to  favour  the  hypothesis  of  an 
objective  ether  are  mainly  the  following: 

(i)  That  light  and  other  forms  of  electromagnetic  action  are  propagated 
with  a  uniform  velocity  C,  which  is  most  naturally  interpreted  as  a  velocity  of 
propagation  in  a  medium  of  some  sort. 

(ii)  That  the  hypothesis  of  an  objective  ether  explains  electrical  forces 
with  comparative  simplicity  as  arising  from  systems  of  stresses  transmitted  by 
the  ether. 

(iii)  That  the  hypothesis  of  an  objective  ether  gives  a  simple  account 
of  electromagnetic  energy  as  being  the  energy  of  a  medium  in  a  state  of  strain 
and  stress. 

The  force  of  the  first  consideration  is  very  much  weakened  by  the  dis- 
covery, resulting  from  the  Michelson-Morley  experiment,  that  the  velocity  of 
propagation  is  the  same  for  an  observer  moving  through  the  supposed  ether  as 
for  one  at  rest.  We  have  seen  in  the  present  chapter  that  this  fact,  whether  we 
assume  an  ether  to  exist  or  not,  requires  us  to  adopt  systems  of  kinematics 
and  dynamics  which  are  different  from  the  old  classical  systems.  The  con- 
sequences of  these  new  systems  of  kinematical  and  dynamical  laws  are  found 
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to  be  confirmed  by  experiment.  If  they  had  not  been  confirmed,  we  should 
have  reached  an  impasse ;  the  circumstance  that  they  are  confirmed  provides 
no  definite  information  on  the  question  of  the  existence  of  an  ether.  But  the 
hypothesis  of  an  ether  is  weakened  to  this  extent,  that  the  theory  of  relativity 
has  shewn  that  the  results  in  question,  although  possibly  admitting  of  an  ex- 
planation in  terms  of  an  ether,  are  necessary  consequences  of  the  simpler 
supposition  that  phenomena  are  the  same  for  all  observers,  no  matter  with 
what  velocity  they  are  moving.  And  the  simplest  way  of  all  of  arranging  that 
phenomena  shall  be  the  same  for  all  moving  observers,  is  to  suppose  that  there 
is  no  ether  at  all ;  all  moving  observers  then  necessarily  stand  on  the  same 
footing,  for  there  is  no  fixed  framework  by  which  their  motion  can  be  estimated. 
The  hypothesis  that  there  is  an  ether  may  give  a  possible  explanation  of  the 
phenomena,  but  the  hypothesis  that  there  is  no  ether  provides  an  equally 
possible  and  very  much  simpler  explanation. 

If  we  still  wish  to  retain  the  hypothesis  of  an  ether  through  which  light 
and  electromagnetic  phenomena  are  propagated,  we  must  adjust  the  properties 
of  this  ether  to  agree  with  experiment.  Now  we  have  seen  (§  688)  that,  no 
matter  how  an  observer  and  a  source  of  light  move,  the  wave-surface  formed 
by  the  light  emitted  at  any  instant  will  be  a  sphere  having  the  observer  as  its 
centre.  If  the  observed  constant  velocity  of  light  is  simply  the  constant  velocity 
of  propagation  through  an  ethereal  medium,  it  would  seem  to  follow  that  each 
observer  must  carry  a  complete  ether  about  with  him.  This  at  least  robs  the 
ether  of  the  greater  part  of  its  reality.  We  cannot  quite  go  so  far  as  to  assert 
that  the  ether  is  reduced  to  a  subjective  imagination,  as  a  simple  analogy  will 
shew.  A  number  of  travellers  may  all  see  what  they  would  describe  in  ordinary 
language  as  being  the  same  rainbow.  The  angle  of  the  rainbow  would  be  the 
same  for  each  traveller,  and  no  amount  of  travelling  towards  the  rainbow  would 
cause  it  to  subtend  a  greater  angle.  If  the  travellers  compared  observations 
they  would  have  to  conclude  that  each  traveller  carried  his  own  rainbow  about 
with  him.  This  would  not,  however,  prove  the  rainbow  to  be  merely  a  sub- 
jective illusion ;  when  the  rainbow  disappeared  for  one  traveller  it  would 
disappear  for  all.  Considerations  such  as  we  have  mentioned  do  not  prove  in 
strictness  that  light  cannot  be  propagated  through  an  ether;  what  they  prove 
is  that  if  an  ether  exists,  it  must  be  something  very  different  from  the 
absolutely  objective  ether  imagined  by  Maxwell  and  Faraday. 

The  hypothesis  of  an  ether  shewed  great  aptitude  for  explaining  either 
electric  or  magnetic  forces  in  systems  at  rest ;  a  simple  system  of  pressures 
and  tensions  was  found  to  account  perfectly  for  the  observed  forces.  On  the 
other  hand  the  same  explanation  cannot  account  for  both  electric  and 
magnetic  forces  simultaneously.  If,  as  is  usually  assumed,  the  electric  forces 
are  accounted  for  by  simple  pressures  and  tensions,  then  some  other  ex- 
planation must  be  found  for  magnetic  forces,  and  the  hypothesis  of  ether- 
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stresses  loses  its  principal  advantage.  Further  it  has  been  found  that  the 
hypothesis  of  an  ether  at  rest  fails  entirely  to  account  for  the  forces  in 
systems  in  motion  (§  655).  To  account  for  these  forces,  it  appears  that  the 
ether  must  be  supposed  endowed  with  momentum.  On  the  relativity-theory 
also  we  have  seen  (§  700)  that  the  forces  can  be  explained  in  terms  of  a  flow 
of  momentum.  The  relativity-theory  has  thus  shewn  that  what  is  essential  to 
the  ethereal  explanation  is  not  the  ether  but  the  momentum  with  which  it  was 
supposed  to  be  endowed.  It  is  quite  easy  to  imagine  a  flow  of  momentum 
without  there  being  an  ether  to  carry  it,  and  the  conception  of  forces  and 
pressures  arising  from  a  flow  of  momentum  is  one  with  which  we  have  become 
familiar  in  other  branches  of  physics,  as  for  example  the  Kinetic  Theory  of 
Gases. 

Almost  similar  remarks  apply  to  the  interpretation  of  electromagnetic 
energy.  Stress  in  the  ether  would  account  quite  simply  for  either  electric  or 
magnetic  energy,  but  not  for  both.  Usually  the  energy  of  ethereal  stress  is 
regarded  as  electrostatic  energy,  so  that  kinetic  energy  of  the  ether  must  be 
invoked  to  account  for  magnetic  energy.  Again  the  ether  has  to  be  supposed 
endowed  with  motion,  but  the  motion  requisite  to  account  for  the  magnetic 
energy  is  something  quite  different  from  that  corresponding  to  the  momentum 
required  to  account  for  electromagnetic  forces.  So  far  from  the  ether  providing 
a  simple  explanation  of  all  phenomena,  it  is  found  that  highly  complex  pro- 
perties must  be  ascribed  to  it  in  order  to  account  for  electrical  and  magnetic 
properties  simultaneously. 

If  an  ether  existed,  it  would  provide  a  fixed  set  of  axes  relative  to  which  all 
positions  and  velocities  could  be  measured.  To  account  for  the  result  of  the 
Michelson-Morley  experiment,  it  would  be  necessary  to  postulate  a  real 
shrinkage  of  all  bodies  moving  through  the  ether.  This  shrinkage  could  not 
be  detected  by  mechanical  means,  for  a  measuring  rod  would  shrink  in  precisely 
the  same  ratio  as  the  body  to  be  measured,  but  it  could  be  detected  by  gravi- 
tational means  unless  every  gravitational  field  of  force  shrunk  in  just  such  a 
way  as  to  conceal  the  shrinkage  of  matter.  For  instance,  if  the  gravitational 
field  did  not  shrink,  the  geoid,  or  surface  of  mean  sea-level  on  the  earth,  might 
be  a  gravitational  equipotential  for  some  one  velocity  through  the  ether,  but 
could  not  remain  an  equipotential  as  the  earth's  velocity  through  the  ether 
changed  from  point  to  point  of  its  orbit.  Thus  we  might  anticipate  seasonal 
and  daily  tidal  surgings  as  a  result  of  the  earth's  motion  through  the  ether. 
No  such  events  are  observed.  It  is  true  that  even  if  these  occurred  the 
earth's  motion  through  the  ether  might  not  be  sufficiently  rapid  for  them  to 
be  capable  of  observation,  but  the  generalised  theory  of  relativity,  explained 
in  the  next  section,  makes  it  clear  that  such  events  could  not  be  observed 
whatever  the  earth's  motion  might  be.  There  is  no  longer  any  room  for 
reasonable  doubt  that  gravitational  phenomena  conform  to  the  relativity 
condition. 
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If,  then,  we  continue  to  believe  in  the  existence  of  an  ether  we  are 
compelled  to  believe  not  only  that  all  electromagnetic  phenomena  are  in  a 
conspiracy  to  conceal  from  us  the  speed  of  our  motion  through  the  ether,  but 
also  that  gravitational  phenomena,  which  so  far  as  is  known  have  nothing  to 
do  with  the  ether,  are  parties  to  the  same  conspiracy.  The  simpler  view  seems 
to  be  that  there  is  no  ether.  If  we  accept  this  view,  there  is  no  conspiracy  of 
concealment  for  the  simple  reason  that  there  is  no  longer  anything  to  conceal. 

Generalised  Relativity. 

702.  In  discussing  the  transmission  of  light-signals  in  §  675,  we  made  the 
assumption  that  light  travelled  in  straight  lines  with  uniform  velocity.  If 
space  and  time  were  known  to  be  uniform  throughout  their  whole  extent, 
no  such  assumption  would  be  needed;  the  uniformity  of  velocity  and  the 
straightness  of  path  would  be  direct  consequences  of  the  uniformity  of  time 
and  space. 

The  theory  of  relativity  has  however  developed  in  such  a  direction  that 
space  and  time  can  no  longer  be  supposed  to  be  everywhere  uniform.  In  the 
early  days  of  the  theory  it  was  noticed  that  Newton's  inverse-square  law  of 
gravitation  did  not  conform  to  the  relativity-condition,  and  in  1915  Einstein 
put  forward  a  theory  of  generalised  relativity  according  to  which  all  gravita- 
tional phenomena  are  the  consequences  merely  of  departures  from  uniformity 
of  time  and  space. 

According  to  Einstein's  theory,  the  properties  of  both  time  and  space  in 
the  neighbourhood  of  a  gravitating  mass  differ  from  those  in  regions  far 
removed  from  all  matter.  The  properties  of  space  in  the  latter  regions  can  be 
adequately  described  by  the  geometry  of  Euclid,  but  those  in  the  neighbour- 
hood of  gravitating  matter  need  a  new  geometry  for  their  description. 

In  ordinary  space,  as  described  by  Euclid's  geometry,  parallel  lines  never 
meet.  Other  geometries  and  other  spaces  can,  however,  be  imagined.  For 
instance,  two  lines  drawn  upon  the  earth's  surface,  through  two  points  on  the 
earth's  equator,  both  running  due  north,  and  so  running  exactly  parallel  to 
one  another,  will  ultimately  meet  in  a  point — the  North  Pole.  We  see  that 
the  geometry  of  a  spherical  surface  is  different  from  that  of  a  plane,  so  much 
so  that  almost  all  the  ordinary  theorems  of  Euclidean  geometry  fail  when 
applied  to  a  spherical  surface. 

The  geometry  required  by  Einstein's  gravitational  theory  is  much  less 
simple  than  the  spherical  geometry  we  have  just  used  as  an  illustration.  It  is 
not  concerned  with  two-dimensional  surfaces,  or  even  with  a  three-dimensional 
space.  It  is  concerned  with  a  four-dimensional  continuum,  of  the  type  con- 
sidered in  §  675,  in  which  three  space-coordinates  and  one  time-coordinate 
are  plotted  parallel  to  four  rectangular  axes.    In  the  neighbourhood  of  gravi- 
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tating  matter  this  four-dimensional  continuum  is  supposed  to  be  curved 
somewhat  in  the  way  in  which  the  earth's  two-dimensional  surface  is  curved. 
A  circle  of  diameter  1000  miles  drawn  round  a  point  on  the  earth's  surface 
will  not  have  a  circumference  of  10007T  miles,  as  it  would  be  if  the  circle  were 
drawn  on  a  plane,  but  of  only  about  997-77-  miles.  In  the  same  way,  according 
to  Einstein's  geometry,  the  circumference  of  a  circle  of  radius  r  drawn  about 
a  gravitating  mass  is  not  precisely  2irr,  but  is  less  by  a  fraction  which  is  pro- 
portional to  the  mass  and  falls  off  as  we  recede  from  it. 

As  a  consequence  of  the  special  geometry  of  a  spherical  surface,  it  is  not 
possible  to  draw  a  map  on  a  plane  surface  so  as  to  shew  all  the  parts  of  the 
earth's  surface  simultaneously  in  their  proper  shapes  and  relative  sizes.  This 
results  from  its  not  being  possible  to  select  coordinates  x,  y  on  the  earth's 
surface  such  that  the  element  of  length  ds  is  given  by 

ds2  =  dx2  +  dtf (759) 

at  all  points  of  the  surface.  The  simplest  coordinates  it  is  possible  to  select 
are  the  ordinary  6,  </>  of  spherical  polar  coordinates,  in  terms  of  which  the 
element  of  length  on  the  surface  of  a  sphere  of  unit  radius  is  given  by 

ds2  =  dd2  +  sin2  6 dcf>2    (7C0). 

According  to  Einstein's  generalised  relativity,  the  element  of  length  in  the 
four-dimensional  continuum  can  be  expressed  in  the  form* 

ds2  =  dx2  +  dy-  +  dz2  +  cZt2    (761) 

only  in  regions  which  are  far  removed  from  all  gravitating  matter.  This  form 
for  ds2  is  of  course  analogous  to  expression  (759)  for  the  value  of  ds2  on  a  plane 
surface.    As  in  §  675,  r  stands  for  iCt  where  i  =  «/(—  1). 

If  we  replace  t  by  its  value  iCt  and  transform  from  the  space  coordinates 
x.  y,  z  to  the  usual  spherical  polar  coordinates  r,  6,  (f),  equation  (761)  assumes 

the  form 

ds2  =  dr2  +  r2dd2  +  r2  sin2  6d(p2  -  C"-dt2 (762). 

Einstein's  theory  requires  that  in  the  neighbourhood  of  a  gravitating 
particle  of  mass  m,  equation  (762)  shall  be  replaced  by 

ds2  =      drl      +  r2  dd2  +  r2  sin2  ddd>2  -  C2  ( 1  -  ^)  dt2    . .  .(763). 
27 no  f  \        rO-  / 

l~7C2~ 

A  particle  describing  a  "geodesic"  or  most  direct  path — defined  by 
Sjds  =  0 — in  this  space,  can  be  shewn  to  change  its  coordinates  x,  y,  z,  t  in 
very  approximately  the  same  way  as  a  particle  describing  an  ordinary  ellipse 
or  hyperbola  in  ordinary  space  about  a  mass  m  under  a  law  of  attractive 
force  ym/r2.  The  agreement,  however,  is  not  quite  exact,  and  Einstein's  theory 
is  found  to  require  three  phenomena  which  were  not  predicted  by,  and  are  in 

*  In  technical  investigations  on  Relativity  -  tin*  is  usually  written  for  our  ds3. 
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fact  inconsistent  with,  the  classical  Newtonian  theory;  first,  the  perihelia  of 
all  the  planets  ought  to  advance  at  a  rate  which  should  be  easily  detected  in 
the  case  of  Mercury;  second,  light  passing  near  to  the  sun  ought  to  shew 
an  appreciable  deflection ;  and  third,  the  spectral  lines  emitted  in  a  strong 
gravitational  field  such  as  that  of  the  sun  ought  to  be  seen  shifted  slightly  to 
the  red  when  compared  with  the  corresponding  lines  emitted  in  the  weak 
gravitational  field  of  the  earth.  Of  these  three  phenomena,  the  first  had  been 
observed  by  Leverrier  long  before  any  explanation  was  forthcoming,  the  second 
was  observed  as  soon  as  it  was  looked  for,  first  in  the  solar  eclipse  of  1919  and 
subsequently  in  that  of  1923,  while  the  third  is  still  in  doubt,  on  account  of 
the  extreme  difficulty  of  the  observation  and  the  smallness  of  the  quantity  to 
be  measured.  But  the  quantitative  agreement  in  the  case  of  the  first  two 
phenomena  is  so  good  that  no  doubt  is  felt  as  to  the  substantial  truth  and 
accuracy  of  Einstein's  theory. 

In  brief  Einstein  supposes  a  particle  in  a  gravitational  field  to  describe  a 
straight  path  through  a  curved  space*  whereas  Newton  had  imagined  it 
to  describe  a  curved  path  through  a  straight  space.  Newton  imagined  the 
curvature  of  path  to  result  from  the  action  of  "forces"  which  emanated  from 
the  gravitating  mass,  and  tried,  although  without  success,  to  interpret  these 
forces  as  stresses  transmitted  by  a  gravitational  ether.  Einstein's  theory 
abolishes  the  conception  of  gravitational  "force"  and  so  escapes  altogether 
the  dilemma  of  having  to  suppose  these  forces  either  to  be  transmitted 
through  a  medium  or  by  direct  action  at  a  distance. 

WeyVs  Electromagnetic  Theory. 

703.  This  dilemma  of  action  through  a  medium  or  action  at  a  distance 
is  precisely  that  which  has  led  to  most  confusion  in  electromagnetic  theory 
(cf.  §  154).  If  it  can  be  avoided  in  gravitational  theory,  it  would  seem 
reasonable  to  hope  that  an  electromagnetic  theory  could  be  constructed  which 
should  also  avoid  it. 

This  has  in  actual  fact  been  attempted.  Weyl  in  1918,  followed  by  Ecldington 
in  1921,  shewed  that  Einstein's  geometry  is  far  from  being  the  most  general 
geometry  in  which  the  relativity-condition  is  satisfied.  In  the  expression 
(763)  which  specifies  the  element  of  length  ds  on  Einstein's  theory,  the 
coefficients  of  the  differentials  dr,  rd0,  r  sin  0d(f>  and  dt  are  functions  solely  of 
the  position  of  ds  in  space.    With  certain  conventions  as  to  the  meaning  and 

*  It  must  always  be  remembered  that  the  space  in  question  is  four-dimensional;  otherwise 
the  statement  appears  nonsensical.  It  would  be  absurd  to  say  that  the  approximate  semicircle 
described  by  the  earth  between  perihelion  and  aphelion  is  the  most  direct  path  between  these  two 
points;  it  is  only  when  the  six  months  interval  in  time  is  taken  into  account  that  the  statement 
begins  to  appear  reasonable.  We  can  get  rid  of  the  time-interval  by  supposing  the  particle  to 
move  with  infinite  velocity  in  which  case  the  path  becomes  a  straight  line  even  in  ordinary  three- 
dimensional  space. 
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method  of  the  measurement  of  length*,  we  may  deduce  from  this  expression 
that  the  length  of  a  measuring  rod  would  change  as  it  was  moved  about  from 
place  to  place  in  a  gravitational  field,  but  that  its  length  at  any  instant  would 
depend  solely  on  its  position  in  space.  Indeed  we  may  be  even  more  precise, 
for  the  coefficients  of  the  differentials  in  expression  (763)  all  depend  on  the 

single  quantity  1 j^  which  in  turn   depends  only  on  the  gravitational 

potential  ym/i~,  so  that  the  length  in  question  depends  only  on  the  gravi- 
tational potential  at  the  place. 

In  the  most  general  geometry  possible  in  a  space  of  coordinates  x,  y,  z,  r, 
a  measuring  rod  of  length  I  moved  parallel  to  itself  through  a  displacement 
dx,  dy,  dz,  dr  may  be  expected  to  experience  a  change  of  length  dl  defined  by 

dl  =  l(Fdx  +  Gdy  +  IIdz  +  Kdr) (764), 

where  F,  G,  H,  K  may  be  the  most  general  functions  of  the  position  of  the 
point.  If  the  rod  is  moved  from  one  point  P  to  any  other  point  Q  its  whole 
change  of  length  will  be  given  by 

\ogl-fi=[Q(Fdx  +  Gdy+Hdz  +  Kdr) (765). 

lp     J  p 

In  Einstein's  geometry,  Iq  and  lP  depend  only  on  the  positions  of  P  and  Q, 
so  that  the  integrand  on  the  right  is  necessarily  a  perfect  differential.  The 
condition  that  this  integrand  shall  be  a  perfect  differential  is  expressed  by 
the  six  equations 

dH_dG=Q 

dy       dz 

dx      dy        '      dz       dr 

In  Weyl's  geometry,  on  the  other  hand,  the  integrand  on  the  right  hand 
is  not  in  general  a  perfect  differential,  and  the  six  quantities  which  constitute 

*  Unfortunately  it  is  round  these  conventions  that  the  difficulties  of  the  subject  mainly  centre. 
It  is  meaningless  to  speak  of  a  measuring  rod  changing  its  length  unless  there  is  something  more 
absolute  against  which  it  can  be  measured,  and  the  complexities  of  the  theory,  especially  of 
Weyl's  theory,  turn  on  the  properties  of  the  imaginary  gauges  or  meshes  against  which  material 
objects  may  be  measured.  It  is  impossible  to  give  a  full  discussion  in  the  present  book.  The 
student  who  wishes  to  pursue  the  subject  further  may  be  referred  to 

Eddington,  Space,  Time  and  Gravitation. 

Eddington,  The  Mathematical  Theory  of  Relativity. 

Weyl,  Raum,  Zeit,  Materie  (French  Translation,  Temps,  Espace,  Matiere). 

It  ought  to  be  added  that  the  brief  sketch  in  the  present  book  follows  the  exposition  of  Eddington 
rather  than  that  of  Weyl. 


dK 

dF 

dx 

'  dr 

dK 

dG 

*y~ 

'  dr 

dK 

dH 

dz  " 

"3r 

.(766). 
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the  left-hand  members  of  equations  (766),  instead  of  vanishing,  have  values 
a,  b,  c,  d,  e,  f  so  that 


dG 


dH 

dy 

dF_dH  =  b 

dz       dx 


dG 

dx 


dF_ 

dy~C> 


dK 

dF 

■d 

dx 

dr 

dK 

dG 

dy 

dr  ~ 

■■  e 

dK 

dH 

-f 

dz  ' 

dr  ' 

.(767). 


704.    If  we  restore  its  value  iCt  to  r,  and  replace  K  by  ity  and  id,  ie,  if  by 
X,  Y,  Z,  the  system  of  equations  assumes  the  form 


dH 

dy 


dG 


~zt:  ~  ^z~  a>     —  ^Z~  n~^T  —  X 


dz 


dF_dH  =  b 
dz       dx 

dG_dF  = 
dx      dy 


dx 
dy 
dz 


ldF 


c  dt 

ldG 
C  dt 

ldH 

G  dt 


=  Y 


=  Z 


.(768). 


On  differentiating  the  three  equations  on  the  left  with  respect  to  x,  y,  z 
and  adding,  we  obtain 

da  .  db      do 


.(769). 


dx     dy     dz 

The  seven  equations  (768)  and  (769)  are  formally  identical  with  the  seven 
equations  from  which  we  proceeded  to  develop  the  general  equations  of  the 
electromagnetic  field  in  §  639.  Weyl's  electromagnetic  theory  supposes  that 
the  identity  is  one  not  only  of  form  but  also  of  reality;  he  supposes  an 
equation  of  the  form 

dl  =  Kl(Fdx+Gdy  +  Hdz-CVdt)    (770), 

to  connect  the  change  undergone  by  a  rod  on  displacement  with  the  three 
components  of  magnetic  vector  potential  F,  G,  H  and  the  electric  po- 
tential ^.  This  equation  is  identical  with  our  former  equation  (764)  except 
for  the  occurrence  of  the  constant  k  which  is  necessary  to  secure  that  F,  G,  H 
and  M*  shall  be  of  the  appropriate  physical  dimensions.  The  only  result  of 
introducing  this  factor  k  is  that  the  left-hand  member  of  equation  (765)  must 
be  replaced  by 

-l°gf> 

K  Vp 

after  this  k  disappears  and  we  reach  equations  (768)  and  (769)  as  before.  We 
see  that  on  Weyl's  theory  the  values  of  F,  G,  H,  ^  at  any  point  are  determined 
by  the  rate  at  which  a  unit  measuring  rod  changes  its  length  as  it  passes 
through  the  point. 

On  Weyl's  theory  a  material  body  has  no  permanent  size  associated  with 
it.    By  many  this  has  been  regarded  as  an  objection  to  the  theory.     The 
j.  40 


626  The  Theory  of  Relativity  [ch.  xx 

various  attempts   which   have  been  made  to  avoid  it,  while  retaining  the 
obvious  advantages  of  the  theory,  can  hardly  be  discussed  here. 

705.  From  equations  (768)  and  (769)  it  is  easy  to  develop  the  whole  of 
the  classical  electromagnetic  theory. 

We  notice  first  that  equations  (768)  are  identical  with  the  six  equations 
(767)  which  form  a  system  symmetrical  with  respect  to  the  four  coordinates 
x,  y,  z,  t.  This  of  course  ensures  that  the  equations  satisfy  the  relativity 
condition.  The  first  three  of  this  system  of  six  equations  contain  only  the 
three  coordinates  x,  y,  z;  t  is  entirely  absent  from  this  set  of  three.  From  the 
set  of  three  equations  from  which  r  was  absent  we  obtained  equation  (769). 
From  the  corresponding  three  sets  of  equations  from  which  x,  y  and  z  in  turn 
are  absent,  it  is  of  course  possible  to  obtain  three  other  equations  of  similar 
type.   These  are  found  to  be 


1  da 

dZ 

dY\ 

Cdt 

dy 

dz 

ldb 

dX 

dZ\ 

"dxi 

Cdt'' 

dz 

ldc 

dY 

dX 

Cdt" 

dx 

dy) 

.(771), 


which  are  simply  Maxwell's  equations  of  current  induction  (cf.  §  574). 

On  differentiating  the  three  equations  on  the  right  of  the  system  (768) 
with  respect  to  x,  y,  z  and  adding,  we  find 

dx    dY   d_z_    /W    w    3^\     n/a/    d_G    dm    m 

lte+dy  +  dz~     [dx*  +  dy*  +  dz'  J      C dt\dx+  dy  +  dz  )  "'( '" 
Precisely  as  in  §  640,  it  can  be  shewn  that  F,  G,  H  and  M*  are  not  uniquely 
determined  when   the   electric   and   magnetic  forces  are  given.    We  again 
suppose  them  to  conform  to  the  additional  equation  (643),  namely 

dF     d_G     dH_      18t  7 

dx+  dy+  dz~     C  dt     (       }' 

which  was  imposed  on  them  before.  This  equation  satisfies  the  relativity 
condition,  being  symmetrical  in  the  four  coordinates  x,  y,  z,t\  in  terms  of 
the  notation  used  in  equation  (764)  it  has  the  form 

dF     dG     dH     dK  = 

dx      dy       dz       dr 

and  so  expresses  that  the  vector  (F,  G,  H,  K)  is  of  zero  divergence. 
If  we  now  introduce  p,  defined  by 

dX     dY     dZ     .  ._., 

dx-+dy^+Yz=^   <774)' 

equation  (772)  assumes  the  form 

82^     d2^T     d2S¥      U2f         .  /lyl_ex 

w+-df  +  ~^~c:^  =  ~    p   (     }' 
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of  which  the  solution,  obtained  as  in  §  645,  is 

^=mW\dxdydz    (776)^ 

Since  our  equations  have  all  satisfied  the  relativity  condition,  these 
formulae  must  remain  true  for  any  rotation  of  the  axes  in  the  x,  y,  z,  t  space. 
Writing 

4     dx*    df  "*"  dz-    C2  dt* ' 

we  notice  that  V42  in  terms  of  the  coordinates  x,  y,  zy  t  assumes  the  form 

4  ~  dx*  +  dy"  +  dz* +  dr* ' 
which  is  obviously  invariant  for  any  rotation  of  the  axes. 

Let  us  now  take  equation  (775)  which,  in  x,  y,  z,  r  coordinates,  has  the 
form 

V42^  =  -4ttp     (777), 

and  transform  to  a  new  set  of  orthogonal  axes,  obtained  by  rotating  the  old 

axes  in  the  x,  y,  z,  r  space.    As  has  just  been  seen  the  operator  V42  will  be 

the  same  in  the  new  axes  as  in  the  old.    M*  is  the  component  along  the  axis 

of  t  of  the  vector 

-iF,  -iO,  -%H,  -iK, 

while  p  is  the  corresponding  component  of  the  vector 

dx        dy        dz 
PTt>    PTt'    Pd~r'P 
or  of  the  vector 

.    u         .    v         .    w 
-1Pq>    ~~1Pq>    ~lP  Jj>  P' 

where   V,   v,   w  are  the  components  of  velocity  of  p.    Thus  after  transfor- 
mation, equation  (777)  becomes 

V,2  (-  ikF -  il2 G  - il3H  +  l^Y)  =  -  4tt  (-  ip  ^  k  -  ip  ^l2-  ip  ^k  +  p)  , 

where  l1}  l2,  l3,  I4,  are  the  direction  cosines  of  the  old  axis  of  r. 

Since  this  equation  must  be  true  for  all  values  of  l1}  l2)  l3  and  l4,  we 
deduce  at  once 

V42JP=-47rpg    (778), 

and  two  similar  equations.    Returning  to  the  coordinates  x,  y,  z,  t,  these 

assume  the  form 

d*F     d*F     d2F      1  d2F         .      u  ,,___. 

dx*  +  df  +  ^~VW=~      P~G    (       l 

and  similar  equations   in  G  and  H.    These   together  with  equation  (775) 
constitute  the  equations  of  propagation  of  the  four  potentials  F,  G,  H,  AF. 

40—2 
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By  direct  solution  of  equation  (779)  we  obtain  the  value  of  F  in  the  form 

F  =  jjj[Pu]dx^dydz  (780X 

with  similar  equations  for  G  and  17. 

Using  equations  (779)  and  (768)  we  find 

1  dn~V      (&F     c*F     &F\ 
~~GdxJt~\d^  +  dy2 +  dz*  J ' 

and,  by  use  of  equation  (773),  this 

~  dx  [dx  +  dy      dz)      \da**  dy*  +  dz*  J 

_d_(d_G_dF\      d_(dF_dE\ 
dy\bx      dy)      dz\dz       dx  J 

=  £-f    (781), 

dy     dz 

giving  Maxwell's  equations  of  magnetic  force. 

Differentiating  this  and  the  two  similar  equations  with  respect  to  x,  y,  z 
and  adding,  we  obtain,  by  the  use  of  equation  (774), 

d  ,     .       d  ,     .       d  ,      .      dp      _ 

which  is  the  equation  of  continuity  (cf.  §  622),  shewing  that  electric  charges 
have  a  permanent  existence. 

706.  Einstein's  gravitational  theory  was  accepted  as  soon  as  the  phenomena 
it  predicted  in  opposition  to  the  classical  Newtonian  theory  were  actually 
observed.  It  is  impossible  for  Weyl's  electromagnetic  theory  to  establish  itself 
in  a  similar  manner  since  the  phenomena  it  predicts  are  precisely  identical 
with  those  of  the  classical  theory  of  Maxwell.  As  a  direct  observational  test 
is  impossible,  Weyl's  theory  can  only  be  judged  by  its  inherent  plausibility. 
It  may  be  said  to  be  the  only  theory  at  present  in  the  field,  Maxwell's 
mechanism  of  stresses  and  strains  in  an  ether  having,  for  all  practical  purposes, 
received  its  deathblow  by  the  establishment  of  the  restricted  relativity 
theory.  In  its  favour  may  be  said  that  it  gives  a  consistent  account  of 
electromagnetic  phenomena  on  lines  which,  in  view  of  the  convincing  experi- 
mental confirmation  obtained  for  the  parallel  theory  of  gravitation,  must  be 
admitted  to  be  in  accordance  with  the  general  workings  of  nature.  The 
principal  objection  which  can  be  brought  against  it  has  already  been  men- 
tioned (§  704). 


CHAPTER  XXI 

THE  ELECTRICAL  STRUCTURE  OF  MATTER 

707.  By  the  end  of  the  nineteenth  century,  it  was  generally  believed  that 
all  physical  phenomena,  with  the  possible  exception  of  gravitation,  were  of 
electric  origin.  Associated  with  this  was  the  belief  that  matter  was  a  purely 
electrical  structure.  Positive  and  negative  charges,  arranged  in  combination 
in  different  ways,  were  supposed  to  give  rise  to  all  the  various  kinds  of  matter 
in  the  universe,  changes  in  the  positions  and  arrangements  of  these  charges 
being  regarded  as  the  origin  of  all  the  phenomena  of  physics  and  chemistry. 

Various  conjectures  were  made  as  to  the  actual  arrangement  of  the  positive 
and  negative  charges  in  matter,  but  positive  knowledge  was  only  obtained 
when  the  new  experimental  methods  made  available  by  the  discovery  of 
radioactive  substances  were  brought  into  action. 

708.  The  special  properties  of  radioactive  substances  originate  from  their 
spontaneously  and  continuously  emitting  rays  of  various  kinds.  If  a  beam  of 
the  emitted  rays  is  allowed  to  traverse  a  strong  magnetic  field,  it  is  found  to 
be  split  up  into  three  distinct  beams,  two  of  which  are  deflected  in  opposite 
directions,  while  the  third  passes  straight  on.  The  three  types  of  rays  in 
these  three  beams  are  known  as  a  rays,'  /?  rays  and  7  rays  respectively.  We 
have  seen  (§  631)  that  a  charged  electric  particle  traversing  a  magnetic  field 
will  describe  a  circle  of  radius  vmC/eH.  The  curvature  of  the  paths  of  the 
a  rays  is  found  to  be  the  same  as  if  the  rays  were  positively  charged  particles, 
that  of  the  paths  of  the  /3  rays  is  curved  as  though  they  were  negatively 
charged  particles,  while  the  absence  of  curvature  of  the  paths  of  the  7  rays 
suggests  that  they  are  not  charged  particles  at  all.  The  charges  can  be  measured 
by  shooting  the  rays  into  an  electrometer.  It  is, found  that  the  a  rays  are 
rapidly  moving  particles  each  with  a  positive  charge  equal  to  twice  the  charge 
on  an  electron,  and  with  a  mass  almost  exactly  equal  to  that  of  the  helium 
atom.  The  /3  rays  prove  simply  to  be  negative  electrons  moving  with  velocities 
comparable  with  that  of  light.  The  7  rays  are  found  to  be  radiation  of  the 
same  general  nature  as  light  or  X-rays,  but  of  exceedingly  short  wave-length. 

If  a  thin  piece  of  metal  foil  is  placed  in  the  path  of  a  beam  of  a  particles, 
the  majority  of  the  particles  pass  through  without  their  paths  shewing  any 
appreciable  deflection,  but  a  small  fraction  of  the  total  number  are  substantially 
deflected.  From  experiments  under  varied  conditions,  the  deflections  are  found 
to  be  such  as  would  be  expected  if  only  isolated  small  areas  of  the  foil  had 
the  power  of  appreciably  deflecting  the  particles,  and  the  number  of  such 
areas  is  found  to  be  equal  to  the  number  of  atoms  in  the  foil.  Moreover  the 
deflections  observed  are  precisely  those  which  would  be  expected  if  each  of 
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these  areas  had  at  its  centre  a  fixed  particle  which  repelled  the  a  particle 
according  to  the  law  of  the  inverse  square  of  the  distance. 

Investigations  of  this  type  led  Sir  E.  Rutherford  to  put  forward  in  1911  a 
theory  of  the  structure  of  the  atom,  generally  known  as  the  nuclear  theory, 
which  has  stood  the  test  of  time  and  has  now  won  universal  acceptance. 
According  to  this  theory,  an  atom  consists  of  a  positively  charged  central 
nucleus  surrounded  by  a  number  of  negative  electrons,  the  charge  on  the 
central  nucleus  being  such  that  the  total  charge  of  the  atom  is  zero. 

The  simplest  atom  is  the  hydrogen  atom,  consisting  of  only  one  electron 
and  the  positive  nucleus.  If  —  e  is  the  charge  of  an  electron,  that  of  the 
positive  nucleus  of  the  hydrogen  atom  is  of  course  +  e.  Next  in  order  comes 
the  helium  atom  consisting  of  two  electrons  and  a  positive  nucleus  of  charge 
+  2e.  This  positive  nucleus  is  found  to  be  exactly  identical  with  the  a  particles 
of  radium  radiations. 

With  insignificant  exceptions  chemical  elements  are  known  having  re- 
spectively 1,  2,  3,  ...  electrons,  and  consequently  nuclei  of  charges  +e,  +2e, 
4-  Se,  ...,  up  to  60  electrons  and  a  nuclear  charge  +  60e  (Neodymium).  After 
this  gaps  appear  in  the  sequence,  which  appears  to  end  altogether  at  Uranium 
with  92  electrons  and  a  charge  +  92e.  The  number  which  fixes  the  position 
of  an  element  in  this  sequence  is  called  its  "atomic  number";  for  the  elements 
of  low  atomic  number,  the  atomic  number  is  approximately  equal  to  half  the 
atomic  weight.  The  first  few  elements  with  their  atomic  numbers  are  as 
follows : 


Atomic 
Number 

1 

2 

Element 
Hydrogen 
Helium 

Atomic 
Weight 

1-008 

4 

Isotopes 

3 

Lithium 

6-94 

6,7 

4 
5 

Beryllium 
Boron 

9-02 
10-82 

10,  11 

6 

Carbon 

12 

7 

Nitrogen 

1401 

8 
9 

Oxygen 
Fluorine 

16 
19 

10 

Neon 

20-2 

20,  22 

11 

Sodium 

23 

12 

Magnesium 

24-32 

24,  25,  26 

13 

Aluminium 

26-96 

14 

Silicon 

28-06 

28,  29,  30 

15 
16 
17 

Phosphorus 

Sulphur 

Chlorine 

31-02 
32-06 
35-46 

35,  37 

18 
19 

Argon 
Potassium 

39-88 
39-10 

36,  40 
39,41 

20 

Calcium 

40-07 

40,  44 

709.    As  we  have  seen  the  mass  of  the  negative  electron  is  9"00  x  10-28 
grammes.    The  mass  of  the  hydrogen  atom  is  about  1845  times  this,  so  that 


708-710]  The  Electrical  Structure  of  Matter  631 

the  nucleus  has  about  1844  times  the  mass  of  the  electron.  In  the  helium 
atom  the  mass  of  the  nucleus  is  about  7320  times  the  mass  of  a  single  electron 
and  so  outweighs  the  two  attendant  electrons  in  the  ratio  of  about  3660  to  one. 
As  the  ratio  of  atomic  weight  to  number  of  electrons  is  about  the  same  in  all 
elements  except  hydrogen,  it  follows  that  in  all  elements  other  than  hydrogen 
only  about  one  part  in  3660  of  the  total  mass  resides  outside  the  central 
nucleus.  For  most  purposes  we  may  think  of  the  centre  of  gravity  of  an  atom 
as  coinciding  with  its  nucleus. 

Assuming  the  mass  of  the  negative  electron  to  be  wholly  electromagnetic, 
we  have  seen  that  its  radius  must  be  of  the  order  of  2  x  10~13  cms.  If  the  mass 
of  the  nucleus  also  is  wholly  electromagnetic,  its  radius  must  be  much  smaller 
than  that  of  the  negative  electron;  that  of  the  nucleus  of  the  hydrogen  atom, 
for  instance,  would  be  about  10-16  cms.  There  is  direct  evidence  that  the 
nucleus  is  exceedingly  small,  experiments  on  the  scattering  of  a  rays  having 
shewn  that  a  particles  can  pass  within  2  x  10-13  cms.  of  the  centre  of  an 
atomic  nucleus,  and  yet  be  deflected  in  accordance  with  the  ordinary  law  of 
the  inverse  square. 

These  figures  shew  that  both  nuclei  and  electrons  are  very  small  in  com- 
parison with  atoms.  The  hydrogen  atom  whose  radius  is  approximately 
0*53  x  10-8  cms.  is  made  up  of  only  two  constituent  parts,  each  of  radius 
2  x  10-13  cms.  or  less.  Since  a  positive  and  a  negative  charge  cannot  stand  in 
statical  equilibrium  at  a  distance  apart  equal  to  several  thousands  of  times 
the  radius  of  either,  we  must  suppose  that  the  two  charges  maintain  their 
distance  as  a  consequence  of  orbital  motion.  The  negative  electron  does  not 
fall  onto  the  positive  electron  for  the  same  reason  for  which  the  earth  does 
not  fall  onto  the  sun.  In  many  respects  an  atom  may  be  compared  to  a  solar 
system,  the  heavy  positive  nucleus  at  the  centre  of  the  atom  representing  the 
sun  and  the  electrons  representing  planets,  the  law  of  force  between  the 
nucleus  and  the  electrons  being  the  same  as  that  between  sun  and  planets, 
namely  a  force  of  attraction  varying  as  the  inverse  square  of  the  distance. 

710.  According  to  the  analysis  of  §  650,  a  negative  electron  describing  an 
orbit  about  a  nucleus  must  radiate  energy.  If  E,  e  are  the  charges  on  the 
nucleus  and  electron  respectively,  and  m  the  mass  of  the  electron,  the  ac- 
celeration of  the  electron  towards  the  nucleus  is  Ee/mr2,  while  the  acceleration 
of  the  nucleus  may  be  neglected  in  comparison,  on  account  of  its  much  greater 
mass.    From  formula  (663),  the  rate  of  emission  of  radiation  per  unit  time  is 

^[{Xeur  +  (tevy  +  ^ewy}  =  w^?  (782). 

For  the  hydrogen  atom,  consisting  only  of  one  electron  and  a  nucleus 
of  equal  charge,  we  may  put 

E=  -  e=  4-774  x  10"10  el.  stat.  units, 
r  =  0"53  x  10~8  cms., 
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from  which  the  rate  of  radiation  is  found  to  be  0*46  ergs  per  second.  As  a 
result  of  this  loss  of  energy,  the  radius  of  the  orbit  ought  to  decrease.  When 
the  radius  is  r,  the  energy  of  the  orbit  is  readily  fouud  to  be  —  e2J2r,  so  that 
the  rate  of  decrease  of  energy  is 

e2  dr 
~2?  di' 

Putting  this  equal  to  0"46  ergs  a  second,  we  find  that  —  dr/dt  must  be 
equal  to  about  112  cms.  a  second.  Since  the  radius  of  the  orbit  initially  is 
only  0'53  x  10-8  cms.,  the  distance  between  the  two  constituents  of  the 
hydrogen  atom  ought  to  vanish  altogether  in  a  fraction  of  a  millionth  of  a 
second. 

Even  in  the  light  of  common  sense  such  a  conclusion  is  preposterous ;  it 
is  more  so  in  the  light  of  exact  knowledge.  So  far  as  we  know  all  hydrogen 
atoms,  no  matter  how  or  where  selected,  are  identical  structures,  all  giving 
the  same  spectrum  and  all  having  precisely  the  same  radius  except  for  a 
reservation  which  will  shortly  be  explained.  There  is  not  the  slightest 
indication  of  any  secular  change  in  their  properties,  and  a  change  of  the 
rapidity  of  that  just  calculated  is  utterly  out  of  the  question. 

The  conclusion  to  which  we  are  driven  is  not  merely  that  a  normal 
hydrogen  atom  of  the  type  we  have  been  considering  does  not  radiate  as 
rapidly  as  is  predicted  by  equation  (782),  but  that  it  does  not  radiate  at  all. 
In  some  way  the  whole  theory  which  has  led  to  the  conclusion  that  an 
accelerated  electron  must  radiate  energy  is  in  need  of  amendment. 

711.  This  discovery,  if  it  stood  alone,  would  be  extremely  disconcerting. 
In  actual  fact  it  does  not  stand  alone ;  it  is  only  one  of  a  long  series  of 
discoveries,  each  of  which  has  indicated,  with  very  little  room  for  doubt,  that 
the  classical  mechanics  of  Newton  and  the  classical  electrodynamics  of  Maxwell 
both  fail  when  applied  to  atomic  phenomena.  Since  the  beginning  of  the 
present  century  the  need  has  been  recognised  for  a  wholly  new  system  of 
dynamics,  such  as  shall  be  applicable  to  physical  phenomena  on  atomic  and 
sub-atomic  scales,  and  shall  merge  into  the  Newtonian  and  Maxwellian 
dynamics  in  the  case  of  larger  scale  phenomena.  In  spite  of  much  labour, 
this  system  of  dynamics  has  not  yet  been  found  in  its  entirety.  Fragments 
are  known  with  fair  certainty,  although  it  is  of  course  impossible  to  feel 
absolute  confidence  in  any  part  of  the  system  until  the  whole  has  been  pieced 
together  and  seen  to  form  a  consistent  structure.  Fortunately  the  parts 
which  are  known  with  the  nearest  approximation  to  certainty  are  precisely 
those  which  are  necessary  in  the  discussion  of  the  subject  of  the  present 
chapter,  the  electrical  structure  of  matter. 

712.  In  discussing  the  motion  of  a  dynamical  system  as  predicted  by  the 
classical  mechanics,  the  usual  procedure  is  to  start  from  the  general  equations 
of  motion,  which  are  differential  equations  of  the  second  degree,  and  attempt 
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in  the  first  place  to  discover  one  or  more  first  integrals  of  these  equations. 
In  many  problems,  for  instance,  the  equations  of  energy  and  of  linear  and 
angular  momentum  figure  as  first  integrals  of  the  equations  of  motion.  Each 
time  a  first  integral  is  derived  from  the  equations  of  motion  a  constant  of 
integration  is  introduced,  different  values  of  this  constant  representing  different 
states  of  the  dynamical  system.  Under  the  classical  mechanics  these  constants 
of  integration  could  usually  have  any  value  we  chose  to  assign  to  them,  or, 
if  this  was  not  possible,  there  was  at  least  a  finite  continuous  range  of  values 
open  to  each  constant  of  integration. 

The  distinguishing  feature  of  the  new  dynamics  is  that  there  are  no  longer 
continuous  ranges  of  values  open  to  the  constants  of  integration,  but  only 
certain  definite  discrete  values.  Generally  speaking,  the  values  available  for 
each  constant  of  integration  are  an  infinite  set  associated  with  the  natural 
integers  1,  2,  3,  ...  as,  for  instance,  the  set  of  values  obtained  by  taking 
integral  multiples  of  a  given  constant.  Thus  the  constants  of  integration 
shew  a  sort  of  atomicity. 

A  parallel  can  be  found  in  the  atomicity  of  electricity.  In  the  earlier 
chapters  of  this  book,  we  treated  electric  charges  as  being  capable  of  con- 
tinuous variation;  for  instance,  in  calculating  the  energy  of  a  condenser  in 
§  97  we  treated  the  electric  charge  e  as  changing  continuously  and  integrated 
with  respect  to  de.  In  actual  fact  we  know  that  in  charging  a  condenser,  the 
charge  must  move  by  whole  electrons  at  a  time.  The  procedure  of  treating 
the  charge  as  capable  of  continuous  variation  was,  nevertheless,  legitimate  so 
long  as  we  were  dealing  with  charges  of  billions  of  electrons;  our  step  de 
could  be  quite  insignificant  in  comparison  with  the  total  value  of  e,  although 
representing  perhaps  a  million  electrons.  The  same  procedure  would,  how- 
ever, lead  to  disastrous  errors  if  it  were  followed  in  problems  of  atomic  physics. 
An  atom  normally  is  an  electrically  neutral  structure,  the  total  charge  of  the 
positive  nucleus  and  the  negative  electrons  being  zero.  It  is  possible  to 
charge  it  positively  by  withdrawing  one,  two,  three  or  more  electrons.  Thus 
the  atom  can  have  a  positive  charge  E,  but  E  is  restricted  to  having  the 
discrete  values  e,  2e,  Se,  ...  etc.;  it  may  not  be  regarded  as  capable  of  con- 
tinuous variation. 

In  precisely  the  same  way,  although  for  reasons  not  clearly  understood, 
the  constants  of  integration  in  the  new  dynamics  are  limited  to  definite 
discrete  values  which  may  perhaps,  in  a  similar  manner,  be  integral  multiples 
of  a  fundamental  constant.  It  may  for  instance  be  possible  for  a  constant 
of  integration  to  have  any  one  of  the  values  0,  c,  2c,  3c,  ...  but  no  more 
possible  for  it  to  have  the  values  he  or  |c  than  it  is  possible  for  an  atom  to 
carry  the  charges  \e  or  |e. 

There  is  a  further  difference  between  the  new  dynamics  and  the  old. 
Under  the  old  dynamics  a  constant  of  integration  was  a  true  constant,  and 
retained  its  value  absolutely  unchanged  until  the  conditions  of  the  problem 
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altered.  The  new  dynamics  has  no  knowledge  of  such  absolute  constancy. 
If  a  constant  of  integration  can  have  any  one  of  the  values  c,  2c,  3c,  ...  and 
has  one  of  these  values,  say  2c,  at  a  given  instant,  there  is  a  possibility  of  its 
value  taking  a  jump  from  the  value  2c  to  some  other  value.  It  is  usual  to 
think  of  these  jumps  as  occurring  absolutely  spontaneously,  although  this 
conception  is  probably  only  a  cover  for  our  ignorance  of  some  underlying 
mechanism. 

The  new  mechanics  was  originally  developed  by  Planck  and  others  from  a 
study  of  the  phenomena  of  black-body  radiation.  In  1913  Prof.  N.  Bohr 
applied  the  new  system  to  the  problem  of  atomic  motions  and  was  led  to 
a  theory  of  the  nature  of  these  motions  which  gained  immediate  acceptance 
and  which  has  stood  the  test  of  time.    This  theory  we  shall  now  explain. 

Bohr's  Theory. 

713.  Let  us  consider  the  simplest  case  of  a  single  electron  of  charge  e 
describing  an  orbit  about  a  nucleus  of  charge  E,  which,  on  account  of  its 
much  greater  mass,  is  treated  as  a  fixed  centre  of  force.  In  ordinary  polar 
coordinates  the  equations  of  motion  of  the  electron  are 

eE 
m{r-r82)  =  -~ (783), 

™jt(r20)  =  0    (784). 


Equation  (784)  at  once  yields  the  integral 

mr20  -=cons (785), 

but  in  accordance  with  the  principles  just  explained,  we  may  not  suppose  all 
values  to  be  permissible  for  the  constant  on  the  right.  We  shall  suppose 
that  it  is  restricted  to  being  an  integral  multiple  of  a  fundamental  constant 
which,  to  agree  with  an  established  notation,  we  shall  denote  by  hjlir.  Thus 
equation  (785)  must  be  written  in  the  form 

mr20=Th/2>ir     (786), 

where  r  is  an  integer.  Using  this  value  for  6  to  eliminate  the  angle  0  from 
equation  (783),  we  obtain 

1    frhy     eE  ,HoH. 


r3m  \27r/        r 
which,  on  integration  with  respect  to  r,  yields  the  integral 


•2    ,  1       fTh 

r2m  \zir 


eE 
-—  =  cons (788). 


Utilising  equation  (786),  this  assumes  the  form 


eE 
£??i(r2  +  r202) =  cons (789), 
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which  is  at  once  seen  to  be  the  integral  of  energy,  but  again  the  constant  on 
the  right  must  be  restricted  to  certain  definite  values,  just  as  was  the  case 
with  the  right-hand  member  of  equation  (785). 

714.  Before  proceeding  to  the  comparatively  complicated  general  case, 
let  us  consider  the  simple  problem  of  circular  orbits.  Assuming  that  circular 
orbits  are  possible,  these  will  be  obtained  by  putting  r  =  0  in  equation  (787) 
giving 


T2/l2 


r=i^s <70O>- 

As  has  been  seen,  the  hydrogen  atom  consists  of  a  single  electron  describing 
an  orbit  about  a  nucleus  of  charge  e,  while  the  helium  atom  consists  of  two 
electrons  describing  orbits  about  a  nucleus  of  charge  2e.  Thus  on  putting 
E=e  the  foregoing  analysis  is  applicable  to  a  normal  hydrogen  atom,  while 
on  putting  E  =  2e  it  becomes  applicable  to  a  helium  atom  from  which  one 
electron  has  been  removed — i.e.,  to  a  positively  charged  helium  atom  of 
charge  e. 

Thus  the  circular  orbits  in  both  these  atoms  are  obtained  by  giving 
various  integral  values  to  t  in  equation  (790).  The  radii  of  the  various 
circular  orbits  which  are  possible  for  either  atom  are  seen  to  be  proportional 
to  the  squares  of  the  natural  numbers,  and  so  to  1,  4,  9,  16,  25,  ...,  while  the 
radii  possible  for  the  positively  charged  helium  atom  are  exactly  half  those 
which  are  possible  for  the  hydrogen  atom. 

715.  Mention  has  already  been  made  of  the  possibility  of  what  appear  to 
be  spontaneous  jumps  taking  place  in  the  values  of  the  constants  of  integra- 
tion, and  therefore  also  in  the  value  of  t  in  equation  (790).  We  proceed  to 
discuss  these  changes. 

Corresponding  to  the  values  of  r  and  6  determined  by  equations  (786) 
and  (790),  the  negative  energy  W  of  a  circular  orbit  is  found  to  be  given  by 

W  =  -lmr*6*  +  —  =       ^h%      (791). 

The  values  of  W  form  a  discrete  series,  proportional  to  the  inverse  squares 
of  the  natural  numbers.  If  a  spontaneous  change  occurs  in  t  it  can  only  be 
from  a  higher  value  of  t  to  a  lower  value,  since  any  change  in  the  reverse 
direction  would  lessen  the  value  of  W  and  so  increase  the  energy  of  the 
system.  If  Ta  is  greater  than  t2,  both  Tj  and  t2  being  integral  numbers,  a 
spontaneous  jump  from  t  =  tx  to  t  =  t2  results  in  the  system  losing  energy  of 
amount 

27r2e2#2m,  / 1        1  \  fYrnex, 

.(792). 


According  to  Bohr's  theory  this  lost  energy  leaves  the  system  in  the  form 
of  radiation;   indeed   the    theory   supposes  that   the   atoms   we    have    been 
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considering  do  not  emit  radiation  at  all  except  on  the  occasion  of  jumps  of 
the  kind  we  have  been  considering. 

A  change  in  the  value  of  t,  then,  results  in  a  change  in  the  amount  of 
radiant  energy  in  the  space  surrounding  the  atom.  Now  Planck,  from  his 
study  of  black-body  radiation  to  which  we  have  already  referred,  had  concluded 
that  the  radiant  energy  of  an  enclosure,  if  it  changed  at  all,  must  change  by 
jumps.  The  radiation  in  any  space  or  enclosure  can  be  analysed  by  Fourier's 
theorem  into  trains  of  waves  of  different  frequencies,  and  the  energy  of  the 
radiation  can  be  regarded  as  the  sum  of  the  energies  of  these  trains  of  waves. 
The  total  energy  of  radiation  may  accordingly  be  thought  of  as  the  sum  of 
the  contributions  from  disturbances  of  different  frequencies.  Planck's  con- 
clusion was  that  the  energy  of  radiation  of  each  frequency  must  be  an  integral 
multiple  of  a  certain  unit,  this  unit  being  equal  to  a  fundamental  constant  h 
multiplied  by  the  frequency  v  of  the  radiation  in  question.  Planck  called  this 
unit  a  "quantum."  Thus  the  quantum  of  energy  of  frequency  v  was  equal  to 
hv,  and  the  total  energy  of  frequency  v,  being  an  integral  number  of  quanta, 
was  restricted  to  being  of  amount  rhv  where  t  was  an  integral  number.  It 
followed  that  any  change  in  the  field  of  radiation  must  consist  of  a  jump  in 
the  energy  of  the  radiation  of  a  definite  frequency  and  must  be  equal  in 
amount  to  an  integral  number  of  quanta  of  this  radiation. 

In  view  of  these  results  of  Planck,  it  was  natural  for  Bohr  to  suppose  that 
when  energy  of  the  amount  specified  by  formula  (792)  was  set  free  into  space, 
it  formed  one  quantum  of  energy.  This  supposition  by  itself  suffices  to  de- 
termine the  frequency  of  the  radiated  energy.  For  hv,  the  quantum  of  energy, 
must  be  equal  to  expression  (792)  in  order  to  satisfy  the  principle  of  the 
conservation  of  energy,  and  this  gives  the  relation 

'-*&-£) (793>' 

where 

^=™>  (794). 

Thus  Bohr's  theory  restricts  the  radiation  emitted  from  a  hydrogen  atom, 
or  from  a  positively  charged  helium  atom,  to  one  of  the  frequencies  specified 
by  formula  (793)  where  t2  and  rx  are  positive  integers.  This  gives  a  series 
of  detached  frequencies,  or  what  the  spectroscopist  calls  a  "line-spectrum," 
whereas  it  is  easily  seen  that  the  classical  system  of  electrodynamics  would 
have  predicted  a  continuous  range  of  frequencies  or  a  "continuous  spectrum." 

716.  The  spectrum  of  hydrogen,  as  observed  in  the  light  from  an  ordinary 
vacuum  tube,  consists  of  a  series  of  lines,  the  strongest  of  which  (Ha)  lies  at 
the  red  end  of  the  spectrum  while  the  remainder  (Hp,  Hy,  Hs, ...)  spread  out, 
at  ever  diminishing  distances,  towards  the  violet.  As  far  back  as  1885  Balmer 
had  found  that  the  frequencies  of  the  different  members  of  this  series  could 


715-717]  Bohr's  Theory  637 

be  represented,  with   very  great  precision  (about  one  part  in  200,000),  by 
giving  to  n  the  values  3,  4,  5,  ...  in  the  formula 

—  xik-xl  (795)> 


,22 

with  iV=  32902  x  1015.  It  is  clear  that  if  we  are  free  to  assign  this  value  to 
the  N  which  is  denned  by  equation  (794),  then  Bohr's  theoretical  formula 
(793)  will  contain  Balmer's  observational  formula  as  the  special  series  of  lines 
obtained  on  taking  t2  =  2.  We  are  not  free  to  assign  any  arbitrary  value  to 
the  N  of  equation  (794)  since  the  value  of  every  quantity  which  enters  into 
N  is  known.  The  values  of  e  and  m  have  already  been  given  (§  28);  for 
hydrogen  E  is  equal  to  e,  and  the  value  of  h  can  be  obtained  from  a  study  of 
the  spectrum  of  black  body  radiation  and  in  a  variety  of  other  ways.  The 
best  determinations  of  h  give 

h  =  6-545  xlO-27, 

and  on  substituting  these  values  for  h,  e  and  m,  the  value  of  iV  given  by 
equation  (794)  is  found  to  be 

N=  3-294  xlO18, 

which  agrees,  to  within  the  errors  in  the  determination  of  e  and  h,  with  the 
observed  value  N**  3'290  x  1015. 

It  is,  then,  clear  that  N  has  precisely  the  required  value  in  equation  (793), 
and  that  Bohr's  theoretical  formula  (793)  includes  Balmer's  observational 
formula  (795)  as  a  special  case.  It  was  this  success  of  Bohr's  theory  that 
brought  about  its  immediate  acceptance  by  the  majority  of  physicists.  The 
theory,  however,  requires  that  Balmer's  series  should  be  only  one  of  an  infinite 
number.  Other  series  are  obtained  by  putting  t2  equal  to  1,  3,  4,  5,  ...  oo  in 
equation  (793),  and,  if  Bohr's  theory  is  correct,  these  series  ought  equally  to 
appear  in  the  hydrogen  spectrum.  The  majority  of  the  lines  of  these  series 
were  unknown  when  Bohr's  theory  was  first  published,  but  all  the  predicted 
lines  have  been  found  which  lie  in  the  region  of  the  spectrum  which  is  acces- 
sible to  observation. 

717.  According  to  this  theory  the  spectrum  of  positively  charged  helium 
is  the  same  as  that  of  hydrogen  except  that  E  in  equation  (794)  must  be 
replaced  by  2e  instead  of  by  e,  as  for  hydrogen.  Or,  if  we  denote  the  value 
of  N  for  hydrogen  by  NH,  the  value  of  N  for  helium  will  be  ^NH  and  the 
spectrum  will  be  given  by 

"***&-&■       ■ 

In  this  formula  even  values  for  both  t2  and  X]  give  values  of  v  which  are 
identical  with  the  whole  system  of  values  of  v  given  by  equation  (793)  for  the 
hydrogen  spectrum.  The  spectrum  of  ionised  helium  ought  accordingly  to 
shew  all  the  lines  of  the  normal  hydrogen  spectrum  and,  in  addition,  the 
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various  lines  which  are  obtained  by  giving  odd  values  to  t2  or  t2  or  both  in 
the  above  formula.  This  is  in  actual  fact  found  to  be  the  case,  except  for  a 
reservation  which  must  now  be  explained. 

In  deducing  formula  (793)  we  assumed  the  nucleus  to  be  so  massive  that 
it  could  be  treated  as  a  fixed  centre  of  force.  In  actual  fact  the  nucleus  of 
the  hydrogen  atom  has  about  1844  times  the  mass  of  the  negative  electron, 
so  that  this  assumption  leads  to  an  error  of  the  order  of  one  in  1844  in  the 
value  of  N  for  hydrogen.  For  helium  the  ratio  of  the  two  masses  is  about 
7300  to  one,  and  the  predicted  value  of  N  for  helium  is  in  error  by  about 
one  part  in  7300.  When  allowance  is  made  for  these  errors,  the  value  of  iV 
for  helium  is  not  exactly  four  times  the  value  for  hydrogen,  and  the  difference 
is  shewn  spectroscopically  by  the  hydrogen  spectrum  not  coinciding  exactly 
with  the  corresponding  lines  of  the  helium  spectrum.  By  measuring  the 
distance  between  corresponding  lines  Fowler  deduced  the  value  1836  for  the 
mass-ratio  hydrogen  nucleus  and  the  negative  electron.  Allowing  for  the 
relativity  correction  and  other  refinements  Paschen  subsequently  amended 
this  to  1843-7,  a  value  which  is  in  excellent  agreement  with  the  values  of  this 
ratio  determined  by  other  methods. 

718.  So  far  we  have  considered  only  circular  orbits.  The  orbit  of  an 
electron  about  a  nucleus  is,  however,  in  no  way  restricted  to  being  circular; 
as  the  law  of  force  is  that  of  the  inverse  square  the  orbit  may  be  elliptic, 
parabolic  or  hyperbolic.  But,  just  as  the  radius  of  a  circular  orbit  is  restricted 
to  having  certain  definite  values,  so  the  eccentricity  of  an  elliptic  orbit,  as 
well  as  its  major  axis,  is  restricted  to  having  certain  values. 

An  adequate  discussion  of  the  manner  of  calculating  these  restrictions 
would  carry  us  too  far  outside  the  scope  of  the  present  book.  The  following 
will,  however,  suffice  for  the  immediate  purpose  in  hand. 

Let  q1}  q2)  q3,  ...  be  the  generalised  coordinates  of  any  dynamical  system, 
defined  as  in  §  548,  and  let  ply  p2,  p3,  ...  be  the  corresponding  momenta 
defined  by 

!>!  =  !?  etc (796), 

oqx 

where  E  is  the  energy  expressed  as  a  function  of  q1}  q2,  q3>  •••  and  q1}  q2,  q3) .... 

For  certain  dynamical  systems  it  is  possible  to  deduce,  by  ordinary  mechanics, 

a  number  of  equations  of  motion  such  that  only  one  coordinate  and  the 

corresponding  momentum,  e.g.,  q1  and  p1}  enter  in  each.    As  we  shall  at  once 

see,  equation  (784)  is  an  equation  of  this  type  involving  only  the  momentum 

corresponding  to  the  coordinate  0,  and  equation  (787)  is  another,  for  it  involves 

only  the  coordinate  r  and  the  corresponding  momentum  mr.    The  solution  of 

such  an  equation  will  be  the  same  as  if  the  whole  system  had  only  the  one 

degree  of  freedom  corresponding  to  this  one  coordinate,  so  that  either  the 

coordinate  will  increase  or  decrease  beyond  limit,  or  will  oscillate  repeatedly 
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between  two  constant  extreme  values.  In  the  latter  case  it  is  found  that  the 
proper  restriction  to  apply  to  the  motion  of  any  coordinate  qx  is  that  given  by 

JPldqi  =  Th  (797), 

where  the  integration  extends  throughout  a  whole  oscillation  in  the  value 
of  q,  h  is  the  constant  already  denned,  and  r  is  any  integral  number. 

For  instance  if  qx  is  the  coordinate  6  in  the  orbit  of  an  electron  about  a 
nucleus,  the  momentum,  as  denned  by  equation  (796),  is  px  =  mr26.  Equation 
(785)  may  accordingly  be  written  in  the  form 

px  =  constant, 

which  is  of  the  required  form,  since  it  contains  no  coordinates  or  momenta 
other  than  px  and  qx.  A  complete  oscillation  extends  from  qi  =  0  to  q1  =  27r, 
so  that  equation  (797)  assumes  the  form 

2irp1  =  rh, 
or  mr'2  6  =  rhj^ir, 

which  is  identical  with  our  equation  (786). 

Similarly,  if  q2  is  the  coordinate  r  of  the  same  orbit,  p2  =  mr  so  that 
equation  (787)  is  of  the  required  form.  The  first  integral  of  this  equation  is 
equation  (788),  and  this  may  be  written  in  the  form 

eE 


=  -w, 


£i  +  —  (- 

m      r-m  \2i 

where  W  is  constant,  the  negative  energy  of  the  orbit.    This  equation  gives 
p£  as  a  quadratic  function  of  1/r ;  it  may  be  written  in  the  form 

*■' =  \h)  U  "  r)  [r  ~  rj  ' 

where  r1}  r2  are  determined  by 

(t)~r^  S)'S+S-* w 

In  the  course  of  a  complete  oscillation  r  varies  from  rx  to  r2  and  then  back 
to  rx.  Thus  the  path  of  integration  in  equation  (797)  may  be  taken  to  be 
twice  the  range  from  rx  to  r2,  and  the  equation  assumes  the  form 


rh\  [r* 
2WJ,, 


dr  =  r'h 


.(799), 


1\/1      1\1 

r)  \r      r2j  __ 

where  r  is  a  new  integer.    Evaluating  the  integral  by  the  transformation 


we  readily  obtain 
2 


-  =  -cos20  +  -sin26>, 
r      rx  r2 


r, 


1 


dr  = 


IT 


V(n^) 


[Vr2  -  VrJ2. 
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Equation  (799)  now  becomes 

T 


2V(nr2)     (V^-Vrj)2' 
and  each  side  is  at  once  seen  to  be  equal  to 

T  +  T 

rx  +  r2 ' 

The  elimination  of  1\  and  r2  from  this  equation  and  the  two  equations 

(798)  gives 

2ir2me2E2 

w-r^iT'tt  (800)- 

(T  +  T  fIV 

We  obtain  all  possible  values  for  W  by  giving  integral  values  to  r  and  r. 
It  is  at  once  seen  that  no  new  values  are  introduced  beyond  those  already 
discovered  in  equation  (791). 

By  a  well-known  formula  the  eccentricity  e  of  the  orbit  is  given  by 

^'tSS-p^ji (801)- 

and,  since  r  and  t'  are  necessarily  integrals,  it  is  clear  that  only  definite  values 
are  permissible  for  the  eccentricity.  The  semi-axes  a,  b  of  the  orbit  are 
related  by 


--  =  1- 


a2 


e" 


so  that  equation  (801)  shews  that  bja  will  be  commensurable  for  all  orbits 
which  can  be  described. 

By  a  well-known  theorem,  the  energy  of  an  elliptic  orbit  is  equal  to  that 
of  a  circular  orbit  whose  radius  is  equal  to  the  semi-major-axis  of  the  ellipse. 
It  follows  from  equation  (790)  that  the  semi- major-axis  a  of  an  elliptic  orbit 
is  given  by 


n 


h°- 


a  =  4^> <802>' 

where  n  is  written  for  t  +  t,  while  from  equation  (801)  the  eccentricity  is 
given  by 

e2  =  l--,    (803). 

n- 

The  orbits  n  =  1  (t  =  1),  n  =  2  (t  =  1  or  2),  n  =  3  (t  =  1,  2  or  3)  and  n  =  4 

(t=  1,  2,  3  or  4)  are  shewn  in  fig.  140*.    The  distance  of  closest  approach 
to  the  nucleus  is  a  (1  —  e)  which  is  given  by 

^2  

a  (-1  ~  6)  =  A      2     J?       n(n~  W  -  T2). 

4nr2eEm 
*  Reproduced  by  permission  from  a  paper  by  Bohr  {Nature,  July  7,  1923). 
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The  expression  on  the  right  has  its  minimum  value  when  t  =  1   and 
n  =  oo  ,  namely 

Thus  the  electron  never  approaches  the  nucleus  to  within  a  distance  less 
than  half  of  the  radius  of  the  smallest  circular  orbit. 


Fig.  140. 

719.  Since  the  extension  to  elliptical  orbits  has  introduced  no  new  values 
of  W,  it  follows  that  the  spectrum  will  consist  of  those  lines  which  were  pre- 
dicted by  the  simple  theory  of  circular  orbits  and  no  others.  Nevertheless 
the  possibility  of  elliptical  orbits  has  introduced  an  essential  difference  into 
the  spectrum.  Since  an  orbit  of  any  permissible  energy  Wj  or  W2  can  now  be 
described  in  more  than  one  way,  it  follows  that  a  fall  from  energy  W2  to 
energy  Wx  can  occur  in  more  than  one  way,  so  that  the  spectral  line  which  is 
produced  by  a  fall  from  energy  W2  to  energy  Wx  may  appropriately  be  thought 
of  as  the  superposition  of  a  number  of  lines,  all  of  which,  although  having 
precisely  the  same  frequency,  are  produced  by  different  events. 

720.  It  is  possible  to  separate  out  these  coincident  lines  in  a  variety  of 
ways.  Perhaps  the  simplest  is  by  placing  the  radiating  atoms  in  a  magnetic 
field.  Each  electronic  orbit  is  affected  by  the  field,  and  different  orbits,  even 
though  of  the  same  energy  before  the  field  was  put  on,  will  be  affected  in 
different  ways.  It  follows  that  the  spectral  lines  which  were  originally 
coincident  will  be  displaced  to  different  extents,  as  is  observed  in  the  Zeeman 
effect.  It  can  be  shewn  that  the  explanation  of  the  normal  Zeeman  effect 
which  has  already  been  given  in  §  635  holds  valid  even  when  the  quantum- 
restrictions  are   applied    to  the  electronic  orbits.    The  anomalous    Zeeman 
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effect  presents  a  more  complicated  problem  which  can  hardly  yet  be  said  to 
have  been  satisfactorily  solved. 

The  placing  of  the  radiating  matter  in  a  powerful  electrostatic  field  also 
results  in  a  separation  of  the  originally  coincident  lines,  this  being  known  as 
the  Stark  effect.  The  dynamical  theory  just  explained  provides  a  calculation 
of  the  separations  to  be  expected  in  this  case,  and  the  predicted  separations 
are  found  to  agree  very  closely  with  those  actually  observed. 

721.  But  perhaps  the  most  interesting  feature  of  all  is  that  there  is  a 
slight  separation  even  when  external  magnetic  and  electric  fields  are  entirely 
absent.  In  the  analysis  of  §  713,  we  treated  m  the  mass  of  the  electron  as  an 
absolute  constant,  although  we  already  knew  (§  660)  that  the  mass  varies  with 
the  velocity  of  motion  of  the  electron.  For  circular  orbits  this  does  not  matter 
much;  the  mass  of  course  remains  strictly  constant  throughout  the  description 
of  any  single  circular  orbit,  although  varying  slightly  from  one  orbit  to  another. 
But  in  an  elliptic  orbit  the  mass  varies  from  one  part  to  another  of  the  same 
orbit.  When  allowance  is  made  for  this,  the  orbit  is  no  longer  strictly  ellip- 
tical, and  formula  (800)  only  provides  a  first  approximation  to  its  energy. 
When  the  necessary  additional  terms  are  included,  it  is  found  that  the  value 
of  W  no  longer  depends  solely  on  t  +  t',  but  on  t  and  r'  separately.  It  follows 
that  each  of  the  lines  which  our  simple  theory  treated  as  a  superposition  of 
coincident  lines  must  in  actual  fact  shew  a  "fine-structure"  of  adjacent  slightly 
separated  lines.  Such  "fine-structures"  are  easily  observed  in  a  powerful 
spectroscope.  The  theoretical  separations  to  be  expected  have  been  calculated 
by  Sommerfeld  and  others,  and  although  the  observed  separations  are  so 
small  as  to  make  exact  measurement  exceedingly  difficult,  there  seems  no 
room  for  doubt  that  they  agree  with  those  predicted  by  theory. 

The  dynamical  theory  of  these  phenomena  is  not  given  in  the  present 
book.  The  reader  who  wishes  to  study  it  is  referred  to  the  original  papers  of 
Bohr,  Sommerfeld  and  others,  or  to  the  author's  "  Dynamical  Theory  of 
Gases." 

722.  The  new  dynamics,  as  has  now  been  seen,  allots  a  definite  size  to 
the  atom  and  so  provides  a  mechanism  by  which  atoms  have  a  permanent 
existence,  instead  of  radiating  away  all  their  energy  and  collapsing.  For  the 
hydrogen  atom  the  minimum  energy  is  found  by  taking  r  +  r=l  in  equation 
(800),  and  since  t  cannot  be  zero,  this  requires  that  r  =  1  and  t  =  0.  Thus 
the  orbit  of  minimum  energy  is  the  circular  orbit  of  radius  (cf.  equation  (802)) 

A2 
a  =  -=-£5-    (804). 

The  electrons  in  hydrogen  atoms  can  describe  circular  orbits  of  radii 
4,  9,  16,  ...  times  this  and  a  variety  of  non-circular  orbits  as  well,  but  this 
equation  defines  the  hydrogen  atom  in  its  normal  state  of  minimum  energy. 
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On  inserting  the  numerical  values  already  given,  we  find  a  =  0'53  x  10-8  cms., 
which  is  in  good  agreement  with  the  radius  of  the  hydrogen  atom  as  found  in 
other  ways. 

Dewar  found  the  density  of  solid  hydrogen  at  132°  absolute  to  be  00763. 
Thus  a  cubic  centimetre  of  hydrogen  at  this  temperature  has  mass  0-0763 
grammes  and  consists  of  atoms  of  hydrogen  each  of  which  is  known  to  have 
a  mass  of  1*662  x  10~24  grammes.  It  follows  that  the  number  of  hydrogen 
atoms  in  a  cubic  centimetre  of  solid  hydrogen  is  4-59  x  1022,  so  that  the  space 
occupied  by  each  is  2-18  x  10~23  cubic  centimetres.  This  is  the  space  that 
would  be  occupied  if  the  atoms  were  spheres  arranged  in  cubical  packing, 
each  being  of  radius  1*40  x  10~8  cms.  In  §  150  we  found  that  the  dielectric 
constant  of  hydrogen  is  the  same  as  if  the  molecules  were  spheres  of  radius 
0'916  x  10-8  cms.  A  similar  calculation  would  have  suggested  that  the 
hydrogen  atom  might  be  regarded  as  having  a  radius  equal  to  l/\/2  times 
this  or  0*723  x  10~8  cms.  Neither  of  these  calculations  can  lay  claim  to  great 
accuracy;  a  far  more  accurate  determination  of  atomic  dimensions  is  obtained 
from  the  Kinetic  Theory  of  Gases.  If  the  molecules  of  hydrogen  are  regarded 
as  spheres,  the  three  phenomena  of  viscosity,  conduction  of  heat  and  diffusion 
agree  in  assigning  to  these  spheres  a  radius  of  0  68  x  10~8  cms.,  while  obser- 
vations on  the  deviations  from  Boyle's  law  suggest  the  slightly  lower  value  of 
0*64  x  10-8  cms.  Again  the  hydrogen  atom  may  be  supposed  to  have  a  radius 
equal  to  l/\/2  times  that  of  the  molecule,  so  that  the  two  values  of  the  atomic 
radius  are  respectively  054  x  10-8  and  051  x  10~8  cms.,  in  close  agreement 
with  the  value  0"53  x  10-8  required  by  the  electrical  structure  of  the  atom. 

It  must,  however,  be  noticed  that  the  Kinetic  Theory  requires  the  atom 
to  occupy  a  three-dimensional  volume,  whereas  on  Bohr's  theory  the  hydrogen 
atom  is  at  most  a  disc.  If  we  imagine  this  disc,  the  orbit  of  the  negative 
electron,  to  be  continually  changing  its  orientation  in  space  we  pass  naturally 
to  the  conception  of  the  hydrogen  atom  reserving  for  itself,  or  perhaps  clearing 
for  itself,  a  spherical  space  equal  in  radius  to  the  orbit  of  the  electron.  This 
conception  is  in  accordance  with  the  known  facts  of  crystal  structure. 

723.  The  theory  of  structures  of  more  than  two  constituent  parts  is  far 
less  advanced,  no  satisfactory  mechanism  having  yet  been  devised  for  either 
the  helium  atom  or  the  hydrogen  molecule.  A  large  amount  of  consistent 
evidence  suggests  that  the  electrons  of  complex  atoms  are  arranged  in  shells 
or  rings  corresponding  to  different  quantum  numbers,  but  the  method  of 
arrangement  has  not  yet  been  brought  within  the  scope  of  mathematical 
treatment. 

Questions  of  electrical  conductivity  and  of  the  optical  and  dispersive  pro- 
perties of  substances  are  clearly  subjects  for  treatment  by  the  new  dynamics, 
but  only  meagre  progress  has  so  far  been  made.  The  same  applies  to  the 
problem  of   the  nature  of  radiation.    There  is  at  present  a  divergence  of 

41—2 


T/2    T2      vt    TVVry    T3> 


and  equations  (805)  and  (806)  now  shew  that  the  possible  frequencies  of 
radiation  are  given  by 

v  =  sn   (807). 

If  the  motion  of  the  electron,  describing  its  orbit  with  frequency  n,  had 
been  analysed  by  Fourier's  theorem,  and  the  resulting  radiation  calculated  by 
the  classical  electrodynamics,  we  should  have  found  radiations  of  frequencies 

n,  2n,  Sn,  ..., 

so  that  according  to  the  classical  electrodynamics  also,  the  frequencies  of  the 
emitted  radiation  would  be  given  by  equation  (807). 

It  accordingly  appears  that  in  the  limiting  case  in  which  t  and  r'  are  both 
large,  the  old  classical  electrodynamics  and  the  new  quantum  dynamics  agree 
in  predicting  the  same  frequencies  for  the  spectrum  of  emitted  radiation.  In 
this  limiting  case,  the  radius  of  the  electron  orbit  is  infinite,  successive  radii 
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opinion  as  to  whether  radiation  is  propagated  in  accordance  with  Maxwell's 
equations  or  in  the  form  of  "atomic"  packets  of  energy  which  travel  through 
space  without  spreading  out  in  the  manner  demanded  by  the  classical  electro- 
magnetic theory. 

The  Correspondence  Principle  of  Bohr. 

724.  In  conclusion  we  may  refer  to  a  procedure  which  holds  out  some 
hope  of  bridging  the  gulf  between  the  classical  electrodynamics  and  the  new 
electrodynamics  of  quanta. 

When  an  electron  describes  a  circular  orbit  about  a  nucleus,  the  number 

of  revolutions  per  second  in  this  orbit,  n,  is  equal  to  B\1it,  whence,  from 

equations  (786)  and  (790), 

47r2e2#*m 
n  =       T3/,3  (805> 

The  period  of  an  elliptic  orbit  is  known  to  be  the  same  as  that  of  a 
circular  orbit  of  the  same  energy,  so  that  the  same  equation  will  give  the 
frequency  of  revolution  in  an  elliptic  orbit  of  total  quantum  number  t. 

The  frequencies  of  the  radiation  which  can  be  emitted  on  the  electron 
dropping  from  this  orbit  to  one  of  lower  quantum  number  r'  are,  from 
equation  (792), 

V  =  ^~{^-^ (806)- 

If  the  integers  t  and  r  are  both  large,  and  differ  only  by  a  small  number  s, 

which  must  of  course  also  be  integral,  the  approximate  value  of  (-^ -) 

will  be 
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only  differ  by  an  infinitesimal  fraction  of  each,  and  orbits  of  all  eccentricities 
are  possible.  Thus  the  electron  is  just  on  the  verge  of  becoming  a  free 
electron.  This  limiting  case  provides  a  bridge  between  the  old  mechanics 
and  the  new;  on  one  side  of  the  bridge  the  classical  electrodynamics  holds 
undisputed  sway,  but  as  we  cross  the  bridge  and  advance  into  the  territory 
on  the  other  side,  the  additional  restrictions  imposed  by  the  quantum 
dynamics  become  ever  more  important  until  finally  they  may  be  considered 
to  govern  the  whole  situation.  The  exploration  of  the  territory  on  the  far 
side  of  the  bridge  will  provide  work  for  a  new  generation  of  mathematical 
physicists;  the  present  work  attempts  only  to  bring  the  reader  as  far  as  the 
bridge,  and  to  make  clear  to  him  that  if  he  crosses  it  he  must  expect  to 
find  different  conditions  prevailing  on  the  other  side. 
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,,         ,,  a  circular  disc,  249 
,,         ,,  an  ellipsoid,  248 
,,         ,,  an  elliptic  disc,  249 
,,         ,,  a  Leyden  Jar,  77,  277 
,,         ,,  a  parallel  plate  condenser,  77,  274 
,,         ,,  a  spherical  bowl,  250 
,,         ,,  ,,        condenser,  71 

,,         ,,  a  spheroid,  248 
,,         ,,  a  submarine  cable,  351,  504 
,,         ,,  a  telegraph  wire,  195,  505 
Cascade,  condensers  in,  76 
Cathode,  308 
Cation,  308 

Cavendish.  13,  37,  74,  115,  250 
Cavendish's  proof  of  law  of  force,  13,  37 
Chapman,  S.,  403 

Charge,  electric,  see  Electric  charge  and  Elec- 
trification 
Charge,  moving  electric,  magnetic  field  of,  513 
Chree,  402 
Circular  current,  431 

,,        cylinders,  73,  267 
„        disc,  249 
,,        ring,  225 
Coefficients  of  Potential,  Capacity  and  Induc- 
tion (electrostatics),  93,  96,  97 
,,  of  self  and  mutual  induction  (cir- 

cuits), 443 
Collinear  charges,  57 
Complex  quantities,  262 
Condenser,  71-78,  99 ;  see  also  Capacity 

,,  discharge  of  a,  88,  331,  361,  458, 

498 
Conditions  at  boundary,  see  Boundary-conditions 
Conduction  in  solids,  300,  306,  557,  643 
,,  ,,  liquids,  307 

„  ,,  gases,  311 

,,  see  also  Electron 

Conductors  and  insulators,  5 
,,  systems  of,  88 

,,  see  also  Capacity 

Confocal  coordinates,  244,  257 
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Conformal  representation,  264,  280 
Conjugate  functions,  261-279,  286 

,,         conductors,  328 
Contact  difference  of  potential,  303 

,,       conductors  in,  101,  303,  317 
Continuity,  equation  of,  344,  476,  559 
Contracted  coordinates,  583 
Contractile  electron,  589,  595 
Contraction    hypothesis    (Lorentz-Fitzgerald), 

594,  597,  606 
Correspondence  principle,  614 
Coulomb's  torsion  balance,  11,  365 
law  (R  =  4t«t),  45,  121 
,,  (unit  of  charge),  530 

Crystalline  media,  134,  152,  535 
Current- sheets,  480 
Currents  of  electricity,  22,  300,  306 

,,        in  linear  conductors,  300,  452,  496, 

499,  502 
„        ,,  continuous  media,   311,   473,  502, 

526,  544,  555,  557 
,,        ,,  dielectrics,  358,  510,  550 

induction  of,  452,  473,  496,  562 
magnetic  field  of,  425,  438,  513,  514, 
573 
,,        measurement  of,  305,  314 
,,         slowly-varying,  331 
Curvilinear  coordinates,  242 
Cylindrical  conductors  and  condensers,  67,  73, 
187,  195,  257-279 

D'Arsonval  galvanometer,  436 

Debye's  theory  of  specific  heats,  556 

Declination,  magnetic,  401 

Deformable  electron,  589,  596,  611 

Diamaguetism,  410,  505 

Dielectrics,  74,  115 

,,  boundary  of,  121,  178 

,,  currents  in,  358,  510,  550 

,,  images  in,  200 

,,  inductive  capacity  of,  74,  115,  532 

,,  molecular  action  in,  126,  551 

,,  stresses  and  mechanical  action  in, 

172-181,  201,  579,  619 
,,  time  of  relaxation  of,  359 

Dip,  magnetic,  401 

Disc,  circular  or  elliptic,  248,  249 

Discharge  of  condenser,  88,  331,  361,  458,  498 

Dispersion  of  light,  532,  553,  643 

Displacement  (electrostatic),  117,  153,  552 
-currents,  155,  510,  514,  528 
,,  -theory  of  Maxwell,  153,  510,  514 

Dolazalek  electrometer,  110 

Doppler-effeet,  609 

Doublet,  electric,  50,  168,  193,  215,  232,  551 

Drude's  theory  of  conduction,  557 

Dynamical  theory  of  currents,  485 
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Dynamo,  action  of,  458,  465 

Earnshaw's  theorem,  167 
Eddington,  623,  624 
Eichenwald,  605 

Einstein,  597,  598,  599,  600,  602,  621 
Electric  charges,  force  between,  11,  12,  13,  37 
,,  ,,         equilibrium  of,  23,  167 

„       currents,  see  Currents 
„      intensity,  24,  31,  117,  121,  571,  575 
„       potential,  26,  31,  121,  569,  570,  575 
,,       screening,  62,  97,  548 
Electricity,  measurement  of  quantity  of,  8,  77, 
109,  437 
,,  positive  and  negative,  8 

,,  theories  of,  19,  20 

Electrification,  5 

,,  at  surfaces  and  boundaries,  18, 

21,  45,  61,  194,  347 
by  friction,  1,  9 
by  induction,  16,  125,  186 
,,  line  of  zero,  88,  194 

Electrokinetic  momentum,  498 
Electrolytic  conduction,  307 
Electromagnetic  field,  general  equations  of,  568, 

602 
,,     Weyl's  theory  of  the,  623 
mass,  585,  596,  611,  613 
momentum,  583,  615,  617,  620 
theory  of  light,  3,  526,  532  ff. 
units,  427,  528 
,,  waves,  524,  525 

Electrometers,  105,  107 
Electromotive  force,  303,  453 
Electron,  charge  and  mass  of,  20,  590 
,,         internal  mechanics  of,  590 
,,         motion  of,  in  conduction,  306,  307, 
320,    343,    496,  549,   557, 
562,  563 
,,  ,,         ,,    in  free  space,  559  ff. 

,,         size  of,  586,  590,  612 
,,         structure  of,  589,  590,  596 
,,         theory  of  conduction,  306.  549,555,557 
,,  ,,       ,,  dispersion,  553,  554 

Electrophorus,  17 
Electropositive,  electronegative,  10 
Electroscope,  gold-leaf,  7,  17 
Electrostriction,  181 
Ellipsoidal  analysis,  230,  244,  251 
,,  conductors,  246,  253 

,,  harmonics,  251 

Elliptic  cylinders,  270 

„       disc,  248 
Energy,  conservation  of,  28,  32 
„       flow  of,  519,  617 

„       localisation  of,  151,  399,  415,  443,  494, 
516,  576,  617,  620 
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Energy,  mass  of,  613 

momentum  of,  615 

of  conductors  and  condensers,  83,  106 
,,  light-waves,  537,  617 
„  magnetic  field,  396,  399,  415,  507 
,,  magnetised  bodies,  377,  380,  381 
,,  systems  of  currents,  443 
Equilibrium,  points  of,  59,  167 
Equipotential  surfaces,  29,  47-62,  370 
Equivalent  stratum  (Green's),  182,  361,  375 
Ewing,  422 
Expansions  in  harmonics,  211 

,,  ,,  Legendre's  coefficients,  223 

,,  ,,  sines  and  cosines,  259 

Farad  (unit  of  capacity),  77,  530 

Faraday,  3,  74,  115,  116,  126,  140,  155,  308, 

402,  514,  618 
Finite  current  sheets,  481 
Fitzgerald,  594 

Fizeau's  water-tube  experiment,  593,  607 
Flame,  conducting  power  of,  6,  125 
Flux  of  energy,  519,  617 
Force,  lines  of,  25,  29,  43,  47-58,  62,  370 

,,      magnetic,  381 

,,      mechanical,  see  Mechanical  force 

„      tubes  of,  44,  47-58,  117,  371 
Fourier's  theorem,  259 
Franklin,  19 
Fresnel,  536 

Galvanometer,  433 
Gases,  conduction  in,  311 

,,       inductive  capacity  of,  132,  532 
,,      velocity  of  light  in,  533 
Gauss'  theorem,  33,  118,  161,  162,  370,  386 
Generalised  coordinates,  489 
,,  forces,  493 

„  momenta,  493 

„  relativity,  598,  621 

Generation  of  electricity,  9 

,,  heat,  320,  348 
Gravitation,  620,  621,  629 
Green,  analytical  theorem  of,  156 

equivalent  stratum  of,  182,  361,  375 
,,       reciprocation  theorem  of,  92,  163 
Guard-ring,  78,  106 

Hagen  and  Kubens,  548 
Hall  effect,  563 
Hamilton's  principle,  487 
Harmonic  potential,  224 
Harmonics,  biaxal,  241 

,,  ellipsoidal,  251 

spherical,  206-223,  233-242,  243 

tesseral,  237 

zonal,  233 


Harmonics,  tables  of— 

harmonics  of  integral  degrees,  258 
Legendre's  coefficients,  219 
tesseral  harmonics,  240 

Heat,  generation  of,  320,  348 

Heaviside,  505 

Helmholtz,  stresses  in  dielectrics,  177 

Hertzian  vibrator,  578 

Holtz  influence  machine,  18 

Hurmuzescu,  525 

Hydrogen  atom,  631,  632,  636,  641 

Hyperbolic  cylinders,  267,  270 

Hysteresis,  magnetic,  412 


Images  in  electrostatics,  185-201,  258,  281, ! 
Impulsive  forces,  493 

Induction,  coefficients  of  (electrostatics),  93,96, 

97 
,,  ,,  ,,  (circuits),  443 

„  electrification  by,  16,  125,  186 

,,  magnetic,  384 

,,  of  currents,  452,  562 

Inductive  capacity  of  dielectric,  74,  115,  134, 

532 
,,  ,,         ,,  crystals,  135 

,,  „         ,,  gases,  132,  533 

,,  „         ,,  liquids,  75,  360 

,,  ,,         in  terms  of  molecular  struc- 

ture, 130,  134,  553 
Infinite  conductors,  resistance  in,  350 
Infinity,  field  at,  56 
Insulators  and  conductors,  5,  545 
Intensity  (electric),  24,  32,  33,  117,  121,  571, 
575 
,,         of  magnetisation,  368 
Intersecting  planes,  188.  206 

,,  spheres,  206 

Inverse  square,  law  of,  13,  31,  37,  168,  365 
Inversion,  202,  258,  286 
Ion,  308 

,,     velocity  of,  310 
Ionisation,  311 

Jamin,  544 

Joule  effect  in  conductors,  320 

Kamerlingh  Onnes,  558 

Kaufmann,  590 

Kelvin  (Lord),   193,   199,  249,  250,  335,  365, 

469 
Ketteler-Helmholtz  formula,  553 
Kirchhoff,  198,  287 

,,       's  Laws,  311 

,,  solution  of  wave-equation,  522 

Lagrange's  equations,  489,  492,  493 
Lame's  functions,  252 
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Laplace's  equation,  40,  42,  120,  243,  245 

,,  ,,         solution  in  spherical  har- 

monics, 206 
,,  ,,         solution  in  ellipsoidal  har- 

monics, 251 
,,  ,,         solution  in  spheroidal  har- 

monics, 206 
Larmor,  553,  565,  577 
Law  of  force,  13,  31,  37,  168,  365 

,,  ,,        between  current  elements,  441 

Least  action,  488,  517,  579 
Lebedew,  538 

Legendre's  coefficients,  217,  225,  231 
Lenz's  law  of  induction  of  currents,  453 
Leyden  jar,  77,  277 
Lienard,  575 

Light,  electromagnetic  theory  of,  3,  526,  532 
„      velocity  of,  526,  532 
,,      dispersion  of,  532,  553,  643 
Lightning  conductor,  61,  479 
Lindemann,  556 

Lines  of  force  (electrostatic),  25,  29,  43,  47,  62 
i,      ),      ,,      (magnetic),  370 
„      „  flow,  341 
,,      ,,  induction,  386 
Liouville,  solution  of  wave-equation,  521 
Lorentz  (H.  A.),  553,  575,  589,  592,  594,  600,  602 
Lorenz  (L.),  553 

Maclaurin,  553 

Maclean,  525 

Magnetic  field,  369 

,,  ,,     produced  by  currents,  425 

„     energy  of,  396,  415,  494,  507 
,,  ,,     ofmovingelectrons,514,561,573 

,,       matter,  Poisson's  imaginary,  375 
,,       particle,  366 
,,  ,,  potential  of,  372 

,,  ,,  potential  energy  of,  377 

,,  ,,  resolution  of,  372 

,,  ,,  vector-potential  of,  393 

shell,  376,  426 
,,  ,,      potential  of,  376 

,,  ,,      potential  energy  of,  380 

,,  ,,      vector-potential  of,  395 

Magnetised  body,  367 

,,  ,,       potential  of,  372 

,,  ,,       potential  energy  of,  381 

,,  „       measurement  of  force  inside 

a,  381 

Magnetism,  physical  facts  of,  364,  408,  425 
,,  terrestrial,  400 

theories  of,  3,  418,  508 

Magnetostriction,  417 

Magri,  553 

Majorana,  608 

Mass,  electromagnetic,  585,  611,  613 
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Matter,   structure   of,    20,   130,   134;    see  also 
Electron  and  Molecule 
,,      imaginary  magnetic,  375 
Maxwell,  2,  3  et  passim 

,,        displacement  theory,  153,  510 
,,        theory  of  induced  magnetism,  421 
theory  of  light,  3,  526,  532 
Measurements : 

charge  of  electricity,  8,  77,  109,  437 
current  of  electricity,  314,  433 
inductive  capacity,  74,  360 
potential  difference,  106,  107 
resistance,  314 
Mechanical  action  in  the  ether,  3, 140,  579,  618 
,,      ,,  dielectrics,  172 
,,      ,,  magnetic  media,  415 
force  on  a  circuit,  439,  505 
conductor,  102 
,,    dielectric,  124,  172 
,,    moving  electron,  561  ff., 
579,  581,  611 
, ,  ,,       ,,    surface,  79,  178 

Medium  between  conductors,  140,  151 
Metallic  media,   reflection  and  refraction    of 
light  in,  546,  555 
,,  ,,         absorption  in,  545 

Michelson,  526 

and  Morley,  593,  618,  620 
Millikan,  20 

Mirror  galvanometer,  437 
Molecular  theory  of  dielectric  action,  126,  133, 
361 
„  „        ,,    magnetism,    3,    366,   409, 

418,  421,  508 
,,  ,,        ,,    light  propagation,  551 

Molecule  and  Atom,  structure  of,  133, 168,  232, 
550,  567,  630,  643 
,,        radiation  of  light  from,  577,  632 
Moment  of  a  magnet,  366 
Momentum,  electrokinetic,  498 

„  electromagnetic,  583,  615, 617,  620 

,,  generalised,  493 

Mossotti's  theory  of  dielectric  action,  127,  168 
Moving  charge,  field  of  a,  513,  573 

,,         ,,         force  on  a,  560 
Multiple-valued  potentials,  279,  429 
Muraoka,  362 

Nernst  and  Lindemann,  556 
Network  of  conductors,  steady  currents  in,  311, 

316,  322 
,,       ,,  ,,  oscillations  in,  499 

Neumann's  law  of  current  induction,  453 
Nichols  and  Hull,  538 
Nicholson,  556 

Oersted,  425 
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Ohm  (unit  of  resistance),  305,  530 
Ohm's  law,  301,  307,  309,  343 
Oscillations  in  a  network  of  conductors,  499 
Oscillatory  discharge  of  a  condenser,  460 

Parabolic  cylinders,  267,  269 

Parallel  plate  condenser,  77,  115,  272,  274 

Paramagnetism,  410,  413 

Particle,  magnetic,  .366,  372,  377,  393 

Pender,  515 

Permeability,  magnetic,  410 

Perot  and  Fabry,  525 

Perrotin,  526 

Physical  dimensions  of  electric  quantities,  14, 

531 
Picard,  505 
Planck,  634,  636 

Plane  conductors  and  condensers,  69,  185,  194, 
272 
,,     current  sheets,  480,  482 
,,     semi-infinite  (electrified),  266,  273,  282 
,,     waves  of  light,  534 
Poincare\  505,  591 
Poisson's  equation,  40,  121 

„        imaginary  magnetic  matter,  375,  418 
,,       theory   of   induced   magnetism,   127, 
418 
Polarisation  (electrostatic),  117,  118,  126,  155, 
232,  536 
of  light,  535,  543,  565 
Polarising  angle  of  light,  543 
Polarity  of  molecules,  126 
Potential  (electrostatic),  26,  31,  121,  345 

,,  ,,  maxima  and  minima, 

43,  167 
„         (electric),  570,  625 

(magnetic),  370,  413,  429 
(vector),  393,  625 
,,         coefficients  of,  93,  96,  97 
Poyntings  theorem,  518 
Practical  units,  530 
Pressure  of  radiation,  538,  615 
Principal  coordinates,  550 
Pulse  of  electric  action,  578 

Quadrant  electrometer,  107 

Quadric,  stress-,  147 

Quantity  of  electricity,  7,  8,  77,  109,  437 

Quantum  theory,  558 

Quincke,  181,  416,  417 

Radiant  Energy,  mass  of,  613,  614,  616 

„  ,,         momentum  of,  615,  616 

,,  ,,        nature  of,  644 

Radiation  of  Energy,  577,  592,  617 

,,         pressure  of,  538,  615 

„         from  electrons,  576,  592 


Radius  of  atom,  642,  643 

„  molecule,  132,  613 
Rapidly  alternating  currents,  477,  501 
Rayleigh  (Lord),  358,  595 
Recalescence,  412 

Reciprocation  theorem  of  Green,  92,  163 
Reflection  of  light,  540,  541,  542,  546,  548 

,,         coefficients  of  metals,  548 
Rafraction  of  light,  539,  541,  543 

,,  ,,  lines  of  force,  123 

„      „      „  flow,  346 
Refractive  index,  532,  553 
Relativity,  theory  of,  593  ff. 
Relaxation,  time  of  (for  a  dielectric),  359 
Residual  discharge,  361 
Resistance  of  a  conductor,  301,  314,  355,  557 

,,  measurement  of,  314 

, ,  specific,  342 

-box,  314 
Resolution  of  a  magnetic  particle,  372 
Retentiveness  (magnetic),  412,  422 
Riemann,  527 

,,      's  surface,  280 
Rontgen,  514 

,,       rays,  311,  578 
Rosa  and  Dorsey,  525 
Rowland,  514,  515 

,,         and  Nichols,  361 
Russell,  A.,  199 
Rutherford,  630 

* 

Saturation  (magnetic),  411 

Saunders,  525 

Schott,  575 

Schuster,  403,  555 

Schwarz's  transformation,  271 

Screening,  electric,  62,  97,  548 

Searle,  584 

Self-induction,  456 

Sellmeyer's  dispersion  formula,  553 

Shell,  magnetic,  see  Magnetic  shell 

Signals,  transmission  of,  332,  502 

Sine-galvanometer,  435 

Soap-bubble,  electrification  of,  81 

Solenoid,  magnetic,  432 

Solenoidal  vector,  158 

Sommerfeld,  283 

Specific  heats,  556 

Specific    inductive     capacity,     see    Inductive 
capacity 

Spherical  conductors  and  condensers,  66,  71, 
99,  100,  189,  192,  196,  226,  228, 
231,  264 
„        bowl,  250 

„        harmonics  (theory),  206,  233,  243 
,,  ,,  (applications),  224,  401 

Spheroidal  conductor,  248 
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Spheroidal  harmonics,  254,  257 

Stark  effect,  642 

Stewart,  Balfour,  402 

Stokes,  578 

Stokes'  theorem,  388 

Stresses,  general  theory  of,  142 

,,        electrostatic,  146,  169 

,,         in  dielectrics,  175 

,,        „  electromagnetic    field,    582,    618, 
619 

,,         ,,  magnetic  media,  415 
Submarine  cable,  79,  319,  332,  351,  505 
Superposition  of  fields,  90,  191 
Surface-electrification  in  conductors,  18,  21,  37, 

45,  61,  121,  194 

„  „  ,,  dielectrics,  125 

,,       harmonics,  208 
Susceptibility,  magnetic,  410 

Tangent  galvanometer,  434 
Telegraph  wire,  capacity  of,  195 

,,  ,,      transmission  of  signals  along, 

317,  332,  502 
Telegraphic  equation,  504 
Terrestrial  magnetism,  400 
Tesseral  harmonics,  237 
Thomson,  J.  J.,  286 
Time  of  relaxation,  359 
Torsion  balance,  11,  365 
Transformer,  theory  of,  465 
Trouton  and  Rankine,  595 
Trowbridge  and  Duane,  525 
Tubes  of  force  (electrostatic),  44,  46,  47,  117 


Tubes  of  force  (magnetic),  371 
,,      ,,  flow,  341 
„      ,,  induction,  386 

Unicuraal  curves,  269 
Uniformly  magnetised  body,  373 
Uniqueness  of  solution,  89.  163 
Units,  14,  77,  305,  365,  427,  522,  528 
„       ratio  of  electrical,  525,  528,  530 

Vector-potential,  393,  438,  474,  625 

Velocity  of  electromagnetic  waves,  505,  524,  525 

„  light,  526,  532 
Volt  (unit  of  potential),  305,  530 
Volta's  law,  303 
Voltaic  cell,  302 
Voltmeter,  314 

Water-tube  experiment,  593,  607 

Wave-propagation,  equation  of,  520,  525,  534, 
571 
in  dielectrics,  524 
,,  metals,  527,  545 
,,  crystalline  media,  536 
„  „  velocity  of,  524,  525 

Weber's  theory  of  magnetism,  3,  418,  508 

Weyl,  623 

Wheatstone's  bridge,  315,  316 

Wiechert,  575 

Wilson,  H.  A.,  605 

Zeeman  effect,  564,  641 
Zonal  harmonics,  233 
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